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Abstract. Using the functional equation of the local zeta function attached to the
quadratic form due to Rallis and Schiffmann and the f-representation introduced by
Bikulov, we obtain an asymptotic expansion. of the Green function defined on the
even-dimensional space of p-adic numbers.

Introduction. Let Q be the field of rational numbers, and p a fixed prime number.
The completion of Q with respect to the p-adic norm gives the field of p-adic numbers
0, Any xeQ, can be expressed as x= p”Z;‘;Oa ;p’ with integers a; satisfying
0<a;<p-—1, a,#0. To define the Fourier transform, the standard character y,(kx)=
exp(2mi{kx},) is used. Here {x},=p"Y ;' a;p’is the decimal part of a p-adic number
x. We use the theory of C-valued distributions on Q,. For example, the distribution
| x5, (xe C) and the p-adic Dirac J-distribution d(x) are defined. Their Fourier trans-
forms are

J |x|Zxkx)dx =T («+1)|k|,*"" and J o)y pkx)dx=1,

QP p

where I' (¢) =(1—p*~")/(1—p~*) is the p-adic I'-function and dx is the Haar measure
on Q, such that the volume of the unit ball {xe Q,||x|,<1} is 1.

The n-dimensional p-adic space Q, has the standard norm |x|,=max, _;<,|x;l,,
x=(xy, ..., x,)€ Q,. The Fourier transform is defined with respect to the character
Xk, x))=]_[;f= L xp(k;x;), where (k, x)=Z;= L k;x;. We consider a propagator which is
the inverse Fourier transform of a kinetic operator ([J+m?), meR. We have the
following possible choice of the scalar propagators in Q;:

(1.1)
1 1 1 1 1
[k, k)+m?], " [k K) |, +m? " k24 +k,2+m? " |klZ4m? " [km]2’

’ b}

where ke Q, and |k, m|,=max(| k|, |m]|,).

In the one-dimensional case, the second, third and fourth propagators coincide; it
is this version that was applied in quantum mechanics [8]. In the massless 2-dimensional
case, the fourth version was proposed in [5], using another p-adic norm |k |,: =]}’ ikilp
The fifth version was calculated in [7].
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In particular, the second version was proposed for p-adic quantum field theory:
Let A, be Vladimirov’s operator in [8], which is defined by

(1.2) Ap@)x)= | [k k) 1k, x)@(K)dk ,  @eS(Q) .,
2;

where S(Qy) is the space of Schwartz-Bruhat functions on @, and ¢ is the Fourier

transform of ¢. Vladimirov and Volovich [9] proposed the Green Function G(x) that
satisfies (A, +m?)G(x)=d(x):

X%k, X))

1.3 G(x)= AT
(13) &) Q;I(k,k)|p+m2

dk , meR.,.
The properties of the Green function for n=1 are studied in [8]. Since
1 &

—=1lim | exp(—m?0—|(k, k)| ,0)d0, eR.,,

|k, R, +m? mL ) &R0 ’
we have

G(x)= lim J pR((4 x))<limj exp(—m?*0—|(k, k)|p0)d0>dk.
N—- o (p~NZp)n e~ o Jo .

Since | x,((k, x)) [o exp(—m?*0—|(k, k) |,0)d0 | <1/(| (k, k)|, +m*)e L'((p~"Z,)"), by
Lebesgue’s theorem and Fubini’s theorem, we obtain

G(x)= lim J exp(—m?20) xp((k, x))exp(—| (k, k) |,0)dkd0 .
Ne=o Jo (p~NZpn

Expanding exp(—]|(k, k)|,0) into the Taylor series and using Weierstrass’ criterion, we
obtain

(1.4) G(x)= lim J-exp(—mz()) Y (=9) <f [ (k, k) 15 x((k, x))dk)d@.
N,e— 0 a=0 a! (p—NzP)n
For convenience, we put
(1.5) J=J(a, n)= [ (k, k) 5 x((k, x))dk .
(p~NZpn

Bikulov [1] studied the properties of the Green function for n=2 and p>3 by
calculating (1.5) in a new method (he call it the t-representation). More generally,
Kochubei [4] introduced the Green function of the pseudodifferential operator with
the symbol |Q(&) |5, where a>0, p#2, and Q(¢)=0(¢,, ..., &,) is a nondegenerate
quadratic form on @, with coefficients in Q, that satisfies the condition

(1.6) 9#0  if [&y],+ - +[E,[,#0.



ASYMPTOTIC EXPANSION OF p-ADIC GREEN FUNCTION 231

It is given by the inverse Fourier transform of the function (Q(¢)+4)~!, 1eR.,.
However, as is well known, quadratic forms that satisfy the condition (1.6) exist only
for n<4. Thus he gave the asymptotic expansion of the Green function (1.3) for n=2
and n=4.

On the other hand, Rallis and Schiffmann [6] investigated a distribution

o= Zy(@, ¥, 2)= J QX)) Q(x) [*~"2dx
E

where ae C, E is an n-dimensional vector space over the local field K of characteristic
different from 2, Q is the quadratic form on E, and x is a unitary character of
K*=K\_{0}.

In this paper, using the functional equation (2.11) of the local zeta function
Zy(9, 1, 5), we calculate (1.5) for any even dimension n and prime number p>3.
Furthermore, using the t-representation, we directly calculate (1.5) for any even
dimension »# and p =2. By using the results of (1.5), we obtain an asymptotic expansion
of G(x) for any even-dimensional space. In §2, we summarize the fundamental properties
of the local zeta function. We prove the main theorems in §3 and §4.

In the original manuscript, the author used the method of r-representation and
proved Lemma 3.3 by estimating a complicated integral. Then, Professor Fumihiro Sato
suggested to simplify the proof by using the local functional equation of the prehomo-
geneous vector space. His advice gave a new proof of Lemma 3.3, a nice perspective
and the possibility of a generalization. The author is very grateful to Professor Sato.

Finally, thanks are due to Professor Yasuo Morita for invaluable advice.

2. The functional equation of the local zata function. 1In this section, we summarize
well-known classical results on the local zeta function attached to a quadratic form.
For the proofs and more details, see [2], [6] and [11].

Let G be a locally compact abelian group and G* the Pontrjagin dual of G. For
x€ G and x*e G*, we write {x, x*)=x*(x). Let dx be the Haar measure on G and dx*
the Haar measure on G* which is dual to dx. A continuous mapping ¢ from G to the
group T={ze C||z|=1} is a quadratic character of G if the mapping

@1 (x, )= o(x+y)ex) oy "', x,yeG
is a bicharacter of G x G. Then we can put

(2.2) o(x + )= @(x)p(y)Xx, py>

where p=p, is a symmetric continuous homomorphism of G to G*. The quadratic
character ¢ is nondegenerate if p is an isomorphism of G onto G*. If ¢ is nondegenerate,
the modulus | p| of p is defined by the formula
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2.3) IpIJ‘ u(px)dxzj‘ u(x*)dx* , ue LY(G*).
G G*

Note that the modulus of p depends on the choice of dx.
Let A(G) be the space consisting of continuous functions « in L'(G) such that the
Fourier transform # is in L*(G*).

THEOREM 2.1 (cf. [11, p. 1617, [2, p. 95]). If ¢ is a nondegenerate quadratic
character of G, then there exists a complex constant r(¢) of modulus 1 (called the Weil
constant) such that

(2.4) f «p(x)a<px>dx=r(<p)|pr“2j o(x)u(x)dx, for any ue A(G).
G G

This means that the Fourier transform of the quadratic character ¢ is
(@) p|~ ?¢(x). From now on, we choose the unique Haar measure dx such that | p|=1;
this measure is said to be adapted for ¢. We identify G with G* by means of p.

ProrosiTiON 2.2 (cf. [11, p. 170]). Let G, (resp. G,) be a locally compact group
and @ (resp. ¢,) a nondegenerate quadratic character of G, (resp. G,). Then the mapping
01 ® @31 (X1, X3) > @1(x)P2(x5)

is a nondegenerate quadratic character of G, x G,, and (@, ® @,)=r@)r(Q,).

Now, let K be a local field of characteristic different from 2, and 7 a nontrivial
additive character of K. Let E be an n-dimensional vector space over K, and E* the
algebraic dual of E. If Q is a nondegenerate quadratic form on E, then 7-Q is a
nondegenerate quadratic character of E. Let B(x, y)={Q(x+y)—Q(x)—Q(y)} be the
nondegenerate symmetric bilinear form associated with Q. Then the isomorphism p of
E onto E* with respect to 70 Q is defined by <{x, py) =1(B(x, y)). Let dx be the Haar
measure on E which is adapted for 7o Q. Then the Fourier transform is defined by

(2.5) d(y)zj u(x)t(B(x, y))dx , ueL(E).
E
By Theorem 2.1, there exists a constant r(Q)=r(ro Q) such that
(2.6) L U(x)r(Q(x))dx =rQ) L u(x)tr(—Q(x))dx .
This formula is valid for any ue A(F) and, in particular, for any Schwartz-Bruhat

function u on E. The constant r(Q) depends on the choice of 7. Let (, )4 be the Hilbert
symbol. If we put

ha(b) = (a’ b)H E

then a+ A, is an isomorphism of the finite abelian group K*/(K*)> onto its dual. We
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can find a coordinate system on E such that
2.7 O0x¥)=a,x{+ - +ax? (a;€K* j=1,...,n).

Suppose K is ultrametric. Then the quadratic form Q is characterized by three invariants:
The dimension n, the discriminant D=a, - - - a,(K*)?> and the Hasse-Minkowski
character [], (@, a;)s. We put A=(—1)"?ID, where the symbol [x] denotes the
greatest integer not exceeding x. By Proposition 2.2 and (2.6), we have the following
proposition.

PROPOSITION 2.3 (cf. [6, pp. 499-504]). Let q(x)=x? be the quadratic form on K,
put f(a)=r(aq) for ae K*; and let Q be as in (2.7). Then we have:

(i) @(x)=f(x)/f(1) is a nondegenerate quadratic character of K*/(K*)* associated
to the isomorphism av— h,,

(i) 1Q) ™' =) e kome P(@);

(iii) @)=,y Sf(D)[],<; (@0 a)g

For te K*, we calculate the number r(tQ). As a function of ¢, r(tQ) is invariant
under the subgroup (K*)? of K*. Thus we can put

2.8 Q)= 3 BQh(t), (B(Q)eC).

ae K*/(K*)2

ProposiTION 2.4 (cf. [6, p. 505]). If K is ultrametric, then we have

HQ)hA(t) if niseven
29) r(tQ)z{r(Q)r(co)f(l) S @A if nisodd.

ae K*/(K*)2

Let x be a unitary character of K* and o a complex number. For ¢ € S(E), we
define the local zeta function Zy(g, , «) by

(2.10) Zo(o, 1, 1) = f PL(QEN Q(x) [*~"2dx .
E

THEOREM 2.5 (cf. [6, p. 521]). The integral (2.10) is absolutely convergent for
Re(a) >0 (resp. Re(a) >n/2—1) if Q is anisotropic (resp. if Q is isotropic). Further, as a
function of a, Zy(@, x, ®) has an analytic continuation to a meromorphic function on C,
and satisfies the functional equation

@2.11)

Zo(0, 1 ) =p(t, a—12+1) Y BQh—Vp(xhs, DZo(@, x~ hy 02 —a),

ae K*/(K*)2

where B,(Q) is defined in (2.8) and p(x, &) is the gamma factor of Tate. Hence for all
@€ S(K), we have
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(2.12) J w(t)x(t)ltl“d*t=p(x,oc)f Oy '@l "*d*t,  O<Re(@)<l.
Kt

K*

. 3. Calculation of J=J(a,n) for an odd prime p. In this section, we use the
functional equation of the local zeta function and calculate J. From now on, we choose
the standard quadratic form Q(x)=(x, x) on @,, and apply the results of the preceding
section.

For a unitary character y of QF and a test function @€ S(Q;), the local zeta
function Zy(, x, @) is given by

3.1 Zolo, x> )= j @(R)x((k, k)| (k, k) |5~k .

{keQ7p|(k.k)# 0}

When y is trivial, we simply write Zy(¢, «). For any integer N and ye Q,, let chy (k)
denote the characteristic function of y+(p~"Z,)". Fix an element xe Q) and put

(3.2) ¥ k) =1,((k, X)) chy o (k) .
Then yy (k) is in S(Q;) and we have
3.3) J=Jo,n)=Zy(Yy.,, a+n/2).

By the functional equation (2.11), we have

(34 J=p(l,0+1) Q*%Q*)Z BAQh—Vplh, a4 1/DZoWry o hy ' —20) -

Note that
Uy (K)=p"™ xch_y _ (k).
Hence we have

ZoWnw by s —0)= Un S (K, k)| (K, k)| @+ Dk

{ke Q7 |(k,k)# 0}

:J pnN ch_y _(k)h, Y(k, k)| (k, k)‘;(a+n/2)dk
{keQp|(k.k)# 0}

:pnNJ’ ha_ 1((](’ k))l (k’ k) |p_(a+n/2)dk
ke = x+(pNZp)")

=h,((x, x)|(x, x)|, @*">  for any N sufficiently large .

On the other hand, by calculating (2.12) for the trivial character y, we easily obtain
p(1,a+1)=T (a+1). Thus, for any N sufficiently large, we have

(3.5 J=I(a+1)|(x, x)|, @2 QZQ B Qh—(x, x)p(hg, a+n/2) .
acQ}/(Q3)?
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ProposITION 3.1 (cf. [10, p. 130]). Let p#2 and let ¢ be a unit, ¢ (Q})*. Then
h(x)=(x,&)y=1 if and only if v(x) is even ,
where | x|,=p"™, v(x)€ Z.

ProrosITION 3.2. For the trivial character y, we have

1 f p=1 (mod4
(3.6) h_l(t)=(t,—l)H={_l Z: §E3$Zd4)) for any te @ ,
I, if p=1(mod4)

e Pl {—(1+p“_1)/(l+p_“) if p=3 (mod4).

PrOOF. Since p=1 (mod4) if and only if —1€(Q})?, h_,(t)=1 and p(h_,, a)=
I,(®). Assume p=3 (mod4). If h_,(r)=1, then re(Q})* and r=a*+b* for some
a,be QF. Thus aj +b3=0 (modp), i.e., —1 is a quadratic residue modulo p. Thus the
Legendre symbol (—1/p)=1. This is a contradiction. Hence %4_,(t)= —1. Next let
g(t)=|t]27*h_(t). Then g,(¢) is a multiplicative character of @} and is a homogeneous
generalized function of degree g,(t). Since g,(tk)=|t|, 'g,(1/0d.(k)=|t|, *h_ (£)4.(k), the
Fourier transform ¢, of g, is a homogeneous generalized function of degree |#|, *h_ (1),
i.e., g,(k) is proportional to degree |k |, *h_ (k). Hence we can write

(3.8) gulk)=T (g k1, *h_ (k) (I, (g)€C) .
Putting k=1 in (3.8), we obtain

Fp(gzx)z —ga(l)z —J\ ga(t)Xp(t)dt .
Since h_,(t)=—1 for all te @, g,(t)=—1 and by Proposition 3.1, we can write
g{t)=]|t[z~1*™"P Therefore

ryg)= —J ey ey (e

p

=—T(a+mi/lnp)=—1+p* H)/(1+p~%.
In the formula (2.12), let ¢(t)=yx,(t)€ S(@,). Then

)

TOh_ () t], " d*t= j 2p(DG — o4 1 ()2
Q,

%
P

=I(g-z+1) J XDyt~ dt
2»

=—(1+p™9/(1+p*~ Y| xOh_ @) t]zd*t.
2
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Thus pth_,, &)= —(1+p* 1)/ +p~%). u

Now we calculate J =J(a, n). From (2.8) and (2.9), we observe the following: If n
is even, we have $,(Q)=0if a# A and B.(Q)=r(Q), where A =(—1)"?; if n is odd, we
have B,(Q)=r(Q)r()f(1)f(aA), where A =(—1)"2. Thus, for any N sufficiently large,
(3.5) can be rewritten as follows: If n is even,

(3.9) J=r(Q)T (0t + Dha(—(x, x)p(hs, x+n/2)] (x, x) |, *+"?;
if n is odd,

(3.10)  J=rQ) H@IT y(a+ Dha(—(x, X))p(hs, a+n/2] (x, X) |, "2+ B((x, X)),

where

B((x, x))=1(Q) * () * f(VI o+ 1| (x, x)|, =+

X Y J@Dh(—(x, x)plhg, a+n/2).

aeQ%/(QF)2at A

By Proposition 3.2, we obtain the following lemma.

Lemma 3.3, Let Q be the standard quadratic form (x, x) on Q,. For an arbitrary
o€ C and any N sufficiently large,
(a) if either n=0 (mod 4) or [n=2 (mod4) and p=1 (mod4)], then

J(, m)=r(Q)I (o+ 1)I (o +n/2) | (x, x)|, **"?;
(b) ifn=2 (mod4) and p=3 (mod4), then

1+pa+n/2—1

J(o, n)=@Fp(a+ I)I_Tnml(x’ X)|; @t

+p
For convenience, we denoted by Cond. 1 the condition either n=0 (mod4) or
[7n=2 (mod 4) and p=1 (mod 4)]; Cond. 2 the condition #=2 (mod 4) and p =3 (mod 4).

THEOREM 3.4. For any even dimension n and p >3, the Green function G(x) defined
by (1.3) has the following asymptotic expansion:

_pn/Z(pn/2~_l) ﬂ 4; Cond 1
60 pp+1)(p"* =) \m/ |(x,x)|,*"? '
pn/Z(pn/2+ 1) <p>4 1
p(p+1)(p"?  + ) \m ) |(x, %)), *"?

Proor. Suppose that # and p satisfy Cond. 1. We substitute the formula (a) of
Lemma 3.3 into the expression for the Green function (1.4):

Cond. 2.

(a +n/2)d0 .

G.A1)  Gx)=rQ) J " exp(—m?0) 3 (_?)a o+ DI (a+n/2)[ (x, %)
0 a=0 .

I -
o p
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For further simplification of (3.11), we substitute the following expansion

00

Tya+DIa+n/2)= ). a,p™"2[p~ " —(L+p"2~Hp= ¢~ Vrppri2=ip=t=2,

where a,=)""_(p"?~ 1, into the expression (3.11). We can change the order of
summations because the double series of a and r are absolutely convergent. Thus we
have

G(9)=r(Q)l(x, X)I‘"’ZJ exp(— mZG)Z ,,,,2

0

_ -r _ —(r—1) _ —(r—2)
X [exp<‘—9p >—(1 +p"2- 1)exp(————0p )—f-p"’z‘ ! exp<—~—0p ):ld()
| (x, x)1, | (x, x) 1, [(x, ),

The above series converges uniformly, so that by term by term integration and passage
to limit, we obtain

G()=r(Q)) (x, x) [}~ i a,p ™12

1 1+pn/2 1 pn/z 1
Xl: 2 . 2 -r + 2 2 —r:|
m?(x, x)|,+p m=|(x, x) |, +pp m?|(x, x)|,+p*p
=r(Q) (x, x)[1""X(p—1) ), a,p~ ™2+
r=0
p(p*—p"H)—(p"*—=1)m?|(x, x)|,
(m?|(x, x)|,+p " "Wm?|(x, x)|,+pp~"Ym? (x, x)|,+p*p~")

Thus we have

lim Q)| (x, x) |, *"*G(x)

(x,x)| p = 0

(P_l)(l Pn/2 i —(mj2+1)r

r=

0
(p 1)(1_ n/2 R n r n/2 — SR r
nlz 1) Z p (n/2+1) _p( /2—1) Z p 2

r=0
n/2(pn/2 1) p 4
pp+1)(pT - )<;,7> ‘

Similarly, in the case Cond. 2, we obtain the desired result if we use the expansion

14poetnz=1 & —nr[2p p=ra (] _pnl2 =1y, == Da_pn/2 =1, = (=2
r,,(a+l)m=r=20brp [p~—(1—p"2 = Hp~tDr—pm2=ipTtm 2],

where b,=)"_ (= 1) p"> 71, .
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4. An alternative method for p=2. In this section, we calculate J(a, n) for any
even dimension n and p=2 by using the f-representation introduced by Bikulov [1]
and obtain an asymptotic expansion of the Green function.

4.1. Gaussian integrals on an arbitrary locally abelian group were considered by
Weil in 1964. In the theory of p-adic quantum mechanics which is based on the calcula-
tion of Gaussian integrals, explicit calculations in special cases were performed by
Vladimirov, Volovich, Zelenov, etc. in 1988.

Integrals of the form |y, (ax?+br)dx are called Gaussian integrals. In order to
calculate Gaussian integrals on @,, we will use the following formulas, (see [8], [9],
[10], [12] for the proofs):

4.1) J dx=p";
|x|p<p"
4.2) J Xp(kx)dx=p"Q(p" k|,) ,
|x|p<p"
where Q(x)is 1 if 0<x<1and 0 if x>1;
p'(l—p~") for |k|,<p~’
4.3) J Lkx)dx=9 —p""! for |k|,=p~"*!
|xlp=p" 0 for |k|,>p™ """,

and we use an arithmetic function 4,: @f —C defined as follows: If p #2,

1 if riseven
4.4 Afa)=< (ao/p) if risodd, p=1 (mod4)
i(ao/p) if risodd, p=3 (mod4),
where a=p"(ag+a,p+a,p*+---),i=/—1 and (a,/p) is the Legendre symbol; if p=2,
27121 (= 1)%i if riseven
lz(a)={ _12( ( +) ) ) . . v
2712(—ymtar] 4 (— 1)) if risodd,

where a=2"(1+a,2+a,2*+ - - -). This symbol 1,(a) has the following properties: For
a, be @,

4.5)

(i) 14@|=1 and A @)(—a)=1; (i) A a2b)=A\a);
(i) A,@)A,(b)=A a+b)i, (i + i) ; @) 1 A@=1.
a b p=2

REMARK. A function similar to 4,(a) was considered by Weil for locally compact
fields, and the function 4,(a) is connected with the Hilbert symbol ( , )y by

A(@A,(b)=(a, b)yA(ab) for a, be oF, p#2.
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A Gaussian integral on the disc | x|, <p" is given as follows: If p#2 and a #0,
(4.6)
rQ r b f r < —2r
J xp(ax2+bx)dx={p (P| I_pz2 , ~ o |a|p P .
Ixlp<p" A@) 2al, Py (—b?/4a)Qp~"|b/2al,) for |dal,>p™*";
if p=2 and a+#0,

(4.7) f 2a(ax? + bx)dx
|x|2< 27

27Q(271b1,) for |al, <272
_ ) A0 2a|; "y (—b?/4a)d(b|,—2' ") for |a|,=27*""
A(@)| 2a |5 2y, (—b?/4a0)2(2' b ,) for |al, =272

Ao(a)|2al5 2xo(—b?/4a)22 " ¥ |bj2al,) for |al, 227> "3,

where 6(|b|,—p") is 1 if |b|,=p" and 0 if |b|#p".

ReMARK. The Gaussian integrals on Q, are derived from (4.6) and (4.7) by r—co.
Thus

(4.8) J xp(ax? +bx)dx=2,(a) 2al, l/zxp< _b_2> .
0, 4a

4.2. Bikulov [1] used the following formula to split the double integral J(a, n) into
two one-dimensional Gaussian integrals: For «>0 and p™" <|z|,<p™ (z€ Q,, M€ Z),

M,m— o

4.9) |z[3=T,(a+1) lim J [t], @ Dy, (zt)—1)dt .
pm<|tlp<pM

His method called the z-representation can be used for any prime number p. We use it
to calculate the integral J(a, n) for any even dimension # and p =2. The results are given
by the following lemma.

LemMmA 4.1. For an even n, p=2 and a.e C.
(a) if n=0 (mod4), then

—(2a+n)+1_2—(a+n/2)

J(o, m)=(20)"*27 1T y(a+1)

| X))

(b) ifn=2 (mod4), then
J(oc, n):(— 1)")’11'(21')"/22— lrz(a+ l)l (X, X) |p—(a+n/2) ,

where y, is the second digit of the canonical representation of (x, x)€ Q,, ie., (x,X)=
2781+y.2+ 1), 0<y,<1, BeZ
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PrROOF. Let n be even and p=2. In order to use the r-representation, setting
z=(k, k)€ Q@F in (4.9) and substituting it into (1.5), we obtain

(4.10) F2(a+l)f

2-NZyn

( lim f k2P ‘““’(b(zt)—l)dt))cz((k, x))dk ,
2-m<t<2M

M,m—

for 27M<|z|,<2™ Since Yp((k X)f ;- meyyy, <one 1212 @ P(x2(22) = 1)dt (see (4.9)) con-
verges uniformly as M— oo for any ke(27VZ,)", (4.10) can be rewritten in the form

M,m—

X {J o J‘ <H xatk? +x;k)— [ ] x2(xjkj)>dk1 ...dk,,}dt.
lkil2<2N Jknl2<2N \Jj=1 j=1

Using the expressions (4.2), (4.7) and integrating it with respect to ¢, and taking the
limit for M — o0, we obtain

Iy@+1) lim J ey @D
2-mgitp<2M

J=J(a, n)= J | (k, k) 5x2((k, x))dk

(2-NZy)n

=F2((x+1) Z 2"(0!+1)r+n(1—,»)/2

r>—2N+1

Hl 5(|xj|2_2_N+1)
j=

xs(rm((’j:t))dt, £, =272+

[t]2=2"

l;(t)Xz<(x’:)>dt, |t],=2"2N+2

—at

x Hl Q2" x;1,)

[tla=2r

I—IIQ(T”_'“Ix;Iz)
j=

AS(t)XZ((x’I)>dt, 1], 2272+

lt|]2=2r —4at

j=1 r>—-2N+1

2+ ) [] @Y%) Y 2‘“*”’[ dt .
[t]2=2"

If 27N*1 <|x|2=max1sjsnlxj|2=2l$2N+r_1’ we obtain

@1)  J=2"Th+]) Y 2Terim J - lé’(t))&((x’:))dt,
ltla=2r

r>-N+I1+1 —at

Let (x,x)=2"%(y,y), |(y, y)l,=1. After the change of variable t=—(y, )/2"s (|s|,=1,
dt=2'ds), we obtain

4.12) J=2"2T,(a+2) Y 2 @tw2r f A§'<(y’—}:)>x2(2"”+"2s)ds.
r>—-N+Il+1 Isl2=1 —2's

Since |—(y, y)/2"s|,=2", we can write
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(5 _

4.13
(4.13) o

2714t 24+6,2°+ ), 0<g<1.

Since # is even, by the definition of 4, (see (4.5)), we have

An((ymy)):(l'!'(_l)tll)n
2\ —2 I

On the other hand, comparison of the second digits of the canonical representation
on both sides in (4.13) gives 1, = —(y, +s5,) (mod2), where s, and y, are the second
digits of the canonical representation of s and (y, y), respectively. So we have

I 1)\ A+ (=1 (L (=1)7 0¥y
g —2's - on/2 - oni2 .

4.14)

Substitution of the value (4.14) into (4.12) and the change of variable s=1+2s, +5’
(Is'1,<272,0<s,<1 and ds'=ds) gives

(@15)  J=Dye+D) T 27U H(= D) HC +H(1=(= ) PCX,

r>—N+1+1
where, by (4.2),
1/4 >
X=J X2(2—ﬂ+r—251)dszz{ / fOI' V_B,
Is'l2<272 0 for r<§f,

1 for r=4+2
Ci=1,R7 P ) =expri{27F*""2},)=4 —1 for r=B+1
i for r=4,
1 for r=f+2
Cy=122 7P 23 =exp(ui{2 #7723} ) =4 —1 for r=f+1
—i for r=p.
Consider the condition —N+/+1<p (since —N+1<I/, we have 27 <|(x, X)|,).
Substitution of the values X and C; (j=1, 3) into (4.15) gives

(416) J=F2(OC+1){< Z 2—(ac+n/2)r_2—(a+n/2)(ﬁ+1)>A+2—(a+n/2)ﬂB} ,

r>f+2
where
4 A+(=D7+(1 = (=174 ={(2i)"/22'1 , n=0 (mod4),
4 0, n=2 (mod4),
g (+H(=D =1 —(=D "y i={°’ n=0 (mod4)
4 (=) 7Qiy"?271, n=2 (mod4).
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Substitution of the values 4 and B into (4.16) gives the formulas (a) and (b). [ |

THEOREM 4.2. For any even dimension n and p=2, the Green function G(x) has the
asymptotic expansion

—2 "2 2z _q 1
TW(Z”/Z*“I_])HX x)|1+n/2 for n50(mod4)
G(x)~ B ) . ) 2
(=it 1 , i
3m* (x, x) |1 7/2 Sfor n=2 (mod 4).

ProOF. We substitute the formulas (a) and (b) in Lemma 4.1 into the expression
for the Green function (1.4) and use the expansions

2—(2a+n)+1_2—(a+n/2)

FZ(a+1) 1_2—(a+n/2)
=2—n/2 i crz—nr/2[2—ra_(1+2—n/2+1)2—-(r+1)a+2—n/2+12—(r+2)a] ,
r=0
where ¢, =) "_ 227V Ty(a+1)=) " 27"(27*=27""1%). Then the proof of the
theorem follows the same process as in Theorem 3.4. [ |
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