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1. Introduction. Let 7: E — (M, g) be a C~ Hermitian line bundle
over a C= Riemannian manifold (n = dim M). Let us consider a
Schrodinger operator D with a vector potential and a scalar potential,
which operates on C*(F), the space of C~ sections of E. The operator
D is a second order, self-adjoint, elliptic differential operator locally ex-
pressed with respect to a local unitary frame of E and local coordinates

of M as
D=~ 3 g™V, + ia)(Vs + i) +V
1
= —Z g*v,;V, — 2t E g%*a;V, + Z‘. g*(a;a, — Wgak) +V,

where V is the Levi-Civita connection deﬁned by 9, =, a;dx? is a
locally defined real 1-form, and V is a real C* function on M. The local
1-form @ = 1a is regarded as the connection form of a linear connection
d on E which is compatible with the Hermitian structure (cf. [7]). Thus
we have a one-to-one correspondence:

D~ M, g;E d;V).

When V =0, D is called the Bochner-Laplacian associated with d (and
g), and moreover if E= MxC and d is a flat connection, then D = A
(the Laplace-Beltrami operator). It is interesting to investigate the
asymptotic distribution of large eigenvalues of D under the influences
of d and V.

Guillemin [4], Weinstein [12], ete. clarified how the scalar potential
V exerts an effect upon the spectrum for the case where (M, g) is the
sphere or the projective space with the canonical metric. In the previ-
ous papers [8] and [9] we made clear for a line bundle over the sphere
the relationship between the holonomies of the connection d and the
spectrum of the Bochner-Laplacian.

This article studies the effects of the connection d on the spectrum
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of D for a line bundle over the complex projective space CP". Let
&(CP™) be the set of pure-imaginary closed C* 2-forms 2 on CP" such
that [2/271] is integral. Then, one has the following (cf. Kostant [6]).

PROPOSITION. (1) The set of equivalence classes of C* complex line
bundles over CP™ is in one-to-ome correspondence with Z = HCP", Z) =
{[2/2r1]; 2 € Z(CP™)} ([R2/271] being called the Chern class of the line bundle).

(2) For each 2 € &(CP™), (i) there exists a unique (up to the gauge
equivalence) linear commection d on the line bundle E with the Chern
class [2/271], whose curvature form is given by 2, and (ii) there exists
a Hermitian structure h on E such that the connection d is compatible
with h. Comversely, if a 2-form 2 on CP" satisfies (i) and (ii), then 2
belongs to & (CP™).

(8) The Hermitian structure h in the above (2), (ii) is given uni-

quely (up to scalar multiple) on each line bundle E without depending
on connections on E.

Let {[E,]; m € Z} (m: the Chern number) be the set of equivalence
classes of Hermitian line bundles over CP”. On each line bundle E,
there is a unique harmonic commection d, whose curvature form is a
harmonic 2-form (Hodge’s theorem). The purposes of this paper are

(1) to compute explicitly the spectrum of the Bochner-Laplacian
for the harmonic connection (Proposition 2.3),

(2) to describe for any connection the asymptotic behavior of the
spectrum of D in terms of its holonomies along closed geodesics (Theorem
3.1), and

(3) to show that the geometric structure (E,,d,;V = const.) is
characterized by its spectrum for CP" (n = 2) (Theorem 4.5, which is a
generalization of Guillemin’s result [4]).

2. Spectra for the harmonic~ connections. In this section we con-
struct the harmonic connection d, on each line bundle E, (m e Z: the

Chern number) over CP", and compute the spectrum of the Bochner-
Laplacian associated with d,,.

Consider the complex vector space C**' = {z = (2, -+, 2,)} with the
Hermitian inner produect:

{2, 2"y = Zﬁ 225 .
=0
C"** with the real inner product (-, -)r given by

(2, 2> = g;,(x,-x;- + y;¥5) = Relz, 2')
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(2; = x; + 1Y; 2; = x5 + 1Y}), is identified with R**2, Let
B = (2 2 = (2 2 = 4C = R
be the 2n 4+ 1 dimensional sphere with radius 2, and let §, be the
Riemannian metric on it induced from (., :>; in C**'. The circle group
St = {e(t) = €*; 0 < t < 2r} acts freely and isometrically on S™ as z-¢(t) =
e'tz, and we get the Hopf fibre bundle:
@.1) St— Smr L, opr
The tangent bundle of Siit* is given by
TSt = {(=, u); z € Si™, w e C™, (2, uyr = 0} .
For ze S+, let V, = (d#,)~'(0)c TS5+, and
V,={(z, ?n2); N € R} .

Let H, be the orthogonal complement of V, in T,Si™ with respect to
the Hermitian product (-, ->. Thus

(2.2) T.Sik" =H @V,

(H, being given by {(z, u); <z, u) = 0}). Let us define the Riemannian
metric g, on CP* so that d7,: H, — T5,CP" is an isometry. Then, g, is
the Fubini-Study metric of constant holomorphic sectional curvature 1, and
all the geodesics of (CP", g,) are closed and have a common length 27.

The fibration (2.1) is a principal S'-bundle, and the decomposition
(2.2) defines a connection on it (H,: the horizontal space), whose connec-
tion form & on S™ is given by

@, U +— ~%<u, z2)eR (ze S+, we T.Si™),

or written as @ = ¢* with

6 = _2|’2|2 Z%(z’dz_, — z,-d?,-) ’
¢: St — C™* being the inclusion map. The curvature form 2 = d@ is
given by 2 = ¢*0 with
= L(Izlz Sidz; A dE; — S, Zzde; A dz,,) .
|z|“ §=0 4 k=0

The real 2-form 6 is invariant under the natural action of C\0 on C**\ 0,
and is regarded as a 2-form on CP" represented with respect to homo-
geneous coordinates.
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LEMMA 2.1. The 2-form @ on CP" is harmonic with respect to the
metric g,, and [0/2x] is a gemerator for the second cohomology group
H¥CP™, Z) = Z.

Proor. (CP», g,) is regarded as a Riemannian symmetric space
Un + 1)/(Un)x UQ)), and O is invariant under the action of U(n + 1).
Hence 6 is harmonic (see [11, p. 26]). Next, consider a 2-dimensional
closed submanifold CP'cCP". By straightforward calculation using the
coordinates §; = 2;/z, ( = 1, -+, n) we obtain

1( g==1{ dndi _
or Scz’l@ 2 Sc 1+ &P !

Thus the lemma is proved.

For each integer m, let p, be the representation of S' on C defined
by P.(e@)w = e@t)™™w (weC). Let m: E, — CP" denote the line bundle
associated with the principal bundle (2.1) by the representation p,, that
is, the quotient manifold of S xC with respect to the equivalence
relation (2, w) ~ (z+¢, e™w)(e € S*). For each z € S, define ¢,: C — 77 (7(z))
by w i [(2, w)]. Let Cr(Si5t") be the set consisting of every C~ function
f on Sit* such that
(2.4) fz-¢) = e"f(2)
for every z € SE™ and ¢ € S*, which is called an equivariant function with
respect to p,. For seC<(E,), define a C~ function g¢hs on S by
(ghs)(2) = q-*(s(%(2)). Then gkhs belongs to Cx(Si™) and ¢ gives a one-
to-one correspondence between C=(E,) and C3(Sit). Let d,, be the linear
connection on E, associated with the connection (2.2) on the principal
bundle (2.1), which is defined as the covariant derivative:

Vs = (¢ X'ahs
seC~(E,), X being a vector field on CP" and X* the horizontal lift of
X to Sz. We calculate the curvature form 2,(X, Y) = [V{, Vi™] —
€7[‘}’,Y1 of d, and get 2, = —imO. Thus we have the following by
Lemma 2.1.

LEMMA 2.2 (1) The set of equivalence classes of complex line

bundles over CP" is {E,; m € Z}.
(2) d,. is a unique harmomnic connection on E,, whose curvature

form is 2, = —im0O.

(2.3)

REMARK. d, is the canonical connection (cf. [18, pp. 77-84]) with
respect to the holomorphic line bundle structure and the Hermitian
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structure uniquely given on FE,.

Now we study the Bochner-Laplacian associated with the harmonic
connection d,, and compute its spectrum denoted by Spec(L,). Consider
a set of C~ vector fields {X, ---, X,,.} defined on a neighborhood of w e CP*
such that g,(X;, X,)(w) = 6;,. Then,

(Ladw) = =3 (V5 V19w)

= (3 @ X)) (eC(E) -

If we set L = (¢})L,(g%)', L% is a differential operator acting on
Cz(St) and
3 _ 2n . _ L AV
@) = (3 x5)@ = (& + 5z2)5)@

holds for § e C3(Sg™), where w = 7(2), A is the Laplace-Beltrami operator
on (SE'™, §,), and Ze V, is the infinitesimal generator of the action of
St = {e(t)}. For §eCx(Sint") we have Z§ = im§ from (2.4), hence,

(2.5) Ii§ = A% — _’Z_zg .

Thus, if L,s = \s, then L{§ =A% (§ = qgis) and AS = (A + m?/4)s, that
is, § is an eigenfunction of A.

Let &#,, be the space of homogeneous polynomials of degree p in
zeC"* and of degree q in Z (p,¢=0,1,2, --), and let 5%,, be the
subspace of &, , consisting of harmonic ones, i.e., P€. &, , such that

1& o*P
A”P =TT 02;0%;
We denote the space of restrictions of elements in &7, , (resp. 5%,,) to
S (cC™) by 9‘7,,,,, (resp. 9%,,,,). It is easy to see (cf. [1, pp. 159-160])
that each element of d‘%@,,q is an eigenfunction of A on (Sit, §,) with
the eigenvalue (p + ¢)(» + q + 2n)/4. Since we have P(ei’z, e2) =
e'»=9tP(z, 7) for P(z, 7)€ P, Fp, belongs to Cy(Sit) if and only if
p — q = m. Therefore, for
Pe {%Hml,k (m = 0)

%,kﬂml (m <0)

=0.

(2.6)

we have from (2.5)

s s o o)
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k=0,1,2, ---). Noting that
Fra = 30D Froras = @ 5100 (r = min(p, 0))

(cf. [1, p. 160]), we see that P, ,-n 9%,,,, is L*-dense in Cy(S%™), and
dim 5%, , = dim &, , — dim &,_, ,_,
_ <n+p><n+q> <n+p—1)<n+q—1>
P q p—1 qg—1 )

Noticing that g¢f: C*(E,) — Cu(Si5t) is L* bi-continuous, we get the fol-
lowing.

ProrosiITION 2.3. Let E,, - (CP~, g,) (m € Z) be a complex line bundle
with the harmonic connection d, whose curvature form is 2, = —im0,

and let L, be the Bochner-Laplacian associated with d,. Then, Spee(L,)
consists of eigenvalues

xk""=<k+l";”—|)(k+|—’;'—+n>—%2, k=012 -,

where the multiplicity of M™ 1is equal to

<k+lml+n><k+n>_(k+lml+n—1><k+n—1>
k + |m| k kE+m|—1 kE—1 ’

and the space of eigensections associated with ™ 1is {s = (¢})'P; P being
given by (2.6)}.

REMARK. This result is a generalization of Theorem 5.1 in [7] where
we considered the case of line bundles over CP' = S?

3. Holonomies and spectrum. Let E — (CP" g,) be a Hermitian line
bundle with a linear connection d compatible with the Hermitian struc-
ture, and let V be a real C* function on CP". We will study the
asymptotic distribution of large eigenvalues of the operator D associated
with (E, d; V), and derive a result similar to that in [9].

Let Q3(c) denote the holonomy of d along a closed curve ¢ in CP=.
Each element (x, £) of the unit cosphere bundle S*CP" = {(x, &) € T*CP™;
gl = ) gi¥(x)&;6,)"2 = 1} corresponds to a closed geodesic ¥ of (CP", g,).
Hence we have a C* map

Q37:S*CP* —» S = {¢¥%; 0 < 0 < 1}
by Q3(x, &) = Q3(¥). On the manifold S*CP" there exists the volume form

d vol induced from the symplectic volume form dx, A -+ A dx,, A d&; A
<o A dg, on T*CP™.
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For 0a<b<l1, we set
Jla, b] = {¢*’;a < 6 < b}cS*,

and
Jk[a,b]:[)\:k"{'aCk,Nk""bCk], k=0,1,2,"',
where
_ n\?
N = <k + ?> ’

and C, =Ny — M =2k +nm + 1. Let
Spec(D) = {(0=)y Sty < +++- S < -}
Then we have the following.
THEOREM 3.1. Suppose vol{Q; (e**)} = vol{Q3: ' (e*®)} = 0. Then
#{1; € Ji[a, b]} = (2r) > vol{@3*(J[a, B} + o(k*)
as k— oo, where ¥ denotes the cardinality.

REMARK. The highest order term in the above expansion does not
depend on the scalar potential V.

We prove this theorem as an application of the theorem by Colin de
Verdiére [2].
First we note the following.

LEMMA 3.2. For the harmonic connection d, on E,,
Qz, (%, &) = (=)™
holds for every (z, &) € S*CP",

PrOOF. The group U(n + 1) acts transitively on the space of~ all
closed geodesics in (CP*, g,), and the curvature form 2, = —im® of d,, is
invariant under the action of U(n + 1) on CP*. Therefore we see that

Q7,1 = exp( | 2.)

(2. a surface with 03 = 7) takes constant value for every closed geodesic
v of (CP", g,). From (2.3) we get Q (7) = e = (—1)™.

On the other hand, the spectrum of the operator associated with
(E,, d,;0) consists of
2
Nitp — <p2 + ’)’I«T> (Im| = 2p)
3.1) MY =

2
x;,+p—(p2+p+i;—+%) (Im| = 2p + 1)
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with k=0, 1, 2, ---, where A, = »;, + (Ci/2).
We set

Pu = (o + MEEY

Then P, is a self-adjoint elliptic pseudo-differential operator of order 1
operating on C*(¥,) with the principal symbol

o(Pn)(x, &) = (X gi*(@)e:€)” = lel

and eigenvalues of P, are k + {(Im| + n)/2} (k=0,1,2, ---). Suppose
the operator D is defined on E,, and we put

D=L,+Q.
Let {e.} be a family, associated with an open covering of CP", of local
sections of E, such that |e =1. Let {w. = ia.} (resp. {wf™ = ial™}) be
the system of connection forms of d (resp. d,) with respect to {e.}. Then

B: = a, — af™ does not depend on £ and defines a global real 1-form A3
on CP", and @ is represented locally as

2n . 2n . .
Q=—2i 3 oIV +V + 3 gbb. — iVd, + 2ab,) ,
3,k=1 3 k=1

where g8 = X bdx? and a{™ = >, a™dx?. Consider the averaged operator
of Q:

Q. = L Vexp(——itP,,.)Q exp(itPn)dt ,
2z Jo

which is a self-adjoint pseudo-differential operator of order 1 and the
following lemma is obtained.

LEMMA 3.3. (1) The principal symbol o(Q.s) of Q.. t8 homogeneous
of degree 1 in &, and satisfies

(3-2) (—l)m exp{—n'io(Qu)(x, E)} = QE(‘”, E)

for (x, &) e S*CP~.

(2) [Pn Quel = 0.

(8) Let Spec(L,, + Quv) = {¢j}5=0. Then there exists a constant C
not depending on j such that

3.3) i — sl = C .

Proor. (1) Let (x(t), £@t)(0 =t <27) be a closed orbit of the
Hamiltonian flow associated with ¢(P,), which is just the geodesic flow,
on T*CP" through (z, £). Let w = ia = i(a'™ + B) be the connection 1-
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form of d with respect to a unitary frame of E, over a neighborhood
of the closed geodesic v = {x(¢); 0 £ ¢ < 2z}. By Egorov’'s theorem we
have

(@@ &) = o= | o(Q(®) et

2
_ L& (s ps & _ l&
=& [ sveo o=,

® = 3 gi*b,). On the other hand, by virtue of Lemma 3.2, we have for
(z, &) e S*CP~,

Qix, &) = exp(—&@) = exp(~i Sr(a""’ + B)) = (=" exp(—i STB) .

Hence we get (3.2).
(2) and (3) are the same as [12, Lemma 1.1] and [9, Lemma 3.2].

We carry out the proof of Theorem 3.1 along the same line as in
[9] by applying the theorem of Colin de Verdiére [2] to the commuting
operators (P,, Q.,). Let 4= {\™, k,;)} be the set of eigenvalues of
(P,, Q.v), where

X = e = My = R = e 2L

(N, being the multiplicity of X{™). Then, for Spec(L, + @Q..) = {¢.;}, we
have

thi =M™ + K, ; (where A™ = \™),
k. ; being the difference between ;. ; and ™.
LEMMA 3.4 (see [9, Lemma 3.3]). Let
M= Max d(Q)(x, & (=0).

(2,£) e S*CP™
Then we have
kil = ME + M,
M’ being some positive constant.
For 0<a<b<1 we set
a (resp. b) if m is even,

! )=
a/(resp. b') a — l(resp. b— _1_) if m is odd .
2 2

For sufficiently small ¢ > 0 we consider the following conic subsets of
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R = {(xv xz)}:
Cy = {(xv x,); 2@’ ¥ e+ N)x1 s, = 2(b’ e+ N)xu x> 0} ’
for N=0, 1, +2, ---. By virtue of (3.1) and (3.3) we have
— q —
8,0 (nCinie, = X} < #medilo b <3 0 (nCine, = X
N=—q N=—q
for sufficiently large k, where ¢ is an integer satisfying 2qg > M for the
constant M in Lemma 3.4. Let
p = (6(P,), 6(Quv)): T*CP"\0 — R?,

and let vol denote the volume on the hypersurface o(P,)(x, &) = |¢| = const.
induced from that on T*CP". Ifa’'+e¢+ Nandd' +e+ N(—g< N<=gq)
are regular values of ¢(Q..)|s«crn, then by the theorem of Colin de Verdiére
[2, Theorem 0.8] we have

3,0 (nCi s = Ximn)
= > (2m) ™ vol{p(CE Nz, = M™y D} + O
= (2m)™ ; vol{(z, &) € S*CP; 2(a’ F e + N) < 0(Q.v)(x, &) < 2(b'+e+ N)}

x (1o = N LR ogens

= (27)"%" vol{Qz—l(jti)}kmr—l + Ok

where J* = exp@rila F ¢, b + ¢])cS!, and the last equality is derived
from (8.2). Now, instead of ¢ we choose a sequence {¢,(>0);v =1, 2, ---}
such that @’ £ ¢, + N and b’ + ¢, + N are regular values of ¢(Q..)|g«crn,
and & |0 as v— o (Sard’s theorem). Note that vol{@;'(e**)} =
vol{@3;7(e*®)} = 0 by assumption, and we obtain Theorem 3.1 by v — .

REMARK. In general, for a vector bundle over a C,-manifold we
have in [10] a formula similar to that in Theorem 3.1 about the asymptotic
distribution of the spectrum.

4. Cluster theorem. We give the following definition for the
spectrum Spec(D) = {y;} of the operator D.

DEFINITION. The spectrum of D is said to make clusters of type {a}
(0 =a <1) if there is a constant M such that

Spec(D)ckL;Joo[A.,, + aC, — M, N, + aC, + M] .

Noticing (3.1) and that V is regarded as a bounded operator, we see
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that the spectrum of D = L, + V makes clusters of type {0} if m is
even, or of type {1/2} if m is odd. Moreover, we have the following.

THEOREM 4.1. Let D be the Schrodinger operator associated with
(E, d; V) over CP*. A mecessary and sufficient condition for the spectrum
of D to make clusters is that d is a harmonic conmection if n=2, and
is that the curvature form 2 of d is an odd 2-form, i.e., T*Q2 = —Q for
the antipodal map z: CP*— CP' if n = 1.

ProOF. By virtue of Theorem 3.1 if the spectrum of D makes
clusters of type {a}, then Q3(x, &) = e for every (x, &) € S*CP". Note
that Q3(x, —&) = (Q;i(x, &))", and @ must be equal to 0 or 1/2. Moreover,
a is equal to 0 (resp. 1/2) if D is defined on E, with even m (resp. odd
m). Indeed, consider a one parameter family d(s) (0 < s <1) of linear
connections with d(0) = d, and d(1) = d, which are defined by the con-
nection forms {@™ + isg8}, @™ being the connection form of d, and g
a real 1-form (cf. §38). It follows from the continuity of the holonomies
Q7. (+) with respect to s that the types of clusters for d, and d coincide.
Thus, if the spectrum makes clusters, then

4.1) ST'B =0

holds for every closed geodesic v of (CP", g,). The proof of the theorem
for the case of » =1 has been carried out in [8, Proposition 4.4 and
Theorem 4.5]. In the case n = 2 the theorem is derived from the follow-
ing lemma proved by Gasqui and Goldschmidt [3].

LemmA 4.2. If a 1-form B on CP™ with n = 2 satisfies (4.1) for
every closed geodesic v of (CP", g,), then B is exact.

Next, the distribution of the eigenvalues in the k-th interval I, =
A +aC, — M, \, + aC, + M] is studied in the same way as that by
Colin de Verdiére. For a real C* function V we define a C* function
on S*CP" by

Ve & = 2 | Ve,

where z(t)(0 <t < 2x) is a closed geodesic of (CP®, g,) with the initial

condition x(0) =z, %(0)* =¢ (*: TCP" — T*CP" being the bundle isomor-
phism defined by g,). For a < b we set

I™[a, b] = [M™ + a, M™ + b] .
PROPOSITION 4.3 ([2]). Let Spec(L,+V)={p;}i0. Suppose vol{ V-(a)}=
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vol{ 17‘1(b)} = 0. Then we have
$ps € I[a, b} = @x)~ vol{ V-'([a, DD}k + o(k™™")
as k— .
Concerning the function V, the following is known [6, p. 128].

LEMMA 4.4; Let V be a C~ function on CP*(n = 2) and ¢ be a con-
stant. Then, V=c if and only if V = c.

As a consequence of the above results we have:

~THEOREM 4.5. Let D be the Schrodinger operator associated with
(E, d;V) over CP*(n = 2). Then, Spec(D) = {¢t;}7, makes clusters if and
only if d is @ harmonic connection. Moreover when d is harmonic,
Max |z, — py]
rprjely
(I = v + aC, — M, \, + aC, + M]: the k-th cluster) tends to zero as
k— o if and only if V is a constant funmction.

COROLLARY 4.6. Let ¢ be a constant. (E,, d,;V = c) over CP"(n = 2)
18 characterized by the spectrum {\M™ +c¢;k=0,1,2, ---} of the associat-
ed operator D.
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