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The purpose of this note is to show that the convergence test of Hardy
and Littlewood [2] or [5J for trigonometric Fourier series is also valid for
Walsh-Fourier series.

Let f(x) be a periodic function with period 1 and integrable in the interval
(0,1), and its Walsh-Fourier series be

where the definition of the Walsh functions is used in the sense due to Paley
[3] or Fine [lj. For the notations and fundamental results on the Walsh
functions, the reader is refered to the paper of Fine [1],

THEOREM. The Walsh-Fourier series (1) of f(x) converges at the point x0,
to the value f(Xo), if the following two conditions are satisfied :

(i) J \/(Xo

(ϋ) cn = O (n~δ), δ > 0.

PROOF. It is easy to see that the condition (i) implies

(2) j |/(Λb+ί)-/(Λό)[Λ = o(Ayiog-

0

(see [4; proof of Lemma 11]). Now, if we set

the Walsh-Fourier series of g (x) is (see Fine [1: Theorem II])

Co ~

and g(x) satisfies the condition (2) for x = 0 instead of x = x0, and the order
condition (ii) for the coefficients. Since, instead of f(x) we may consider g(x),
let us assume that x0 = 0, f(x0) = 0,

h

Γ
(ϋ) cn = O(n-S), 0 < δ < 1

oo

and under these conditions we shall prove that the series 2 Cn converges to
71=0
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the value 0.
Let sn(x) be the n-th partial sum of the series (1):

Then we have to prove that sn(0) converges to 0. As is well known, s2̂ (0)

= 2n I f(t)dt, so that the condition (i') implies that s2Λ(0) == o(l). Thus it is

o

sufficient to prove that for k = 2W + #, 0 S ^ < 2 M

1

(3) s».+»'(0) - a*(0) = J ψ^t)D,,(t)f(t)dt
0

converges to 0 as n -> oo, where Dn(ΐ) is the Dirichlet kernel for the Walsh
functions:

n-l

Let r = -^- We have

1 2 " " 7 1 2 ~ [ m ] 1

(4) ί ψ,n(t)DAt)f(ΐ)dt = [j +[ + f }ψ-At)D

Since | Ds/(ί) | 5Ξ k', it follows by (i')

(5) \P\ S j \f(t)\ \DAt)\dt S k'f \f{t)\dt = O(2-» 2 " / l o g 2 » ) = o (1).

0 0

2
Remenbering the inequality \Dk'(t)\ < —r~ (0 < t < 1) (Fine [1 Lemma I in

§β]); we have by integration by parts

\f(f) 11 DjcfCt) \dt <ι2 I -^-^

= o(l) + o(log log 2n - log log 2m l) =

and it remains only to show R = o(l). For the estimation of i?, we use the
following

LEMMA. If X(x) ~* 2 an Ψn(x) is integrάble and h(x) ~*Σbnψn(x) is of
n=0 w=o
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bounded variation in the interval (0,1), then

f X(x)h(x)dx = 2 βA,
«/ n = 0
0

where the series on the right is convergent.

Taking for granted of this lemma, we have

r
R = *Σcj /

- 2 + Σ + 2 \CJ I ψ
7 = : 2 2

 n-Γrw1

(7)

= S+T+U.

Since it is easily seen by the property of Walsh functions that

(8) ί ΨΛt)Ψj(t)ψj>(t)dt - 0 for 0 ^ j, / < 2™, m ^ lr

we get

(9) S = 0,

and the same consideration gives

(10) U = 0,

so that it remains only to show T = 0(1). Now

T = 2 ^ f Ψj(t)ψ2

n(t)D,,(t)dt

2-[«

Λ
(since ^2«4

Let K = <?2[rn] + 5, 0 g s < 2 ^ , 0 ̂ ί ? < 2n~Lrw]. Since (see Fine [1; (6,1)J>

D fc/(ί) = D£rn](t)Dq(2[rn']t)

and Dφ nίjt) = 0 for 2"[rw] g ί < 1, we get
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J

2n-{m}_1 2{rri\_1 Ύ

= 2 2 e ^ Λ j' ψP^itW^rn\t)Ds{t)dt
p=0 j=0 J

2-lrrϊ]

— 'S^1 ^S 1 [» n

p=0 }=0

If pΦQ, ψp>jrn](t)ψjrnχt) reduces to a ψυ(t) where υ = z*2[™], ^ > 0, so that
it follows by (8) that

0 ^j,s< 2rn],

Consequently

2 ^ - 1 1

= 2 c-z«+«ίrn]+> [ Ψi(t)Ds(t)dt.

Since it is known (Fine [1 Theorem IX (iii)]) that

0

it follows under condition (ii) that

I -*• I -—^ ^ ^ ^ I ^ " 2 ' * + Q 2

(11) =O(2- W δ log

and this gives the desiered result.
We shall now prove the lemma. The proof is completely analogous to the

one in the case of trigonometric Fourier series (see, for example, Zygmund
[5 p. 91]), so that we shall give here a brief sketch.

Let the n-th partial sum of h(x) be
W - l

sn (x h) = 2 bfcΨk(x).
fc=0

n

Then the uniform boundedness of the arithmetic means —
n
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= σn{x; h) is easily verified by the relations

σn(x;h)= ίh(x + t)Kn{t)dt

o
and (see [4; Lemma 9])

Γ \Kn(t)\dt^2,

0

where Kn{t) is the Fejer kernel for the Walsh functions :

Since h(x) is of bounded variation, bn = O (—- J (Fine [1 Theorem VI]). From

the relation
n-l

sn(x; h) - σn (x; h) = -—*

it is shown that the partial sum sn(x; h) is uniformly bounded, and it con-
verges to h(x) at the continuity point x of h(x). Therefore, as n -> oo in the
equality

o
we obtain the desired result.
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