Téhoku Math. J.
41 (1989), 689-710

ASYMPTOTIC CONSTANCY FOR LINEAR NEUTRAL
VOLTERRA INTEGRODIFFERENTIAL EQUATIONS

JoHN R. Happock!, M. N. NKASHAMA? AND JIANHONG WU3

(Received September 9, 1988)

1. Introduction. An interesting problem that has been investigated over the past
several years has been the study of asymptotic constancy of solutions of differential
equations for which each constant function is a solution itself. For ordinary differential
equations the only such equation is x'=0. A list of certain results and references for
retarded functional differential equations (RFDEs) with finite or infinite delay can be
found in Haddock [3].

The simplest neutral functional differential equation (NFDE) for which each
constant function is a solution is the scalar linear homogeneous case

(1.1) %[x(t)—cx(t—r)] = —ax(t)+ax(t—r).

Using a Liapunov functional technique adapted from Hale [6, p. 120] for the case ¢=0,
the first two authors proved (classroom notes) that each solution of (1.1) tends to a
constant as t—oo provided a>0, r>0, |c|<1. Likewise, Wu [7] proved recently that
each solution of the (nonlinear) scalar equation

(1.2) % [x(2)— qx(t —r)]=—F(x(t))+ F(x(t—71))

tends to a constant as t—oo, whenever 0<c<1 and F: R—R is continuous and
increasing. However, the problem often becomes more complicated when an integral
or infinite delay (or both) is involved. Along these lines it appears that very little has
been accomplished regarding asymptotic constancy of solutions of scalar NFDEs more
general than (1.1) and (1.2).

The primary purpose of this paper is to provide conditions for the asymptotic
constancy of solutions of linear neutral Volterra integrodifferential equations
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(1.3) % |:x(t) - i bx(t—r)— ft f(t— s)x(s)ds:l
i=1 o

= —ax(t)+ i ax(t—r)+ '[ t h(t — s)x(s)ds

i=1 —o

for which a>0, q; and b; are real numbers with Z 2, (la;|+1b;])< oo, {r;} is an increasing
unbounded positive real number sequence, f,h: [0, 0)—>R are continuous and
{J0 f®|+]1h(t)|1dt < + . In particular, we combine properties of orbits through limit
sets, Liapunov-Razumikhin techniques, limiting equation theory, invariance principles
and precompactness of bounded orbits to give conditions for which each solution of
(1.3) tends to a constant as 1— .

In Section 2, we see how certain C, phase spaces often arise in a natural way for
(1.3) and obtain sufficient conditions for bounded positive orbits to be precompact with
respect to these spaces. In Section 3, we establish that all solutions of (1.3) are bounded
(in the future) and that the zero solution of (1.3) is uniformly stable. This is accomplished
by employing Liapunov-Razumikhin techniques developed for NFDEs by Haddock
and Wu [5]. Section 4 contains a result which shows that, for any solution z through
limit sets of bounded positive orbits of (1.3), the corresponding D functional defined by

0 0
D(¢)=¢(0)— _; bip(—r)— f S(=5)¢(s)ds

satisfies a certain infinite delay retarded FDE. This result in turn has an immediate
application regarding the asymptotic constancy of D(z,), where z,(s)=z(t +5)(s <0, t >0)
is the usual FDE notation. For a solution z of (1.3), a result concerned with the
equivalence of the asymptotic constancy of z(t) and the corresponding D(z,) is the main
content of Section 5. Finally, in Section 6 we combine the results of Sections 1-5 to
prove under general conditions that each solution of (1.3) tends to a constant as t— 0.

Although we are interested in asymptotic constancy of solutions of NFDEs, some
of the main merits lie within the supplementary results themselves. For instance, we
establish a relationship between solutions of neutral and retarded FDEs in Section 4,
and an equivalence of asymptotic constancy of D(x,) and x(t) is given in Section 5. In
addition, the importance of uniform continuity of various functions related to solutions
is displayed throughout the paper.

2. C, phase spaces and precompactness of bounded orbits. In this section we
discuss the construction and ramifications of certain phase spaces for NFDEs. In
particular, we examine C, spaces, where g: (—o0,0]—-[1, o) is continuous and
nonincreasing and C, consists of the space of continuous functions ¢ on (— oo, 0] with
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196)] _
g(s)

sup s<0

The norm on C, is defined by

19061

gls)
It is important to note that we let conditions with respect to the equation at hand
determine the phase space(s) as opposed to allowing the space to dictate the conditions.
The techniques used to determine the spaces are an adaptation of those used by Burton
[2, Chapter 4], Atkinson and Haddock [1], and Haddock and Hornor [4].

|¢|c,=suPsso

LeMMA 2.1. Suppose

[}

0 0 o
j | R=9)lds+ Y. |bil<a andj |h(—s)lds+ Y. |a;|<B

for some constants o and B, 0<a, f<oo. Then for each r>Q there is a function
g:(—o0,0]-[1, 0) satisfying
(gl) g:(—o00,0]>[1, ) is a continuous nonincreasing function such that g(s)=1
on [—r,0];
(g2) g(s+u)/g(s)—1 uniformly on (—o0,0] as u—0~,;
(g3) g(s)> o0 as s— — o0; and

(g4

0 © 0o ©

J lf(—S)Ig(S)dS+.=ZlIb.-Ig(—r.-)<a, j |h(—S)|g(S)dS+.§lIa.-lg(—ri)<ﬂ~
PrOOF. Let

0 © 0 )
a1=J | f(=9)lds+ . b, ﬁ1=j [h(—s)lds+ ). |al,

o i=1 o i=1
and for each i=1, let g=(a—0,)/2"*1(i+2), 6;=(B—B;)/2' " 1(i+2). Owing to the
absolute convergence of the series Y.> a; and ) ° b, and the boundedness of
j"iw [If(—s)|+| h(—s)|1ds there exists a subsequence {r, } of {r;} such that

(l) r”i'&l-Z r'lt+ 1;

(if)
f—'"‘lf(—s)ldx%, Zlak|<%,

- k=n;

J "‘|h(—s)|ds<%, Zlbk|<% and

© k=n;
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(@iii) r, =>r.

Now, define g: (— 00, 0]—[1, o0) as follows:
(a) g is continuous and piecewise linear (linear on intervals [—r, . ,, —7,]);
() g(s)=1on[—r,,0],

© g(—r,)=i+1
It follows from (b) and the restrictions on «, «;, f, and f, above that

0 ny
f |£(=9lg(skds-+ 3. 1bila(—r,

(4] ny
f (=9latods-+ 3 1aat—ry <P

Hence,

0 )
J | f(—9)lg(s)ds + ; 1 bilg(—r)

0
=I [ f(=5)lg(s)ds + Z I | f(—5)lg(s)ds + Z |bilg(—r)+ Zl kZ i lg(—r4)

“rny Mgy

°‘+2°“+§g( U |f(—s)|ds+"i'|bk|]

— k=n;
Tnisy

a+ 1+Z(l+2)( 2><<x

Likewise,
0 )
J | h(—s)lg(s)ds + ; la;lg(—r)<B.

This completes the proof.

ReEMARK 2.1. Itisclear that, in the proof of Lemma 2.1, we may replace condition

(b) in the definition of the function g by the following
(b") g(0)=1, and g(s)>1 for se(—r,,, 0) is such that

0
f 1A~ s)lg(s)ds+zlb|g< o) < +°“

~rny

0 n
J Ih(—s)lg(s)ds+.=z1 |bi|9(—rn.)<ﬁ-;ﬂ’ '

1

This remark will be used in the proof of Theorem 4.2 in Section 4.
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LemMMmA 2.2. Suppose there exists a continuous function g:(— oo, 0]—-[1, )
satisfying (gl), (g2) and (g3), such that
0

Y Ibilg(—r)+ j | f(—=s)|g(s)ds=a<1,
i=1 w
andlet x : (— o0, + 00)— R be continuous with x, € C,and| x(s)|/g(s)—0 as s— — co, (where
xo(8)=x(s), s<0). If

h)=x0)— 3 bate—r)— j " fa—sx(ods

= 0
is uniformly continuous on [0, ), then x: [0, c0)—R also is uniformly continous.

ProoF. Suppose the conclusion is not true for a continuous x: (— oo, +o0)—R.
Then there exists a constant ¢>0 such that, for every 6 >0, there is a >0 so that
| x(t)— x(t — )| >¢. Let 5=0% =1. Then there exists t¥ >0 so that | x(t}) —x(t¥—61) | >e.
On the other hand, x is uniformly continuous on [0, t¥], so we can find a positive
constant §, <o ¥ so that |x(t)—x(t —d,) | <e for all 1[0, t¥]. According to the definition
of ¢, there exists t¥*>1t¥ so that | x(¢}*)—x(¢t¥*—J,)|>¢. Hence, there must be ¢, >¢¥
so that | x(t,)—x(t; —d,)|=¢and | x(¢£)— x(t —d,) | <efor te [0, t,). Now, x(¢) is uniformly
continuous on the closed interval [0, ¢, + 1], so we can find a positive constant §, <4§,/2
so that | x(¢t)—x(t —d,) | <e for all te[0, t, + 1]. Likewise, by the definition of ¢, we can
find t¥>1¢,+1 so that | x(¢¥)—x(¢t%—d,)|>¢, and, thus, there exists ¢,€[t; +1, t%] so
that | x(t,) —x(t, —d,) | =¢ and | x(t) — x(t — §,) | <e for all € [0, ¢,). Continuing the above
argument, we can choose two sequences {#,} and {J,} so that

(@) t+1=>1+1 and thus lim,, £, = + o0,

(b) 0<0,,4;<9d,/2 and thus lim,_, , §,=0,

(© |x(t)—x(t,—0)|=¢ forall k=1,2, - -,

(d) |x(t)—x(t—d,)|<eforall k=1,2, - and for te[0,¢t,).

Therefore,

| X — Xty |ca SSUP -5y <0< 0 X0 (0) — X, - 5,(0) |/(6)
+SUPy < — (- 3y 1 %0, (0) — X, - 5,(0) |/9(0)

|x(6+ d,) —x(0) |
g(0—1,+0y)

<SUPg <<ty — b 1X(Fk +0) — x(0) | + | x5, — X, e, <€+ x5,—Xolc,

<SUPg <o <ty — o, 1X(O+0) — x(6) | +supg <

and
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ti i — Ok
‘ j St —s)x(s)ds)— j S(tx— 6 —s)x(s)ds

0o
S(—=w)lx(u+t,) —x(u+t,— 6, Jdu

—

—tie+ 0k
= | f S(=wx(u+t)—x(u+t,—6,)]du

+

0
j f(—w)x(u+t)—x(u+t, —5,)]du ‘

—ty+ 0

< ‘ J’ — i+ Ox f( _ s)g(s) xtk(s) —g(.zt)k — ‘sk(s) ds ‘

0
'*‘J | f(—u) || x(u+t) — x(u+t,— ;) |du

—tx+0x

—tic + Ox 0
SJ !f(—u)lg(u)duIx,,c—xx,‘-.;,‘Ic,+8J~ | f(—u)l|du
—ti+ 0k

-

—ty +Ox 0
SJ |f(—u)lg(u)du[8+lx,sk—xoIc,]+8J | f(—u)ldu.
By passing if necessary to a subsequence relabeled #, — J,, we may assume, without loss
of generality, that, for every k=1, 2, - - -, there exists an integer m, so that t,— 6, —r; >0
for i=1,2, ---my, and t,—6,—r;<0 for i=m,+1, m+2, - - -. Thus,

Z bix(t,—r)— Z bix(ty— 6, —r;)
i=1 i=1

S.:fl [ b; || x(tx — 1) — X(t, — O — 1) | + i | b; ||x(t —ri) — x(tx— 6 — 1) |

i=m+1

|b|s+ Z |bilg(—r )l Xu(=1) =X -, (= 1)) |
i=me+1 g(_ri)

|b|3+ Z |6 1g(—13) 1%, — X1, - 5, I,

i=me+1

IA
i Mg W MB W Mg

|b|8+ Z |b;lg(—r)le+|x5,—xo0lc,] -

i=me+1

It follows from the equality

h(t)=x(t)— .i bx(t—r)— J ! f(t—s)x(s)ds
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that

[ x(t) — x(t,— 6,) | <| h(ty) — h(t, — 8,) | +

3 bls(t,—r)—x(t—d,—1)]

tre tic — Ok
+ ’ j f(t,—s)x(s)ds — J St — 6, —s)x(s)ds

— o0

<IMe)=He=3)1+ T Iblo+ 3. [Bla(—rdle+ %~ %ole,

i=m+1

0 —tic+0x
+8J If(—u)ldu+f | f(—=u)| gw)dule+]x5,—xo]c,]

—

0

-<—|h(tk)_h(tk—5k)|+[f

—

it $ 0]

o0 —ti+ 0k
+[ __ ZH | b; 'g(—ri)+J | f(—u) |g(u)du][e+|x,,k—x0 le,] -

Now, Y2 |b;lg(—r)+[° o | f(—u)|g(w)du <1 and h(t) is uniformly continuous on
[0, o0), so we can find a constant K>0 with

o) — i+ Ok
|h(t) —hte—0) 1+ Y |bilg(—r)+ f | A—u)lg(w)dule + | x5~ xoc,]

i=me+1 -

<{1—H If(—u)ldu+_§1lb.-|]}%

for k> K. Now, (gl) and (g2) together with the assumption that |x(s)|/g(s)—0 as

s— —oo assures that the mapping ¢—x, is continuous in C,. Therefore, for k> K, we
have

_rfo _ © . » 0 ©
Xt — (5| < [~ g( uz)du+2,-=1|b,|]g+U 1f(—u)|du+§l|b,.|]g.

This is contrary to (c), and, thus, the proof is completed.

The following result, which provides conditions for a bounded positive orbit to be
C,-precompact, was established by Haddock and Hornor in [4].

LEMMA 2.3. Suppose g: (— 0, 0]-[1, o) satisfies (gl), (g2) and (g3). If x: R»>R
satisfies the following conditions

(i) x0€C, and x is bounded and uniformly continuous on [0, ),

(i) [xo(s)1/g(s)—>0 as s— — oo,
then the set (i.e., positive orbit) {x,: t>0} is precompact in C,.
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Combining Lemmas 2.1, 2.2, and 2.3 with a brief argument, we obtain the main
theorem of this section. Theorem 2.1 provides an important generalization of Theorem
3.1 in [1] and Theorem 3.2 in [4]. We illustrate its significance in subsequent sections.

THEOREM 2.1.  Suppose

0 o) 0
|b,~|+f | f(—u)|du<a<l and 'Zlai|+J‘ |h(—u)|du<B<+o0.

i=1

iMs

Then there exists a function g: (— o0, 0]—[1, o©) satisfying (g1)—(g4) and
(g5) for any solution x(t) of (1.3) defined on [0, 0), if xo€ C,, | x(s)|/g(s)—0 as
s— —00, and x: [0, ©0)—>R is bounded, then the set {x,: t>0} is precompact in C,.

Proor. By Lemma 2.1 we can find a function g: (— oo, 0]—[1, o) satisfying (g1),
(g2) and (g3) and such that

0 o
j If(—S)Ifl(S)tlsfzz1 |bilg(—r)<M<1,

] )
f [h(=9)lg(s)ds+ Y. |a;lg(—r)<N<+o,
i=1

—

where M and N are constants. Since x(t) is a solution of (1.3) defined on [0, o), we have

%[x(t)— 3 baxtt—r)- f ' f(t—S)x(S)ds]

Salx(t)|+§:IailIX(t—ri)Hj |h(z—s) || x(s)|ds .

— 0

Let K be an integer so that rg<t<rg,,. Then

Slalke—rls 3 lalo=r)ll%ole,+ 3 lailsuposscelx(o)
and
t 0 ©
f | he—s)|] x(5)|ds < f |h(—s)|g(s)ds|x0|cg+(f 1h(s)|ds>sup0sss.|x(s>|,
— - 0

and, thus, h(t)=x(t)—Y 2, bx(t—r)—|"_ _f(t—s)x(s)ds is uniformly continuous.
Therefore {x,:¢>0} is precompact in C, by Lemmas 2.2 and 2.3, thereby completing
the proof.

3. -Boundedness and stability. In this section we examine boundedness and
stability of solutions of (1.3). These properties coupled with the precompactness results
of the previous section and the upcoming “‘reduction” results in Sections 4 and 5 will



"VOLTERRA INTEGRODIFFERENTIAL EQUATIONS 697

be instrumental in establishing the asymptotic constancy theorem of Section 6.

THEOREM 3.1. Suppose there exists a function g: (— o0, 0]—[1, 0c0) which satisfies
(gl) and (g2) such that

0 0
2 bilg(=r)+ f | £(=9)lg(s)ds <1

and
Q0

0
Y. la;—ab, |g(—r:)+j | h(—5)—af(—s)lg(s)ds

i=1

N e N Ll
Then, for any ¢ € C, with | ¢(s)|/g(s)—0 as s— — oo and any solution x(t) of (1.3) through
(07 ¢),

1410 (=9 lglokds + X2, 1ila(—r)
s S b =17 A=)l

Proor. First, we prove that, for

|¢ICH’ tZO'

pi0=x0- 5 bate—ra— [ fie—sptous.
we have h
60 poisM@={1+] 1900+ 51 - |19l
Suppose not and notice that )
001 1+ 3 1o+ [ 17910 161,

If (3.1) does not hold for some ¢ e C,— {0}, then there exists a first 7>0 so that
D*(1)=M?*(¢)
and

—d—DZ(t)>0 at t=t.
dt

On the other hand, by the definition of 7, we have
| D(t) | <M ()
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for 1e[0, 7]; that is,

M(¢).

o 0
(3.2 x(t)— Y, bx(t—r)— J f(—=s)x(t+s)ds
i=1 —w

Choose t*€[0, 7] so that
| Xy* ICg =maX,c(o0,7] lxu |Cg .

(We note that this max exists due to (gl), (g2) and the choice of ¢p=x,, i.e. u—x, is
continuous with u restricted to [0, t]). In particular,

| x(z* +5)| | x(u+s)|

3.3) sup; . =mMax, (o SUP;s<
° g0 OATTE=0 06s)

Note that if s< —1*, then
[ x(z* +5)/g(s) =Ll x(z* +5) |/g(z* + 5)][g(z * + 5)/9(s)]
<|x(z*+s)|/g(t* +5)<|xo]c, -
Therefore, (3.3) implies that there exists a s*e[ —1*, 0] so that
| X |c, = SUPser— o, 01 [X(T* +3) /g(s) = x(z* +5*) |/g(s*) .
Let ry<t*<rg.,. Then by (3.2) we have
[ x(t*+5%)/9(s*)

X [x(t*—r;+5*)| @ |x(1:*+s*-ri)]
<y b It o=y XETEST =)
I TR YL L e e

- * * 0 * *
+f |f(—s)fg<s)mds+f (=) ST e m(d)as™)
o g(s)g(s*) — g(s*)

00

K
<Y bilg(—=r)Ixsle,+ 2 1Bilg(—r)lxole,
i=1

i=K+1

—* 0o
+f If(—S)Ig(S)Ixolc,,dS+J (=9 lgs) xer 4l ds + M ()

0 0
[ =Z 16;lg(— ,)+f If(—S)Ig(S)dSJIx,' e, + M(¢) .
This implies

M (o)
1=-Y 2 1bilg(—r)—[° 1 f(—5)lg(s)ds

for te[0, t]. Thus, at t=1 we have

Ixt |C,,S | Xe* |CﬂS
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% D(t)2= —aD*(1)+ [ ;i (a;—ab)x(z—r)+ fo (h(—s)—af(—s))x(z + s)ds] D(t)

0o
—aDz(T)+[Z|a abilg(—ri)+J Ih(—S)—af(—S)Ig(S)dS]ID(T)IIxtlc,SO,

i=1

which leads to a contradiction. Hence, (3.1) is true for all t>0. Suppose |x(v)|=
mMaxg . <, | X(s)| and let r,<v<r,,, for some integer L. Then by (3.1) we have

| x(v)| < g:l |b; || x(v—r)|+ .=§+ . |b;lg(—r2) | Z:z::';l gg((v:rr,))

[x(v+s)| g(v+s) ds
gw+s) g(s)

+f_”|f(—s)|g(s) +f | f(=9) || x(0-+35)lds + M(&)

8

0
[Z | b; I+J lf(—S)ldS]lx(v)l

) ]
+[ ,;Ibi lg(—r)+ I [f(=5) Ig(S)dS]I¢Ic,+M(¢)-

It follows that

[xe llblg( r.)+5 | S(=9)1g(s)ds] | b I, + M(#)
= b= 1 f(—s)lds

21+[2 1|b|g( r)+ 1% o 1 f(=9)lgls)ds]
15— 1% 1 f(=9)lds

[ x(v)| <

|¢|C,’

which completes the proof.
The final result stated in this section is an immediate consequence of Theorem 3.1.

COROLLARY 3.1. Suppose there exists a function g: (— o0, 0]—[1, o0) satisfying
(gl) and (g2) such that

(3.4) .i |b;lg(—r)+ f | f(—5)lg(s)ds<1
and
0 0
(3.5 Z,l |a;—ab;|g(—r)+ J | h(—s)—af(—s)lg(s)ds

© 0
ga[l—.;'bilg(_’f)—j |f(—S)Ig(s)dS],

then all solutions of (1.3) are bounded (in the future). Moreover, for any ¢>0, there exists
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6>0 s0 that | ¢ —y |c, <0 implies | x(t; ¢) —x(t; Y) | <e for t>0 and any ¢ and Y for which
| #(s)/g(s)—>0 and |Y(s)|/g(s)=>0 as s— —co. (That is, each solution of (1.3) is stable.
Moreover, 6 depends on ¢ alone and not on ¢ and )

4. Reduction to retarded equations. In this section we establish a relationship
between solutions through w-limit points of (1.3) and solutions of a certain retarded
FDE. According to Theorems 2.1 and 3.1 and Corollary 3.1, if (3.4) and (3.5) hold,
then {x,:¢>0} is precompact in C, if xo=¢€C, and | x,(s)|/g(s)—0 as s——o0. Let
(@) be the positive limit set of the orbit {x,:7>0} in C,, Y an element in w(¢) and
z(t) the solution of (1.3) through . Then z(t) satisfies the following equation

4.1 %[z(t) - i biz(t—r)— J" flt— s)z(s)ds]
i=1 o

i=1

= —az(t)+ i az(t—r)+ ft h(t —s)z(s)ds

- o0

for all 1€ R, and the boundedness of the solution x(t) implies the existence of a constant
M >0 such that

4.2) lz(t) | <M
for te R. Let
4.3) W)y=z(t)— i byz(t—r)— J l f(t—s)z(s)ds .

The following theorem shows that y(t) satisfies a retarded equation with infinite delay.

THEOREM 4.1. Suppose (3.4) and (3.5) hold. Then y(t) defined above satisfies the
retarded equation

4.4) %y(t)=—ay(t)+§ S oo (@ —aby by byt =1 — =1,

j=t1ii=1  i=1

+ Jl h(t—s)y(s)ds

0 t—riy =
. glbiz-.-bijj‘ h‘.”,(t__ril_..._rij_s)y(s)ds’

where, for any u, ve L'[0, o),
(u*v)(t)= It u(t — syv(s)ds
0

and
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ko= 3. 50,

SXO)=fx*f*---%f(t) jtimes, withf¥=f.
hi(t)=h(t)—af(t)+[h—af]*k
h;, 1(t)=(a;, — ab; )k(t)+ b; h,(t) + b;, hy * k(t)
4.5) hije1(0)=(a;, —ab, )k(t)+h; (t)+h; ;% k(t), j=1.
Proor. Obviously

(4.6) z()=y(t) + i biz(t—r)+ j t f(t—s)z(s)ds

= —

for all e R, and thus

z()=y(t)+ i biz(t—r)+ f‘ f(t—s)z(s)ds
=+ 3 vate—ra+ [ s=sl o+ £ batsi—n

+r' f(a—s)z(s)ds]dsl=y(t)+i b.-z(r—ri)+f S(t—s,)yls,)ds,

i=1

t

+ i b; J’_nf(t—ri—sl)z(sl)ds1 + J 3t —s)z(s)ds .

Using (4.6) at s, we get
Z()=yt)+ i biZ(t—ri)+Jt St —s)y(s1)dsy
i=1 —

t—

+ i b; ‘[ ) ft—r;—s)z(s)ds + J" *t— s)|:y(s) + i biz(s—r,)
i=1 © o i=1

+ IS f(s— u)z(u)du]ds =y(t)+ i biz(t—r)+ JV f(t—s)y(s)ds

+ jt Xt —s)y(s)ds + i b; Jt " f(t—r;—s)z(s)ds

t

+ i b; J'_ri §(t—ri—s)z(s)ds+J
=1 J_o

By repeating (4.6), we get

3t —s)z(s)ds .

701
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—wlJ=

=0+ 3 bate—ry+ | 3 rre-spods
i= 1

- J=

0 k t
4.7 +.~§1 b; Zl SHEe—r;—s)z(s)ds + f SE(t—9)z(s)ds .

It is easy to prove that

t © k+ 1
J |ff+1(t“s)|dSS[J | f(5) |ds] .
e R

By |5 | f(s)lds<1 and from (4.2), we know that

9 ko= % £10

is well defined and
<) k+ 1
s[ f | £t |dt] M0
0

as k— oo. Passing to the limit as k— o0 in (4.7) we get

f S+ 1(t—s)z(s)ds

4.9 zt)=yt)+ '21 biz(t—r)+ J’ ! k(t —s)y(s)ds + g:l b, j t _nk(t (o).

— oo

Therefore,

f ‘ h(t — s)z(s)ds = f r h(t —s)y(s)ds + i j' " b;h(t —r; —s)z(s)ds
= o - i=1, -

" KNt —r,— 5)2(5)ds .

-

t 0
+ J (h* k)t —s)y(s)ds+ Y. b,.j
—w i=1
According to (4.1), we get

% y(t)=—ay(t)+ i (a;—ab)z(t—r)+ It [h(t — s)— ak(t — s)+ (h * kXt — s)]y(s)ds
+ i b; J“ - [h(t —r;—s)—ak(t—r;—s)+h*k)t—r;— s)]z(s)ds

= —ay(t)+ 'Z(ai—abi)z(t—r,-)+J“ h,(t—s)y(s)ds + [2:: b,-ft_nh,(t—ri——s)z(s)ds .

i=1

Using the equality (4.9) at t—r; we get
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%y(t) = —ayt)+ jt hi(t—s)y(s)ds + i (a;, —ab,-l)liy(t—ril) + i b zt—r,—r,)
— =1 ia=1

+J‘t—-rilk(t_ril__s)y(s)ds+ i 1"-’1—'2 k(t__r_ —r; _s)z(s)ds:l

—© i2=1J -

+ Z b”J‘ o hl(t_ril_u)[y(“)+ i b;z(u—r;,)

i1=1 © i2=1

+ j ) k(u—s)y(s)ds + Z b;, J u_nzk(u—riz—s)z(s)ds]du

ir=1 ©

t—r;

= —ay(t)+J‘ hy(t —s)y(s)ds + Z h; 1 (t—r;, —S)Y(s)ds

- i1=1J -

+ 3 @ —ab i)+ S S b J = r = 1o — ()

i1=1 i1=1i=1 w0

+ Y (@—aby) Y. bre—r,—1y).

i1=1 i2=1

Again, by using (4.9)att—r;, —r;,— - — riands<t—r; —- - —r; we get the following
iterative formula.

%y(r)= —ay)+ f hy(t—s)y()ds

M8
Ms

+ Z (al1 abll)blz bijy(t_ril - —rij)
j=1lig=1 ij=1
k 0 0 t=rg =g
(4,10) + Z Z M Z biz. * 'bijhi”-(t-—ri‘— ttt —rl]_s)y(s)ds
j=lii=1  i=1J_
0 0 0 t—ri — Tij 4y
+ Z Z Z biz. : 'bik+l j hi1k(t_ri1_ It 4 S)Z(S)dS
i1=1i=1 ik+1=1 — 0

Z (all abll)btz lk+ 1Z(t_ril - _rl'k+ 1) .

+2 X
i1=1i2=1 ik+1=1
Obviously,
(41 1) Z Z Z (ail_abil)biz lk+1z(t Ty i 1)
1=1iy= ier1=1

<) [ |k
<Y |ai,—ab,.,|[2 |b,.|] M-0
i=1

i1=1
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as k—o0. On the other hand,

J

) [ f i [ - B0
=1 0

(4.12) ] Ik(t) Idtsj; | f¥(e)lde< SR

Therefore,
f * ol < j " ) —af (o) ldt+rlh(t)—af(t) e J " k(o) de
0 0 0 0

o lht)—af()lde
T 1= [FIf@ldt

f a0l < s, —ab, | f "1 k(o) e +1 by, | f ) |dt[1+ f "1k ;dt}
0 0 0 0

Jolf(®)\dt Jolhy()ldt
—~ il_ bil © bi, ©
<l ol v rya P T ol
<la, —b, | ol /Ot [21he)—af () ldt

=t o T St - f oW

f Ih.-l,-+1(t)ldtslai,—ab.-,IJ lk(t)ldt+j [ hift) + (hy;* k)(2) | dt
0 0

0
<|a;, —ab,, | fwl k(z) |dt+fm| h;, (t) |dt[1 +fwl k(z) Idt:l .
0 0 0

Using the above iterative inequality, we get the following estimate.

(@.13) rm,.u{t) \dt <|a;,— ab,, Ifwlk(t) Idt{l +[1 +Jw|k(t) |dt]+ e
0 0 0

0 j—2 =) j— <)
+[l +f | k(t) Idt] }+|:l +f |k(t) Idt:l lf | hi 1(2) |dt
0 0 0
<|a;,—ab;, [{[l +Jw|k(t) |dt:|j_1—l}+[l +fw|k(t) ldt:ll_lj‘wlh,-,(t) |dt
0 0 0

1 !
<l|a;,—ab;, I{[Wi’ _1}

1 d fo1 f@de I3 In®)—af (@) ldt}
T (O £1e 1 de in bl'l oao bi 0
+[1—I3°|f(t)ldt] {'” S oy ey

L A a1 f0)1de
RO [1—[31f@)de¥

|a;,—ab;, | +|a;, —ab,,|
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{o | h(t)—af () |dt .
[1—{g1f@)deP*?

+1b;, |

This implies
0 0 0 E=riy = Tl
z Z Z blz lk+ 1 J hilk(t—ril - lk+1 s)z(s)ds

1i=1 ikv1=1 -
SHYARS |la;, —ab,, |
< |b; I">{———'———‘——I a;,—ab, |
z, ( 2 e ol

ol f(0)ldt [ h(t)—af(¢)|dt }
i1 bi1 © T i © T M
+la,—a |[l—L,If(t)|alt]" it |[1—§0|f(t)sdt]k 1

R P —— D ¥AL
a=r U\ = (@ fo)ldt)\1 =[5 f(0) |dt
0 © k
~ X la;,—ab,, |< ) |b.-1>

i1=1 i=1

© k
+ 5 6] Solhm af @)ldt( 3., 1bil )}ﬂo s koo
WS =Rl \1=f3 | f()lde
Computing the limit as k— oo in (4.10), we get (4.4). This completes the proof.
THEOREM 4.2. Suppose (3.4) and (3.5) hold. Then y(t) defined by (4.3) tends to some
constant as t—oo.

Proor. Let
. e — 2
V(t)zsup{[ y(t i, r; S) :|;SZO,ip”'ailzl’z"“;ri,+“'ril+sSt}-
g(—ri,)' ) 'g(—ri,)g(“s)

For any e R with y*(t)=V(t), replacing b; by b,g(—r;) and f(s) by f(s)g(—s) in the
estimates (4.11), (4.12) and (4.13) obtained in the proof of Theorem 4.1, we get

1
—"—yz(t)< ay*(t) Z Z Z |a;, —ab;, lg(—r;) 1 bi,lg(—1,) - - 'lbi,- |g(—"i,-)y2(t)

j=1i;=1 ij=1

+j | A (8) 1g(—)dty*(2)
0

00 0

£y Yy big(—r) b g(—r1:) f | hi, £0) 1g(— t)dty (¢)

j=1i1=1 ij=1
2 2 i =1la,—ab;, lg(—ri‘)+.(olh(t)—af(t) lg(—t)dt
s -ty m{ =Y blg(—r) 151 7(0)lg(—0dt
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+

M8

o | Yioila,—ab lg(—r) &
b, — . 1 i1=1 1 1 LA R . —7.
(i=zl I i Ig( rl))] [[1 _.“30 'f(t) Ig(_ t)dt]J— 1 ilgl |a11 abll 'g( rh)

Jerf:llan—ab.'1 Ig(—ri,),fffIf(t)lg(—t)dt+2,f’f=1|h(t)—af(t)lg(—t)dt]}
=5 1 [ lg(—)dt] [1-{g 1 f@)lg(—t)dt]’*!

ji=1

[o Ih®)—af®)lg(—t)dt  ¥7_,la,—abi lg(—r:)
1=[31f(®)lg(—1)dt | i1l bilg(=ry)
1[5 1 f(t)lg(—1)dt

Z?illail_abil |g("ril)_‘.80 | () |g(—t)dt
1= 1bilg(—r) =[5 | f(0) |g(—t)de

i=1bilg(=r) I?Ih(t)—af(t)lg(—t)dt}
[l—filf(t)lg(—t)dt]zl_ i=1lbilg(—r)
1=[31f©)lg(—1t)dt

- _[a_fif Ih(t)—ao{(t)lg(—t)dt+25=1 | a;— ab; Ig(_ri)]yz(t)so )
1= 2 1 bilg(—=r)—J 3 | f(©)lg(—t)de

Therefore V(t)<0. This shows that ¥(t) is a bounded nonincreasing function, and thus
lim,_, , ¥(t)= C? exists, where C is a nonnegative constant.

By Lemma 2.3, w(3,) is nonempty. Let i be a given element in w(y,) and z(t) be
the solution of (4.1) through (0, y). Then we have the following identity.

= —ayz(t)+y2(t){

+

2
W(t)=sup{[ Z2(t—ry— - ry—s) | ;820,48 -, q=1,2, ;54r, + 'ri,St}
g(—ri,) - g(—=r)g(—s)
=C?
for all te R. Therefore z%(t)< C? for all teR.
If z2()< C? for some t=1, then z%(t—s)<C? for all se[0, d,], where 6,<r, is
some positive constant depending on z and 7, and thus, by Remark 2.1,

C2
W(t) <max<sup; o 5,22t —5), ——— < C?%,
(®) { Pse(0.5012 ( )92(_50)}

which is contrary to the identity W(t)=C?2.

Therefore, z2(t)= C? and, thus, z(t)= C or z(t)= — C for all ¢t R, which implies that
w(y,) is a singleton consisting of a constant function. Qur conclusion trivially follows
from the attractivity of w(y,). This completes the proof.

5. 'Equivalence of asymptotic constancy of D(z(t)) and z(t). In this section we will
establish an equivalence result with respect to asymptotic constancy of D(z(t)) and z(t).
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THEOREM 5.1.  Suppose

P Ibi|+'[m|f(t)|dt<l .
i=1 0

Let z(t) be a bounded continuous function defined on R such that the function

yO=2(0— 3. bali—r)- f " fe—92(5)s

tends to a constant ¢ as t—o0. Then

lim z(t)=|:1+ j k(t)dt + Z 2 i by, by, f mhl(t)dt

t— o0 j=1i1=1 ij=1
DI bb]
j=1li1=1 ij=1
where
k(t)= Zf (®

hy(t)=2k(r) + (k * k)(t)
hj1(8)=hit)+k(t)+ (h;* k)(2) .
Proor. By (4.9) we have

5.D zZ(t)=y(t)+ i biz(t—r)+ Jt k(t — s)y(s)ds + Z Jl -nk(t —r;—s)z(s)ds .

Using this equality at —r;, we have

()= )+ j " K—s)ys)ds+ 3 b I:y(t—r,-l)+ J ‘_nlk(t—r,-l—s)y(s)ds

i1=1

+ 3 bdt—ro—r)+ S by f!~ril—rizz(s)ds]
i —1 i=1 — o

+ 3 b,,J nlk(t—r,-l—u)[y(u)-{» J " Ku—s)p()ds
=1 © —

+ Z biz(t—r r,2)+ Z o k(u—riz—s)z(s)ds:ldu

=y(t)+jt k(t —s)y(s)ds + i b;, J\t_rilhl(t—ril——s)y(s)ds

i1=1 -
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By continuing to use (5.1) at t—r; —r;, t—r

expression:

J. R. HADDOCK, M. N. NKASHAMA AND J.-H. WU

+ 3 b)Y Z bibiz(t—ri,—1y,)

i1=1 i1=1i=1

+3 3 b.b,, j b byt —ry, — 1 )2(s)ds

i1=1i=1 ©

i _riz_ri;;’

zZ(t)=y(t)+ f t k(t — s)y(s)ds

M8

+

j=1i1=1 i

Ms

=11

M8
S [\‘/]8

t_"] —rij
bil.“bi.iJ‘ hj{t_ril_
1

— o0

Ll ST £
.bij‘[ hj(t_ril_
1 o

ilMS

from which (by a standard &-6 argument) we can prove that

t— o0

lim z(t)=[1+ j mk(t)dt i i

+_i i i b;,'--bijjwh,(t)dt]c

This completes the proof.

6. Conclusion.

.. z bi,"'bi,-
ij=1

-+, we can establish the

—r;,—8)y(s)ds

—r;,—8)z(s)ds

combining all results in previous sections.

In this section, we will prove an asymptotic constancy result by

THEOREM 6.1. Suppose there exists a function g:(—o0,0]—-[1, c©) satisfying

(g1)+g3) such that
(@)

o) 0
.;'bdg(—ri)w“f | f(—5)lg(s)ds <1

and

(ii)

0 0
_gllai—abilg(—ri)JrJ [ h(—5)—af(—s)lg(s)ds

0 0
Sa[l - X Ibie(—r)- f /(=) ag(s)ds] .
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Then each solution x(t) of (1.3) through ¢ € C, with lim,_, _ | x(s)|/g(s)=0 tends to a
constant as t— 0.

PROOF. Let x(t) be a solution of (1.3) through ¢ € C, with lim_, _ , |x(s) |/g(s)=0.
By Corollary 3.1 there exists a constant M >0 so that | x(f) | < M for all > 0. By. Theorem
2.1, the set {x,:#>0} is precompact in C,.

Now choose a sequence #,—00 so that | x, —y lc,—0 as n— o0, where Y € (¢). Let
2(t) be the solution of (1.3) through y, then the function y(t) defined by

w0=20- % sate—ra— [ si-stos

tends to a.constant ¢ as t— oo according to Theorem 4.2. Thus z(t) tends to a constant
¢* by Theorem 5.1.

For any ¢>0, by Corollary 3.1 there exists >0 so that | ¢ —y |, <6 implies that

| x(t; ) —x(t; )| <¢/2 for £20. For this given 6>0 find N>0 so that | x, —y|c, <9 for
all n>N. Then

e
| x(t; x,,) — x(t; ) | =] x(¢ +t,)—2(t) | <?
for all 1>0 and for all n>N. On the other hand,
e
t)—c*|<—
| 2(¢) —c*| >

for all > T,. This implies
| x(t+t,)—c*|<e
for all 1>T, and n> N. Therefore
| x(t)—c*|<e

for all 1> T, +ty. This shows lim,_, . x(t)=c*, which completes the proof. [ |
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