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Abstract. We give an improved proof for the result established recently by the present
author that the scattering operators are well-defined in the whole energy space for a class of
nonlinear Klein-Gordon and Schrodinger equations in any spatial dimension. Using some
Sobolev-type inequatilies, we can simplify and somewhat enhance the Morawetz-type esti-
mates and thereby weaken the required repulsivity conditions.

1. Introduction. In this note, we study the scattering theory in the energy space for
nonlinear Klein-Gordon equations (NLKG):

(1.1) Ou+u+ f(u) =0,
and for nonlinear Schrodinger equations (NLS):
(1.2) iv—Au+ f(u)=0

where u = u(t, x) R 5 Cou = ou/ot, 0 = 8,2 —A,neNand f: C — C. Our main
objective is to prove that the wave operators and the scattering operators for (1.1) and for (1.2)
are well-defined and bijective in the whole energy space E (for NLKG, E = H' @ L? and for
NLS, E = H! ). Such results were obtained in [5, 6, 7, 8, 9] for n > 3 by using the following
weak decay estimate called the Morawetz estimate:

(1.3) f[l Gl )dxdt <CE(u),
Rl+n

where u is any finite-energy solution, E (u) denotes its energy and G : C — R is a certain
function derived from f (see (1.11)).

However, since the derivation of (1.3) can not work for n < 2 (actually (1.3) is false in
the one-dimensional case), the scattering in the lower dimensional case had been completely
open until the author derived some variants of (1.3) in [13] for any spatial dimension. In the
simplest case (two-dimensional NLS), the estimates can be written as

G(u)
(1.4) //R e dndr = CE@),

although the estimates in the other cases were more complicated, especially for the one-
dimensional NLKG.
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On the other hand, using some Hardy-Sobolev type inequalities, the author also derived
a similar Morawetz-type estimate independent of the nonlinearity f for NLKG in the case
where n > 3 [10]:

Jul*
1.5 dxdt < CE(u),
(- S g < 2@

where 2* := 2n/(n—2) is the Sobolev critical exponent, and also similar estimates for Hartree
equations with n > 3 [12].

Although (1.5) does not make sense if n < 2, we can still derive some Morawetz-type
estimates (Lemma 2.6) independent of the nonlinearity by using some Sobolev type inequal-
ities. These estimates are simpler and even stronger than those derived in [13], especially for
the one-dimensional NLKG. In this note we will derive those estimates and thereby improve
the scattering results in [9, 13] relative to the repulsivity conditions on the nonlinearity.

Now we describe the hypotheses on the nonlinearity f, that is, what the repulsivity
conditions are and how we can weaken them. First of all, to let the energy conservation
law hold, we need to assume that there exists F : C — R such that

(1.6) 0:F(z) = f(z), F(@©0) =0,

and in the NLS case, to have the charge (L?) conservation law, we need
u

1.7 f(u)=f(|ul)|—u—|-

We also need certain assumptions on the smoothness and the growth order of f:
(1.8) fO) =0, [f@)—f@|=Clu—vl(ul” + v + [u|P? + |v|P2),

forsome 4/n < p; < pp <2*—-2(2* = 00 if n < 3) and C > 0. Finally, to describe the
repulsivity condition, we define

F
(1.9) V(u) :=ﬂ:C—>R.
lua|?
Then the repulsivity condition we need is
Z
(1.10) V(@) = 2$RBZV(z)|—Z—| >0,

which simply means that V () is non-decreasing with respect to |u|. The function G in (1.3)
and (1.4) is given by

(1.11) G(2) =R, V(@)lzl’z = REf () — F2).

In preceding works, some stronger assumptions on V were needed, because (1.3) was essential
to derive any decay estimate for u. The most general assumption in the literature seems to be
the following (see [9, (4.22)])

(1.12) 351V (2) = Cmin(|z]™", [2]P),

for some p > 0 and C > 0, which requires that V is not flat at u = 0 but diverges at u = oo.
Forn > 3, it is not so difficult to obtain the scattering result under the weaker condition (1.10)
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if we use (1.5) instead of (1.3) in the arguments of [9] or [13]. In fact, the author proved the
scattering result under (1.10) for NLKG in the Sobolev critical case p; = p, = 2* — 2 [11],
and it can be extended to the case 4/n < p; < pa» = 2* — 2, though in the critical case, we
need some minor restrictions on the solution class and the nonlinearity (compare the result in
[11] and Theorem 1.1 below).

In order to deal with NLKG and NLS in a unified way, we use the following notation:

—1.
(1.13) " :=[(u,«/1—A ), for NLKG,
u, for NLS.
Then, we have the following conserved energy:
(1.14) E:t) := f |Vu|? + [u)? + F(uw)dx = E(u; 0),
Rn
ifu(0) e H'.

Now we can state the main result of this note as follows.

THEOREM 1.1. Letn € Nand f : C — C. Assume (1.6), (1.8) and (1.10). In the
NLS case, assume (1.7) further. Then, the wave operators for NLKG and NLS are well-
defined homeomorphisms on the energy space. More precisely, for any solution u with finite
energy E(u) < oo of NLKG or NLS, there exists a unique solution v for the free equation

(1.15) Ov+v=0, for NLKG,
(1.16) iv—Av=0, for NLS
satisfying

(1.17) lu@) —v®llgigny > 0, ast—> o0,

and the correspondence v(0) — u(0) defines a homeomorphism from H" into itself (obviously
we have the same result for t — —00).

Moreover, we have the following global space-time norm estimate for any finite energy
solution u:

"””LP(R;B},@(R")) <C(Ew), for NLKG with n < 2,
(1.18) ||u||Lp(R;B;./§(R,,)) + "u”LC(R;B;‘/;(R") < C(E(u)), for NLKG with n >3,
”u”Lp(R"B;';,z(R")) < C(E(u)), for NLS,

where p :=2+4/n, L =2+4/(n— 1), B;‘ﬂ denotes the inhomogeneous Besov space (see,
e.g., [2]) and C() is a certain positive valued function dependent only on n, p|, py and the
constant in (1.8).

REMARK 1.2. The function V might be regarded as the ‘nonlinear potential’ associ-
ated with f, in view of the form of the energy

(1.19) E(u)=f IVaul? + Jul> + V(u)|ul®dx,
Rn
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compared with the linear case:
(1.20) E(u)=/ Val? + lul + V(0)lul’dx,
Rn

where V (x) is a linear potential. By [1], there exist standing wave solutions for NLKG and
NLS if f satisfies (1.7) and V(z) < V(0) for some z € C, so that the wave operators are not
surjective. However, to the best of the author’s knowledge, it is open whether the scattering
operator exists in the whole energy space when (1.10) does not hold but V (z) > V (0) for any
zeC.

The content of this note is organized as follows. In Section 2, we derive certain Morawetz-
type estimates independent of the nonlinearity and valid in any spatial dimension, after prov-
ing some Sobolev type inequalities. In Sections 3 and 4, we derive a global space-time esti-
mate of the solutions, which is the main step in the proof of Theorem 1.1. In Section 3, we
consider the NLS case for any dimension and the NLKG case for one or two dimensions. In
Section 4, we will consider the NLKG case for n > 3, which is more complicated by the
inhomogeneity of KG and the existence of the Sobolev critical exponent. Section 5 is devoted
to proving the main theorem from the estimate derived in Section 3 and 4, though this step is
essentially known. Throughout this note, we will use the notation C(-, -, ...) to denote any
positive continuous function whose explicit form we refrain from writing for simplicity.

2. Morawetz-type estimates. Under the monotonicity condition of the nonlinear po-
tential (1.10), we will derive certain Morawetz-type estimates (Lemma 2.6) which are inde-
pendent of the nonlinearity and valid in any spatial dimension. The idea is similar to that in
[10]. To dominate |u|, we use certain quadratic terms involving the derivative of u in certain
integral identities of approximate conservation laws for the equations. However, for n < 3,
the derivative of u alone can not dominate |u| itself through the Sobolev inequality. So we
will use a certain Gagliardo-Nirenberg type inequality and L? boundedness of the solutions.

First we derive the inequality needed to prove the Morawetz-type estimates.

LEMMA 2.1. Letn € N, p > 2and q := n(p — 2)/2. Let x(x) and A(x) be real-
valued functions. Then for any complex-valued u(x) € H'(R™), we have

2.1 / x2|u|Pdx 56||u||{;2/ X2 Vu + iru)? + [uVyx|2dx,
Rn Rn

where C is a positive constant dependent only on n and p.

PROOF. (I) First we prove the inequality in the case where n < 2. Lets := (2+¢)/2.
Then, by Holder’s inequality, we have

-2
2.2) / KPlulPdx < N lul 12,0 lullfy >,

where we used the assumption n < 2 to have p > 2s. Then, by the Sobolev inequality, we
have

(2.3) X [l g1y < CUVOlul*) g1 -
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The right hand side can be rewritten by
2.4) Vixlul®) = Rs(xul* " 2uVu + iru) + [u|*Vy .
Thus we obtain

1l Wl sty < ClHul ™ 2 Ul (Ve + idu) |2 + 1uVll2)
2.5) o2 .
< Cllullzg dlx(Vu +irw) g2 + luVixllp2) .

From this estimate and (2.2), we obtain the desired result.
(II) Next we prove the inequality in the case where n > 2. By the Sobolev inequality,
we have for n > 2,

(2.6) Ix 11?12 < CIV O ulP ) v -

The right hand side can be rewritten by

2.7 V(x|ulP/?) = gxm(lulp/z—quu F i) + u|P?vy .
Then, by Holder’s inequality, we have

IV Ol pawasy < CHlP> " in(lx (Vi + ida) |2 + 1wVl 2)
28) b2 .
< Clul®l 7 Ax (Vu + irw)ll 2 + 16V xllL2) s

From this estimate and (2.6), we obtain the desired result. O
REMARK 2.2. Inthe above lemma, 2 < g < 2* is equivalentto 2 +4/n < p < 2*.

Any Morawetz-type estimate is based on some integral identity derived by variation of
the lagrangian. We mention a general formula for such identities. First we fix some notation.

DEFINITION 2.3.

- (=0, Vy), for NLKG,
2.9 ,b) :==R(ab), 9=(6,,Vy), D= .
2.9) {a, b) := R(ab) @, Vi) {(_1/2’ v for NLS.
—|u)? + |Vul? 24+ F(u), for NLKG,
(2.10) 20(u) = .|.u| + |Vu| 2—l- lul* + F(u) or
(in, u) + |Vul|* + F(u), for NLS,

Ou+u, for NLKG,

ii—Au, for NLs, 4 =eat+rw,

(2.11) eqr(u) := {

where F(u) is as in (1.6).

£(u) is the lagrangian density assosiated to the equation eq(z) = 0. The differential
operator D appears from the variation of £:
L(u + ev) — £(u)

8L (u) = sl}-r»% A

(2.12)
= (eq(u), v) + 9 - (Du, v).

Using this identity, we obtain the following formula.
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LEMMA 2.4. Assume (1.6). In the NLS case, assume (1.7) further. Let u,h,q :
R'*" — R sufficiently smooth. Then we have fora =0, ... ,n,

2
(eq(u), hDou + qu) = —9 - (Du, hDyu + qu) + Dy (hf(u) + |—u2I—3a61>
(2.13) 2
+ (Du, (3h)Dyu) — '2_Daaaq
+ (2q — Doh)e(u) + G(u)gq ,
where G (u) is defined as in (1.11).

PROOF. Let T()) be a one-parameter group of transformations acting on functions de-
fined on R '*". Denote by T the infinitesimal transformation of T. For any parallel translation
group T (1), we have £(T (\)u) = T (A)€(u), so that we obtain from (2.12),

(2.14) (eq(u), T'u) =T'e(u) — 3 - (Du, T'u).

Let T (M)u := e'*u and assume (1.7). Then we have T'u = iu, and £(T (\)u) = £(u) so that
from (2.12) we have

(2.15) (eq(u), iu) = —9 - (Du, iu).

Let T(A\)u := e*u. Then we have T'u = u and, if V (x) did not depend on u, we would have
L(T(Mu) = T(21)£L(u). So we have

2
(2.16) 8.0(u) = 20(u) + Mvw»% =20(u) + G).

Then, it follows from (2.12) that

2.17) (eq(u), u) =28(u) + G(u) — 0 - (Du, u).

From (2.14), (2.15) and (2.17), we have

(eq(u), hDyu + qu) = Dy (hl(u)) — (Dyh)e(u) — ho - (Du, Dyu)

+q(2¢(u) + G(u)) — qd - (Du, u)

(2.18) = —0 - (Du, hDyu + qu) + (Du, udq)
+ Dy (he(u)) + (Du, (3h)Dyu)
+ (29 — Doh)e(u) + G(u)q ,

where the second term in the right hand side can be rewritten as

Juf? Jul?
(2.19) (Du,udq) =D - Taq - —2—D -0q .
Hence we obtain the desired result. O
To have some positivity of the right hand side of (2.13), we choose & = (ho, ... , h,) and

q such that (dghq)a,g=0,... ,n is everywhere nonnegative definite and :(2g — D - h) = 0. Now
we choose h := (¢, x)/|(t, x)| and g := RD - h/2. Then we obtain the following identities.
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Let M := h - Du + qu. For NLKG, we obtain the identity (cf. [10, Lemma 4.2]):

2
(eq(u), M) = —3 - (Du, M) + D (mz(u) + ﬁaq>

2
1tV + xil? + x|Vl = |x - Va2 |uf?
2.20 “g
(220 OBk T
n—1 12 —|x?
+Gu)
[2I(t,x)| 2(t, )3

For NLS, we have the identity (cf. [13, (5.19) (5.20)]):

2
(equ), M) = =3 - (Du, M) + V - (he(u) + %vq)

N [tV +ixu/2? + |x2|Vul? = |x - Va2 |u)? A
(2, x)3 2

G n—1 £2
M P TRETETE

(2.21)

We also have

C
. 18ql < ——, 9%q| <

2.22) h<cC, < ,
( A lq| P

C
@ x)|

C
I, x)12

Using Lemma 2.1, now we can derive Morawetz-type estimates from the above identities

(2.20) and (2.21).

REMARK 2.5. To derive the original Morawetz estimate (1.3), let & := (0, x)/|x| and
q = RD - h/2 (cf. [16, (2.27)]). Obviously, M is then too singular at x = 0 forn < 2.
By replacing k& with (0, x)/+/1 + |x|2, we can avoid the singularity (cf. [9, Lemma 4.3]).
However, we can not estimate the term —|u|2Aq for n < 2, which is nonnegative for n > 3.

Remark that there is no nontrivial g satisfyingg > 0and —Ag > 0if n < 2.

In the following, we integrate (2.20) over the inside of a hyperboloid. So it is useful
to see what we obtain from the divergence theorem on the truncating space-like surface. If

x : R"™ — R, then we formally calculate

2
// —9-(Du,M)+7D- he(u)+%8q dxdt
1>x(x) 2

Jul?

(2.23)
=/ (1,Vx)~[—(8u, M)+h€(u)+—3q}dx.
1=x(x) 2
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Let v(x) := u(x(x),x) and h = (ho, h%) € R x R™. Then we have Vu = Vv — Vyii.
Thereby we can rewrite for t = x (x),
(1, V) - du = (1= |Vx)i+ Vy - Vo,
(2.24) M= —(1,Vy) hi+h® Vv +qv,
20(u) = (IVx > = Dla* + |Vu> = 2(Vy - Vo, i) + |v]* + F(v).

Then we have

Vy) -
(2.23>=f ()[——(1‘ 2’() h{(l—|Vx|2)|u|2+|Vv|2+|v|2+F(v>}
t=x(x

(2.25) o
— (A= |Vx>)i+ Vy - Vo, hO. Vv+qv)+—(1 V) - Bq]dx

Let x € C'(R'*", R). Then, taking M = i in (2.25), we have for v(¢, x) := u(x (¢, x), x)
(2.26) /(1 — VXD + Vo> + |[v* + Fv)dx = E(),

and in particular, if | x|? 4+ |V x|? = 1, then we have
2.27) E(w) = E(u).

LEMMA 2.6. Assume (1.6), (1.8) and (1.10). Let p > 2 + 4/n and assume p < 2* =
2n/(n —2) if n > 3. Then, for any ﬁm'te energy solution u for NLKG we have

(2.28) // d dt < CEw)P/?,
Ixl<rf 121

where C is a positive constant depending only on n and p. Assume (1.7) in addition. Then, for
any finite energy solution u for NLS we have

t p
(2.29) // Ll < CEw)??,
R+ |, x)|3
where C is a positive constant dependent only on n and p.

PROOF. Denote
(2.30) re=|Ix|, A=t x)=vV2+r2, tv:=vt2-r2,

By (1.8), we have the local well-posedness for NLKG and NLS, and by the standard approxi-
mation argument, it suffices to prove the estimates, assuming that u is sufficiently smooth.

First we consider the NLKG case. We integrate (2.20) over the region {(¢, x)|t =
Vt2 —r?2 > 1}. Let v(t, x) := u(y/|x|2 + 12, x). Then we have V,v = Vu + xi/t and
12 + |Vt]? = 1. Using the divergence theorem, (2.25) and (2.22), we obtain

tv 2 2
2.31) // ' “+x"' PYUT XU dxdr <c// udxdt+CE(v 1,
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where the first term in the right hand side is bounded by the L? norm, and the last term is
bounded by the energy identity (2.27). Thus we obtain

tv 2
(2.32) ff |Vu +x”| LRI jxdt < CE).
Since dxdt = t/tdxdt, it follows from (2.32) that
(2.33) f f ———|VvlPdxdt < CE(u).
1 +T

Now let x := (r2 4+ t2)~!/2. Then we have |Vx| < C/(r? + t?). By Lemma 2.1 and the
Sobolev embedding, we obtain

T -2 T -
(2.34) /mlvlpdx < Clvll; /mlvmzdx—l-Cr ol .

By the energy identity (2.27), we have ||v||2 ; < CE(u), and hence

(2.35) / f |v|”dxdt < CE®)?*.
>1 r?
Returning to the original coordinates (t x) we obtain
(2.36) f/ '”' et = CE)P?.
T>1

By the Sobolev embedding and the energy 1dentity (2.26), we have

1
// |ulPdxdt = / / lu(r + s, x)|Pdxds
r<t<r+l n

(2.37)
< c/ lu(lx] + 8, )15 gnyds < CE@)P.

So it remains only to prove

(2.38) / / dxdt < CEu)P?.
r<iti<l
In the case p = 2* for n > 3, this follows from [10, Proposition 4.4]. So we may assume
p < 2*. By Hardy’s inequality, we have
(2.39) 1= Rull 2 < Cllul 7 1vul)f
Interpolating with the Sobolev embedding, we then have
(2.40) lr~fullLr < Cllull g

for some ¢ > 0 depending on p < 2*. Thus we obtain

u P ulP
// ul” ff "
r<ltl<l |t| tl<1 |t} =PErp

1 t
< C/ M"—'—dt < CE(u)p/z.

—1 lrt-pe T T

(2.41)
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Now we turn to the NLS case. We integrate (2.21) over the region {(¢, x) | [¢| > 1} to
obtain
tVu +ixu/2|?
(2.42) f f [0Vu+ D2 ear < CE@).
t]>1 A
Now let x := [¢t|A~3/2. Then we have |Vx| < Cl|t|/A™>/2 < C|t|=3/2. It follows from
Lemma 2.1 that

2|u|P tVu +ixu/2|?
2.43) Y el L NI P
" R" A3 H

Thus we obtain
t2|u|p /2
(2.44) " dxdt < CEw)”.
[t>1 A

If p < 2*, in the same way as in the NLKG case, we have

t2|ulP I dr
(2.45) / f 4 jrar < f 1
it<1 A _1 ¢t 7P

where ¢ > 0 is as in (2.40). Now we have only to prove in the case where n > 3

Ilr=ull],dt < CE)P?,

t2|u |2* 2*/2
(2.46) s—dxdt <CEu)” '~
<1 A
However, in this case we can prove the following estimate in the same way as in [12]:
2.47 M e < CoyE@? P
(2.47) iy t < C(W)E(u)
for any v > 0. O

3. Global space-time estimate (Case I). In this section, we derive some global space-
time estimates of the solutions, which is the main step in the proof of Theorem 1.1, for NLS
with any n and for NLKG with n < 2. The remaining case is treated in the next section. The
arguments are essentially the same as in [13], but in order to control the general nonlinearities
we should choose the space-time norms more carefully. In this section, we will repeatedly re-
fer to [13], so for brevity, we denote by (-, -)« those equations in [13] and similarly by Lemma

-« the lemmas therein.

(E; 1) := L®(I; H'R™), (B; 1) := L¥(I; Bagab” °(R™),
(X;I):=L9( xR"), XN := LY (IxR”),
(K; 1) := LP(I; BK(R™),  (K; 1) := LP(I; B (R™),
(Y;I):=Li(I; LP(R™),  (¥;I):=L9/Px(I; L°(R")),
where p =2+4/n,1/p+1/p =1, p2/q = pi/q'=1/p —1/p =2/(n+2) and
ox = [ 1/2, inthe NLKG case,

1, in the NLS case .

3.1

(3.2)
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o > 0 should be taken so small that we have

P P n
3.3 0<— 1—=)(1-—=— .
(3.3) < qch + ( q) ( 3 o)

From 4/n < p; < pp, wehave p < q’ < q. I is an interval in R, which we will occasionally
omit.

Now, our goal estimate is ||ul|(x:ry < C(E(u)). First we derive several basic estimates
as in [13, Sect. 3]. Since p < q’ < g, we have by the Holder and the Sobolev inqualities,

(3.4) lulley < Cllull g2 lel%y, -

where 0 < a < 11is defined by (1 —a)/p +a/q = 1/q’. By the Sobolev embedding, we also
have

(3.5) lullgy < Clluligy, llo;j *xull(s < C27% |lull(gy »

where {g; }?‘;0 is the Paley-Littlewood partition of §(x) as in (2.5). By (3.3), we have by the
interpolation inequalities and the Sobolev embedding,

]_
(3.6) ey < Clulifglul g7
1- -
€X) el < Cllull By, (ulf8 el 5779} =

where 0 < B < 1 is defined by B{okp/q + 2(1 — p/q)/(n + 2)} = n/p — n/q. By the
assumption (1.8), [9, Lemma 3.1] and Holder’s inequality, we have

(3.8) If @)l gy < Cllullciy ull§gy + el fyn) 5
and
B9 @ = fOlly < Cliw = vl Uuligy + 100¢F) + 1l + 1vI5%,) .

In this section, we use the Strichartz estimates for the following norms: Let T > 0 and
I = (0, T). Then we have

(3.10) Nulle;n + lulik:n < Cllu@)liz + Clleqr Wl .y -
The next lemma is a substitute for Lemma 3.1,, which is sufficient for the rest of the
arguments in [13].

LEMMA 3.1. Assume (1.8). Let u be a solution of NLKG or NLS on an interval
I = (8, T) satisfying |lull(e.ry < E < oo and ||lu|l(x.1y = n < oo. In the NLKG case,
assume n < 3. Then there exists 0 < no = no(E) such that if n < no(E), we have

(3.11) lellk;ry + llullx;n < C(E).
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PROOF. Let v be the free solution with the same initial data as u at t = S. By (3.10),
(3.8) and (3.4), we have

lu —vllk;n < CILF@N g,

(3.12) < Cllull (%3 + el g)
1—- +1
< Clllull Nl %y + Nl Gy P 1l 7)) -

So, taking no(E) sufficiently small, we obtain an estimate ||u|x.;, < C(E). Then the desired
estimate follows from (3.10) and (3.4). O

Now, assume (1.6), (1.8) and (1.10). Assume (1.7) further in the NLS case. Then we can
prove Lemma 4.1, if we replace (4.5), with the following estimate:

(3.13) n = lulloxry < CEulfy,;, < CENP,

which follows from (3.7), Holder’s inequality and the Sobolev embedding. By Lemma 2.6,
we can prove Lemma 5.3, with p = 1 4+ 4/n. Lemma 6.2, is obviously valid. Thus we can
prove Lemma 6.1, without the log-weight. Then Lemma 7.1, follows, but here we should
add the estimate

(3.14) o™ ttll g :s.7) < v°

to (7.1)4 in the NLKG case, where w = +/1 — A. However, it is obvious that this estimate
can be derived with very little modification, if we use the modified Lemma 3.1. Then we may
replace the assumption (8.1), with

(3.15) el is. ) + Il 5.1y < V2 < f en(u: S)dx |
lx—c|<R
where ey (1) = |Vu|? + |u|> + F(u) denotes the energy density. Here we need a small

modification, since in [13] we used p > 2 in the estimates for (8.19), and (8.20), (remark that
p — 1 = p; = p2 in [13]). In the NLKG case, we can use the assumption ||w"zkll(K;1) <v
to have [lo~'||(k.7y < Cv. Then we obtain

(3.16) E(w:;T) < E(w; S) + C(E)(vP' 12 4 pP2t2y

instead of (8.19).. So it suffices that pj, p > 0. In the NLS case, we have (3.16), which
indeed follows from the arguments in [13]. Thus we have Lemma 8.1, if (8.1)4 is replaced
with (3.15). B, in (8.16), and (8.17), should be replaced with B_;"2.

Now we have only to check the arguments in the proof of Lemma 9.1,, where we need a
substantial modification. We need the following additional lemma.

LEMMA 3.2. Assume (1.8). Let n < 3 in the NLKG case. Then there exist certain
positive continuous functions Cj for j = 0,1 satisfying C1(0, E) = 0 and the following
properties: Let u be a solution to NLKG or NLS on an interval I with |ul|(g;/) < E < o0
and |ul\(v;1y < n < 00. Ifn < Co(E), we have

(3.17) lullx;ry + lullx.n < Ci(n, E).
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PROOF. Let I = (S, T). Let v be the solution of eqz (v) = 0 with v(S) = u(S). Then,
by (3.10), (3.8), (3.4) and (3.7) we have

lullk:y < CE + ClLf @)l gy
(3.18) < CE + Cllullgolull () + Clluli lull iy,
< CE + CE)(Iullfg) lelityy + lull gy lulify)) .
wherea = 1+ pa(1 = B)p/q > 1,b = p2B > 0,c =1+ pi(1 —a) + pra(l — B)p/q > 1

and d = pijaef > 0. So, if we take Co(E) sufficiently small, we have ||ul|(x.;) < C(E).
Then, from (3.4) and (3.7), we obtain the desired result. O

Now we will prove a lemma which corresponds to Lemma 9.1,.

LEMMA 3.3. Assume (1.8). Let u and w be a global solution to NLKG or NLS. In the
NLKG case, assume n < 3. Let v be the solution to eq (v) = 0 with v(0) = u(0) — w(0).
Assume ||u||(E:R), |wl(g;r) < E < 00. Then, for any L < 00, there exists k = «(E,L) > 0
such that if |wll(x:(0,00)) < L and ||vl(x;(0,00)) < k, we have |ul|(x;0,00)) < C(E, L).

PROOF. We denote by D;(n, E) certain positive continuous functions which are in-

creasing with respect to n and satisfy D;(0, E) = O for any E > 0. Let n € (0, no),
0=Top<Ti<-<Ty <Tny1 =00, N9y < L and

(3.19) lwlix;r;) <,
where I := (T}, Tj4+1). By Lemma 3.1 and (3.5)4, we have
(3.20) lwliyv;r;y < Do(n, E),  Nvlly;1;) < Dok, E).

Let u = w + v + ¢. Then we have g(0) = 0 and the integral equation
t
(3.21) g(®) =g +/ U@t —s)(f(w) — f(u))ds,
Tj
where U is as in (2.8), and g; is the solution of eq.(g;) = 0 with g;(T;) = g(T;). By
(3.7)« and (3.9), we have for any I = (T}, T),

(3:22) llglwsny < Ngslleviny+Callwl .y +1ull %,y H 1wl P,y H 1l g v+ gl v

where C; is a positive constant depending only on n, p;, p2 and the constant in (1.8). Let
Pj :=1gjll(r;(1j,00)- Then, from (9.6)«, (3.7)« and (3.9), we have

(3.23) Pj1 = Pj+ Collwiifg, ) + Ml + Nwiyr gy + Neli(er Do + glleriny) -

Now let B := 2V Dy(k, E). We will prove that llgllcy: 1)< B if « is sufficiently small.
There exists 0 < n1(E) < min(no(E), Co(E)) such that if n < ny, we have
(3.24) C2(2C1(n, E)?* +2C1(n, E)P') < 1/2,

where C is given in Lemma 3.2. Then, there exists 0 < n2(E) < n1(E) such thatif n < n»,
then we have

(3.25) Do(n, E) < ni(E)/4.
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Moreover, there exists k1 (E, L) > 0 such that if n > 1,/2 and ¥ < «, then we have
(3.26) Do(x, E) <27 Nn, /4,

so that B < n1/4. Now we fix n := n2(E) and « = «[(E, L). Then we prove that
(3.27) P; < 2/ = 1)Do(x, E)

by induction on j. For j = 0, it is trivial. Assume (3.27) for j — 1, and supposé that there
exists some T' € I; such that ”g"(y;(]‘j,r))) = (2/ — 1)Do(k, E). Then, by (3.20), (3.26),
(3.25), Lemma 3.2, (3.24) and (3.22), we have

(3.28) lallicr:ry < 20gjllcv:ry + vllr.ny < 27 = Dok, E),

where I = (T}, T), which is a contradiction. Thus we obtain |[gll(y;(r;,7)) < 2/ -
1)Do(k, E) for any T € I;. In particular, we have lglir;ryy = (2 — 1)Dg(x, E), so
that from (3.23) we have (3.27) for this j. Thus the induction is completed and we obtain
Ilull(y;Ij) < Do(n2, E) + Do(x1, E) + B < n; < Cp. Then, from Lemma 3.2, we obtain
lull(x;0.00)) < NC1(Co(E), E)) < C(E, L). o

Now we can prove the global estimate |[u|/(x.gy < C(E(u)) in the same way as in
Proposition 10.1,. Then, partitioning the time axis into intervals and applying Lemma 3.1 on
each interval, we obtain the desired

(3.29) Nellk:r) < C(E(u)).

4. Global space-time estimates (Case II). In this section, we derive the global space-
time estimates for NLKG with n > 3, which was not considered in the previous section.
Again, we denote by (-, -), those equations in [13] and similarly by Lemma -.-, the lemmas
therein. In this section we need more norms than in the previous section. We will assume
(1.8) with

4(n+1) 4 4
Swtm-1 n-1 PTay
where we need the upper bound of p; and the lower bound of p; only for some technical
reasons. We will use the following norms in this section:

(E;Iy:=L®(I; H'R™), (B;I):=L®(; B&Hrl 7 (R™),
M; I):=L*(I xR"), (X’; I := L"l(IxR"),
(K: 1) == LP(I; BSSR™), (R: 1) := LP(I; BYSR™),

4
“.1) - < pi
n

4.2 - ;

@2 (S: 1) := LE(I; BJS(R™), (S 1) = LE(I; B{;R™),
(ViI):=L"(I xR"), (Vi I):=LP(I xR"),
(W; I) := L5(I x R"), (W; 1) := LY(I x R"),

where p = 2+4/n,§ =2+4/(n—1),1/p+1/6 =1/t +1/ =1, p1/q' =1/6—1/p =
2/(n+2), po/u=1/ -1/ =2/(n+1),(p1+1)/v=1/p,0x = 1/2 and o > O should
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be taken such that

4 ¢ n
4.3 = 1—-=)(l—-—=-— .
4.3) O<HUK+( u)( 3 a)

Remark that we have p < v < ¢’ < ¢ < u <2(n+1)/(n — 2) from (4.1).

Now our goal estimate is ||u||(x:r) + llull(s;r) < C(E(u)), which will be derived from
llull(m:r) < C(E(u)). The outline of the proof is the same as in the first case, but we have to
use a little more complicated version of the Strichartz estimate:

lulle; Dk nnes;n < ClleO)ll g + Clleqr Wl g. 1)+ 1 »
"u”(V;l)ﬂ(W;l) =< C”u(o)“Hl + C||eqL(u)”(\'/;[)+(W;]) s

where the second estimate follows from the first one. We will use the following nonlinear
estimates (see [9, Lemma 3.1]):

4.4)

@5 I WIgye@ < Clullalully, + lulls ey,
46)  If @ = FO )iy < CUle = vllwllullly, + e — vllwy lull ) -
We have the following interpolation inequalities:

4.7) lullowy < Cllull g5 1l -

48) lellvy < Cllull g lulfyy, -

1—

4.9) lullxry < Cllull g} Nulfyy,

4.10 < CUul =3 8 o 8 e

(4.10) lullary < Clllmligy Nuligs) o # ull gy ™,

where 0 < «, 8, ¥, 8 < 1 should be taken such that (1 —a)/p+a/u = 1/¢, 1=B)/p+B/un =
1/v,(A1—-y)/p+y/n=1/q"and

@.11) 0<550K+(1—5)(1—f—a).
i m

Then the next lemma is a substitute for Lemma 3.1,,.

LEMMA 4.1. Letn > 3 and assume (1.8). Let u be a solution of NLKG on an interval
I = (S, T) satisfying |ull(e.;y < E < oo and |ull(m:1y = n < oo. Then there exists

0 < n5 = ns5(E) such that if n < ns(E), we have
(4.12) Nl k;r) + llelles;ny + Nullx;n < C(E).
PROOF. Let v be the free solution with the same initial data as u at t = S. By (4.4),
(4.5) and (4.9), we have
lu = vll¢s;nnk:n < CILF@N G &0

(4.13) < Cllullsynce) (el + Nl )

(I=y)p1+1
< C(lullsinek 1l + Nl g2+ a5 -

So, taking ns(E) sufficiently small, we obtain an estimate ||u||(s./)n(k;7) < C(E). Then the
desired estimate follows from (4.4) and (4.9). O



300 K. NAKANISHI

The next lemma is a substitute for Lemma 4.1,.

LEMMA 4.2. Letn > 3 and assume (1.8). Let u be a solution of NLKG on an interval I
satisfying ull(g;ry < E < oo and ||ull(m.1y = n € (0, ns(E)), where ns is as given in Lemma
4.1. Then, there exist a subinterval J C I, R > 0 and ¢ € R" satisfying |J| > C(E,n),
R < C(E, n) and

4.14) f lu®)|*dx > C(E, n,s)
lx—c|<R

foranyt € Jandanys > 1.

PROOF. This lemma can be proved almost in the same way as Lemma 4.1,. Instead of
(4.2),, it follows from Lemma 4.1 and (4.10) that

(4.15) n=llulan < Clullf ull gy < CEul 5™

and, by the Sobolev embedding, that

(4.16) n = lullany < CEully,*"* < CENNITDH,

which is a substitute for (4.5), to have |I| > C(E, n). Then, the rest of the proof is just the
same as for Lemma 4.1,. O

Now assume (1.6), (1.8) and (1.10). By Lemma 2.6, we can prove Lemma 5.3, with
p =1+4/n. By Lemmas 4.2 and 2.6, Lemma 6.1, can be proved without the log-weight, if
we replace the (X)-norm with the (M)-norm. Then, in the same way as in [13], we can prove
the following substitute for Lemma 7.1,:

LEMMA 4.3. Letn > 3 and assume (1.6), (1.8) and (1.10). Let u be a global solution
of NLKG with E(u) = E < 00. Letv, e > 0and M < 0o. Then there exists vi = v{(E) > 0,
N = N(E,v, M, s) < oo with the following properties: If v < v| and ||ul|(m.1y > N on
some interval I, then there exist (S, T) C I,c € R" and R € (1, o0) such that |T — S| > MR
and that fort = S ort = T we have

2 2 .
Nl s, my)nes; 8. T)HNM:(8,Ty) <V 5/! | ReN(“v’)dx’
X—C|<
4.17
(4.17) u(r)
<e,
<x—C> L2

where ey denotes the energy density.

Thus we may replace the assumption (8.1), with (4.17). Then, we can prove the corre-
sponding modified version of Lemma 8.1, where we use the modification to avoid the explicit
use of p > 2 in [13], as in the previous section. Now we have only to prove the following
substitute of Lemma 9.1, in the same way as in the previous section.

LEMMA 4.4. Letn > 3 and assume (1.8). Let u, w be global solutions of NLKG,
and v be a global solution of the free equation satisfying u(0) = v(0) + w(0) and ||u||(&:Rr),
lwlle:ry < E < oo. Then, for any L < oo, there exists k. = «(E, L) > O such that if
lwll(m:0,00)) < L and ||vll(m:(0.00)) < K, we have |lull(m;0.00)) < C(E, L).
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To prove this lemma, we need the following estimate, which corresponds to Lemma 3.2
in the previous section.

LEMMA 4.5. Assume (1.8) and n > 3. Then, there exist certain positive continuous
functions Cj for j = 0, 1 satisfying C1(0, E) = 0 and the following properties. Let u be a
solution to NLKG on an interval I with |ul(g,;;y < E < oo and |lullw,1y < n < oo. If
n < Co(E), then we have

(4.18) Nullm;ny + llullev;n < Ci(n, E) .
PROOF. LetI = (S, T). Let v be the solution of eq; (v) = 0 with the same initial data
asu att = S. Then, by (4.4), (4.5), (4.9) and (4.10), we have
Nulls;nn;n < CE+ CIfF @+
(4.19) < CE + Cllull¢s)lullyyy + Cllullxy Il {yry
< CE + C(E)(lull%) lullly, + 1elSsyneiy 121

wherea = 1+ p28¢/u > 1,b = pr(1-8)¢/u > 0,c =1+pi(1—-y)+ p1yd¢/u > 1 and
d=piy(1 =8)¢/u > 0. So, if we take Co(E) sufficiently small, we have |ull(s. nn:r <
C(E). Then, from (4.8) and (4.10), we obtain the desired result. Od

Now we can prove Lemma 4.4 in a way similar to that for Lemma 3.3. We partition
(0, o0) into intervals /; such that

(4.20) lwllm;r) <,

instead of (3.19). Then we have the estimate for the number of the intervals N'/#n < L. By
Lemma 4.1, (4.8) and (4.7), we have

(4.21) lwllv;ipnw:r) < Do, E),  Nvllv;ipnw:1;) < Dolk, E),
instead of (3.20). By (4.4) and (4.6), we have

Igllevinnw:ny < llgilvinnw:n + Calwl Gy, + |Iu||f,\2,,;,)

(4.22)
Hlwhly. py + lll(y. )l + gllov:naw:n

instead of (3.22), and a similar estimate instead of (3.23). Then, in the same way as for
Lemma 3.3, we obtain Hull(v;l,»)n(w;lj) < Co(E) and by Lemma 4.1, ||u||(m:0,00)) < NC1 <
C(E, L).

Now we can prove the global estimate |u||(m:r) < C(E(u)) in the same way as in
Proposition 10.1,. Then, partitioning the time axis into intervals and applying Lemma 3.1 on
each interval, we obtain the desired estimate

(4.23) lellx:r) + llulis;r)y < C(Ew)).

S. Scattering result. In this section we prove the scattering results in Theorem 1.1
from the global space-time estimates derived in the previous sections. First, we show that the
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wave operators v(0) — u(0) is well-defined in the whole H'. In this step, we need only the
global estimate for the free solutions. We have to solve the integral equation

t
3. u(t) =v(t) +/ K@ —s)fu(s))ds,

locally near t = oo, where

.2) K@) = o~ (sintw, costw), for NLKG,
' B R for NLS.
Let u; = v, and define u; inductively by the linear equation
t
(5.3) ujt) =v@)+ / K(t—s)f(uj_1(s))ds .
o0

For NLS with any n and NLKG with n < 2, by (3.7), and (3.9) we have

lleejrr —wjllr;(r,00) < Clluj —uj—1llqy;(r,
(5.4) J J (Y ;(T,00)) J J (Y;(T,00))

X135 .00y T 171105 700y T 1851 s 700y F 18-k 7000 -
By Lemma 3.2, if ||v]|(y,(7,00)) is sufficiently small, then we can show, by the standard argu-
ment, that u ; converges in (¥; (T, 00)) and is bounded in (X; (T, 00)) N (K; (T, 00)). Then
the limit function is the unique solution to (5.1) satisfying ||ull (k;(7.00)) + lttll (x:(T,00)) < O©
(the uniqueness follows from an estimate silimar to (5.4)). Now we can extend the local so-
lution to a global one by the standard and well-known argument. By (3.10) and (3.8), we
have

(5.5) ll = vliey 7,000 < Clluellck; (7,000 Nul{R. (7,009 + 181K (7000

which tends to 0 as T — co. Thus we obtain the wave operators defined on H'.

Next we show that the wave operators are surjective (it is trivial that they are injective).
Now we have to prove that any finite energy solution u of NLKG or NLS approaches to some
free solution. For NLS with any n and NLKG with n < 2, by (3.10) and (3.8), we have for
T <t

t
(5.6) H fr K (—s) f(u(s))ds

which tends to 0 as T — o0, since we have the finiteness of the norms. So, there exists the
limit in H' of

(5.7) a:= /oo K(=1) f(u(t))dt .
0

Now, let v be the free solution with the initial data v(0) = u(0) + a. Then we have (5.1) and
(5.5) for these u and v, so that we obtain the surjectivity of the wave operators. For NLKG
with n > 3, we just replace (Y) with (V) N (W), (X) with (M), (X’) in (5.4) with (V) and
(K) with (K)N(S) in the above argument. Using the uniform bound for the global space-time
norms, we can show the weak continuity of the wave operators and their inverses. Then, the
strong continuity follows from the weak continuity and the energy conservation law (see [11,
Corollary 6.3] for more detail). Thus we finish the proof of Theorem 1.1.

= Cllullscr.oon (1R 7,00y + 140G 7,001
H
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