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1. Let L\dx/(X + x2)) be the L1 space of functions on the real line
R with respect to the measure dx/(l + x2). Let C~ be the totality of
infinitely differentiable functions on JB with compact support. For 0 <
a < 1, the energy space Ea with respect to the α-Riesz kernel l^l""1 is
the Banach space of functions on R obtained as the completion of Cj°
with respect to norm

where / is the Fourier transform of / [5, p. 352]. The Hubert transform
H is defined by

Hf(x) = -ip.v. Γ -Ά-dy .
π J-«>y — x

For feL\dx/(X + x2)), [/, H] is an operator defined by

[/, H]g(x) = H(fg){x) -f(x)Hg(x)(=±-v.v. Γ Λ y ) ~ f{x)g(y)dy) .
\ π J-~ y — x /

In the theory of singular integrals, this operator plays an important role
[1]. In this note, we shall characterize the boundedness of [/, H] as an
operator from Ea to itself in terms of the BMO space BMOα with respect
to Ea. We say that a non-negative measure dμ(x, y) in the upper half
plane C+ = {(x, y); x e R, y > 0} is an α-Carleson measure if there exists
a constant B such that, for any open set Ocjβ with Capα(O) < <»,

where 0 = U{/x(0, |7|); / component of 0} (|/| is the length of /) and
Capβ( ) is the capacity with respect to the α-Riesz kernel [5, p. 131].
The minimum of such constants is denoted by ||cJμ||car,α. Let BM0« denote
the Banach space of functions feL\dx/(l + x2)), modulo constants, with
norm

||/||BMO ^
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where f[x, y) is the Poisson extension of / to C+ and | V/|2 = \df/dx\2 +
\df/dy\\ We show:

THEOREM. An operator [f H] is bounded from Ea to itself if and
only iffeBMOa.

The dual space E_a of Ea is the Banach space of distributions on R
obtained as the completion of Co°° with respect to norm

ιι/ιi- =
For feL\dx/(l + x2)), we put

<\Hia = inf Σ lift, + iskHgk\\a\\hk + iεkHhk\\_a ,

where the infimum is taken over all sequences {(gkf hk, eJJϊU of triples
such that

/ - Σ(<7* + iskHgk)(hk + iεkHhk) (gk, hk e Co", ek e {-1, 1}) .
fc=l

Let Ha be the Banach space of distributions with respect to norm || ||Hi.
Our theorem shows that the dual space of HI is BMOα. This corresponds
to Fefferman's duality theorem [2, p. 145]. Hence our theorem suggests
that BMOα is useful in studying singular integrals from Ea to itself. The
authors express their thanks to Professors Y. Meyer and S. Semmes for
some comments about commutators.

2. Throughout this note, we use C for various absolute constants
and for various constants depending only on a. For feL\dx/(l + x2)),
we write simply by /(#, y) its Poisson extension to C+. Let ^J^f denote
the non-centered maximal function of / [4, p. 6]. The "if" part is im-
mediately deduced from the following known inequality.

LEMMA 1 ([3]). (°°Capβ(α>; ̂ f(x) > λ)λώλ ^ C||/||2

α (feEa) .
Jo

Let /eBMOα. Without loss of generality, we may assume that / is
real-valued. For real-valued functions u, ve Cj5, we have

([/, H]u, v) = (H(fu) -fHu, v) = - ( / , Hu v + uHv) ,

where ( , •) is the inner product (with respect to dx). Put U = u — iHu
and V=v-iHv. Then || U\\a ^ 2\\u\\a, \\ V\\_a ^ 2\\v\La, and U(x, y),

V(x, y) are analytic in C+. Since

\\\
V(x, vWy-^dxdvY" = C\\V\\_a ^ C\\v\\_a ,

C+ )
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we have

/, H]u, v)\ = |Im(/, UV)\ <Ξ \(f, UV)\

jc+dx

( f f ) 1/2 ( C f ^ 1/2

^ C 11 IV/(̂ , 2/)I21U(x, y) fy^'dxdyϊ \\\ \V(x, y)\2y~1+adxdy

Let Oi = {x; ̂ fU(x) > \), O\ = {(a;, y); \ U{x, y)\ > λ} (λ > 0). Then O[
(λ > 0) for some absolute constant η [4, p. 85]. Lemma 1 gives that

' v f ( x > y)\*yι

which shows that

\([f,H]u,v)\^C\\f\UoJu\\a\\v\\.a.

Thus ||[/, ff]||βiβ ^ C||/||BMoα, where \\[f, H]\\a,a is the norm of [/, H] from
JE1,, to itself. This completes the proof of the "if" part.

3. The main part of this note is the proof of the "only if" part.
We see easily the following lemma.

LEMMA 2. For fe L\dx/(1 + «2))> s > 0, we put f,(x) = f(x, s) and
F.=f.- iHfa. Then

h\[F., H]\\α.α ^ Wlf., H]\\α.α ^ lit/, H]L.α
Li

Let BMO denote the Banach space of functions /, modulo constants,
with norm

= SUV-L\y(x)-(f)r\dx,
\i\

where (/), is the mean of / over / and the supremum is taken over all
intervals /. We show:

LEMMA 3. | |/| |B Mo ^ C\\[f, H] | | β f β .

PROOF. For an interval /, 1 denotes its characteristic function and
χ(x) = (cc — xQ)X(x), where x0 is the midpoint of /. We have
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\l\ \\Λχ) - (f)Adχ = \j
dx

y — x
dx

= π Γ \X(x)[f, H]x(x) - x(x)[f, H]X(x)\dx .
J—oo

Note that ||X||e = C|/|(1-α)/2 and ||λ||α = C|/|(8-α)/2. Let g = \\f, H]l\. Then
ParsevaΓs equality shows that

- [f,

= c\u mm <z c\u H]\\a.M\\a ^ c\u
and hence

Γ X(x)g(x)dx ^ |7| Γ X(x)g(x)dx = C\I\ Γ
J—oo J—oo J —

f, H]\\aJI\\

Let A = |[/, Jϊ]λ|. Then, in the same manner as above,

||λ||β ^ C\\[f, H ] | U | λ | | α ^ C\\[f,

and hence

Γ X(x)h(x)dx ^
J-00

Consequently we have

which shows that ||/||BMO ^ C\\[f, H]\\afΰC. q.e.d.

Let L2(l — α, C) denote the L2 space on the complex plane C with
respect to the measure \y\ι~adxdy. The norm is denoted by || |IL«(I-«,C)

Let T* be an operator defined by

T*u(χ, y) = sup dsdt it9 z = x + iy) .supl\[ ?
ε>0 I JJ|ζ-z|>e (ζ — Z)

The 2-dimensional (centered) maximal operator ^ is defined by
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, y) = sup —- \ I I u{s, t) I dsdt ,
ε>0 ft$2 J jD(.(x,y),ε)

where D((x, y), ε) is the open disk of center (x, y) and of radius ε. It is
well-known that T*, ^ are bounded operators from L2(l — a, C) to
itself [4, pp. 21 and 56]. For β e R and a function u{x, y) in C+, we
write

= {\\c+\u(x,\c+\

We show:

LEMMA 4. Lei g(x, y) be a function in C+ such that
Then there exists a function h(x, y) in C+ such that

dh(x, y) = g(x, y) {(x,y)eC+), \\\h\\\_1+a ^ C\\\g\\\1+a ,

where d = (d/dx + id/dy)/2.

PROOF. We put

h(x,y) = — \\ i r

 9{s!^ .dsdt (ζ = s + it, z = x + iy).
π JJc+(ζ - z)(ζ - z)

(This form was communicated by Professor S. Semmes; in the earlier
draft, the authors did not use this form.) Then dh(x, y) = g(xf y)
((#, y) e C+). Suppose that the support of g is compact and contained in
C+. Then we have easily |||Λ|||_1+β < °o. For ueL\l — α, C), we have

h{x, y)u(x, y)dxdy
c

g(s, t)Su(s, t)tdsdt

where

Su(s, t) = — (( tr rcfay) dxdy (ζ = s + it, z = x + iy) .
π JJc+(ζ - z)(ζ - z)

We have, for (s, ί) e C+,

\\ 1 2

DUs,t),t) 7Γ J JC+-D((s,t),t)

W ψ^dxdy ^ C^u(s, t)
t Jj2>(( ,*),« | ζ — ^ I

and

1(( \ h ^ W x ' v)dxdy
- 1 ( ( \-rr hf 7 7r*
π I JJc+-z)((β,ί),ί) l ( ζ - z)(ζ - z) (ζ - z)
+ Ά.τ*u{s91) ^ c^ru(s, t) + —

7Γ π
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Hence

I Su(s, t)\

R. R. COIFMAN AND T. MURAI

, t) + — T*u(s, t) ((«, t) e C+)
π

Consequently

( 1 ) h(x, y)u(x, y)dxdy

c

h(χ, y)y~1+a ((»,

We now choose

Since \\u\\Lhl_a>C) = | | |Λ | | | _ 1 + β < <*,, (1) yields t h a t | | |Λ|| |_1 + β ^ C|||ff|||1+β.
In the general case, we restr ict g to {(x, y); \x\ 5j n, 1/n ^ y ^ n);

say gn. Let hn be the function corresponding to gn. Then

Let t ing n tend to infinity, we obtain | | | fe| | |_ 1 + β ^ C|||flf|||1+α. q.e.d.

LEMMA 5. Let f be a differentiable function on R satisfying
sup{|/(α)l + \f(x)\;xeR} < oo. We put

Then, for any u e C",

where U = u — iHu.

PROOF. Since

it is sufficient to show that

(2 ) \(Daf){x, y)\ ^C\\f HBMO/IT ((a?, 2/) e C+) .

Without loss of generality, we may assume that x = 0. We have, with

\(D"f)(fi, i0| = I- βιJ-»\(s — t)2 7 ^(s + ί)

^iir i it-u +iιr_i-j(u +i r4.\\ \dt
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Since

J-oog2 +•s* + yΔ
BMO ([2, p. 142]) ,

— (/)j|(Zsf(Zί

£ C\\f\Uo/va.

We have

L2\ ̂  c j ^ - (f)Ads}dt ̂  C\\f\Uo/y

It remains to estimate L3. We have

2n+1y

= L31 + L32 + L33 + Lu .

We have easily |L 3 1 | ^ C||/||BMo/2/α. Since

l(/)i - (/)(,,2-i,)l ^ C^II/UBMO (n ̂  2) ([2, p. 142]) ,

^ / BMO

^C| |/ | | B MO
>n+ly

We have

n=l J2wί/ ί 1 + α ( j 2 T O

=

Since !(/), - (/)«_,,t+,,| ^ OnII/||BMO (t 6 (2-y, 2«+12/)),

403
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{ J ^ F ^ } £ en/ιi
Consequently,

In the same manner, we have (3) with (s — ί)2 + 2/2 replaced by (s + ί)2 + y*.
Thus \LS\S CII/HBMO/2/". This completes the proof of (2). q.e.d.

We now show the main lemma in this note.

LEMMA 6. Let Ft be the function in Lemma 2. Then, for any

^ C\\[f,
J

where U — u — iHu.

PROOF. Let V be a function in L\dx/(1 + x2)) such that V(x, y) is
analytic in C+. ParsevaΓs equality and Lemma 2 show that

( 4 ) C . ) (
+ = C\([FU H]U, V)\ <ί C\\[Fa ffIIU.II^II.11 VΊ|_β

Let g(x, y) - (DaF,)(x, y)dll(x, y) (d = (d/dx - id/dy)/2). Then Lemmas 2,
3 and 5 show that

^ C\\F,\\BM0\\U\\a <; C\\[Fn fΓ]||β.β||«||β ^ C\\[f, H]\\aJ\u\\a .

Let h(x, y) be the function associated with g(x, y) in Lemma 4. We put

( 5 ) V0(x, y) = (Z)αF,)(a;, ») U(x, y) - h(x, y) .

Then V0(x, y) is analytic in C+ (V0(x, y) is an analytic extension of a
function in Lι(dxl(l + a;2)), say F0(a;)) and

II V.IL, = CHI V.|||_1+β

Hence, by (4),
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\\\(D*Ft)U\\\l1+a = I JJc (DaF,)(x, y)U{x, y){V0(x, y) + h(x, y)}y-1+adxdy

^ c\u mn...ii«iji v.iu + ιιi(i?-ίf.)ϋ |iu+«ιιiAiιι_1+.
^ C{|||(i> F.)ϋΊ||_1 +.| |[/, H]\\aJ\u\\a + ||[/, H]\\%J\u\\l} ,

which shows that

\\\(D'F.)U\\\_ι+a ^ C\\[f, H] | | . i β | | « | | β . q.e.d.

LEMMA 7. Let F,, u and U be the same as in Lemma 6. We put

UP.{x, y) = \"(U(x, y + t)- U(x, y))(DaF,)(x, y + t)t~*+"dt.
JO

Then

PROOF. We may assume that ||[/, H]\\atβ = 1. Inequality (2) combined
with Lemmas 2 and 3 shows that

+ 2Γ1 \ J U(x, y + t ) - U(x, y)\H-*dt\ ,

and hence

C We { S o " ' U i β ' y + t)~ U{-x>

2

α ^ C\\u\\l . q.e.d.

4 We now show the "only if" part. Let feL\dx/(l + x2)) satisfy
||[/, H]\\aί0C < oo. We may assume that / is real-valued. Let F8f u, U, Vo

be the functions in Lemma 6 and (5). Then

L = 11 (—FΛx9 y) U(x, y) V0(x, y)dxdy
\jjc+\dx /
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= C\(FS,UVO)\ = C\([F,, H]U,V0)\

^ C\\[f, H]\\aJu\l\\V0\la

^ C\\[f, H]\\aJ\u\\a{\\\(D"Fε)U\\\_1+a + \\[f, H]\\aJ\u\\a}

^C\\[f,H]\\lJu\\l

and

L ̂  \\\ (jj "F'){x' y)U{x> y)dxdy

{^-F,)(x, y)U(x, y)U(x, y)(DaFa)(x, y)dxdy
c+\dx

We put G(x, y) = U(x, y)(DaFs)(x, y) and

fr-'Gix, y) = -[°(G(x, y + t ) - G(x, y))r>+adt .
JO

Since

ΰ'-Gix, y ) = - U(x, y)\°°((D«F8Xx, y + t ) - (D«F8)(x, y))r*+*dt
Jo

- uFs(χ, v) = cu(x, y)(^Fs)(χ, y) - ur,(x, y),

we have, by Lemma 7,

(fF.)(x, V)U(x, y)U(x, y){D"Fs){x, y)dxdy
dx I

c+\
•Z-F.)(x, y)U(x,
dx I

\\\ (£F.)(X, y) I 'l U{x, yWt-

- \\ (^-Fs)(x, y)U(x, y)UFs(x,

VF,|?7||U||[/, H]\\aJ\u\\a .

Thus
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^ C||||VFs |tΓ||U||[/, H]\\aJ\u\\a + C\\[f, H]\\lJ\u\\l ,

which gives that

(6) $$ c J V F fo y)^U^ vW'^vύv ^ cll[/> H]\\lJ\u\\l (ueC?) .

The standard argument shows that (6) holds for any u e Ea.
Let 0 be an open set in JB with Capα(O) < oo. Then there exists a

non-negative function uoeEa such that \\no\\l = Capα(O) and uo(x) ^ C
on 0 [5, p. 138]. Let Uo = u0 - iHu0. Then \U0(x, y)\ ^ C on 0. Hence
(6) shows that

^ C\\\\VF.\U0\\\La

^ C\\[f, H]\\lJ\uo\\l = C\\[f, H]\\l.aCai>a(Q) .

Thus

;, y + s^y^dxdy = jjjV/.(*,

VF.(x, y)\*yι-"dxdy ύ C\\\f,

Letting s tend to 0,

^ C\\[f, fΓ]||i.βCapβ(O) .

Since 0 is arbitrary, we have | |/| |BMOΛ ^ C\\[f, ϋ"]| |α,α. This completes the
proof of the "only if" part.
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