TéhokuiMath. Journ.
35 (1983), 357-373.

FURTHER REMARKS ON THE EXPONENT OF
CONVERGENCE OF POINCARE SERIES

S. J. PATTERSON

(Received May 19, 1982)

1. Introduction. Let G be a discrete subgroup of the automorphism
group Con (n) of (n + 1)-dimensional hyperbolic space H"*. We shall
associate in §3 a certain number #(G), 0 < 6(G) £ n, to G called the
exponent of convergence of the Poincaré series attached to G. It is related
to several of the geometric properties of G; these properties have been
the subject of many investigations but in [5] Sullivan has discussed these
exhaustively and completed them in several important points.

The question with which this paper is concerned is that of estimating
o(@) for a given group G. In this it was prompted by a recent paper
[1] in this journal in which the authors find upper bounds for 6(G, * G,)
where G,, G, are considered known and G, * G, is the free product of G,
and G, in Con (n) formed by the Klein Combination Theorem, when this
is applicable. The technique is similar to the one used in [2] to bound
0(G, * G,) from below. In [1] however the authors use a particular model
of G, and G, and it seemed desirable to free the argument of this con-
straint. This will be done in §3.

In §5 we shall apply this estimate to show that, given % ande > 0
there exists a discrete G < Con (n) with

(a) oG)<e

(b) G is of the first kind, which means that G does not operate
discontinuously on any non-empty open subset of the boundary of H"*.
The author had given a proof of this in [3] in the case n =1, ¢ =1/2
which used uniformization theory and the perturbation theory of elliptic
differential operators. This proof would not extend to the case » > 1.
Both J. Elstrodt and D. Sullivan indicated to the author that it would
be very desirable to give a geometric proof of this theorem.

The techniques used here do not depend on the dimension of the
hyperbolic space. Usually one is interested only in the cases n =1
(Fuchsian groups) and n = 2 (Kleinian groups) but to cover these uni-
formly it is convenient to work with hyperbolic space of arbitrary
dimension. Although it is in principle well-known I have included a
brief summary, in §2, of the three basic models of H"*!, along with
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the relations between them and those formulae which will be of use to
us here.

To return to the original question of estimating 6(G) for a given
group, let us remark that it is necessary to make rather more precise
what one means by “given”. If one can ‘list’ the elements of G, as
happens with Schottky groups and some other free products, then one has

oG) = lgg log Card {g € G; L(z,, gx,) < X}/log X

(see [5, Cor. 10]) where x,, x, are two fixed points of H"*' and L is defined
in §2. This method can be carried out on computers to compute 6(G)

as long as G is not too pathological. It would be interesting to know
effective bounds for

0(G) — log Card {g € G; L(,, gx.) < X}/log X,

in terms, say, of a given fundamental domain of G.

There are other senses in which G may be ‘“given”—for example,
when n =1,2, by uniformization theory, or by group-theoretic con-
structions applied to another group—, but here very little is known.

2. Models of hyperbolic space. Although it is less frequently used
than the other models of hyperbolic space the easiest to introduce is the
Klein model. Let n = 1.

(i) The Klein model. Let J be the (» + 2) X (n + 2) diagonal
matrix diag (—1,1, ---, 1); the associated quadratic form is

JY)=—-wm+9v+ -+ Y.
Let

GO, n + 1) = {AeGL, . ,(R); there exists n e R} with AJ'A =\J},

where ‘A denotes the transpose of A. This group has four connected
components. Let GO°(1, » + 1) be the connected component of the iden-
tity; then GO(1, n + 1)/GO°(1, n + 1) = C, x C,, where C, is the cyclic
group with two elements. Let

L* ={ye R J(y) <0, y, > 0}

be the positive light-cone. An element of GO(1, n + 1) either preserves
L* or maps it into L= = —L*. The subgroup of GO(1, n + 1) preserving
L* has then two components, determined by whether the determinant is
positive or negative. Of course GO°(1, n + 1) preserves L* and we shall

think of it as the “orientation-preserving” group with this property.
Next let
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PGO°(1,n + 1) = GO°(A, n + LV)/(\I; n € R} .
This will be, by definition, Con (n). It would make no difference to the
discussion had we taken the full group preserving L* as our starting
point rather than GO°(1, » + 1).
We project L* through the origin to y, = 1; the image is the unit
ball

B ={yeR"yi + i+ - + 9, <1}
PGO°(1, n + 1) acts on B™™ through the projection. We can describe

the action explicitly as follows. Let g€ GO°(1, n + 1) be given by the
matrix (g,;) (0 < 1,5 < n + 1). Then the 5 component of g(y) is given by

g(y)j = (gjo + Z gjtyi)/(goo + Z 9Y) A=j=n+1).
1sisn+1 1sisn+1

The subgroup of PGO°(1, » + 1) which preserves 0 is SO(n + 1). It is
easy to see that PGO°(1, n + 1) acts transitively on B"*. This is our
first model of hyperbolic space.

Now define, for y, 9y’ € B**,

N 1— (g, 9)
LB(yy y) l/l — (y’ y)l/l — (yr’ yl> ’

where (, ) denotes the usual Euclidean inner product. Then, by con-
struction one has

Lx(9y, 9¥') = Ly(y, ") (9 PGO°(1,n + 1)).

Define also

is(g, ¥) = V1= (9y, 99) V1 — (y, %)
and then one has
1 —(gy, 9¥") = 35(9, ¥)3is(g, ¥ )1 — (¥, ¥"))
and
J8(0:92 ¥) = 75(0s, 9:Y)75(92 ¥) -

Moreover one has explicitly,
J5(9, ¥) = (G0 + Ejl 9oi¥5)" .

The function Ly(y, ') is closely related to the hyperbolic distance
between y and y'. This is however easier to establish in those models
of hyperbolic geometry where the hyperbolic metric and the underlying
Euclidean metric are conformally equivalent.

(ii) The Poincaré model. The underlying set in Euclidean space
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of this model is again B"*!, but we shall denote it now by D"* to indi-
cate the different context. Let

@: B D™y gL+ VT = (y, )
@ D™ — B**' ;. x 2x/(1 + (2, 2))

which are inverse to one another. One can regard D"*' as the image
of the projection of L* onto the hyperplane y, = 0 through (-1,0, ---,
0). This is a ‘stereographic’ projection. One has then an action of
PGO°(1, n + 1) on D** defined by

9P(y) = P(gy) -

It appears that in general there are no simple formulae describing this
action.

There is another construction of @, which I learnt from J. Elstrodt.
We consider D*** as the subset {(0, ¥, - *, Yous); V2 + %2 + -+ + 92 < 1}
of R***. Let S™* be the subset {(%,, ¥, ***, Yur); Y6 + 41 + - -+ + Yo = 1}
of R***. Let now o, be the vertical projection upwards from B"** to
S**! and let @, be the projection from the upper hemisphere of S*** onto
D+ through (—1,0, ---,0). Then ¢ = @,0@,.

Observe that @ has a continuous extension to the boundary of B
where it acts as the identity.

If one now defines Ly(x, ') = Ly(@~*(x), ¢7*(2’)) then one finds that

R I
@) =Lt e ma — o

where ||z|* = (z, ). We define
(2.1) in(g, ) = (1 — |lgz|])/A — ||=]]*)
for which we have

(2.2) gz — ga'|I* = 3o(g, ©)io(g, )| 2 — o' |
and
(2.3) I0(9:95 ®) = 3p(g:, 9:2)50(G:, )

In this model the infinitesimal hyperbolic distance element is given by
ds* = |dz’/(1 — ||=|*)*,

form which one sees that if the hyperbolic distance between x and ' is
denoted by d(x, ') then

L(x, ") = (1/2) cosh 2d(z, «) .

Moreover, an invariant volume element is given by
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doy(@) = (1 — |||~ 'dm(x)
where m is the standard Lebesgue measure.
(iii) The upper half-space model. This is obtained from D"** by
means of an inversion about (1,0, ---,0). Let
H" = {(2y, 2, *++, #,) e R"""; 2, > 0} .
We then define
Y D" - H 5 o (1= 20+ ([~ [[2]1)/2) 2y -y Tard)
YHHT D 2o 4+ 2+ (2720 — 14 2y 0, 24)
which again are inverse to one another. This time one finds that if
Ly(z, 2") = Lp(y~(2), ¥7(2)) then
Lyiz,2)=1+ ||z — 7' |¥2Im (z) Im (")

where

Im ((, 2, - -+, 2,) =2, .
Let

Ju(9, 2) = Im (g2)/Im (2)
and then one has

9z — g2’ || = julg, 2)3ulg, 2|z — 2'|I*,
and
Iu(9:9 2) = Ju(9:, 9:2)7u(9: 2) -
The infinitesimal distance element is
ds* = |dz[*/4 Im (z)
and the volume element is
doy(z) = 27" Im (2)"'dm(z) .

These constructs are all that we need of hyperbolic geometry.

The group PGO°(1, n + 1) also acts on the boundary S™ of B"*' or
D™+, and, as we have already remarked, the action is the same in both
cases. The boundary of H"*' we take to be R~ = R" U {c} where R" is
that subspace defined by Im (z) = 0 and < has the usual formal properties.

For us the most convenient model with generally be the Poincaré
model. The usefulness of the upper half-space model lies in that it allows
us to emphasize one point of the boundary. However for most of the
time we do not have to commit ourselves to any particular model and
we shall write H for a hyperbolic space, 0H for its boundary, Con (n)
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for PGO°(1,n + 1), and L, j, d and o for the functions constructed
above. Let H= HUdH.

3. The Klein Combination Theorem and estimates for 6(G). Let
G, and G, be two discrete subgroups of Con (n), and suppose that we are
given two open sets F),, F, in H, H or 6H. Let F; denote the comple-
ment of F; in the relevant set, which is the same for F, and F,. We
shall suppose that

(1) gF;nF; =0 if ge@G;—{I}, 7=1,2,

(2) Flanzc=®-
Then it is easy to see that the group G, * G, generated by G, and G, is
isomorphic to the free product of G, and G, and is also discrete since
(3.1) IFNF)NF,NF)=0 (9eG,*G,—{I}).

In fact, to prove the first assertion one writes down an arbitrary word
of G, x G, and one verifies that, by induction and 1 and 2, the last asser-
tion holds; we shall see a refined version of this argument below. This
particularly simple version of the Klein Combination Theorem I learnt
from A.F. Beardon.

Let now G be any discrete subgroup of Con (n). Then we define
0(G) =Inf{s > 0; Z;,}L(x, gx')™ < oo} .

This does not depend on the choice of #, 2’ € H. One has
056G n.

The problem with which we shall be concerned here is that of estimating
(@G, * @,) given 6(G@,), 0(G,) and some sharper forms of Condition 2 above.
(For estimates from below see [2, Theorem 1 ff.].)

For these purposes we have to establish some inequalities. We shall
work in the Poincaré model and we rephase (2.2) as

lgr'a" — g2 | = dn(gr’, 2)in(9r", 9:.9:2)[|2" — 9.9:%(° ,
which we write in the form
70(0:92 ) = 3o(g7", #")in(g:, ®)|&" — g9 |*/|| 972" — g2 ||

which we shall use to estimate j,(¢.9,, x).
Suppose now that g, G, x G, is of the form

,7{2) 71(1) 7;2) 72(1) cee
where 7{¥ ¢ G, — {I}. Let us observe next that
g:(%) € F
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if xeF,N F,. This follows by induction on the length of g,, since, by
the induction hypothesis Y"v{ ... (x) € FyC F, by Condition 2), and so the
assertion follows since by Condition 1 Y®(F,) ¢ Fy. Moreover, if g, ¢
G, — {I} then g,9,(x) e FY. Thus with these assumptions about g,, g, we
obtain

Sup |2 — w|]*jp(g7, ")

. < . weF:
3.2) Io(09s @) = Jo(0e @) Tof —— Tore — '[P
w’eF;

For convenience we write 4,,(g,) for the second factor on the right-hand
side of this inequality, so that the inequality now reads

(3.3) I0(9:9: ®) = 5o(gs, 0)41(g,) -

If ge€@G, — {I} then we can analogously define 4,(g).
We recall the following elementary lemma:

LEMMA 1. If xe€ F,N F, then
6@ =1Inf(s > 0; S jsg, o) < oo} .

The proof of this will be left as an exercise for the reader.

LEMMA 2. This series X ecq .0, I0(9, )° is dominated by
1+ X (g0 X 40929
(z} 92€Gy—11}

kz0 gieG—

X((( 3 9olon ) 3L Ao + 1)
+( S sen @) X Aue) + 1)

Proor. If ge@G,* G, can be written in the form
YWy@ Ly

where 7{¥ e G, — {I} then we shall refer to g as a (1, 2) word; i.e., it
begins with an element of G, — {I} and ends with one of G, — {I}. Analo-
gously one can define (2, 1), (1,1) and (2, 2) words.

We consider first the partial sum

> Jo(g, )
where ¢ runs through the set of (1,2) words of G, * G, If g has the
form Y& v® ... v® then by successive applications of (3.3) we have

jD(g, x) g Am(’)’{l)) A21(7{2)) °tt A12(7l(cl))jb(7l(c2); x) .
Raising this to the s power, summing first over all possible ¥, v®, ...,
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v®, and then over k& we obtain the following majorant for the partial
sum under consideration

2 o Au(gx)‘)"ﬂ(g GGZ-‘” Azl(gz)’)"yeazz—(n 7o(g, T)° .

k20 g;eGy—
The partial sum over the (2, 1) words is bounded by an analogous expres-
sion. Similarly the partial sum of (1, 1) words is dominated by

S0 B, 4@V S 4@ S Gsle, o)

k20 gjeGy—{I

and the partial sum of (2, 2) words likewise. Adding these and the term
corresponding to ¢ = I we obtain the assertion of the lemma.

COROLLARY. If s > Max (6(G)), (G,)) is such that
(2 (@)X 2 4du(g)) <1
g1€G—{I} go€Gy—{I}

then

oG, xGy) < s.
REMARK 1. The arguments used here are those of [1, §4], freed of
unnatural restrictions.
REMARK 2. Note that, from (8.3),

Alz(g) g jD(g’ gzx) (g € G1 - {I})
for any fixed g, in G,. Thus in order that

>, 49

geG—1)

should converge, it is necessary that s = 6(G,). Likewise, if there exists
¢ >0 such that ||w, — w.||* = ¢ for w,e FY, w,€ F;y then, taking ' in
F.NF,

4(9) = (4/¢)jn(g7, &)

and so, under these circumstances s > 6(G,) implies that the series above
converges.

REMARK 3. The corollary is too general to be of much significance
as it stands. It is usually not all that easy to estimate 4,, and 4,,.

REMARK 4. One can analogously find lower bounds which sharpen

those of [2]. Since we have no application for these in mind we shall
not discuss them here.

REMARK 5. One has a natural homomorphism 6: G, *G,— G,. Let
G, be the kernel of this map. Then G,, is the normal subgroup generated
by G, in G, xG,. The methods used above can be applied to find upper
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and lower bounds for 6(G,); these are the same as those for §(G, x G,).
Akaza and Furusawa suggest in [1] that one should have

0Gy) = 0(G, +Gy)

at least when G, is ‘elementary’. This seems to be an over-hasty in-
ference. The question as to the relationship in general between 6(N) and
0(G) where N is a normal subgroup in G is a difficult and only partially
answered one. The overall situation is unclear, but see [4] for some very
interesting results. At any rate one can have in some cases d(N) = o(@)
(see, for example, [2, Theorem 3 ff]), whereas some examples are known
with d(N) < 6(G) ([38, Theorem 4.4]).

4. Examples. As an illustration of these techniques we shall first
consider the case of the Hecke groups G(\) which operate on D2 We
shall continue to use the Poincaré model. In this case elements of Con (1)
can be conveniently written since

PSU(, 1) = {(f ‘f); laf — |8f = 1}/{i1}
LB «
operates on D?® by
a B _ = —
(E a)(z) = (az + B)/(Bz + @)

where the arithmetical operations are carried out in the complex plane.
This identifies PSU(1, 1) with Con (1).

The group G(\) is generated by <8 __3) and (1 _':'-)\.ih 1:”;‘)\) We

take
; 0
a=lnfy 3
0 —2
1+ .
G2:{< _“m)" 2im)v);mez},
Tm 1 — im\
and

F, ={xe 8" 2, > 0}
F,={xeS 2 <O —1)/O\+1)}.

Then Condition 1 of §3 is clearly satisfied since F) is clearly a ‘funda-
mental domain’ for G, and F), is the one for G, constructed by the method
of isometric circles. Moreover, if x> 1 then FfN FY = @ and hence
the Klein Combination Theorem applies. The group G, * G, will be denoted
by G(»). We shall estimate 6(G(\)) from above.
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We have to estimate Am<(i 0)) and A21<<1 +omn  —im >> In the

0 —1 mmhn 1 — im\
first case
) Sup [|&" — w|’5(gr, )
oy )-w
"o —i » Inf | g7'(a") — w'|
w’eFy
where g, = (6 _S) We take 2’ = 0 in the inner expression on the right-

hand side, which yields a value greater than the infimum. This value

is 1, so that
) 0
Au((z .>> é 1 '
0 —q

Likewise if ge G, — {I} one has
Sup ||0 — w|*j»(g7", 0)
weFy

Inf [|g7'(0) — w'|*

’e m®
w eFl

4,(9) =

The denominator here exceeds (1V'5 — 1)/2)? since g~(0) lies on the circle
(@, — 1/2)* + 3 = 1/4. Thus

1+ amn  —imh vV'E + 1\
4, sl—)@a D% R
(( mhn 1 — zm),)) - ( 2 >( )

Hence if s satisfies
(1/ 5 ’+' 1)2‘ Z (1 + m27\,2)_‘ < 1
2 m=0
then 6(G(\)) £ s. By Cauchy’s inequality
Zo(l + m)™ < SW (1 4+ N&)de = Wm0 (s — 1/2)/T(s) .
Hence if s satisfies

(@)“nwr(s — 1/2)/T'(s) < M

then 6(G(\)) £ s. In particular one sees that
o(G(\) = 1/2 + O(\™Y)
as A — o, This result was proved by Beardon by a similar method.

REMARK. The same method can be used to give lower bounds for
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0(G(\)). One finds, for example, that if s is such that
4—a EO (1 + m2kz)_‘ > 1
m%

then 6(G(\)) = s.

Now we shall turn to a question which generalizes that which we
have just considered and which we shall need in §5. We fix first two
groups G, and G, which we shall “decouple” by constructing G, and AG,h™*
where h shall, in a certain sense, tend to infinity. Then G, and AG.,h™*
will have less and less interaction with each other so that one would
expect that 6(G, » hG,h™) would approach Max (6(G,), 6(G,)). Our purpose
now is to give conditions under which this can occur.

Let H c Con (n) be a countable ordered set, so that we can speak
of h— o (heH). We shall assume that we are given H, G,, G, F\, F,
so that

(1) g(Fp)NnF; =2 (9eG;—{I})

(2) FiNKWFy) =@ (heH).

Let d(S,, S,) denote the Euclidean distance between the two sets S, and
S,. Then we define

E(h) = d(FY, hFY)
and

Ey(h) = Sup jp(h, w) .

’M)EF;

THEOREM 1. Suppose that as h — o in H
E,(h)7*Ey(h) —0 .
Then
0(G, * (hG,h™)) — Max (6(Gy), 6(G>)) .
REMARK. This is a formalized version of Theorems 2, 3 and 4 in [1].
ProOOF. We estimate 4,(g9) (9€ @G, — {I}) and 4,(hgh™) (g€ G, — {I}).

The set hF, satisfies Condition 1 of §8 for nG,h™ and hence we can

apply the results found there.
The quantity 4,,(g) is easily estimated. We fix 2’ e F; N F,. Then

Sup |/ — wl
weF? . -
Tof T =™

w’shF;

4,(9) =

As we have already noted g~'(x') € FY so that
4,(9) < AE\(h)5o(g7" ) .
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Now we turn to 4,(hgh™); here we estimate the outer infimum by
choosing 2’ to be of the form hx" where 2" ¢ F, N F,. Then

Sup ||k2” — w]?

A, (hgh™) < =M i (hg~h~, ha'') .
(hgh™) = Tof [hg=a” = ’w'||2h( 97'h7, ha'')

’ c
w eFl

In this expression we first replace w by h(w) with w now in Fy. Then
we apply (2.2) to the numerator. We also apply (2.3) to the j-factor.
Finally, note that g-'z” ¢ Fy. We thus obtain

4,(hgh™) = E(h)™ Sup [|2” — w*jo(h, w)in(h, g7'2")in(g™, ") .

weFg
But now
Jo(h, w) < Eyh) as weFy

and

inth, g7'¢") < Eyh) as g7'(z")e Fy .
Thus it follows that

4u(hgh™) = AE\(h)Ey(h)jo(97", o) .
Thus if s > Max (6(G,), 6(G,)) one has that

( Z \ 412(91)')'(0 e(gim Am(hgzh—l)’)

91eG—{I

is less than
2¢(E\(h) " Ey(h))*( X, Gp(g, @) 3% Jo(gs %))
g91€G1—{I} ggeGo—{I}
From this and the corollary of §3 the theorem follows at once.

REMARK. It seems that one obtains generally good estimates if one
chooses an z' (as in the definition of 4,,) to lie in F, N F,. One can use
this to prove further results of the same type. For example, suppose
that d(F,, F,) > 0 and that, if §(G,) = §(G.),

> (g, )

geGy—1{I}
diverges. Then it follows from the corollary to Lemma 2 that
3(G1 * Gz) > a(Gl) .

The condition on G, can be verified for some classes of groups, see, for
example [2, § 2] and [5, Theorem 8]. Such inequalities were first proved
by Beardon who used them to show that if G is not elementary then
o(G) > 0.
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5. Groups of the first kind. The objective of this section is the
proof of Theorem 2 below. The history of this result has already
been referred to in §1 and further details can be found in [3]. One
should note that, in [3], it was suggested that if G; (j=1), G, c G, C
G;C - - - are subgroups of a discrete subgroup G of Con (z) and U;., G; = G
then one should have

lim 8(G;) = 8(G) .

This has since been proved by Sullivan in [5, Cor. 6]. It forms an es-
sential part of the proof of Theorem 2.

Let G be a discrete subgroup of Con(n) which we take to operate
on D**, Then the limit set L(G) of G is the intersection of all non-
empty, closed, G-invariant subsets of D"** (or S"). A group G is said
to be of the first kind if L(G) = S, and of the second kind otherwise.

THEOREM 2. Let € > 0 be given. Then there exists a discrete sub-
group G of Con (n) of the first kind with 6(G) < e.

The condition that 6(G) < ¢ expresses that G should be “small”; that
G be of the first kind means that G should be “large”. The point of
the theorem is that the two notions are in general independent of one
another. Cf. however, [5, Theorem 22 ff]. If one considers instead of
closed subsets of S™ measurable subsets then one can show that whenever
0(G@) < n/2 then there is a measurable subset U of S such that

(a) UugU=@ (g#1)

(b) meas (S — U,ee 9U) = 0,
where meas denotes the n-dimensional Lebesgue measure on S*. For a
discussion of this property see [3].

PrOOF. We choose a countable dense ordered subset ¢, ¢, &, -+ of
S". Choose ¢, ¢,, - -+ a strictly increasing sequence of positive numbers,
such that ¢; —~¢. Let U be an open neighborhood of 0 with U < D"*.
Then we shall construct a sequence of discrete subgroups

G cGcGc---

such that

(2) (G = &5

®) gUHNU=0 (geG; — {I}),

(c) Cu Cz, Ca, ) Cj € L(GJ)
This will clearly suffice, since, if G = |J;G; then G is discrete by (b),
of the first kind by (¢) and that 6(G) < ¢ holds follows from the result
of Sullivan quoted above.

The construction is thus inductive; we suppose that G; has already
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been constructed and we shall now show how to construct G;.,. There
exists a set F; D U such that gF;N F; = @ when geG; — {I}; indeed
we can take F; = U.

If ¢;,, e L(G,) then we take G;,, = G;. Suppose now that {;,, ¢ L(G;).
We shall also assume that G; has no elements of finite order apart from
the identity. As it happens G, will be a free product of infinite cyclic
groups, and this condition will also be preserved in the inductive step.
It therefore follows that {;,, is not a fixed point of any element of
G; — {I}; for if it were, that element would be of infinite order and ¢;,,
would then belong to the limit set of this cyclic group. To verify this
one shows, for example by computing the stabilizer of (1,0,0, ---, 0) in
the Klein model, that the stabilizer of «~ in the upper half-space model
is the set of maps of the form

(2, 2) = (M2, MA(2) + b)
where >0, AeSO0,, z,bc R". It is clear that any discrete infinite
cyclic subgroup of this group has -« as a limit point.

Thus as {;,, ¢ L(G;) we can find an open neighborhood V of ¢,,, in D"+
such that

VNneV) =0 (geG;—{I}).
We can, and shall choose V such that

Un (QQ_QV) =0Q.

Thus we can take F; = UUV which therefore satisfies the condition
above and moreover {;,, € F;.
Now we shall construct a cyclic group I'; and an open set @; such that

;N0; =0 (rel;—{I}).

We shall arrange that {;,, shall be in the limit set of I";, We shall also
construct an ordered set H; of elements of Con(n) such that {;,, is a
fixed point of each element of H; and moreover if V is an open neigh-
borhood of ;,, in D"+ then k(@) c V for all sufficiently large % (in the
sense of the order on H;). In particular, for k large enough (h®;) c F;.
We shall also arrange that 4(I";) = 0. With these assumptions we need
only verify that if

E\(h) = d(F73, b(®3))
and
Ey(h) = Sup ](h, w) ,

¢
we@i
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then

El(h)_lEz(h) -0,
since then, by Theorem 1, 6(G; * (hI";h*)) — 6(G;) as h — o, and so for
suitable » we have

(a) 0(G;*hlI';h™) < €544

(b) F;Nho; D U,
and, since by the Klein Combination Theorem the translates of F; N h®;
under G;* hl';h™* are pairwise disjoint, we see that G, = G;* hl ;™
satisfies the conditions of the inductive step.

It now remains to describe the construction of I';, ®; and H;, and
to verify that the objects constructed have the properties claimed. To
do this it is best to refer to the upper half-space model of hyperbolic
space, and we shall make {;,, correspond to . We observe again that
the group fixing oo consists of elements of the form

(2op 2) > (N2y, NAZ + b)
with the same convensions as above. First of all we fix A, > 1 and let
I'; ={(z, 2) = N (20, 2); meEZ} .
Then < is a limit point of this group and dé(I";) = 0.
Next let
?; ={zm 1< |lz|l <M},
which satisfies
10,N0; =0 (el;—{I}).
Now choose b,€ R", ||b,|| = \/* and set
H; ={x—2™x — b, + b;meN}.

This is a hyperbolic semigroup for which b,e®@; is the repulsive fixed
point and < the attractive fixed point. This means, in the Poincaré
model, that for any neighborhood V' of {,,, in D"** for all sufficiently
large h in H; one has

o)y cv',
as required. Moreover, since F; is an open neighborhood of {;,, this
statement is also valid for V'’ = F,;. Further one has, again for large

enough £,
d(h(@3), F;) =2 ¢, > 0.

Thus G; and hl';h™* satisfy the conditions of the Klein Combination

Theorem, and also
Em)y=¢,>0.
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It therefore remains to check that
Sup j,(h, w) — 0
wea);.
as h — oo.
This involves computing j,(k, w) and it is convenient to work in the
upper half-space model of hyperbolic space. We choose, as in §2, maps

"l/‘: Dn+1 — Hn+1
"l"—l: H'n.+1 — Dn+1
so that 4({;,,) = . To be able to make use of our earlier formulae we

suppose that {;., = (1,0, ---, 0), an assumption that involves no loss of
generality.
If ze H**' then

1 — [[¢ () |* = Im (2)/(1/4 + Im (2) + |[2]]) ,
where Im: H**' — R was defined in §2. he H; then has the form
h(y7(2)) = 472z — b)) + b))
so that
Jn(h, 7)) = A — [|[By7'@) /A — [[+7'R) )
2"(1/4 + Im () + [|2]]%
1/4 + 2" Im (z) + ||2™(z — b)) + b,||*

Since z lies in {z: ||z — b,||* = ¢} for a certain ¢ > 0 we have to verify
that this expression tends uniformly to zero on such a set as m — co.

Let y =Im (), R = (%} + --- + 22)"%, then we have to verify that in the
region

v+ R=2¢c, y>0,R>0
the expression
2™((y + 1/2) + R)/(2™y + 1/2) + (2"R)*)

tends uniformly to 0 as m — . If we let A = R* 4+ 9* then the expres-
sion is
2"(A + y + 1/4)/(2™A + 2™y + 1/4) .

If 2"*¢ = 1 then one sees that this is, as a function of %, increasing.
However since y < AY? this means that the expression is bounded by

27(A + 1/27/(2" A + 1/2),
which is itself a decreasing function of A, and so is bounded by
2'"(61/2 + l/z)z/(zmcl/z + 1/2)2
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which tends to zero as m — c. This proves the assertion and with it
the theorem.
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