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Abstract. Liapunov functions of simple form have been used for the
study of stability properties of difference-differential equations. In this
paper we provide necessary and sufficient conditions for the existence of
such functions.

I. Introduction. In this paper we consider the existence of two
simple types of Liapunov functions for retarded linear autonomous
difference-differential equations. The study of the stability properties
of these equations was pioneered by Yoshizawa [11, 12], Razumikhin [9],
Krasovskii [8], Driver [2], and Hale [3].

Restriction to Liapunov functions of simple form leads to stability
criteria which are overly sufficient; on the other hand, such funections
are particularly desirable in specific applications where ease of computa-
tion is of primary importance. Here we provide necessary and sufficient
conditions for the existence of useful Liapunov functions having standard
simple forms for certain difference-differential equations.

Consider the difference-differential equation

(1.1) y(t) = Ay(t) + k2=.1 Byt — 74, t=0,
with initial data
y(0) = v,(0) , —7=6=<0,
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where 7, =0, 7 = max, 7,, and the n X » complex matrices A, B, are
given, as is the initial function v,:[—7, 0] — C™.

Let us replace the above equation by an abstract evolution equation
on a Banach space X,

@(t) = Fxt), t=0,
2(0) = x, = (v,0), v,) e Z(F)CX,

where X = {z = (y, v)eC* x ([ —7, 0]; C*)|y = »(0)} with |[|z|, =
SUP_.<s<o || 9(6)||cn; the operator F' has domain Z(F) ={x = (y, v)eX|v' €
&([—z, 0]; C), v'(0) = Ay + 3, B,v(—r,)}, where v'(§) = (d/d6)v(d), and
is defined by Fx = (Ay + 3\, Bow(—1,), v') for allz = (y, v)e Z(F). It
it well known [7] that F' is the infinitesimal generator of a strongly
continuous semigroup {S(¢)};s, of bounded linear operators S(¢): X — X; in
particular, for every z,€¢ 2(F), S(-)x, is the unique strong solution of
(1.2).

We are interested in obtaining stability results for (1.2) (hence for
(1.1)) through the use of Liapunov functions.

(1.2)

DEFINITION 1.1. A continuous funection V:.X — R is said to be a con-
tinuous Liapunov function for {S()},:, on X if V(x) < 0 for all z € X, where
V:X— R is given by

Vix) = lirtxioinf [V(St)x) — V@)/t, weX.

It is well known that if V is a Liapunov function on X, then V(S(¢t)x) <
V(x) for all £t =0, xeX. The major difficulty encountered in using such
a conclusion to derive stability results is the construction of a suitable
Liapunov function.

In [1, 7] very complicated Liapunov functions have been shown to
yield necessary and sufficient conditions for stability and asymptotic
stability for (1.2), hence for (1.1). On the other hand, most attention
[3, 4, 8] has been centered on the use of functions having very simple
structure; in particular, functions of the form

) V@ =vRi+ 3| w00, o=@ vel,

-1

or of the form
(1.4) W(x) = sup v*(0)Rv(9) , = (y,v)eX,
—TSU=0
where y* denotes the conjugate transpose of the column vector y, and

R, Q,, are n xn Hermitian matrices. Computing V:X — R and W: X - R
according to (1.2), we obtain
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L5 V) = y*(RA + A*R + kﬁ Q,,)y +2Re 3 y*RB,o(—7)

— 3 v (—m@u(—7)
and
0 if y*Ry <W),

1.6) W) < ;max{o, 2 Re y* (Ay + ,ﬁ‘lB"v( — n))} if y*Ry =W(x),

\

for all x = (y, v) € X; hence, V is a Liapunov function on X if and only if

'RA + A*R +§,Q,, RB, RB,---RB, |
BIR —Q, 0--- 0

1.7 BIR 0 —Q,--- 0 |=0
BiR 0 0. —Q, |

(i.e., this matrix is negative-semidefinite), while W is a Liapunov function
on X, if and only if

(1.8) Re zO*R(AzO + 3 Bkzk) <0
k=1
for all z, 2, ---, 2,,€ C" such that z¥Rz, = z;Rz, for all k=1,2, .-+ m.

We remark that under condition (1.8) the Liapunov function W(x) cor-
responds to a “Razumikhin function” [3, 7] of the form y*Ry.

It is noted that the existence of a Liapunov function of either of
the foregoing forms is independent of the delays {z,}7.; hence so will
be any stability conclusions drawn from the use of such functions. This
remark suggests that the class of equations of the form (1.1) for which
such functions exist is narrow. In the sequel we give a characterization
of this class; moreover, we show by counterexample that there do exist
equations of the form (1.1) that yield asymptotic stability for all delays
{r}r_, and yet there exists no simple Liapunov function, having either
of the foregoing forms, that can be used to establish this fact.

II. The single delay case. In this section we consider the case where
equation (1.2) involves only a single delay (m =1, 7 =7,).

Essential to our arguments is the following result.

LEMMA 2.1. Given n X n complex matrices M, N, P, with M and N
Hermitian, the following two statements are equivalent:
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(i) M+ N+ 9P+ ¢ *P* <0 for all gc R.
(ii) There exists a Hermitian matrix @ such that

[M%—Q PJ§0.

P* N-Q
ProoOr. Noting that (ii) implies
M+ Q P I _ .
I, eI =M+ N+ e*P+e"P*<0
e ][ P* N- Q:t L“*J cETeTE =

for all g€ R, we see that (ii) implies (i).
To show the converse, note from (i) that if #(i¢) denotes the Fourier

transform of an arbitrary u(t), we <5 (R; C"), then S a*(i¢)[M + N +

e¢¥P + e “P*|a(ig)dg < 0; hence, by Parseval’s equation,
S‘” [ ()M + N)u(t) + 2 Re w*t)Pu(t — 1)]dt < 0 .

Let u(t) =0 for t <0 and w(t) =u, for k<t<k+1,%k=0,1,2 ---; it
then follows that >, [ui¥(M + N)u, + 2Re ufPu, ,] <0 for all u,eC"
such that {u,}r.cl?, u_, =0.

Define the functional

Jw,) =sup 3 [wi(M + Nyu, + 2Re wtPus, ], w,eC".
‘"k’;ozl k=1
We note that —uwf(M + N)u, = J(u,) = 0 and, therefore, J(0) =0 and
J(w,) is continuous at u, = 0; furthermore, it is easily verified that
J(vu,) = |7 |?J(u,) for all veC.

We first wish to show that JY*-) is a seminorm on C*; it only
remains to be shown that JY?(-) satisfies the triangle inequality. To
this end, consider positive real numbers «, B8, such that a* + 58 =1, and
notice that, for arbitrary w, zeC”,

J(w + 2) = sup {uf(M + N)u, + 2ReufP(w + 2)

(uk)l?=1
+ ,i[u;‘(N + M)u, + 2RewutPu,_])
< sup {(au)*(M + N)(aw,) + 2 Re (au,)* P(a™ w)

gy
+ 3% [(@u)*(M + N)aw,) + 2 Re (auy)* Plaw, )]}
+ sup {(Bu)* (M + N)(Bu) + 2 Re (8u.)*P(872)

“‘k‘l?=1
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+ 35 [(8u)*(M + N)(8uy) + 2 Re (8u)* P(8u, )]}
= Ja'w) + J(87'2) = a?J(w) + 87 (z) .

If J(w)J(z) =0, say J(w) =0, it follows that J(w + z) < J(z); if not, let
o = J(w)/[J*(w) + JY2(2)], B*=1— a’ and note that we obtain
Jw + 2) < J(w) + 2JY¥(w)JV¥(2) + J(2). Therefore, JV*(-) is a seminorm
on C”,

We now wish to show that this seminorm satisfies the parallelogram
law. Let w, 2,€C", ¢ >0, and note that there exist sequences {w,};,,
{z:}i=: €17 such that

Jw,) < ¢ + g [wi(M + N)w, + 2 Re wiPw,_,] ,

Jz) <&+ kﬁ [25(M + N)z, + 2Re 21 Pz, ;
=1
consequently,

J(wy) + J@) < 26 + 3 [(w, + 2)* (M + N)w, + 2)

+ 2 Re(w;, + 2,)*P(w—y + 2-1)]/2 + gl[(wk —2)" (M + N)(w. — 2)
+ 2Re(w, — 22)* P(wy—, — 2,-1)]/2
= 2 + (1/2)J(w, + 2,) + (1/2)J(w, — 2,) .

As >0 is arbitrary, 2J(w,) + 2J(2,) < J(w, + z,) + J(w, — 2;); by an
obvious change of variables and quadratic homogeneity, the reverse
inequality holds as well. Hence JY*(-) satisfies the parallelogram law.
Define q: C* x C*— C by
qw, 2) = [J(w + z2) — J(w — 2)]/4 + [J(w + 12) — J(w — 12)]i/4,
w,z€C" .

We note that ¢ is continuous with ¢(w, w) = J(w) = 0, q(w, 2) = q(z, w),
and a standard argument [10] shows that

qlaw + ®, z) = ag(w, 2) + ¢, 2z) for all w, w,zeC", acC.

Consequently, Riesz’ representation theorem implies the existence of
a unique Hermitian matrix @ such that z*Qw = q(w, ) + 2*Nw, z, w e C".
Finally, we note that, for every u,eC",

q(uy, w,) = J(w,) = sup ki:,g [u¥(M + N)u, + 2 Re ui Pu,_,]

(uk)l?=2

and therefore, for every wu, u,€C",
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q(uy, w,) + uf(M + N)u, + 2Re uf Pu, = J(u,) = q(u, ) ;

consequently,
(@ — N)u, + wf(M + Nu, + 2Re wPu, = us(Q@ — N)u, ,

and we conclude that (i) implies (ii). ]

Through the use of this lemma we can provide existence criteria for
Liapunov functions of the form (1.3) or (1.4) when equation (1.1) involves
only one delay; i.e.,
(2.1) y(t) = Ay(t) + Byt —7), t=0,
with m =1, ¢, =7, B, = B. In this case the function (1.3) has the
form
(2.2) Vie) = y*Ry + | v @@u0)ds, 2= e,

for some n X n Hermitian matrices B and Q. The following theorem
gives necessary and sufficient conditions for (2.2) to be a Liapunov function

on X for (2.1).

THEOREM 2.1. Given arbitrary nXmn positive-semidefinite Hermitian
matrices C, D, the following two statements are equivalent:

(i) There exist R = R*, Q = Q*, such that V given by (2.2) is a
nontrivial Liapunov function for (2.1) on X and

Viz) £ —y*Cy — v*(—7)Du(—7), = (y, v)eX.
(ii) There exists R = R* = 0 such that
RA+ A*R+C+ D+ e¥RB+ ¢ “B*R<0 forall ¢cR.

PROOF. By direct computation of V (see (1.7)), we find that V(x)

satisfies the estimate in (i) if and only if the 2n X 2n Hermitian matrix
[RA+A*R+Q+C BR
R*B D—-@Q

is negative semidefinite; hence, Lemma 2.1 shows that (i) is equivalent
to (ii). ]

This theorem leads to the following criteria for stability, asymptotic
stability and instability of the trivial solution (hence, by linearity, of
all solutions) of equation (2.1).

THEOREM 2.2. Let there exist n X n Hermitian matrices C, R, such
that
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(2.3) RA+ A*R+ C+ eYRB+ e ¥B*R<0 forall ¢cR.

Then, for all = =0, we have:

(i) If C=0 and R > 0, the trivial solution of (2.1) is stable.

(ii) If C >0 and R > 0, the trivial solution of (2.1) is asymptoti-
cally stable.

(iii) If C > 0 and y}Ry, <0 for some y,cC* the trivial solution
of (2.1) is unstable.

PrROOF. By Lemma 2.1, condition (2.3) implies the existence of @ =
Q* such that
[RA+A*R+Q+C RB}<0_
B*R —-Q =
hence, @ og 0, V()= y*Ry, and V(z) < —y*Cy for the function V(z) =
y*Ry + | v"@Que)s, ==y, v)el.

Using the semigroup notation of Section I, we recall that C =0
implies V(S(t)x) < V(x), t=0, xeX;hence, Viz,) = V(S(t)x,) = y*#)Ry(t),
t = 0. Consequently, if B >0 and ||x,||; < 0, there exists ¢, =1 such
that ||y(t)||z» < ¢,0%, t = 0; this implies that || S(t)x,||? < ¢,6® for all £ = 0.
It follows that (i) has been proved; moreover, for B > 0, every motion
S(-)x,: R* — X has bounded positive orbit v(x,) = U,z St)x,. It is well
known that, for (1.2), bounded positive orbits are precompact [7]; hence,
making the stronger assumption that C > 0 and noting that the largest
positive invariant set [11] in {xeX|V(x) = 0} is {0}, we see that the
Invariance Principle [11] yields the conclusion that S(t)x, — 0 as t — oo,
for every x,€X, which proves (ii).

Now consider (iii), with C > 0 and yRy, < 0 for some y,€C*. The
Invariance Principle shows that v(«,) is not precompact (hence, not bounded)
for some z, in each neighborhood of 0€X; hence, x = 0 is unstable and
the proof is complete. - |

We remark that if only the hypotheses of (i) are satisfied, rather
than the stronger hypotheses of (ii), it may still be possible to employ
the Invariance Principle [5] to conclude asymptotic stability rather than
mere stability; one needs only to be able to show that the largest
invariant set in {x e X|V(z) = 0} is {0}.

Let us now consider the function W of (1.4),

(2.4) W(x) =_§£020v*(0)Rv(0) s x=(y,v)eX.

Recall that, for this function to be a Liapunov function for equation (2.1),
it is required that
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(2.5) RezfR(Az, + Bz,) <0

for all z,, z, € C” such that 2Rz, = 2*Rz,. By making the particular choice
2, = €'z, we note that a consequence of condition (2.5) is that condition
(2.8) must hold for C = 0. Hence the existence of a Liapunov function
of the form (2.4) implies the existence of a Liapunov function of the
form (2.2), but not conversely unless, in (2.2), we have that @ = aR for
some a > 0. It follows that the class of equations of the form (2.1)
which admit “Razumikhin-type” Liapunov functions is a subset of the
class that admits Liapunov functions of the form (2.2).

III. The multi-delay case. In this section we generalize the results
presented in the previous section so as to encompass the case in which
several delays oceur, as in equation (1.1).

For this purpose, we first present a generalization of Lemma 2.1.

LEMMA 3.1. Given n X n complex matrices M, N,, P,, with M and
N, Hermitian, k =1, 2, ---, m, the following two statements are equiv-
alent:

(i) There exist Hermitian matrices M,, k=1, 2, ---, m, such that
M<>Sr, M, and, for eachk =1,2, ---, m, M, + N, + ¢*P, + e ¥P§ <0
for all g R.

(ii) There exist Hermitian matrices Q,, k=1, 2, ---, m, such that

M+ kzm‘ Q P P oeeen. P, |
=1
Px N, — @, 0 +vvnn- 0
Py 0 N-@---0 |=0
. Pr 0 0 -+ Nu— Qnl

PrRoOOF. It is clear that (ii) holds if and only if there exist Hermitian
matrices H,, k=1,2, ---, m, such that >;» H, =M + 3™, Q, and

[Hk P,

<0, k=12 -, m.
Pk* Nk - Qk]

Defining M, = H, — Q, and applying Lemma 1 for each k =1,2, ---, m,
we see that (i) is equivalent to (ii).

As in the previous section, we will use this lemma to provide
existence criteria for Liapunov functions of the form (1.8) or (1.4) for
equation (1.1),
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(3.1) U = Ayt) + S Bt — ), 20,

We recall that we are interested in a function V having the from
(1.3),

3.2) V(x) = y*Ry + é‘i § v*(0)Q,v(6)do , x=(y,v)eX,

0
-z
for some n X n Hermitian matrices R and @,, k=1, ---, m.

THEOREM 3.1. Given arbitrary n X n positive-semidefinite Hermitian
matrices C, D, k=1,2, ---, m, the following two statements are equiv-
alent:

(i) There exist R = R*, Q, = QF, such that V given by (3.2) is a
nontrivial Liapunov function for (3.1) on X and

V(@) < —9*Cy — 30" (—tDa(~7), @ =, v)el.

(ii) There exist R = R* =0, M, = M}, such that RA+ A*R+ C <
S M, and, for each k=1,2, -+, m,

M, + D, + ¢¥RB, + ¢ ¥“BfR <0 for all ¢cR.

The proof of this theorem follows immediately from application of
Lemma 3.1, by the same arguments as in the proof of Theorem 2.1.
This result immediately leads to

THEOREM 3.2. Let there exist n X n Hermitian matrices C, M,, R
such that RA + A*R + C £ D%y M, and, for each k=1,2, --- m,

M, + ¢“RB, + e ¥"B{R <0 for all ¢cR.

Then, for all 7,20, k=12, .-+, m, we have:
(i) If C=0 and R >0, the trivial solution of (3.1) is stable.
(ii) If C >0 and R > 0, the trivial solution of (3.1) is asymptoti-
cally stable.
(iii) If C> 0 and yfRy, <0 for some y,cC", the trivial solution

of (3.1) is umnstable.

We omit the proof of this theorem since it parallels that of Theorem
2.2. As for Theorem 2.2, we remark that it may be possible to conclude
asymptotic stability in certain applications satisfying the hypotheses of
(i) but not those of (ii); this merely requires a more detailed application
of the Invariance Principle [5].

The remarks made in Section II regarding the existence of a
“Razumikhin-type” Liapunov function (i.e., of the form (1.4)) apply here
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as well; existence of this type of Liapunov function implies the existence
of a Liapunov function of the form (3.2), but the converse need not hold
unless @, = a,R, k=12, ---, m, for some real o, > 0.

IV. A converse question on asymptotic stability. If the hypotheses
of conclusion (ii) of Theorem 3.2 are satisfied, then asymptotic stability
of all solutions of

(4.1) i) = Ay + S Bt - 7)), tz0,

irrespective of the values of the delays 7,, k=1, ---, m is guaranteed.
It follows that no function V' of the form (1.3) will be a Liapunov
funetion with R >0, V(z)< —y*Cy, C >0, unless equation (4.1) is
asymptotically stable for all delays. Given this observation, and recalling
the power of the Invariance Principle [5], it is natural to ask the following
question: given that the trivial solution of (4.1) is asymptotically stable,
irrespective of the delays z,, k=1, ---, m, does there necessarily exist
a Liapunov function of the form (1.3) with R > 0? This is essentially
the question posed by Hale (see [4, p. 108]).

To investigate this question, let us recall a recent result [12] that
characterizes those (m + 1)-tuples of real matrices (A, B, ---, B,) such
that the trivial solution of (4.1) will be asymptotically stable irrespective
of the delays.

THEOREM 4.1 [12]. The trivial solution of equation (4.1) is asympto-
tically stable for any set of 7, = 0 if and only if

(1) the real parts of the eigenvalues of A + >, B, are negative,
and

(ii) for all ¢,e R, A + Djp.,e¥*B, has mo monzero imaginary
eigenvalue.

Thus, in the case of real matrices A4, B, ---, B,, our question is
reduced to the following: do the hypotheses of Theorem 4.1 imply the
existence of Hermitian matrices R >0, C=0, D,=0 and M, k=
1, ---, m, such that statement (ii) in Theorem 3.1 is true?

This question has an affirmative answer in the scalar case (i.e., A =
acR, B,=0b,cR). Indeed the conditions of Theorem 4.1 become, in
this case

(4.2) a+§£bk<0,

(4.3) a+§|bkl§0.
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Hence, letting R=1, C=0, D,=0, and M, = —2]b,/, it is immediately
seen from (4.3) that all conditions of statement (ii) in Theorem 8.1 are
satisfied, and, therefore, there exists a Liapunov function of the form
m 0
(4.9 V) =yl + 5| @i,  a=w,0e1,
=) B

for some @, @, -, @.< R, such that V(z) < 0. From the proof of
Lemma 3.1, it is easily seen that the Q, must satisfy
(i_zlbkl + Qk bk
by —@Qy

hence, @, = |b,| is the only possible choice, and we obtain

Viw) = 2(a + 310l [y = 3 [bul [y — (sgm bo(—)F

for all x = (y, v)eX.

Although C < 0 and result (ii) of Theorem 3.2 may not apply, the
Invariance Principle [5] can be employed directly to show that, under
condition (4.2), this Liapunov function does establish asymptotic stability.

The above question, however, has a negative answer at the vector
level, as we can show through a counterexample. Indeed, in (4.1) let

m =1 and
Lot 1 B_r 0
L1 —1) 0 —a)’

for some e R. It is easily verified that the conditions of Theorem 4.1
are satisfied if and only if a® < 2. On the other hand, it is not possible
to satisfy condition (2.3) with any R=R* >0, C=C* =0, when
o' > 1. Indeed, suppose 1 < a? < 2 and

(4.5) R(A + e¥B) + (A + e “B)*R< —C for all ¢c R,

where C = C* = 0 and

]go, k=12 - m;

1 B} N
R = , eC, oeR, o> |BF.
[B* 5 B 18l

Satisfaction of (4.5) implies that, for all ¢ e R,
r—2—l—26£cos<zi+2R_¢_e/9 —1—26+6+2ia,8sin¢7£0.
—1—28+0 — 2iaBsing —2RepB — 20 — 20acos¢ |
For this to be so, it is necessary that

—20(1 + acosg) <2Re 8 <2(1 — acos¢)
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for all g € R, and this is impossible for 1 <a* Hence, for 1 <a*<2, we
have an example displaying asymptotic stability for all z = 0, but having
no nontrivial Liapunov function of the form (1.3).

V. Additional remarks. In this section we present two additional
results based on the use of a simple Liapunov function of the form (1.3).
The first of these provides a sufficient condition for, and an estimate on,
exponential decay of solutions. The second provides sufficient conditions
for stability and asymptotic stability that are simpler than, but not as
“necessary”’ as, those of Theorem 3.2.

In the result (ii) of Theorem 3.2, and also (ii) of Theorem 2.2, we
have concluded only asymptotic stability; without additional assumptions,
this conclusion can be strengthened to exponential stability by employing
yet another function, closely related to the function V of (1.3),

(6.1) Vi) =y*Ry + g‘, S eV (0)Qu(0)dl ,  x = (y,v)eX,

0
—Tp

where R = R*, Q, = QF, and ¢ is a positive real number. Computing
V;: X — R according to (1.2), we obtain

(5.2) V,;(x) = y*(RA + A*R + é e"’ka>y + 2Re i Yy*RBv(—7,)

k=1

S RACEN R CLAEE N RN ORI

k=1

x=(y,v)ek.

Under the hypotheses of (ii) in Theorem 3.2 there exist C = C* >0,
R=R*>0, Q,=QF such that the Hermitian matrix

_RA+A*R+C+§,Q,, RB, RB,---RB,
BIR —Q 0 -+ 0
L BiR 0 0 ”'—QmJ

is negative-semidefinite. Consequently, @, = 0 and the use of these
matrices in V; leads to

Vix) < —6 V(@) + y*(RA + A*R + OR + kzz,le“"kQ,,)y

+2Re 3, y*RBw(—7) — 3, 0% (—7)@0(—7)
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= Vi@ — y[C— R — S v~ 1QJy .

Since C > 0, we may now choose a ¢ > 0 so small that V,,(oc) < —0Vi(x),
which leads to the estimate

(5.3) ViSt)x) < e*Vy(x) for all t=0, xeX.
Consequently,
(5.4) Y ORYE = e o ORu©) + 3 e | 0t 0)Quu0)do}

for all ¢ = 0, implying the existence of ¢, =1 such that ||S(t)x,|Z =
ce ||z, ]|z for all £t =0, x,€X. It follows that the hypotheses of (ii) in
Theorem 3.2 (hence, of (ii) in Theorem 2.2) actually imply exponential
stability of the trivial solution, with exponent —ot/2 such that 6 > 0
and C=06R + 3, (e — 1)@,; hence, 6 depends on the delays z,, k =
1,2 .-, m.

Turning to the second remark we wish to make, we refer again to
the funetion V of (1.3), recalling that V is a Liapunov function for (1.2)

if and only if (1.7) holds; i.e.,

_RA+A*R+§‘,Q,, RB, RB,---RB, |
BIR —Q, 0 --- 0
(5.5) BIR 0 —Q...0 |50
i BXR 0 0 - —Q,]

for some R=R*, Q,=QF, k=12 ---, m. Theorem 3.1 shows this
condition to be satisfied if and only if the statement (ii) of that theorem
is true for C=0, D, =0, k=1,2 ---, m. Unfortunately, this state-
ment may be difficult to verify and does not suggest an explicit
construction for the matrices @,. In certain applications it may be
desirable instead to simply “guess” a plausible form for @, = QF, and
then search for some R = R* such that (5.5) holds. We will now describe
a simple technique of this type.

Condition (5.5) implies that @, = 0 with null space no larger than
that of RB,. Hence, let us suppose @, to be of the form Q, = B¥RZ,RB,
for some Z, =ZF >0, k=12 ---, m. Then (5.5) will be satisfied if
there exists R = R*, Z,= Z} > 0, such that

(5.6) RA + A*R < — kﬁ; (BfRZ,RB, + Y.
=1
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where Y, is a Hermitian matrix that inverts Z, on the range of RB,
(Y, = Z;* if det |RB,| # 0). In fact, a careful review of the proofs of
Lemmas 2.1 and 3.1 reveals that if (5.5) can be satisfied by some R =
R* %0, @, = QF, then it can be satisfied by some R = R* 0, @, = QF,
with @, of the form we have suggested. Hence, satisfaction of (5.6) by
some R=R*#0, Z,=2ZFf >0, is necessary and sufficient for the
existence of any non-trivial Liapunov function of the form (1.3) for
equation (1.2).

Condition (5.6) certainly will be satisfied if there exists R = R* =0
and real numbers B3, > 0 such that

.7) RA + A*R + ki (8.BIRB, + Bi'R) < 0 .

Although much more restrictive than our necessary and sufficient con-
ditions, the comparatively simple condition (5.7) is certainly sufficient to
ensure that V is a Liapunov function on X for (1.8) with Q, = 8, BfRB,,
and that the trivial solution is stable if R > 0; moreover, V is given by

a) = y*[RA 4 AR + ki:‘, (8.B:RB, + 8i'R) }y
— Bi'ly — BuBw(—t)*Rly — BuBww(—7v)], 2= (y,v)eX.

Hence, under (5.7), if R > 0, it is possible to use the Invariance Principle
[5] to provide conditions sufficient for asymptotic stability; for example,
it is easily found that the trivial solution is asymptotically stable if
R=R*>0and 3,>0, k=1,2 ---, m, are such that inequality (5.7)
holds strietly.
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