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Abstract. Given a non-negative Hermitian form on the dual of the Lie algebra of a
complex Lie group, one can associate to it a (possibly degenerate) Laplacian on the Lie group.
Under Hormander’s condition on the Laplacian there exists a smooth time-dependent mea-
sure, convolution by which gives the semigroup generated by the Laplacian. Fixing a positive
time, we may form the Hilbert space of holomorphic functions on the group which are square
integrable with respect to this “heat kernel” measure. At the same time, under Hormander’s
condition, the given Hermitian form extends to a time dependent norm on the dual of the
universal enveloping algebra.

In previous work we have shown that, for each positive time, the Taylor map, which
sends a holomorphic function to its set of Taylor coefficients at the identity element, is a
unitary map from the previous Hilbert space of square integrable holomorphic functions onto
a Hilbert space contained in the dual of the universal enveloping algebra.

The present paper is concerned with the behavior of these two families of Hilbert spaces
when the Lie group is replaced by a product of complex Lie groups or by a quotient by a not
necessarily normal subgroup. We obtain thereby the first example of unitarity of the Taylor
map for a complex manifold which is not a Lie group. In addition, we determine the behavior
of these spaces as the given Hermitian form varies.
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1. Introduction. Let G be a complex Lie group with Lie algebra g. Denote by e the
identity element of G. Let & be the left-invariant vector field on G associated with & € g. For
a holomorphic function f on G, the map

g aE, .. 8~ G- Ef)e)

is a multilinear map into the complex numbers and is consequently represented by a unique
element of the dual space of g®*. Allowing k to vary and putting these elements together
yields an element f of the algebraic dual space T’, wherein T denotes the tensor algebra over
g. We refer to f as “the Taylor coefficient” of f at the identity element of G. Because of the
Lie algebra relations, f belongs, in fact, to a subspace J° of 7" that is naturally isomorphic
to the dual ¢/’ of the universal enveloping algebra I/ of g.

Let g be a Hermitian form on the dual g* of g. The Hermitian form ¢ naturally yields a
family of semi-norms indexed by ¢ > 0 on T’. Namely, if @ € T’ is given by & = Y oy, o
being an element of the dual space (g*)®¥ of g®¥, then define

k

t
lellg = D k(e

where gy, is the Hermitian form induced by ¢ on (g*)®*. Let J;’ , be the subspace of J O on
which || - |l4,; is finite. Then || - ||4,; is a semi-norm on J[?J.

The left-invariant extension of the real part of the Hermitian form ¢ determines a sub-
Laplacian A on G. In this context, Hormander’s condition for the hypoellitcity of this sub-
Laplacian can be understood as a condition on the Hermitian form ¢. It is proved in [5] that
Hormander’s condition is equivalent to the property that each of the semi-norms || - ||,/ is
actually non-degenerate and, consequently, the space J ;’, is a Hilbert space.

Let dx be a fixed right-invariant Haar measure on G. The sub-Laplacian A defined on
C°(G) C L*(G, dx) is essentially self-adjoint. Abusing notation, we will also denote by A

1A/4 commutes with left

its unique self-adjoint extension. The associated heat semigroup e
multiplication in G, and thus determines a unique family of probability measures {p;} defined

by the identity ¢’/ = (right convolution by p,), that is,

e M f(x) = f Fapdy), x € G, f € L*(G,dx).
G
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We call p; the heat kernel measure on G. Under Hormander’s condition, p; admits a smooth
positive density w.r.t. the right Haar measure. Somewhat abusively, we will denote this density
by x — p;(x). Hence, we have p;(dx) = p;(x)dx. Note that e'2/% also admits a transition
kernel /; (x, y), the heat kernel, so that e'2/* = [ h;(x, y) f(y)dy. The function p;(x) and
the heat kernel /,;(x, y) are related by the formula £, (x, y) = p; (x~'y)m(x) where m is the
modular function on G. See [5] for more details. For each t > 0, x > p;(x) decays fast
enough at infinity so that the Hilbert space HL?(G, p;), consisting of holomorphic functions
in L?(G, p,), is non-empty and is in fact a quite substantial space.

There is a remarkable identity of norms involving f and its Taylor coefficients. On the
one hand one has the norm || f|/;2(g, ,,) While on the other hand one has the norm || f llg,: as
an element of JO C T’. These norms are equal. In fact the map f f is unitary if G is
simply connected. This theorem has a long history, starting with the classical case, G = C.
When the form g is positive definite and thus induces a left-invariant Riemannian metric on
G, the unitarity of the Taylor map f — f was proved in [4]. We refer the reader to [4] for a
precise description of the results and some history. The case when g is degenerate but satisfies
Hormander’s condition is treated in [5].

These theorems concerning the unitarity of the Taylor map have two parts. First, one
proves that the Taylor map is an isometry from HL>(G, p,) into Jz?’,. Next one shows that this
map is surjective. This part can be thought of as the problem of constructing a holomorphic
function from a set of Taylor coefficients using some sort of Taylor series (either explicitly
or implicitly). Both parts are technically involved and use refined heat kernel estimates. But
the surjectivity of the Taylor map has always been the most difficult issue. Moreover, the
proof of surjectivity given in [5] for the general case when ¢ satisfies Hormander’s condition
is substantially different and more complicated than the proof given in [4] in the positive
definite case.

In this context, it is natural to ask how the families of Hilbert spaces associated with two
distinct Hermitian forms ¢ ', g compare. Given two (monotone) families of Hilbert spaces
Hti, t > 0,i = 1,2, all contained in a common underlying vector space, 7', we say that
the second family controls the first if for each ¢ > 0 there is an s > 0 such that th C Hsl.
In terms of norms, this means that for each ¢ > 0 there is C € (0, c0) and s > 0 such that
Wl H! = ClAI H2 A particularly interesting question is whether the family J, ;)J associated
with a positive definite Hermitian form can be controlled by the family associated with a form
that merely satisfies Hormander’s condition. This is one of the main problems that motivates
the results presented in this paper.

Section 2 reviews the definition of the spaces J, ;)’ ;»t > 0, which all lie in J 0 c T and
which are associated with a Hermitian form ¢ on the dual g* of g. It also describes the main
results of [5] regarding the Taylor map.

Section 3.2 shows how known heat kernel estimates and the fact that the Taylor map is
unitary (the main result of [5]) imply that the family of Hilbert spaces Jb?z,, associated with

any given Hermitian form ¢? satisfying Hormander’s condition controls the family of Hilbert
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spaces J;)IJ associated with any other such Hermitian form ¢'. Section 3.1 points out that,
if one can prove such a control a priori, then the surjectivity of the Taylor map for the form
g! actually implies the surjectivity of the Taylor map for ¢;. In particular, this opens the door
to the possibility of deducing the main result of [5] (i.e., the surjectivity of the Taylor map
for Hermitian forms satisfying Hoérmander’s condition) from the main result of [4] (i.e., the
surjectivity of the Taylor map for positive definite Hermitian forms). This raises the question
of whether this control between families of Hilbert spaces can be deduced directly on the
tensor side (i.e., Taylor coefficients side) by algebraic or combinatorial means. Section 4
shows that this can indeed be done for the three dimensional (complex) Heisenberg group
H3C and, more generally, for H2Cn 11

In Sections 5, we consider the situation wherein the group G is the direct product of
two simply connected complex Lie groups G, x G, (i.e., the Lie algebra g is the direct
sum of two Lie algebras g4, g») and ¢ = g, @ gp, With g4, g, Hermitian forms on g, g;;
satisfying Hormander’s condition. We show that there is a unique natural surjective isometry
from Jg , ® J(?b’ , onto Jqoﬁ ;- As an application, we observe that this allows us to extend the
comparison of families obtained for the Heisenberg groups H2Cn 41 1n Section 4 to products of
such groups.

In Section 6, we discuss the case of homogeneous spaces M = K \ G where K is a closed
connected Lie subgroup of G. When K is normal, M = K \ G is a simply connected Lie
group and we stay in the same framework as in the previous sections of this paper. In this case,
the results of Section 6 show that the comparison of two families of Taylor coefficient Hilbert
spaces on G descends to M = K \ G. However, when K is not a normal subgroup, we obtain
a host of new complex manifolds for which we can produce a unitary Taylor map between an
L? space of holomorphic functions on M and a Hilbert space of Taylor coefficients. These
are the first examples of such a result for complex manifolds that are not complex Lie groups.
In Section 7, we discuss in some detail two simple examples: the Grushin two dimensional
complex space and a quotient of the group of holomorphic affine motions on the complex
plane.

2. Notation and Background. In this section we will review some notation and basic
results from [5]. We will use angle brackets (-, -) to denote the pairing of a vector space V
and its algebraic dual V', i.e., (o, v) := a(v) forallv € V and o € V’. Let G be a complex
connected Lie group equipped with its right Haar measure dx and let H = H(G) denote the
space of complex valued holomorphic functions on G. Given A € g := Lie(G) (the complex
Lie algebra of G), let A denote the unique left invariant vector field acting on C*(G) such
that A(e) = A. We let g* be the dual of g (we use * instead of / in this case because of the
possible confusion with the derived subalgebra).

Denote by T (g) the tensor algebra over g. An element of 7' (g) is a finite sum:

N
2.1) B=Y B  Pieg®.
k=0
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We may and will identify 7' (g)’ with the direct product [ 7 (g*)®F via the pairing,

22) (o, B) =) ek, Bi) »
k=0
where
(2.3) a=> o e @)®.
k=0

NOTATION 2.1 (Left invariant differential operators). We define a real linear map
B — E ) from T (g) to left invariant differential operators on G determined by

(1) 1f=f and
() forB=A1® - @A, €g®, Bf:=A|---Acffor f e C®QG).

If f is a C* function on G, the Taylor coefficient of f at x € G is the element f (x) in
T (g)g. (the real linear functionals on 7'(g)) defined by
(2.4) (fx). B) = (Bf)(x) forall p € T(g).

If we further assume f € ‘H, then 8 — (B f)(x) is complex linear and in this case f x) €
T (g)'. In either case, f(x) annihilates the two-sided ideal J C T (g) generated by

(2.5) E®@n—m®&—[&n]:&neg}.
Soif f € H and x € G, then f(x) e JO where
(2.6) JO ={a e T(); (a, J) ={0}}.

The space J° is complex isomorphic to U’ where U := T (g)/J is the universal enveloping
algebra of g.

NOTATION 2.2. Let g be a nonnegative Hermitian form on the dual space g*. Thus
(2.7) q(a) = (a,a)y
for some, possibly degenerate, nonnegative sesquilinear form (, ), on g*.

As is shown in [5, Lemma 2.2], there exists a linearly independent (over C) subset
{X;}]_; C g such that

m
(2.8) q(a)=(a.a)g =Y _ |(a. X,)|* foralla € g*.
j=1
The space, H := span(Xy,..., X;) equipped with the unique Hermitian inner product

(-, ), for which {X j}’;?:1 is an orthonormal basis, is called the Hormander subspace as-
sociated to ¢g. H is the backwards annihilator of the kernel of g. See, e.g., [5, Equation (2.3)].
Also associated to g is the second order left invariant differential operator

m ~ /_\—/2
(2.9) A= Z(Xf +GX)).
j=1
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It can be shown that A and (H, (-, -)) depend only on ¢ and not on the choice of basis
{X; }7‘:1 C g for which Eq. (2.8) holds (see [5]).

The form ¢ induces a degenerate Hermitian form g := q®k whose inner product, (-, -)g4,
on (g*)®* is determined by

k
210) (@ ® - ®abi® @by = [[(aj. b))y aibiegi=1 ..k
j=1
fork > 1. If o € (g*)®, we will write gx () or |a|§k for (a, a)4, . By convention, V& = C
and we define g on (g*)®0 so that go(1) = 1. For ¢t > 0, define
@.11) lellg s =D o lelg,
k=0
when « is given by (2.3).
The function |-||, ; defines a semi-norm in the subspace of T(g)’ on which ||oz||§’t is
finite. But we will, by restriction, always consider [|-||, ; to be a semi-norm on

(2.12) 10, = {a e J% |all}, < oo}.

Whenever there is no risk of confusion concerning which form ¢ is under consideration, we
will often drop the reference to ¢ and write

0 0
Il = Il and JO = J2, .

REMARK 2.3. Similar constructions can be carried out over a real Lie algebra
equipped with a non-negative quadratic form. See [5] and Section 5 of the present paper.

DEFINITION 2.4. We say that Hormander’s condition holds for g if the smallest Lie
subalgebra, Lie(H ), containing H is g. Itis permissible here to view Lie(H) as the Lie algebra
generated by H C g with g regarded as either a complex or a real Lie algebra.

The significance of Hormander’s condition is twofold. (1) By [5, Theorem 2.7],
Lie(H) = g if and only if for some ¢ > 0 (hence for all # > 0), || - ||; iS a norm on Jto.
(2) By Hormander’s theorem [13], Lie(H) = g if and only if A is hypoelliptic, see the end
of Section 1 in [5] for a more detailed discussion on this last point. So under Hérmander’s
condition on ¢, the operator A in Eq. (2.9) induces a heat semigroup, e'*/4, with a smooth

convolution kernel, G 3 x — p;(x) € (0, 00), satisfying
(2.13) 2"* ) (e) =[ fx)pr(x)dx forall f e L*(G,dx).
G

Recall that A : C°(G) — C2°(G) is essentially self-adjoint in L*(G, dx) and that, abusing
notation, we use the same letter A for its unique self-adjoint extension. We call the measure
pr(dx) = py(x)dx

the heat kernel measure on G associated to the sub-Laplacian A. In what follows, we will
refer to x +— p;(x) as the heat kernel associated with A although, properly speaking, the
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heat kernel h;(x, y) is a function of time and two space-variables (x, y) related to p; by
hi(x,y) = pr (x_ly)m (x) where m is the modular function on G. See [5, Section 3] for more
details of this construction.

NOTATION 2.5. We denote by H the space of holomorphic functions on G and define
2.14) HL* (G, p) = HNL*G. pr) .

For any complex matrix group, the matrix entries and polynomials in these entries lie in this
space for any such subelliptic Laplacian.

We may now summarize some of the main theorems from [5].

THEOREM 2.6 ([5, Theorem 4.2]). Let G be a connected complex Lie group. Suppose
that q is a non-negative Hermitian form on the dual space g* and assume that Hormander’s
condition holds, (cf. Definition 2.4). Let p; denote the heat kernel measure associated to q.
Then the Taylor map

(2.15) f— fe

is an isometry from HL*(G, p;) into Jto.

PROPOSITION 2.7 ([5, Proposition 4.3]). Let f € H(G) and assume that f (e) € Jt0
(see Eq. (2.4)) for some t > 0. Then f € HL*(G, p;).

THEOREM 2.8 ([5, Theorem 6.1]). Let G be a connected, simply connected complex
Lie group. Suppose that q is a non-negative Hermitian form on the dual space g* and assume
that Hormander’s condition holds, (cf. Definition 2.4). Then the Taylor map, f f (e)isa
unitary map from HL*(G, p;) onto Jto.

3. Comparison of norms.

3.1.  Surjectivity via comparison of norms. Suppose g is a complex Lie algebra, G is
the simply connected complex Lie group with g = Lie(G), and that we are given two nonneg-
ative Hermitian quadratic forms, say qj , j = 1,2, on the complex vector space, g*. Assume
that both satisfy Hérmander’s condition. By (2.9) and (2.13), second order differential oper-
ators A/ and heat kernels x > ,o,] (x) on G for j = 1,2 are associated to these Hermitian
forms.

By (2.11), each of the Hermitian forms q/ , j = 1,2, induces on J 0 the semi-norms
(where finite)

1/2
3.0 ||a||q.,-,t=(Z(r"/kmmji) , >0,

and yields the family of Hilbert spaces

IO =1{a e J% ||

oy < oo}, t>0.

gl .t
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We will say that the g2 family (partially) controls the ¢! family if, for each ¢ > 0, there is a
s > 0 and a constant C such that

(3.2 leellgr s < Cllellg2 -

gls =

Our interest in this definition comes from the following proposition.

PROPOSITION 3.1. Suppose that the q* family controls the q' family as in (3.2). Sup-
pose also that the Taylor map from HL?(G, ,otl) to J;I , is surjective for all t > 0. Then the

Taylor map from HL?*(G, ,0,2) to J,;)z LIS also surjective for all t > 0.

PrROOF. Ifa € J;)Z , then we learn from (3.2) that o € J;)l , for some s > 0, and

consequently there exists a function f € H(G) such that f () = a. It now follows from
Proposition 2.7 that f € HL*(G, ptz). Therefore, the Taylor map is also surjective from
HL*(G, p?) onto 152 - O

REMARK 3.2. If the g2 family controls the ¢! family and ¢' is positive definite, then
[4, Theorem 2.6] shows that the hypothesis of Proposition 3.1 holds, that is, the Taylor map
from HL?(G, p!) to J;)l . 1s surjective for all 7 > 0. Therefore Proposition 3.1 implies that

the Taylor map from HL*(G, ,otz) to th)z ; is surjective for all # > 0. This surjectivity in
the Hormander case is the main result of ’[5] (see Theorem 2.8 above). But the comparison
inequalities (3.2) and Proposition 3.1 provide an alternate proof based on the result for the
positive definite case obtained earlier in [4].

In Section 3.2 we will show (see Theorem 3.3) that, for any two quadratic forms satis-
fying Hormander’s condition, each family controls the other. The proof depends on Theorem
2.8 and, in particular, on the already known surjectivity of the Taylor map. But in Section
4 we will give a direct combinatorial proof of the inequalities (3.2) in case g is the three
dimensional complex Heisenberg Lie algebra.

3.2. Comparison of norms via heat kernels. In this section we will show that, as a
consequence of the unitarity theorem, Theorem 2.8, the family of inequalities (3.2) holds.

THEOREM 3.3. Let g be a complex Lie algebra and let q', g% be nonnegative Her-
mitian forms on the dual space g* which satisfy Hormander’s condition (cf. Definition 2.4.).
Then there exists & € (0, 1) such that for any 0 < s < et < oo and a € J°, we have

(3.3) leellgr g = CGs, Dllelly2

gls =

with C(s, 1) € (0, 00).

The proof of Theorem 3.3 depends on the following lemma which compares the size of
two heat kernels.
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LEMMA 3.4. Assume thatq', q° satisfy Hormander’s condition. Then there exists & €
(0, 1) such that for all 0 < s < et < 0o we have

sup {psl (x)
xeG ,Otz(x)

PROOF. This follows from [18, Prop. II1.4.2], which states that any two proper left
invariant length distances are comparable on a large scale on G, and from the heat kernel
bounds in [5, Theorem 3.4]. These yield

}:R(s,t)<oo.

R(s, 1) < C1(1 4 1/5)T exp(cat) .
O

REMARK 3.5. For nilpotent groups (and, more generally, for Lie groups with polyno-
mial volume growth), the better heat kernel estimates of [18, Chap. IV] give

R(s,t) < Ci(1+ 1/5)1 (A +1/5)2.

The positive finite constants ¢, ¢y, ¢ and C; depend on the group and the forms ¢!, ¢ but not
on s and ¢ as long as 0 < s < ¢¢. In the nilpotent (or polynomial volume growth) case, under
the additional assumption that the form ¢? is dominated by the form ¢! in the sense that there
exists k € (0, 00) such that > < k¢q', the heat kernel estimates of [18, Chap. IV] give the
improved estimate

R(s,t) < Cr(1+1/5).
As an immediate corollary of Lemma 3.4 we have the following proposition.

PROPOSITION 3.6. Let G be a connected, complex Lie group. Suppose that ¢, q* are
nonnegative Hermitian forms on the dual space g* of the complex Lie algebra of G. Assume
that q', q* satisfy Hormander’s condition. Then there exists ¢ € (0, 1) such that, for any
0 < s < et <ooandforany f € H(G), we have

1f @15 < Ce.DIF @42,
with C(s, 1) € (0, 00).

PROOF. By Lemma 3.4, there exists ¢ € (0, 1) such that, for0 < s < ef and f € H,

fG |f)Ppl(x)dx < R(s, 1) /G |f ()22 (x)dx .

Hence the desired bound (with a constant C = C(s, 1) given by Lemma 3.4) follows from the
fact that f — f(e) is an isometry from HL?(G, pi) to Jqoj S T> 0, j =1, 2. See Theorem
2.6. a

REMARK 3.7. As an application of Proposition 3.6, one may take ¢! to be a positive
definite Hermitian form, i.e., a form inducing a Riemannian metric on G and ¢ to be a
nonnegative Hermitian form satisfying Hérmander’s condition but not positive definite. Then
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the proposition gives control of the series

Y GHIDIF@

k=0

which involves “all” Taylor coefficients of f in terms of the series

Y RIf@1%

k=0
which only involves “horizontal” Taylor coefficients of f.

PROOF. We may assume [le||,2 , < 00, for otherwise there is nothing to prove. Let G

be the complex, connected, simply connected Lie group such that Lie(G) = g and let ptj ,
Jj =1, 2 be the heat kernels on G associated to qj for j = 1, 2. By Theorem 2.8, there exists
f € H(G) such that f(e) = «. The result now follows directly from Proposition 3.6. a

REMARK 3.8. The proof of Theorem 3.3 given above yields the desired inequality
with C(s,t) = R(s,t), R(s, t) being the heat kernel ratio defined in Lemma 3.4. However,
the norms || - ||,i , are increasing functions of 7. It follows that, in Theorem 3.3, it suffices
to treat the case when s = ¢t. Consequently, one can replace C(s,t) = R(s,t) by K(s,1) =
min{R(s, e~'s), R(et,t)}. For general Lie groups, the bounds mentioned in the proof of
Lemma 3.4 yield

K(s,t) < Cymin{(1 + 1/5)1, eczt} ’
whereas, for nilpotent groups (or groups of polynomial volume growth), they yield

K(s,1) < Ci(1 4 1/5)%!

for some ¢, c1, ¢2, C1 depending on G and g 1, q2. In this latter case, if one assumes in addition
that g» < xq; for some x € (0, 00), then one obtains

K(s,t) <Cy.

REMARK 3.9. Let G be a complex Lie group, A = ' )?;2 + i’)\(/,'2 a sub-Laplacian
on G satisfying Hormander’s condition and p; the associated heat kernel. The well-known
two-sided heat kernel estimates mentioned earlier easily implies that the spaces

(YHL*G.p) and | JHLG. pr)
t>0 t>0

are algebras under pointwise multiplication. Lemma 3.4 shows that these algebras are inde-
pendent of the choice of the sub-Laplacian A, as long as Héormander’s condition is assumed.

As we shall see in the next Section 4, proving Eq. (3.1) by a direct computation involving
commutators appears to be a combinatorial challenge, even under very strong assumptions.
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4. Combinatorial approach to comparison for the Heisenberg algebra. In this
section we will give a direct combinatorial proof of the comparison inequalities (3.2) when
f)3C is the three dimensional complex Heisenberg Lie algebra, g2 is the natural degenerate form
and ¢! is a particular nondegenerate form. As pointed out at the end of this section, the same
argument applies to the higher dimensional Heisenberg algebras hgn 41+ As already noted in
Proposition 3.1, the inequalities (3.2) then yield a proof of surjectivity of the Taylor map in
our degenerate case quite different from the proof given in [5, Sections 5 and 6.].

THEOREM 4.1. Suppose g is the complex 3 dimensional Heisenberg Lie algebra, so
that g is the span of X, Y and Z with Z in the center of g and [X,Y] = Z. Given a € g*,
define
oo\ 2 2 2
q (o) = [{or, X)|* + [, Y)|" + [, Z)|
and
q*(@) = l{ot. X)* + [{er, V)17

Fora € T', define ||| as in (3.1). Then, fora € J°,

ql.s
2 2
e, ;< CGs.Dllel,

where

o0 k
C(s,1) = Z(es/t)kG + 1) ,

k=0
which is finite provided that (es/t)((4/t) + 1) < 1.

Let g be a Lie algebra, {/(g) be its universal enveloping algebra, and for x € g, let R,
and L, denote right and left multiplication by x on &/ = U/(g) and ady = Ly — R,.. Hence for
o € U we have

Lia =xa, Rya = ax and adya = xa — ax .

Let us recall the following basic result.

PROPOSITION 4.2. For each x € g, ady acts as a derivation on U and et g an
automorphism on U.

PROOF. The first assertion is a consequence of the computation
ady (af) =xaff — afx

= (adya)B + axB — afx

= (adyx)B + cad,f .
For the second assertion, let o, 8 € U(g) and let

o(t) =g . g
Then
%o(r) =adee’ ™ - o' B 4 Wy . ad, e

—ad,o (1) with 0 (0) = af,
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and this implies
oM =0 () = "N (@),
ie., e ig an automorphism on Y. a
LEMMA 4.3. Let g be a Lie algebra, x, y € g be linearly independent, and suppose
z:=adey =[x, y]

commutes with x and y. Then

n

n o__ 1 _ 1 n k.n n—k
4.1) "= —adyy” = n'z<k>x Y (—x)" 7k

k=0
PROOF. Notice that ad”y = ad” "'z = 0 for all n > 2 so that
fadey, — 4 17,
and hence by Proposition 4.2,
etadxyn — ( tady ) (y + tz)n

Comparing the coefficients of ”* on both sides of this equations proves the first equality in Eq.
(4.1). Since L, and R, commute,

n
n
4.2) adl = (Ly —R)" =) (k) L (=R,
k=0
and hence the second equality in Eq. (4.1) is an immediate consequence of the first and of Eq.
4.2). O
PROOF OF THEOREM 4.1. Since Z is in the center of g and « € Jo,
Ny

@3 el =Z<l> > (0. Z¥ @ A1 ® A2 ® - ® Ar) .

=0 Al,Ag, .. A 1€{X,Y}

Moreover,
Z=XQ®Y—-Y®XmodJ.
Thus, dropping the tensor product symbol from the notation, by Lemma 4.3,
!

1 1 l ; .
7zl = l—'adl Yl = o Z (j)x/ Yi(=X)'" " mod J .
j=0
Using this equation in Eq. (4.3) implies that
Ny 1 I 4 4 2
el g1 =Z(l) > ,—.Z<.)<a, XY (~X) T A Ay Ay - 1
1=0 A Ay Areixyy =0 M

k l
k 2 . .
(4.4) 5§ (z) § l—§ <) CXTYIXITTA A - A
=0 Al,Ar j=0

s Ag—1€{X, Y}
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Z( )WZ( )' sl i(k) (ﬁ;2| el

where, in the second line, we have used the Cauchy-Schwarz inequality for the measure on
{0,1,...,1} giving weight ( ) to j, along with the binomial formula.
Now suppose that

o]

lell?s, = D @ /kDlaxl}> = M < oo.
k=0
Then
4.5) |ak+l|§2 < M(k 4 D)/t *+D

Combining Eq. (4.5) with Eq. (4.5) shows that

k

SUELDY (") (;f)z (k + DY/ 144D
MR G
G g (1)(4/0 { k()2 }

ANk
{1+

wherein Cy is given by Cx = max{(k + 1)!/(k!(I)?) ;0 < [ < k}. In order to estimate the
constant Cy, we may write (k+1)!/(k!(1!)?) as a product of factors (k4 j) /(G (+1—j)), j =
Ll Let f(x) = (k+x)/(x(I +1—x)) forx € [1,1]. Then f'(x) = (x* + 2kx — k(I +
D)/{x( +1 — x)}%. The quadratic formula shows that the numerator has only one zero on
the positive x axis. Since f'(I) > 0, this zero lies to the left of x = [. Hence f takes its
maximum on [1, /] at one of the two endpoints. Since f(I) > f(1) forl > 1, we see that

(k+1D)! k+1\
(4.6) k(112 5( / ) e

| <

for I > 1. The overall inequality clearly holds for / = 0 also. Hence Cj < e.

Inserting this estimate for Cy into the previous inequalities, we find that

[oe] Sk 00

2 k k k 2 2
D loulg = D ostet @+ Df ey, = Cs 0 Nl
k=0 " k=0

where
00 4 k
C(s, 1) = k(=
(s.1) =) (es/) (t +1) :
k=0
which is finite provided that (es/#)((4/t) + 1) < 1. O
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REMARK 4.4. Recall that the (2n + 1)-dimensional complex Heisenberg Lie algebra
B2n+1 is spanned over C by {X1, ..., Xy, Y1,..., Yy, Z}, where [X, Y;] = Z and all other
commutators are zero. In this case we consider the two Hermitian forms

Gapia(@) =Y (e Xi)I* + (e Y|P + [{, Z)
1

and
By @) = Y (e, X)) + [, Yi)1P) .
1

The proof of Theorem 4.1 holds for h2,41 with minor modification. One need only use Z =
[X1, Y] in Lemma 4.3 instead of Z = [X, Y]. The conclusion is that, for 0 < s, < o0
satisfying (es/t)((4/t) + 1) < 1, and for « € JO c T' (h2n+1),

lall?y < Cls, Dl
with C(s, t) as in Theorem 4.1.

REMARK 4.5. In contrast with the previous remark, it is worth pointing out that de-
spite the relative simplicity of the above combinatorial argument, we have not been able to
generalize it beyond the (2n 4 1)-dimensional complex Heisenberg Lie algebra. Obvious
candidates for a generalization are the so called H-algebras and, more generally, nilpotent
step 2 algebras. Difficulties already appear when one tries to treat the simplest possible case,
namely, the direct sum of two Heisenberg algebras 2,41 @ ham+1, evenforn = m = 1. In
the next section, we indeed study direct sums and obtain basic functoriality results. Together
with Theorem 4.1 (extended to ha,41 as in the previous remark), these results yield the obvi-
ous generalization of Theorem 4.1 for any direct sum C"° @ b2y, 41 @ - - - ® b2y +1 of a finite
dimensional abelian algebra and a finite number of Heisenberg algebras bo,, 11,7 =1, ..., k.
See Example 5.18.

5. Functoriality under direct sums/products. This section is concerned with the
functoriality properties of the Hilbert spaces J ;)J = z?’t(g) and HL*(G, p;) under direct
sums (at the Lie algebra level) and direct products (at the Lie group level). These fundamental
functoriality properties will be derived independently on both sides from first principles so that
they can be used in the study of the Taylor map. Although we have been concerned only with
complex Lie algebras because of our focus on holomorphic functions, much of the machinery
for dealing with comparison of norms applies to real Lie algebras also. In this section we will
consider both real and complex Lie algebras.

5.1. Functoriality of J(?J under direct sums.

NOTATION 5.1. Let g, and g, denote two real (resp. complex) finite dimensional Lie
algebras and let ¢, and g5 denote non-negative quadratic (resp. Hermitian) forms on the corre-
sponding dual spaces. The direct sum g = g,®g,, is a Lie algebra and its dual space, which we
may identify as g* = g7 @®g;, supports the quadratic (resp. Hermitian) form, ¢ := g, @ gp.
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Further, as in Section 2, let (Hg, (-, -)4), (Hp, (-, -)p) and (H, (-, -)) denote the Hormander
(Hilbertian) subspaces associated to q,, g» and g respectively.

We will assume that both g, and ¢, satisfy Hormander’s condition, i.e., Lie(H;) = g; for
i € {a, b}. Under this assumption it is easily shown that Lie(H) = g or, equivalently stated,
q also satisfies Hormander’s condition. Let T, = T (gs), Tp = T(gp) and T = T (g). Let
Jo C Ty, Jp C Tp and J C T be the two-sided ideals in each of these tensor algebras as
described in Section 2. For each ¢ > 0, these structures induce the three Hilbert tensor spaces
(I, (JD): and JP(g) with norms denoted by |-ll,, ;. IIll,, . and ||l ,, respectively (see
Egs. (2.11) and (2.12)). For u and v both in 7, both in 7} or both in T, we will write uv
rather than u @ v. We will reserve the tensor symbol for the tensor product of two different
vector spaces. For example, ifu € T, andv € Ty, thenu Qv € T, ® Tp.

It has been long known, and extensively used as a tool in the study of quantum fields that,
if g, and g, are commutative and the forms are nondegenerate, then the three tensor Hilbert
spaces are just spaces of symmetric tensors over the respective dual spaces and (Jf)[ ® (Jbo)t
is naturally isomorphic as a Hilbert space to Jto(g). Indeed, this kind of theorem has even
been developed for the sum of continuum many summands [12], [16]. If the Lie algebras are
not commutative, then such a functorial relation has already been proved when the forms g,
and g; are non-degenerate [10, Theorem 4.3]. It has also been proved in the non-degenerate
case by probabilistic techniques when the associated groups are compact [9, Corollary 5.8].
Our objective in this section is to extend this theorem to the case where g, and g, may be
degenerate but satisfy Hormander’s condition.

NOTATION 5.2. There is a natural embedding of 7, into 7. It maps the zero rank
tensor 1 € T, to 1 € T. It maps an element £ € g, to £ & 0 € g and is otherwise an algebra
isomorphism of the tensor algebra T, into the tensor algebra 7. This isomorphism will be
denoted 7, > 8 +— /§ € T(g). The similarly defined isomorphism of 7} into 7T will also be
denoted as T, > 8 +— /§ e T(g).

The main theorem of this section is the following.

THEOREM 5.3. Assume that q, and qp satisfy Hormander’s condition. Then there
exists a unique surjective isometry (i.e., an orthogonal or unitary map)

5.1) L:(U:® () — (%,

such that

(52)  (Lw, BuPp) = (w, Bu ® Bp) for all Bu € Tu, By € Ty and w € (J); ® (J): -
Here the product ﬁa,BAh refers to the product in the algebra T , as already noted.

REMARK 5.4. This theorem will be proved by direct algebraic and combinatorial
means. In the complex case, one could derive this theorem indirectly from the main theo-
rem of [5] in conjunction with the Section “Functoriality of HL?” below.

Before starting the proof, let us give the following corollary.
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COROLLARY 5.5. Suppose that g, and g are two real (resp. complex) finite dimen-
sional Lie algebras. Let qé; and ql’;, i = 1,2 be non-negative quadratic (resp. Hermitian)
forms on g} and gy, respectively. Assume that all four forms satisfy Hérmander’s condition.
Lets > 0 andt > 0 and suppose that, for some constants c, and cp,

0
(5.3) ||O‘||q,§,s < ca||a||q3,tf0ralla € qu’t
and
0
<
(5.4) ||oc||q;’s < cb||oz||qg’tf0r allx € qu’t.

Let g = g4 ® gp be the direct sum as Lie algebras. Let ql = q[} @ql} and q2 = qa2 @qg. Then

(5.5) leelly1y < cacollell,2, forall o € Jqon cT(y).

gls =

In particular, if the q2 family controls the q(} family for g, and the qb2 family controls the q}}
family for g, then the q° family controls the q" family for g.

PROOF. Let
0 0 0 0 0 0
o J J - J and L,:J J — J
b Jgls ® al.s ql.s 2 g2 ® qz.t g%t

denote the isometric isomorphisms of Theorem 5.3. By hypotheses (5.3) and (5.4), J;z . C
JO . J% < J% and the inclusion operators t; : J% — JO andy 2 IO, — JO

qa-S qjt qp-S q;t 9a-S qjt qp-S
satisfy the norm bounds

(56) lallyo, o < caandlsllo 0 < cp.
qa-t qq S g0t 4,5
Hence it follows that i, ® 5, : Jq?z ,® J;z s J 01 ,® J;l ) is also an inclusion map satisfying
o b > b

the norm bound

(5.7) lta ® Lb||J02 ®J% —I1% ®J9, < c4Cp .
qa-t qp .t q,

b a5 qpS

Now let o € J;% and then define o’ := Li(iy ® 13)L> 'a. By virtue of (5.7) and the fact
that L; and L, are unitary, it follows that ||a’| gls = Cacpllell 2, Therefore, to prove the
theorem it suffices to prove that &’ and « (although possibly lying in different Hilbert spaces)
are the same element of 7'(g)’. To this end, it suffices to show that they have the same value
on the fundamental set {Ba/éb 3 Ba € Ty, By € Tp). Letw = (Lz)’la € J;g’t & J‘?Z e Then

(@, BaBp) = (L1(ta ® ta)w, Bufp)

(5.8) A
= ((ta ® t))w, By @ Bp) = (w, Bu @ Bp) = (e, BuBb) - O
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5.2. Proof of Theorem 5.3. Rather than follow the pattern of proof in [10, Theorem
4.3], we are going to give a proof that avoids using completions, as were used in [10], because,
in our present context, many of our semi-norms are not norms on convenient subspaces. We
will begin with a number of preliminary results needed for the proof of Theorem 5.3, which
will be completed at the end of this subsection.

NOTATION 5.6. We will write T; ®q1¢ T} for the algebraic tensor product and (7, ®alg
Tp)' for its algebraic dual space. T’ will denote the algebraic dual space of T.

The space T, ®aiz T) may also be viewed as an algebra over R or C, respectively, using
the multiplication law determined uniquely by

(5.9) @®v) - V)= u)® ) forallu,u’ € T, and v,V € T} .
DEFINITION 5.7. Let

(5.10) 0:T — T, Qag T

be the unique algebra homomorphism such that

(5.11) 0(1)=1® 1 and

(5.12) Ou+v)=u®@1+1Qv

forall u € g, and v € gp. Also, let
Ty Qag Ty > T
be the linear map uniquely determined by x (8, ® Bp) = Ba ﬁb forall B, € T, and By € Tp.
DEFINITION 5.8. Let I be the two sided ideal in the algebra T generated by
{EAn=E8n—nE; § €gaandn € gp},
m : T — T/I be the quotient map, and 1° = {a € T’; (, I) = 0} be the annihilator of 7 in
T'.
As [x, y] =0ifx € g, and y € g, it follows that I C J. We will make use of this fact

in the proof of the next theorem.

THEOREM 5.9. Assuming that 0, k and I are as in Definitions 5.7 and 5.8, then:

(1) Ook = idTa@algTb'

(2) Nul(@) = I and lfé :T/1I — Ty Qug Tp is the factor map associated to 0, then 0 is
an isomorphism of algebras.

(3) The map,k :=mwok : T, ®alg Ty — T/1 is the inverse map to 0.

(4) The spaces, (T; Ralg Tp), (T/1) and 19 are all isomorphic. In particular, the map,

Vo (Tu ®ug Tp) — 1°,

defined by
(5.13) Y() =aob

is an isomorphism of linear spaces.
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(5) Moreover,

(5.14) (W (w), Bubp) = (w, Ba ® Bp)
forallw € (T, ®ayg Tp)', Ba € T, and By € Tp.

T
N
Ty Rag Tp 7w Ty Qag Ty
T/I

PROOF. Suppose that {x;}" ; C g, and {yj}?:1 C gp, then

Oor((x1 - Xm) @1+ Ym)) =0(X1-+ X - Y1+ Ym)
=0 ®D--(xu®@D- Q@ y1) - (1 ®ym)
=@ xn) @1 1@ (v ym)
=1 Xm) @ (y1+ - Ym) s

from which it follows that 6 o k = id7,g,,7,. This shows that the map 6 is surjective. Since,
forx e g, and y € gp,

Oxy —yx)=x@D-0I®@y) -0y -x®1D
=X ® y — X ® y = 0 5
it follows that I C Nul(@). Therefore, the factor map 6:T /1 — Ty Qaig T is well defined.
We are going to show that 6 is an algebra isomorphism by showing « o 6 = idr/;. Let us

begin by computing o 6. First observe that the general element of 7'/] may be written as a
linear combination of elements of the form

L1 Xm - y1- - yml =20 X -y ym + 1

n

where {x;}7" | C g, and {y;} =1 C 9b- For such an element, it easily seen that

01+ X - Y1+ Ym]) = OCe1 X Y1+ Ym) = (1= Xm) ® (V1 +* Ym)
and hence
k0 Oxt =X - Y1 ym]) = (¥t - Xm) - (V1 Ym) -
Therefore, it follows that & o 6 = idy /1 and hence 6 is an algebra isomorphism with inverse
K. This also shows that I = Nul(9).

Since 0 : T/I — T, ®alg Tp is an isomorphism, it follows that ou . (Ty ®ag Tp) —
(T/I) is also an isomorphism. Clearly 7% : (T/I)’ — I° is also an isomorphism. By
definition of § we have 6 = 0 o 7, and therefore ¥ = 0" = z'" 0 9" : (T, Qalg Tp) — 1%is
also an isomorphism. This proves (4).
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Finally, (5.14) follows from the identities

(W (W), BaBr) = (w, 0(Babp)) = (w, B ® Bp) . 0

NOTATION 5.10. Let¢ : T, Qag Ty — (Tu ®ag Tp)' be the natural injection deter-
mined by

(pw®v), 5 ®@n) = (u,&)(v, n)
foralu e T,,ve T, & € T,andn € Tj.

LEMMA 5.11. The four ideals, J, J,, Jp and I are related as follows:

(5.15) J=Jy - To+T, Jp+1,
(516) 9(1) = Ja ®alg Tb + Ta ®alg Jb C Ta ® Tb ,
(5.17) Yo o(J) @ag ) € IO,

where the map B +— ,3 is given as in Notation 5.2.

PROOF. LetK = J,-Tp+T,-Jy+1.Clearly J, - T, c J, T,-J, C Jand I C J.
Therefore K C J. To prove equality of K and J, it suffices to show that K contains the
generators of J and is a two-sided ideal. Fori = 1,2, let x; € g, and y; € gp. Define

Ya = X1 A x2 — [x1, x2], ¥» = y1 A y2 — [y1, y2]. Then

Y =(x1+yD) A2+ y2) — [x1+ y1, x2 + y2]
=Ya+ 7y, mod I.

The generators of J are therefore contained in K. Now if E € b and ﬁa € T, then& ,3a = ﬁaé

mod /. Therefore E(Ja Th) C Ja Tb + 1. Similarly S(T Jh) C T Jb + I since Jp is a

two-sided ideal. A similar argument applies to right multiplication and also to the case where

& € gq. Thus K = J and (5.15) holds. Equation (5.16) now follows by applying 6 to (5.15).
To prove (5.17) leta® € J?, &’ € J?, B, € J, and u € Tj. Then, by (5.14),

(¥ 09 ® ), Bu - 1) = (p(a ® ), Pu @ 1t) = (g, Ba)(atp, u) = 0.

Similarly, ¥ o ¢(o; ® op) annihilates the second summand on the right in (5.15). It also
annihilates / by Theorem 5.9. (5.17) now follows from (5.15). O

The next two lemmas are analytic.

LEMMA 5.12. Let S; C H; be an orthonormal basis for (H;, (-,-);) fori = a or
i =b. Thenfora € J" andt > 0 we have
5 Xkt 5
(5.18) lellGr = >° o 2 e Xuo Xy v,
k,1=0 XiESa,YjESb
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PROOF. Theset S = S, US, C H is an orthonormal basis for (H, (-, -)), and so, by the
definition of ||~||qq, ,

(5.19) el Zt S g g

£1,...EnES
For &1, ...,&, € S, we may associate asubset A C {1,2,...,n} =: [}, as
A={ie{l,2,...,n}; & € S,}.

From this observation it follows that

(5.20) > ek =Y ) le&E)

£1,....,EneS ACT;, &€eS, forieA
gjeSp for j¢A

Now suppose that A C I, with#(A) =k € {0, 1,2, ..., n} is given. Because §;&; — §;&; €
I C Jforeachi € Aand j ¢ A, it follows that

Yo k8= D0 Y N Xie Xp Y Y )P

&eS, forieA X;€8qa Y;€Sp
&jeSp for j¢A

As there are ( ) such subsets A C I, with #(A) = k, we may rewrite Eq. (5.20) as

G2 |<a,sl-~-sn>|2:l§)(z> YD U Xieo Xi s Vi Y )P

X,€8, Y;€Sp

Combining Egs. (5.19) and (5.21) implies Eq. (5.18). O
LEMMA 5.13. The restriction of Yo to Jto(ga) Ralg J,O(gb) is an isometry into Jto(g).
PROOF. Suppose that a?, B¢ € J,O(ga) and o”, B¥ € J,O(gb). Then for X; € S, and

Y; € Sp we have
Wop@® @ab), X1 Xp- Y1 ¥)) = (@@ ®aP), (X1 -+ Xg - Y1 -~ Y})
= (p@" ®a’), X1 X, ® Y-+ 1)
:(aa’Xl.“Xk><absY1"'Y[>.

From this identity along with the polarization of Eq. (5.18), we find

o tk+l
(Wop@ ®a), Yo" ®Bg =)
kl=0
XYY e Xy X el Y YN BY X Xk)(BPL YY)

Xi€Sq Y;€Sp

(Z PIRCED R Xk><ﬁa,X1-~-Xk>)

k=0 " X;eS,
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) @@
(Zt Z (@ Yy V) (BP 1 - Y>)

which shows that ¥ o ¢ is isometric on J,O(ga) Ralg Jto(gb). O
We are now ready to complete the proof of the main Theorem 5.3.

COMPLETION OF PROOF OF THEOREM 5.3. By Lemma 5.13, the restriction of ¥ o¢ to
J2(g4) Oalg J?(gp) extends uniquely to an isometry of Hilbert spaces, L : J(g.)®J (g») —
Jt0 (g). Moreover, the determining equation, Eq. (5.2), for L follows from Eq. (5.14) by con-
tinuity. So to complete the proof of Theorem 5.3, we need only show that L : Jt0 (92) ®
Jto(gh) — J,O(g) is surjective.

Suppose o € Jto(g) and (o, L(a® @ o?)) = 0 forall a“ € J,O(ga) and o € Jto(gb). By
polarization of Eq. (5.18) and the identity

(L@ ®a’), X1 X -Y1--- V1) = {p@* ®@a’), X1 - X ® Y1 --- V)
= (a9, X1 - Xp){a?, Y1 --- 1)),

we have

0= (a, L(a“ ®ab)) g

(5.22) - Z 2 i

=0 XeSalO'

X > e Xy Xp Yo Yo, Xy Xp)(ob, Y1 X))
YieSy

We now are going to show that there is an element u € (Jc?), such that

!

WK
Nlﬂ

(5.23) u, Ba) =D 5 D (e Ba-Yi---Yi)(ab, Yi---Y)) forall By € T,

: YjES],

.\.
Il
=}

and, in particular, that the sum is convergent. Assuming for the moment that the sum in Eq.
(5.23) is convergent, it follows from Eq. (5.15) and Eq. (5.23) that u € JaO . Moreover, by the
Cauchy-Schwarz inequality we have

32
|, Ba)I? {Z > N Ba- Vi Yz)(ab,Y1-~-Y1>|}

= Y;€Sp

S l
Z_'Z (o, Ba - Y1 -+ >| ||Ot ”qbl‘

=0  Y;eSp

(5.24)
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So according to Lemma 5.12,

luell7, Z 7w Xy X))

= " X;€S,

429 <l ||qb,Z > Z > N Xio XYoo ¥

k=0 " X;eS, = O YeSb

= e?12, ]2, < o0,

and therefore, u € (Ja0 )¢ In order to see that the sum in Eq. (5.23) is convergent, recall from
[5, Lemma 2.11] that for any B, € T, there exists B, € T (H,) such that 8, — B, € J,. For
each I we have (B, — ) - Y1---Y; € Ju - T, C J. Therefore Ba may be replaced by B,
in each term of (5.23). Since 8, may be written as a finite linear combination of elements
in I, := {1} U U,fozl{Xl - Xy Xj € 8}, it suffices to verify the convergence in Eq.
(5.23) when B8, € I',. However, the convergence of the sum in this case is now clear from the
estimates in Egs. (5.24) and (5.25).
With u as in Eq. (5.23), Eq. (5.22) may be written as

t I
0=) — (u, X1 - Xi)a?, Xy -+ Xi) = (u,0%)g, 15

which is assumed to hold for all «“ € (J[?)t. Taking o = u in this identity then shows u = 0,
i.e.,

o

t —
(5.26) Z T Z o, Ba- YY) ab, YY) forall B, € T,.
=0 Y;eS,

For fixed 8, € T,, we may now define v € Jo(gb) by
(5.27) (v, Bp) == (o, Ba - Bp) forall B, € T)p .

Working as above, v may be written as a linear combination of functions of the form {7},
By — (o, 1 - Bp)iner,, andif o = n € I, then

lvllz, . = Z Dl Yy

=0 YESb
o
! 2 2
=D 5 > o Yio WP < llg, < o0,
I=0 " Y;eS

wherein we have used Lemma 5.12 in the last line. Hence we have shown that v € J,O(gh).
Taking o? =vin Eq. (5.26) shows 0 = (v, v)g, r, i.e., v = 0. As B, € T, was arbitrary, it
follows from Eq. (5.18) that («, B, - Bp) = O for all B, € T, and B, € T} and this suffices to
show o = 0. a



GROWTH OF TAYLOR COEFFICIENTS OVER COMPLEX HOMOGENEOUS SPACES 449

5.3. Functoriality of 7{L? under products. Suppose that M is a complex manifold
equipped with smooth positive measure 1, and let L? () denote the Hilbert space of com-
plex square integrable holomorphic functions on M. As is well known (see [4, Lemma 3.4]
for example), for any m € M, the evaluation map e, (f) = f(m) forall f € HLZ(,u), is a
bounded linear functional on HL?(11). So by the Riesz theorem, there exists a unique element
F(-,m) € HL*(w) such that f(m) = (f, F(-,m)) 2, forall f € HL*(u). (We will often
write Fy, for F (-, m).) The function F : M x M — C so defined is called the reproducing
kernel for HL?(11). The following proposition summarizes some of the well known properties
of this reproducing kernel.

PROPOSITION 5.14. The reproducing kernel F : M x M — C for HL*(w) satisfies:
(1) F(m,m') = F(m’,m) forallm,m' € M.

(2) The map, M sm — F, € HLZ(/L) is continuous.

(3) The reproducing kernel F is continuous.

PROOF. 1. The first assertion is a consequence of the identity
(5.28) (Fos Fin) = Fp(m) = F(m,m")

which follows from the reproducing properties of F.

2. If K C M is a compact set and f € HL?*(u), we have SUpek lem () =
maxyek | f(m)| < oo. Therefore, by the uniform boundedness principle,

C(K) := sup [[Fmllpgr2() = sup llemllpgr2q < 00
mekK mekK

Therefore, if || fll312(,) < 1 then max,ek [f(m)| < C(K). Hence, using the Cauchy esti-
mates (see [4, Lemma 3.4]), we may easily show that, for any m € M, there exists a chart
(x,V)of M withm € V (V is the domain of x) such that x(V) is a poly disk centered at
x(m) := 01in a Euclidean space and

a
Ci = sup maxl—fl.(m)| <oofori=1,2,...,dimg(M).
1fllpgp2gn<tmeV 09X

Then, for m’ € V, we have

1Em = Fwllqreqy = sup 1(fs Fn = Fa)l
17 g2 =1
dimpg (M)
= sup  [fm)—f@m)< Y Gl
”f”HLz(M)Sl i=1
which proves m’ — F,,/ is continuous at m € M.
3. The third assertion now follows from the second and the identity in Eq. (5.28). a

Now suppose that N is another complex manifold equipped with a smooth positive mea-
sure v. Let G, (-) = G(-, n) be the reproducing kernel for HL?(v).
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THEOREM 5.15. Suppose that M, N, u, v, F and G are as defined above. Then the
function

(Fp @ G,)(m',n') := Fp(m') - G,,(n/)form, m' e Mandn,n' € N
is the reproducing kernel for HL* (1w ® v) where i ® v is the product measure on M x N.

PROOF. Since F, ® G, € HL?*(1x ® v), we need only show for any & € HL?(u ® v)
that h(m, n) = h(m, n), where
h(m,n) := (h, Fy @ Gy) forallm € M andn € N .

We will do this by showing / is continuous and then by showing & = / a.e. with respect to
nv.

The continuity of h follows from the continuities of M > m — F,, € HL%*(u) and
N 3 n — F, € HL?(v) and the following simple estimate

|h(m, n) = h(m',n")| = |(h, Fy ® Gu = Fp ® G)|
<l 2ugw 1Fm ® Gn — For ® Gl 120400
= ||h||L2(ﬂ®u) ||(Fm - Fm’) &® Gn - Fm’ &® (Gn - Gn’)||L2(,L®y)
< hllz2uewy 1Fm — Fw L2 1Gnll 22
F 1 Fwll 200 1Gn = Gurll 20 -
If
My = {m’ eEM; f lh(m', n')2dv(n) < oo}
and !
Np := {n’ eN; / \h(m', n")|>du(m’) < oo} ,
then by Fubini’s theorem we know M(MM\ Mp) = 0 and v(N \ Ng) = 0. For m’ € My,
h(m',-) € HL*(v) and therefore, for all n € N, we have

(5.29) h(m',n) = (h(m', "), Gy) = / h(m', n")G,(n)dv(@') .
N

Now take n € Ny so that i(-, n) € HL* (). Multiply Eq. (5.29) by F,,, (m’) and then integrate
with respect to du(m’), to find

h(m, n) =/ h(m', n) Fp(m")dpu(m')
M

=/ (/ h(m/,n/)Gn(n’)dv(n/))Fm(m’)du(m/)
M N

= (h, Fy ® Gy) = h(m,n),

wherein we have used Fubini’s theorem for the third equality. Hence we have shown
h(m,n) = fz(m,n) forallm € M and n € Ny. As Ny is dense in N and & and £ are
continuous, we may now conclude that A(m, n) = ﬁ(m, n) = (h, F,, ® G,) forallm e M
andn € N. O
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As a corollary we have the following theorem.

THEOREM 5.16. Suppose M and N are complex manifolds equipped with smooth pos-
itive measures [t and v, respectively. Let

¢ L2 @ L) > LA (n®v)
be the natural unitary isomorphism determined uniquely by

(5.30) o(f ® g)(m,n) := f(m)g(n)
forall f € L*>(u) and g € L*>(v). Then
¢(HL (1) ® HL? () = HL* (1 ® v)
so that ¢
Olrr2goemize) - HLH (W) @ HL*(v) > HL* (@ v)
is again a unitary isomorphism of Hilbert spaces.

PROOF. Since the projection maps from M x N to M and N are holomorphic and the
product of holomorphic functions is holomorphic, ¢(f ® g) € HL*(u ® v) for all f €
HL?*(u) and g € HL?(v). As linear combinations of elements of the form f ® ¢ are dense
in HL?() ® HL?*(v) and HL?(u ® v) is a closed subspace of L?(u ® v), it follows that
P(HL*(n) ® HL*(v)) € HL*(u ® v). To see that the inclusion is not proper, suppose
h e HL?>(u ® v) is perpendicular to the closed linear space @(HL*(1) ® HL?(v)). Under
this assumption, it follows from Theorem 5.15 that

him,n) = (h, F @ G,) = (h, p(Fy ® Gp)) =0forall m,n) e M x N,
i.e.,that h = 0. O

5.4. Applications of the sum/product functoriality to the Taylor map. Let us now sup-
pose that G, and G, are two simply connected complex Lie groups with Lie algebras denoted
by g, and g,,. Further assume that g, and g, are non-negative Hermitian forms on g} and
g}, respectively, which satisfy Hormander’s condition. Then G = G, x G} is again a simply
connected Lie group with Lie algebra g := g, ® gp and g = g, B gp being a non-negative Her-
mitian form on g* satisfying Hérmander’s condition. Let us continue to use the assumptions
and notation introduced above.

COROLLARY 5.17. Ifwe know that
HL*Gi,pp) 3 [+ f € 1))
is an isometry (resp. a unitary isomorphism) for bothi = a and i = b, then
(5.31) HL*(G, pr) > w— € J2(g)

is also an isometry (resp. a unitary isomorphism) of Hilbert spaces, where p; := pf! ® ,of’.
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PROOF. Letu, € HL*(Gq, p¢) and u, € HL*(Gyp, p?) and u, ® up € HL*(G, x
Gp, pf ® ,otb) be defined by (4y ® up)(gu, gp) := uq(ga)up(gp). Then, recalling the defining
equation Eq. (5.2) of L, for B; € T; fori = a or b, we have

(Ua ® Up, Ba - Bp) = (ias Ba) (i, Bp) = (L(ila ® ip), Ba - Bv) »

from which it follows that 1, ® u) = L(iiy ® fip). Since HL2(G;, pf) = Jto(g,-) and L :
J2(g2) ® J2(gp) — J (g) is unitary, it follows that

HL*(Ga. p{") ®aig HL*(Gp. p}) > w > ) € J (g)

is an isometry. From Theorem 5.16, we know that HL2(G,, o) Qalg HL2(Gyp, ,oth) is dense
in HL*(G, p;), and therefore the map in Eq. (5.31) extends uniquely to an isometry from
HL*(G, p;) to Jto(g). By the Cauchy estimates (see the proof of Proposition 5.14 below),
if w, — w in HL*(G, p;) then fw, — Bw for all B € T. Therefore the isometry from
HL?(G, p;) to JO(g) is still given by w > i where (i, ) = Bw.

We will now finish the proof by showing the map in Eq. (5.31) is surjective when the
Taylor maps on the factors are surjective. Let

D :={ug Qup: u; € HL*(G;, p) fori = a and b} .
Since u, @ up = L(ii, ® iip) and HL2(G;, ,oti) = Jto(g,-), we may write
D= (L@ ®a’);a' € J(g;) fori = aandb}.
As L is unitary and {¢“ ® ab ol e Jto(g,-) fori = a and b} is total in J,O(ga) ® J,O(gh), it
follows that D is total in J,O(g). Hence the range of the map in Eq. (5.31) is dense in Jto(g),

which suffices to prove that the map is surjective. a

EXAMPLE 5.18. Consider the complex Heisenberg algebras h,41 = bgn 41 each
equipped with the two natural Hermitian forms qén 41> = 1,2, of Remark 4.4 (qzln 4118
positive definite, whereas qzzn 41 18 degenerate but satisfies Hormander’s condition). Let

g=C"Dh241® - ®bhoyt1-

Equip this direct sum with the two Hermitian forms

7'=4"® a2, 11D Dy 4
and
‘12 = ‘IO D ‘122n1+1 D@ ('I22nk+l ’
where gg is the canonical Hermitian form on C™°. Observe that, of course, ql is positive

definite whereas ¢ is degenerate but satisfies Hormander’s condition. Now applying the result
stated in Remark 4.4 together with Corollary 5.5 yields the inequality

leelly1 g < C(s, 0 letll 2, forall e € J;’ZJ cT'(g),

ql’S -
with C(s, ) as in Theorem 4.1. In particular, C(s, ¢) is finite for all s, ¢ € (0, co) satisfying
(es/t)((4/t) + 1) < 1. Hence, the g2 family controls the ¢! family on g (that the ¢! family
controls the g2 family is obvious from the definition). Now, the results of [4] concerning
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the positive definite case, together with the control of ¢! by g2 and Proposition 3.1, yields
the unitarity of the Taylor map between J 02 ; and the corresponding space of holomorphic
functions on the associated group G. This I;roof of the unitarity of the Taylor map for the
form g2 uses functoriality only on the tensor side. However, it also uses Proposition 3.1
which involves knowledge of some properties of the Taylor map in the Hormander case. The
point is that the properties of the Taylor map that are used in Proposition 3.1 are proved in
exactly the same way in both the positive definite and the Hormander case (see [5, Section
4]). Alternatively, one can use Corollary 5.17 which uses functoriality on both the tensor side
and the function side. This yields the desired result, i.e., the unitarity of the Taylor map for
g, using only the properties of the Taylor map in the positive definite case.

6. Functoriality under quotients.

6.1. The K-invariant Taylor isomorphism. Let G be a connected, simply connected,
complex Lie group, K a connected, closed, complex subgroup of G, g = Lie(G), and £ =
Lie(K). Recall that T = T (g) denotes the algebraic tensor algebra over g and J = J(g) is
the two sided ideal generated by {§ @ n —n ® & — [£,n]; &, € g}. We let T¢ (resp. ¢7T)
be the left (resp. right) ideal in T generated by ¢. Given a subspace V of T, we let V be its
annihilator in T’ and Vt0 the subspace of those elements o € V0 such that lleellg,r < o0.

In this subsection we are going restrict the isomorphism in Theorem 2.8 to the right
K -invariant functions in HL?(G). The next lemma is key to the main results of this section.

LEMMA 6.1. Let f € H(G). Then

6.1) f is right K invariant iff (f,T® =0,
(6.2) fis left K invariantiff (f,¢T)=0.

PROOF. First note that, for any function f € C'(G), f is right K -invariant if and only
if f = 0on G for all n € £. Now suppose that f € H(G). Let&,...,&, € gandletn € &
Since {&; - - ~§n(ﬁf)}(e) = (f, &1 ---&,n), the holomorphic function 7 f is zero on G if and
only if (f, Tn) = 0. Hence f is right K -invariant if and only if (f, Tn)=0foralln et

To discuss left K-invariance, let 77 denote the right invariant extension of 1. Of course,
any C! function on G is left K -invariant if and only if 7f = 0 on G for all 5 € €. Suppose
that f € H(G). Then 7 f is holomorphic. So f is left K -invariant if and only if, for all n € &,
{&1---&.(1)}(e) = Oforall §; € g. But

5 5 n+1
15NN = 5o im0 f (€175 -
(6.3) = {iE1 - Enf}e) = (f.nE1 &) .

d

The following theorem is a holomorphic version of the main theorem in [8]. It is based
on Lemma 6.1 and Theorem 2.8, which is taken from [5, Theorem 6.1].
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THEOREM 6.2. The Taylor map H(G) > f — f e JO restricts to a surjective isom-
etry from the space of right K -invariant functions in HL*(G, p,) onto (J + TE)? and re-
stricts to a surjective isometry from HL%( (G, pr), the space of left K -invariant functions in
HL?(G, p;), onto (J + €T)?.

PROOF. Theorem 2.8 asserts that the map H(G) > f +— f is a surjective isometry
from HL?(G, p;) onto Jto. Hence we need only identify the ranges of these two restrictions
properly. If f is in H(G) and is left K-invariant then, by Lemma 6.1, f annihilates the right
ideal £7T and is therefore in (J + ET)?. Conversely, if f lies in this space, then f annihilates
€7 and by Lemma 6.1 f is left K-invariant. A similar argument applies to right invariant
functions. a

6.2. The quotient theorem. Let G and K be as in Subsection 6.1, let M be the space of
right K cosets M = K\G, andlet : G — M be the associated quotient map. In this general
situation, the hypothesis that K is connected is equivalent to the simple connectedness of M
(for example see [7, I. Chap. 1, Theorem 4.8]). In a standard way, M admits a smooth right
G action defined by w(x)g := w(xg) for all x, g € G, and the linear map 7y, : g = Tk .M
is surjective with ker(w,.) = €. Hence if we let m := g/¢, then

(6.4) m>3A+¢t—->m,.AeTk.M

is a linear isomorphism of vector spaces. In the sequel, we will use Eq. (6.4) to identify m
with Tx .M without further mention.

NOTATION 6.3. The formula,
. d
(6.5) A(m) = Em(me“‘) forallm € M and A € g
defines a linear map g > A +— A € Vect(M), where Vect(M) denotes the linear space of
smooth vector fields on M.

LEMMA 6.4. The map g > A A e Vect(M) has thefollowmg propertzes

(1) Forall A € g, A is 7w — related to A, i.e., m,A = A o 7. (As usual A is the left
invariant vector field on G associatedto A € g.)

(2) Forall g € G and A € g, we have A and (Adg-1A)*® are Ry-related.

(3) IfA € g, then A(Ke) =0 iff A € t.

PROOF. (1) For the first assertion we have, for all g € G, that
~ d d .
mA(g) = —low(ge'™) = —lo(r(9)e') = Az (9))
t dt
(2) Similarly if ¢ € G and m € M, then

d _
Rg*A<m>— |ome 9= —Iomgg letdg

= (Ady-14)*(mg)
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(3) Observe that A(K e) = m4.(A) and therefore the assertion in (3) follows from the
comments before Notation 6.3. O

We suppose that ¢ is a given Hermitian form on g* satisfying Hérmander’s condition.
Let H be the Hormander subspace of g associated with ¢, equipped with its Hermitian inner
product (-, )y and an orthonormal basis (X;)7'. See (2.8). As in Section 2, let A denote the
associated hypoelliptic Laplacian on G and let p;(dx) = p;(x)dx denote the associated heat
kernel measure (in this section, we will abuse notation and use o, for the heat kernel measure
and p; (x) for its density). We may also define a sub-Laplacian Ay; on M given by

m
(6.6) Ay =) (X;>+7}), where ¥j :=iX;.
j=1

Using (1) of Lemma 6.4, one sees that A, may also be characterized by the relation
(6.7) A(form)=(Apmf)om forall f € C®(M),

and that the family of vector fields {X s Y fi }’}1:1 satisfies Hormander’s condition, i.e., X s Y s
j = 1,...,m, together with their brackets of all orders, span the tangent space at any point
m of M. Consequently, Ay is hypoelliptic.

DEFINITION 6.5. Let A;(dm) be heat kernel measure on M given by
(6.8) Ai(dm) = (7xp)(dm) .

The interpretation of A, as a heat kernel measure will be discussed in Subsection 6.4
below. The following lemma follows readily from the definition of A; in (6.8) and the fact that
7 is a quotient map for the complex differential structures of G and M.

LEMMA 6.6. The pullback map w* : u — w*u = uomn is unitary from L>*(M, ;) onto
the subspace L%( (G, p1) C L*(G, py) of left K -invariant functions and from HL* (M, 1) onto
HL% (G, py), the space of holomorphic left K -invariant functions in L*>(G, p;). In particular,
foru e HL2(M, At), we have

(6.9) / Iu(m)lz)»t(dm)=/ I u(g)I*pi(dyg) -
M G

DEFINITION 6.7 (G-space Taylor map). Foru € H(M), define i € T' by; (i, 1) =
u(Ke) and, foralln € N,

(6.10) (1,61 ® - ®&) = (61 &uu)(Ke) forall§ € g.
The map H(M) > u +> u € T’ is called the Taylor map on M viewed as a G-space.

The following corollary of Theorem 6.2 can be interpreted in terms of a Taylor map
defined for holomorphic functions on the homogeneous space M.

COROLLARY 6.8 (The quotient theorem). For all t > 0, the Taylor map H(M) >
u > ii € T' restricts to a unitary map from HL*(M, );) onto (J + {?T)?.
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PROOF. If f =uom, theni = f as elements of T’. Moreover, the map u — u o 7 is
unitary from HL*(M, X;) onto the space of left invariant functions in HL*(G, pr) as already
noted in connection with Equation (6.9). The Corollary is therefore a restatement of Theorem
6.2 for the left invariant case. O

6.3. Normal subgroups. In this subsection, we are going to specialize the results of
subsection 6.2 to the case wherein K is a normal subgroup of G and ¢ is an ideal in g. Recall
that a connected subgroup K of G is normal if and only if £ = Lie(K) is an ideal in g.

Suppose that the closed connected complex subgroup K is normal and £ = Lie(K) is the
associated Lie ideal inside of g. In this case, M = K \ G is itself a Lie group, 7 : G — M is
a surjective Lie homomorphism, and the projection map,

(6.11) Vig—m:=g/t=T.xM = Lie(M)

is a Lie algebra homomorphism. At the global level, M = K \ G is now a simply connected
complex Lie group (see, e.g., [7, I. Chap. 1, Theorem 4.8]). Since K is normal, left and right
cosets coincide and therefore M admits a smooth left and right action of G.

LEMMA 6.9. To each A € g, the vector field A e Vect(M) (see Notation 6.3) is
invariant under the left action of G on M. In particular, A is a left invariant vector field on
M. Moreover, A = 0 if and only if A € k.

PROOF. For g € G andm € M, we have
. d d .
A(gm) = Elogmem = E|0LgmetA = LgA(m).
Since A is left invariant, it follows that A = 0if and only if A(eK ) = 0. Hence the last

assertion follows from (3) in Lemma 6.4. |

As we did for g, we associate to m the tensor algebra Ty, over m and the two-sided ideal
Jm in Ty, which is generated by the elements

By universality, the projection map i in Eq. (6.11) extends to a surjective homomorphism,

¢ : T — Ty. (We continue to let 7 and J be the tensor algebra over g and the two-sided ideal
in T generated by the element in Eq. (2.5).)

LEMMA 6.10. Continuing the notation introduced above, we have

(6.12) J+TET =J + Tk
and
(6.13) o* () = (J +TeT)° = (J +Te)°.

PROOF. Since £ is a two-sided ideal in g, modulo J, we may commute tensors with £
up to brackets lying in €. This observation shows that T¢7T" C J + T'¢, which suffices to prove
Eq. (6.12). So to complete the proof, we must verify the first equality in Eq. (6.13).
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We begin with the claim that
(6.14) ker¢p = TET .

Indeed, the kernel of ¢ is a two-sided ideal in T which contains £ and therefore contains the
two-sided ideal T¢T, i.e., T¥T C ker¢. To prove the opposite inclusion, let v be a comple-
mentary subspace to £ in g. Then v restricted to v is an isomorphism of v onto m and therefore
Olpon 1 88" — m®" is also an isomorphism. Writing (T¥T), = (T€T) N g®" we have the
direct sum decomposition g&" = v®" + (TET),. Hence ker ¢|g®" = (T£T),. Since ¢ takes
n-tensors to n-tensors, (6.14) follows.

Now

PE@N—n®E—[E, D) =vE) Y — v @Y (E) —[¥(E). v(n],
and therefore ¢ takes the generators of J onto the generators of Jy,. It follows that
(6.15) ¢(J +TET)=¢(J) = Jm .

Therefore, ¢*((Jm)?) C (J 4+ T€T)°. Furthermore, if y € T’ annihilates T¢T, then we
may define ¢ € T, by («, #(B8)) = (y, B). This « is well defined because ¢ : T — Ty is
surjective and (6.14) holds. Moreover, in view of (6.15), « annihilates Jy, if y annihilates J.
This establishes the first equality in (6.13). a

DEFINITION 6.11. Given a Hermitian form ¢ on g*, let gy, denote the Hermitian form
on m* given by

gm(@) =Y [ &7 &=y (X)),
1

where (X;)T' is an orthonormal basis (over C) of the Hérmander space H C g of g. As in
Egs. (2.10) and (2.11), gn, induces degenerate Hermitian inner products (-, -)(g,,), 0N (m*)®k
forall k € N and a possibly degenerate semi-norm |||, , on Ty, forall 7 > 0.

LEMMA 6.12. The map
¢ Um)] = (J +TO)]
is unitary.

PROOF. The form g, extends as usual to a Hermitian form on the dual T}, of the tensor
algebra Tr,. Although the vectors §; = ¥ (X;),i = 1, ..., m, are not necessarily orthonormal,
forany o = o] @ --- ® o € (m*)®K, we still have

k
Gm (@) = > [] e &)1%.

(i1sensit) €{1,.cm}k j=1

and thus

k
a@¢ @)= Y  J[uer@p xi)P

(i1seeip)€{l,...,m}k j=1
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k
= > [N« e

(i15eeik) {1, .c.om}k j=1

= Z l—[ (aj, &)l _qm((x).

(i1, eemsit) €L, .com}k j=1
A similar computation shows that the inner product between two decomposable tensors is
preserved by ¢*. From this, it follows readily that ¢* is an isometry from (Jm)? into (J ~|—TE)?.
The surjectivity of ¢* follows readily from (6.13). O

The elementary Lemmas 6.6, 6.1 and 6.12 yield the following analogue of Corollary 5.5.
We include the real case which can be treated in exactly the same way as the complex case.

PROPOSITION 6.13. Suppose that g is a real (resp. complex) finite dimensional Lie
algebra. Let q', i = 1,2, be non-negative quadratic (resp. Hermitian) forms on g*. Assume
that these two forms satisfy Hormander’s condition. Let s > 0 and t > 0 and suppose that,
for some constant c,

(6.16) lallyr s < cllally2, foralla € 7O 21 C T .

qls =
Let € be a Lie subalgebra of g which is also an ideal. Let m = g/t be the quotient Lie
algebra. Let qun and qgn be the corresponding forms on m* as in Definition 6.11. Then

6.17) leell 1 o < cllell,z , foralla e J° L CTp.

8

In particular, if the q* family controls the " family for g, then the q‘%l Sfamily controls the q%q
Sfamily for m.

6.3.1. Application to quotient groups. The previous machinery can be used to give an
alternative proof of the unitarity of the Taylor map for quotient groups M = G/K when the
result is known on G. For instance, in [6], we gave a proof of the unitarity of the Taylor map
for stratified nilpotent groups. Since any simply connected nilpotent group is the quotient of
a stratified nilpotent group by a connected normal subgroup, this yields the unitarity of the
Taylor map on any complex simply connected nilpotent group as an immediate corollary of
the stratified case (in [6], this was done by an ad hoc argument).

More generally, let G be a complex simply connected Lie group with Lie algebra g. Let
K be a connected, closed, normal Lie subgroup of G with Lie algebrat C g. Let M = G/K
be the associated quotient group and let m = g/ be its Lie algebra. Let g be a Hermitian
form on g* satisfying Hormander’s condition. Let gy, be the Hermitian form on m* given
by Definition 6.11. Let p; and A; be the corresponding heat kernel measures on G and M,
respectively. If we know that

HLXG.p) > f v [ € J)(g)
is an isometry (resp. a unitary isomorphism) then

(6.18) HL*(M, &) 3 w > € J)(m)
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is also an isometry (resp. a unitary isomorphism) of Hilbert spaces.

REMARK 6.14. Because K is normal, one may easily check that Ay, in Eq. (6.6) is
the Laplacian associated to gy, and that A, in Eq. (6.8) is the associated heat kernel measure
on the group M. See the next section for the case where K is not normal.

6.4. Intrinsic interpretation of ;. Observe that although the “heat kernel measure” A,
in Definition 6.5 is well defined by Eq. (6.8), its interpretation in terms of a heat semigroup
requires some care because it is not clear, in general, what reference measure on M is the
appropriate one in discussing the heat kernel density. However, on G, we may regard the heat
semigroup e'2/* as a semigroup acting on L>(G) (obviously, this is not a strongly continuous
semigroup). Namely, (with some abuse of notation),

e”“fwriéfuwmww:3Lf@mxmyM% feL®@G).

The first equality can be taken as the definition of ¢’2/4 on L% (G). It reflects the fact that
A /4 is the generator of a symmetric Markov semigroup acting originally on L?(G) and which
commutes with left translation, i.e., [e!2/4 f1(zx) = [¢'2/* £,]1(x) where f, : x — f(zx).
This property is of course inherited from A. As p; admits a continuous density with respect
to Haar measure, it implies that e'2/AL®(G) C Cp(G), where Cp,(G) is the space of bounded
continuous functions on G. Because A is subelliptic, the heat kernel &, (x, y) is a positive
smooth symmetric function of (x, y) and is related to the density z — p;(z) of the measure
pr by he(x,y) = py (x~1y)m(x), where m is the modular function on G (see, e.g., [5]).

Obviously, the semigroup ¢'2/# leaves invariant the subspace L% (G) of bounded mea-
tA/4 induces a semigroup on L™ (M) (again,
not a strongly continuous semigroup) defined by the formula

(6.19) (Hip)omr = e'2*(pom) forall ¢ € L®°(M).

surable K -left invariant functions on G. Hence, e

In particular, the measure A; in Definition 6.5 is given for any Borel set A C M, by
(6.20) M(A) = p(x 7 (A)) = Hla(0), o= Ke.
Further, making use of Eq. (6.7) and of the Gaussian bounds satisfied by x + p;(x) and its
derivatives on G (see, e.g., [5, 18]), one checks that
d 1
—H:;¢ = —H; (A , CX(M).
R ¢ 4r(M¢) ¢ eCm (M)
Write ©(¢) for f ¢d . when p is a probability measure and observe that Eq. (6.20) implies

At(¢) = (Hyp)(o) for all bounded and measurable ¢ : M — R. Hence it follows that, for any
¢ € C°(M), the function ¢ — A;(¢) = (H;¢)(0) is continuously differentiable and satisfies

d 1
E)\t(@ = M (Bud). lim A (§) = (o).

The following theorem shows that these properties yield an alternative intrinsic definition of
the measure X;. See [3, Theorem 2.6] for a similar theorem in the setting of Riemannian
geometry.
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THEOREM 6.15. The family of probability measures {A;;t € (0, 00)} introduced in
Definition 6.5 is the unique family of probability measures on M such that, for all ¢ €
C(M), the function t — r(p) := fM ¢d A, is continuously differentiable and satisfies

d 1
(6.21) E)\t(d)) = Z)\t(AMff)) and 1}&)1)\:(4)) =¢(0).

PROOF. As noted above, {};} in Definition 6.5 satisfies Eq. (6.21). Hence we are left to
prove the uniqueness assertion of the theorem.
We need to introduce some notation. For f € C.(G), set

fe(g) = fK Fkg)dk,

where dk denotes the right invariant measure on K. As fx € C(G) is invariant under the left
action of K on G,

Kg fR(Kg) = fx(9)
is a well defined function on M. Observe that f’ }? € C¢(M) and is in C2°(M) whenever f is in
C2°(G). Moreover, the image of C.(G) by the map f +— f}? is Cc(M). See [2, Chap. VII, §2,
Prop. 2]. For any probability measure v on M, define the measure ¥V on G (using the Riesz
theorem) by requiring

(6.22) D(f) = v(fE) forall f € C.(G).
Note that the map v > 7V is injective since C.(G) > f +> f,? € C.(M) is surjective.

REMARK 6.16. Given a measurable section s : M — G, the map v — ¥ defined
above can be described as follows. Observe that @ : K x M — G, ©@(k,m) := ks(m), is a
measure theoretic isomorphism, and set b := @, [¢ ® v], where « is the right invariant Haar
measure on K. This map is easily seen to be injective and one can check that the measures v,
v are related by (6.22).

If f € C°(G) and g € G, then
(AfYE (K g) = fK (Af) (kg)dk = /K A, [f ko] dk = A, fK Fkg)dk

= (AfK)(9) = A(ff o7)(9) = (Am f& o 7)(g)
= (Am (K g).

This computation gives the key identities

(6.23) Aufl=(apt, forall f e CP(G).

Let {v;; t € (0, 00)} be any family of probability measures satisfying (6.21) (in particu-
lar, this includes A;). Using the definitions and Eq. (6.23), we have

(6.24) iit(f) = l\”;,(Af), and lim v, (f) =[ fdk forall f € C°(G).
dt 4 t}0 K
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It follows that the measure-valued map ¢ + V; can be viewed as a solution of the heat
equation on (0, 00) x G in the sense of distributions. That is, for any n € C2°((0, 00) x G),

e} d ~
/O /G(E_A>"(t’ 9) ve(dg)dt =0.

As d/dt — A is hypoelliptic, it follows that v;(dg) = w(¢, g)d g, where w is a non-negative
classical solution of heat equation on (0, o0) x G. However, it is known (see [1]) that the
positive solutions u of the heat equation on (0, T) x G are exactly the functions of the form

(6.25) (t,x) > u(t,x) = /h,(x, yo(dy),

where  is a Radon measure on G such that fG e‘“dG(e*g)za)(dg) < oo for some o > 0 large
enough (for any « > 0 if T = 00). Here dg(e, x) is the sub-Riemannian distance on G.
Further, for any such solution u and any f € C.(G), we have lim,_,¢ fG u(t,x)f(x)ydx =
o(f).

This yields a very strong uniqueness result for the positive Cauchy problem on G. In
particular, it implies that v, = Xt since both families of measures can be identified with the
unique positive solution with initial data w given by o (f) = f x fKydk, f € C.(G). Thus
v; = A; as desired since the map v — 7V is injective. a

REMARK 6.17. The description (6.25) of the positive solutions of the heat equation
on G used above follows from the known uniform local Harnack inequality and the Gaussian
heat kernel bounds on G. See [1, Theorem 4.2 and Remark 2] where this representation is
proved in a very general context. The relevant heat kernel bounds on G are given in [5, 18].
The harmonic function /# appearing in [1, Theorem 4.2] vanishes because of the validity of
the uniform local Harnack inequality.

It is worth noting that, by Fubini’s theorem, for any non-negative f € C.(G),

Ti(f) = f f Fkg)hs (e, g)dkdg = / f F(@hi k. g)dkdg
GJK GJK

=f f(g){f ht<g,k>dk}dg.
G K

Hence, the proof of Theorem 6.15 yields the interesting fact that, for any closed subgroup K
of G and (¢, g) € (0, 0) x G,

(6.26)

u(t, g) =/Kh,(g, k)dk < 0o

and (¢, g) — u(t, g) is in C*°((0, 00) x G). It seems rather difficult to prove this by direct
inspection, even if one uses the known Gaussian bounds on the heat kernel. In terms of
X — p;(x), the function u is given by

u(t,g) = /K Pk gyme (k.

where m = m is the modular function of G.
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REMARK 6.18. Since Ay satisfies Hormander’s condition, the measure A;(dm) ad-
mits a smooth positive density with respect to any natural reference measure v(dm) associated
with the smooth structure of the manifold M, but it is not clear, in general, whether or not
there is such a reference measure v with the property that v(H; f) = v(f) for all t > 0 and
f € Cc(M). If M admits a G-invariant measure, call it dm, then H; is actually self-adjoint on
L>(M,dm) and [,, H; fdm = [,, fdm forallt > 0 and f € Cc(M).

A well-known necessary and sufficient condition for the existence of a G invariant mea-
sure dm on M is that the modular function of G and that of K coincide on K. Under this
condition, the decomposition formula

/f(g)dGQZ/ / f(kgn)dgkdm
G mJk

holds for any continuous compactly supported f on G. Here, g, € G is any representative of
me M, fK f(kgm)dxk is understood as a function on M, and dg g (resp. dxk) denotes an
appropriately fixed right invariant measure on G (resp. K). The abuse of notation used in this
formula is standard. Using this formula, it is possible to show that the vector fields 7, ()’E),
i = 1,...,m, are skew-adjoint on L2(M, dm). Thus H; is self-adjoint on L2(M, dm) as
stated above. Moreover, writing A;(dm) = A;(m)dm on M for m = K g, we have

A(m) = /K pr(kg)dkk .

7. The Taylor map on homogenous spaces: two examples. The aim of this section
is to illustrate Corollary 6.8 by two very concrete examples. As far as we know, Corollary 6.8
is the first result that provides the unitarity of the Taylor map on complex manifolds that do
not carry a group structure.

7.1.  The Grushin complex 2-space. The Grushin plane is R? equipped with the sub-
Riemannian geometry associated with the sub-Laplacian 83 + x28y2. In some sense, it is the
simplest sub-Riemannian object although it is best understood by observing that it can be
viewed as the quotient of the Heisenberg group by a non central one dimensional subgroup.
In this section, we consider the complex version of this object.

NOTATION 7.1. The complex Heisenberg group is H ¢ = 3 with the group law
(z1,22,23) - (2}, 25, 23) = (1 + 2. 22+ 25, 23 + 25 + (1/2)(z125 — 222))) -
Let us observe here thatif z; = x; +iy; then
2125 — 2221 = [x1x5 — x2x] — (1yy — Y2yl +ilx1yy — yax| + yixy — 211
Consider the elements X;, Y;, i = 1, 2, of the Lie algebra h3C given by
X1 =(1,0,0), X,=(0,1,0), Y1 =(,0,0), Y2=(0,i,0).

(In Section 4, we considered the complex Heisenberg Lie algebra [j3C with generators X, Y and
[X, Y] = Z. To match this with the present notation, set X = X1, Y = X3, Z = [X1, X2]).



GROWTH OF TAYLOR COEFFICIENTS OVER COMPLEX HOMOGENEOUS SPACES 463

Let g be the Hermitian form on (h3c)* given by
q(@) = {oe. X1)I* + [{or, X2)I*.

The left-invariant vector fields associated to X, X7, Y1, Y are
X| = 8/0x1 — (x2/2)3/0x3 — (y2/2)3/0y3
X2 =0/0x2+ (x1/2)9/9x3 + (y1/2)9/3y3
Y1 =09/3y1+ (y2/2)9/3x3 — (x2/2)9/dy3
Y2 =19/0y2 — (y1/2)8/0x3 + (x1/2)3/0y3.

The sub-Laplacian associated with g is

(7.1) A=X}I+X3+V2475.

Define the kernel p; on H_f by the identity ¢'2/4 = xp;.

The complex line K = C = {(z1,22,23); 22 = z3 = 0} C H3C is a complex closed
Lie subgroup of H3C with quotient space M = K\HC = C? Let S := {(0,22,23); 22,23 €
C} = Cc2. For g = (z1, 22, 23) € G, we have

Kg={(z0,0)(z1,22,23); 2 € C} = {(z1 + 2,22, 23 +222/2); z € C},

and
KgNS={(z1 +z,22,23 +222/2); z = —21} = {(0, 22, 23 — 2122/2)} .

This shows that S is a global section for the left K-action on G. Therefore the maps,

C*>(z2,23) — (0,22,23) € S and
§3(0,22,23) = K(0,22,23) € K\ G,
are holomorphic diffeomorphisms. Hence we may now view the natural projection map x :

G — K \ G as amap from G — C? given by

1
w(g) = <zz, 3 — §Z1Z2> forall g = (z1,22,23) € G.

Since G acts on the right on K \ G, there is an induced right action of G on M = C 2
which we now compute. If (wy w3) = 7w (0, w2, w3) and g = (z1, 22, 23) € G, then

(w2, w3) - g : =7 ((0, wa, w3)g) = 7 ((0, wa, w3)(z1, 22, 23))

1
=n(zl, 22+ w2, 23 + w3 — §w2Z1>

1 1
= (Zz + w2, 23 + w3 — F w2zl — 5Z1(Z2 + wz))

1
= (zz + w2, 23 + w3 — w2z — Emzz) .
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Hence, if A = (a1,a3,a3) e g = C 3, then, since the exponential map is the identity in our
coordinates, we have

. d d
Awz, w3) = —lo(wa, w3) - et = Jlo(wa, w3) - (1)

d 1
(7.2) = EI()(taz + wy, taz + w3 — watay — ztzalaz)

= (a2, a3 — w2ay) .
To simplify notation, let us now write
wr=w=u+iv, wz=z=x-+1Iy.
Using Eq. (7.2), we find
(7.3) Xi(w,2) =0, —w), X2(w,z) = (1,0),
(7.4) Yi(w, z) = (0, —iw) and Yo (w, z) = (i, 0) .

In particular, the action of these vector fields on any holomorphic function f may be written
as

(7.5) Xif =-wif, Xof = f,

(7.6) Yif=—iwd, f, Vof =iduf,

where

(1.7) By 1= %(a/au —id/dv), 8, := %(a/ax —id/dy).

7.2. The heat kernel on the Grushin complex 2-space. Identifying C? with R* by
(w, z) = (u, v, x, y), the vector fields in (7.2) through (7.4) act on C*®°(R*) by

X = —(ud/dx +v9/dy), Xo=20/0u
and
Yy =vd/dx —ud/dy, Yr»=29/0v.
They form a Hérmander system {X 1, X 2, Yl, Yg} on M and the associated sub-Laplacian
Ay = 3/3u)* + (3/3v)? + (* +v*)((3/3x)* + (3/3)?)

is in fact elliptic at each point of C? except along the complex line {w = 0} where it is (step
two) subelliptic. It is the prototype of a class of subelliptic operators introduced in [11] and
often called Grushin operators. The fields X i Yi, j = 1,2, are divergence free on M = C 2
(equipped with Lebesgue measure) and e/2m/4
L*(C 2). The associated heat kernel measure A, admits a density, the “heat kernel” on M
based at (0,0) = Ke, and, abusing notation, we write A;(d§) = A (§)d&, & = (w,z) € M.
This heat kernel is studied in [15, 14, 17]. It satisfies the two-sided heat kernel estimates

c1 3(8)? Ca 8(&)?
(7.8) V(ﬁ)exp(—cl ; >§At(5)fv(ﬁ)eXP<—62T>,

is a semigroup of self-adjoint operators on
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where §(§) is the subelliptic distance between the origin and § = (w, z) associated with
the Hormander system of vector fields {X 1 Xg, Y 1 Yz}. The volume function V (r) is the
Lebesgue volume of the subelliptic ball {§ € M; §(§) < r} around the origin. Furthermore,
it is not hard to estimate §(§) and V (r). Namely, there are constants ¢, C € (0, 0o) such that,
foré = (w,z) = (u+iv,x +iy) € M, we have

c(lul + 1ol +V/Ixl+ VYD) < 86) < Clul + vl +VIx[ + VD).
This, in turn, implies that
Vi) ~r® r>0.
This means that the condition that a holomorphic function f be in L>(M, A,) imposes quite
different growth conditions in the w direction and in the z direction.

7.3. Taylor coefficients and the unitary Taylor map. We now translate our main result
concerning the Taylor map on homogeneous spaces to the present context.

NOTATION 7.2. Fork € N, 1< j <k,andm,n € N§, let

k j
m!:=[]m;!, |mlj:=> my |m|=I|ml and
j=1 =1

QOn.n) = m!- Inlr\ (Inl2—Imlr) (Inls —Iml2 Inlk — |mlx—1
T U my m3 my ’

where we use the usual convention that 0! = 1 and (f; ) = 0if p < g. We may also write

k
Q(m,n) =[] Pmj,Inlj —Imlj-),
j=1

where |m|p := 0 and
n!
P(m,n) := 1{m§n}m7
where 1<) is the function which is one if m < n and zero otherwise.

EXAMPLE 7.3. Form = (3,2,0)andn = (4, 1, 1), we have

Q@m,n) = 3H2 C) (i) <(1)> =48.

NOTATION 7.4. Fork € Nandm,n € Nlé, define m < n if and only if |m|; < |n|;
for1 < j <k.(Thenm < nif and only if £2(m, n) # 0.)

PROPOSITION 7.5. Let f(w,z) be a holomorphic function on C*. For k € N and
m,n € N’(‘), we have

(7.9 (X5N(=X)™ - X5 (=X )™ £)(0,0) = 2(m, )@ £)(0,0).
PROOF. The proof is by induction on k. We start with the identity
X5(=XD)"f =00 wd)" f = ap ™) f
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" n
= Z (k)aizwm Loy f
m! —k an—k
—Z ( >1{k<m}7k)!wm 9y, ol f .

When evaluating this expression at w = z = 0, we must have k = m < n. Therefore,

(7.10) (X5(=X1)" £)(0,0) = 1{m<n}< )MY (2, "3 1)(0,0),
which proves Eq. (7.9) for k = 1. For the induction step, replace f in Eq. (7.9) by
X;kJrl (_Xl)mk+1 f — 83]k+1 (wmk+1 agnk+1 f)
to find
(X5H (=X )™ -+ XM (= X)™+ f)(0, 0)
= 2(m, n) - @7l auk+ (w101 £))(0,0)
_ Q(m n) (a‘nH’nkJrl ‘Wll( mk“aémHmka))(O, 0)

_ Q(m n) Mies1! <|n| + :/lk:ll |m|>(a'|;z|+nk+1—|m—mk+l az|m‘+mk+| f)((), O) )
+

which is the desired result. a

Now given &1,...,&y € {Xl, Xz}, in order for (§1---&n f)(0,0) # 0, we must have
& = Xg. When & = Xz, there is unique k € N, n € NKandm e NF-1 x N such that
|m| + |n| = N and

§1-En f(0.0) = X5 XT" - X5 X1 £(0,0).

Making use of Proposition 7.5 allows us to conclude that
(7.11) §1---En f(0,0) = (=D 20m,n) - @} "al" £)(0,0) .

NOTATION 7.6. Set I(0) = {((0), (0))} and, for N € N,

I(N) = {(m,n) € (N*"! x Ng) x N* forsome k € N and [m|+ |n| = N, m < n}.

According to Eq. (7.11) and the definition of £2(m, n) (see Notations 7.2 and 7.4), only
those pairs of integer tuples which belong to 7 (N) for some N will play a role in what follows.

EXAMPLE 7.7. Hereisalisting of I(N) for1 < N < 4;

1(1) = {((0), (1))},

1(2) ={(0), 2)), (1), (1))},

1(3) ={((0), 3)), (1), (2)), ((1, 0), (1, 1))} and

1(4) ={((0), (4)), (1), BN, ((2), (2)), ((1,0), (1, 2)), ((1,0), (2, D), (1, D), (1, 1))} .
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COROLLARY 7.8. Suppose that f is a holomorphic function on C* and §2(m, n) and
I(N) are as in Notations 7.2 and 7.6. Then

A s N
(7.12) ||f||%=||f||?=2% Yo 22m,mI@ e 1) 0,007

N=0 """ (m,n)el(N)

PROOF. Recall from Corollary 6.8 that ||f||,2 = ||fA||t2 where

© N
A t

(7.13) M=% 2 lE@-&anoor.

N=0 &1,...5n (X1, X0}
However, from Eq. (7.11), we know that
714 > E - EHO0 = Y 2% m,n)- 1@l £)(0,0).

£1,....EN€{X1, X2} (m,n)el (N)

Eq. (7.12) now follows from Eqgs. (7.12) and (7.14). a

We now illustrate Corollary 7.8 by a number of special cases and explicit examples. If
f(w, z) = g(w) (the simplest case) then Eq. (7.12) reduces to

2 q2 e Y v R N 2
IFIF = 1707 = 3 5| F ™ >(0,0>‘ =2 e ><0>‘ :
N=0 N=0

Indeed, f{"I=ImLImD(© 0) = 0 unless |m| = 0. Further, if (m,n) € I(N), |m| = 0, and
N =|n|+|m|>1,thenk =1, m = (0) and n = (N), and in this case, £2((0), (N)) = 1. In
particular, if g(w) = e it follows that ||f||,2 =e¢' <ooforallt > 0.

On the other hand, if f(w, z) = g(z), we obtain

o 2N
(7.15) LA =1707 =" ;N, > 2%mmIEM ) O
1= B

Observe that the combinatorial factor Y o.meram Qz(m, n) always contains the term corre-
m|=|n|

sponding to m = n = (N) for which £2(m, m) = N!. Thus

e9]

. N!)?
(7.16) 171 = 3 SV O,
N=0 :

EXAMPLE 7.9. If we pick f(w, z) = g(z) = €%, then Eq. (7.16) implies that

2w (ND22N
I£17 = ;}Tw

will certainly be infinite if # > 2. In other words, e* is not L2(M ,A) ift > 2.

The final two examples give exact values for the integrals | I 1z|°4; (d€) and
Sy (w1210 (d§), where & = (w, 2).
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EXAMPLE 7.10. When f(w,z) = g(2) = 23, the only non-zero derivative at (0, 0) is
(33f/33z)(0, 0) = 6. So according to Eq. (7.15),
6

(7.17) fM(x2+y2)3xt<ds>=||f||%=% > 2%m.n)-6°.

" (m,n)el (6)
|m|=|n|=3

The pairs (m, n), which contribute to the above sum, are
k=1 :m=n=(),
k=2 m=n=(1,2),m=(1,2),n=Q2,1)andm =n = (2, 1) and
k=3)m=n=(~,1,1).

The corresponding §2-values are given by

£22(3), 3)) =6, £2((1,2),(1,2)) = £2(2,1), 2, 1)) =2,

2((1,2),2, D) =4and 2((1, 1, 1), (1, 1, 1)) = 1,
which combined with Eq. (7.17) gives,

6
t 61
f 24y dE) = (B64+4+4+164+1)— -6 = —15.
M 6! 20
EXAMPLE 7.11. For f(w,z) = wz>, we have
a2 ol ’
(7.18) Ifl; =6 ﬁ< Y 2. )
|§:\’;n3).€\i|(21

The possible pairs (m, n) and values of £2(m, n) are given in Table 1.

TABLE 1. When necessary, an additional 0 should be appended to the end of m so that
m and n have the same number of components.

m\n |, LLD|Q, L)@ |@LD|@3)]@2]ED ] @
(1,1, 1) 1 4 8 - - - -
(1,2) 2 4 6 12 18
2,1 - - - 2 - 4 12 -
3) - - - - - - 6 24
Hence

> Rm.n)* =1385

(n,m)el(7)
|m|=3,|n|=4

and therefore from Eq. (7.18) we have,

A 277
/ lw|? |21 (d€) = I f1I? = =17 .
M 28
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7.4. A one-dimensional complex G-space.

NOTATION 7.12. Welet G := C* x C, where we identify G with the affine transfor-
mation group on C by

(7.19) G>(@a,b)r— (z+—>az+D).

The map in Eq. (7.19) is an isomorphism of groups provided we define multiplication on G
by
(a,b)(d,b) = (ad’,ab +b).

The identity in G is e = (1, 0) and the inverse to (a, b) € G is (a,b) ! = (a~', —a~'b). Let
(z1,22) = (x1 +iy1, x2 + iy2) denote the standard linear coordinates on C 2 restricted to G.

For A = (o, B) € g := Lie(G) = C?, the left invariant vector field A on G associated to

A is given by

~ d d

A(a,b) = Elo(a, b)(1 +ta,tp) = Elo(a(l +ta), atp + b) = (aa, ap) .
We may express A in coordinates as

~ ad ] ad ad

A=zi(a, B) = Re(az1) — + Im(az1) — + Re(Bz1) — + Im(Bz1) —

dxy a1 dx2 dy2

=wz10) +@z101 + Bz10» + Bz102,

where 0; = 9,1 = 1,2 (see (7.7)). In particular, it follows that A= «z101 + Bz102 when
acting on holomorphic functions.
Let

(7.20) X1 =(,0), Xo=(0,1), Y1 =(,0), Y2=(0,i)€g,
and g be the Hermitian form on g* given by
q(@) = {e. X1)I* + |{or, X2)I*.
The left-invariant vector fields associated to X;, ¥; € g, i = 1, 2, are given by
X1 =x19/dx1 + y13/dy1 ,
X2 =x19/0x2 + y18/dy2
Y1 =—y10/0x1 +x19/9y1,
Yo = —y18/0x2 4+ x19/9y .
The sub-Laplacian associated with g is
(7.21) A=X}+ X3+ Y+ 7}
(7.22) =r}(0%/0x7 + 0% /0y} + 8% /0x3 + 8%/0y3),
1A/4

where rl2 = xl2 + ylz. Define the heat kernel p; on G by the identity e
that A is actually an elliptic operator in this example.

= *p,; and observe
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We now let K = C* x {0}, a complex closed Lie subgroup of G, and M := K\G be
the associated quotient space of right cosets. Using
@b)e, )" = (@b, —c"'d) = (@™, b—ac”'d),

we have

b d
K(a,b)=K(c,d) > (a,b)(c,d) ' €K < b—acld=0 < - =—.
a C

In particular, this shows that K(a,b) = K(1, b/a) and the map, # : M — C defined by
(K (a, b)) = b/a is one to one and onto. Thus, using 7, we may and shall identify M with
C. Using this identification, the right action of G on M induces a right action on C given by

(7.23) b-(c,dy=c""(b+d).
To each A = («, B). € g, the right action of G on C induces a vector field A on C via

. d

(7.24) AD) := —lobg (1),

dt
where g(¢) is any smooth curve in G such that g(0) = ¢ = (1,0) and §(0) = A. Explicitly,
we may take ¢g(¢) = (1 + ta, t8) in Eq. (7.24) to find
. d d
(7.25) A(b) = ElO(b (14 ta,tp)) = ElO((l + ta)fl(b +t8)=8—ab.
In particular, it follows that
X1(b) = —b, Xo(b) =1, Y| (b) = —ib, and Yo(b) =1,

where X1, X», Y1, Y» are as in Eq. (7.20). If z = x +iy is the standard holomorphic coordinate
on C, d; isasin (7.7) and f : C — C is a holomorphic function, then Af = (B —a2)d.f
and, in particular,

(7.26) Xif =—z.f Xof = 0.,
(7.27) Yif=—izd, f, Yof =id.f.
7.5. The heat kernel on the G-space. We may rewrite Eq. (7.25) as
. 0 0
(7.28) A=Re( —oz)— +Im(B —az)—.
ox ay
Taking A = X1, X2, Y7 and Y> (see Eq. (7.20)) in Eq. (7.28) shows
. d 0 . a . a d . 0
Xi=—x——y—, Xo=—,Y1=y— —x—, and Vo = —.
ax ay ox ox ay ay
A straightforward computation then gives
(7.29) Ay =X+ X3+ V2 + V] =[1 + 22+ y2 (02 + 92) .

REMARK 7.13. Notice that Ay is elliptic and is in fact the Laplace Beltrami operator
on C when equipped with the Riemannian metric determined by

1
g(axs Oy) = g(ayv ay) = ; and g(axs ay) =0,
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where p := 1 + x? + y2. Indeed, /9 = 1/p and therefore,
1 . 1
Agf = ﬁai(gl]ﬁajf) = pd; (paij;ajf) =p@; +)f .

The geodesics starting at 0 € C are radial curves, say oy, (t) = tw, for w € C. Therefore, the
distance, in this metric, from 0 to w € C is given by

1 2
(7.30) d0,w) = /0 ‘/#le'zdt = sinh71(|w|) = InQ2|w]) for jw| > 1,

where |w]| is the Euclidean norm of w. The volume V (s) of the ball of radius s centered at
0 € C is given by
sinh(s) 1
V(s) =2m / —
(7.31) 0 14r
= 7 In(1 + sinh?(s)) = 7 In(cosh?(s)) .

dr

The metric g on C is complete (see Eq. (7.30)) and therefore A M|C§°( R2=C) is essen-
tially self-adjoint on L%(p~! dxdy). The associated heat kernel measure A, admits a den-
sity, the “heat kernel” on M based at 0 = Ke, and, abusing notation, we write A;(d§) =
MEPE)dE EcC =M. A simple computation shows that the metric ¢ has non-negative
Ricci curvature. Hence the Li-Yau estimates gives

Ce

In(cosh? \/7)

for any ¢ small enough.

o~ (1-+e)(sinh™! (€)% /1 <) < o—(1=e)(sinh™ " [£))?/1

In(cosh? \/7)

7.6. Taylor coefficients and the unitary Taylor map. We now express Corollary 6.8 in
the context of the one dimensional G-space described in the previous two subsections.

I £ 112 =fc|f|2dxt.

LEMMA 7.14. Ifa,b € No={0,1,2,...} witha > 1 and g : C — C a holomor-
phic function, then

(89(20,)?9)(0) = a® g (0).

PROOF. First observe that, for any holomorphic function u : C — C, we have
a
a
07 (z0,u(2)) = Z (k) Bé‘z . Bffkazu(z) = zaf“u(z) + adfu(z)
k=0

and hence
07 (20;u(2))|z=0 = a(3;u)(0) .

The result now follows by induction on b. O
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NOTATION 7.15. Let I' := UleN I'; where I contains pairs of sequences (a, b) €
Ng° x Ng° suchthata; > 1ifi <[, b; > 1ifi <[, anda; = b; = 0ifi > [. (Notice that b;
may be zero in this definition.) Furthermore, for (a, b) € I}, let

I 00 I [}
lal:=) ai=Y a. |bl:=) b= b and
i=1 i=1 i=1 i=1

[ 00
ya,byi=[J@ ++a® =[]+ +ar?.
i=1 i=1
COROLLARY 7.16. Suppose that f is a holomorphic function on C, then

(7.32) LAF=1F17=1rOP+ > A(m,m%m(’”)(on2

1<m<n<oo
(7.33) =Y eI O,
m=0

where co(t) = 1,

o
tn
(7.34) cm(t) = Z A(m,n)— forall m > 1, and
n!
n=m
(7.35) A(m,n) = Z Lja|=m Ljaj+1p1=n) ¥ (@, b) forall n > m > 1.
(a,b)el’

PROOF. If Wy,..., W, € {9;, z3,}, then either Wy - -- W,, £(0) is zero or
Wi W £(0) = (391 (29,)P1 - - - 8% (23,)™ £)(0)

forsome ! € N and (a, b) € I} with |a| 4 |b| = n. Moreover, making repeated use of Lemma
7.14 shows
(@91 (20)" - -+ 02 (200)" £)(0) = y (@, b)'/ f14D(0) .

Therefore, it follows that

la|+b]

~ t

L7 = 1 £ O + ————y(a, D) f O,

’ (a%;r (Il + b])!

from which Eqgs. (7.32) and (7.33) easily follow. O

EXAMPLE 7.17. If m = 1l andn > 1 is given, thena = (1,0,0,...), b = (n —
1,0,0,...), and A(1, n) = 1. Therefore,

o0 t"
cl(t)zzmzet—l.
n=1

EXAMPLE 7.18. If m = 2 andn > 2 is given, thena = (2,0,...) and b = (n —
2,0,...)ora = (1,1,0,...)and b = (b1, b,0,...) with by > 1 and by + by = n — 2.
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Therefore,
n—2 n—2
AQ2,n) = 22(n—2) + Z 22(n=2=by) _ Z 92(n—2-by)
bl:1 b1=0
n—2
gn=t—1 1
22221 - @ _(4n71 -1
4—-1 3
=0
and

> T e "

_ Lo - n—1 _ 1\°

aM=) AQm— =23 @ =D
n=2 n=2

IR VTR S|

n¢ T3¢ty

Combining Examples 7.17 and 7.18 with Corollary 7.16 shows

o 1/1 1 1
L2 = 11FII7 = 1£ O + (¢ — DIf (0> + 5<—e4’ ——e' + Z)If”(O)Iz e

12 3
REMARK 7.19 (Asymptotic estimate of ¢, (¢)). In order to estimate c,,(#) from be-
low, first observe that if we choose (a,b) € I7 with a; = m and by = n — m, then

A(m,n) > y(a,b) = m*»~™ _ Thus we may conclude

> " > " "
cm(t) = Z A(m, n); > m2m Z m¥— > m~ 2" . max (mzn—') .
n=m : n=m

n! n>m n!

By Stirling’s formula,

2 n
wm!" o " 1 (m te)
m — XXm = .
n! N 2mn(n/e) 2rn \ n
The latter expression has a maximum at approximately n = m?t, which allows us to conclude
" 1 2
max (m?"— ) 2 ———e™" .
n>m n' )~ m2nt

Thus we get the following rough approximation to a lower bound for ¢, (¢) :
2

1 "t 1 e\
cm(@®) 2 = — ] .
mees 2wt mPt ot <m2 )
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