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k, A finite algebraic number field.
Ak, The set of all integral ideals of k.
ok, The unit ideal of Ak.

Rk, The set of all complex-valued functions on Ak.
We shall define a summation and a product in Rk as the following.

For any pair f, geRk and α e Ak we set

σ ) ( )
b |α

= Σ
β l α 2 = β

THEOREM 1. Rk is a commutative ring with respect to the summation
and product mentioned above.

PROOF. This is well known for the case of rational ground field.
And for the case of k, the same method holds.

Now, we set the function ek e Rk as the following.
(1, a = okek(a) = \

Then, for feRk, aeAk, we get

(ekof)(a) = Σ ek(adf(aj
OlQ2=α

= ek(ok)f(ά)

- /(α) .

Therefore, the function ek is the unit element in Rk. Now, the prime
ideals of Ak are countable. Therefore we can take some numbering.

Pit t>2, * # * , Pn, ' " '

We take the dictionary order in Ak as the following. For

α - Π K' " , b - Π κ<».*>
1 = 1 < = 1

we set a < b when the following holds.
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e(a, n) = e(b, n)

e(a, n — 1) = e(b, n — 1)

•
φ , A? + 1) = e(b, k + ϊ)

e(a, k) < e(b, k) .

The order in Ak is totally order. When

α = #ψ;« κ
α» =£ 0, αΛ + 1 = αw + 2 = = 0 ,

we call n the length of α and write l(a).

LEMMA 1. Any sub-set S of Ak has the minimum element in the sense
of the above dictionary order.

PROOF. We set

n = Min{l(b)\beS}

K = Min {bn\be S, l(b) = n9b = pbM>... ^ }

δίLi = Min {&_, I b e S, l(b) = n,b = pbM>... t>ϊ τψi }

δϊ - Min {6,1 b e S, l(b) = n, 6 = «ψi«° t>£r ι« } .

then the element

bo = Pl°Pl> t>ί°

is the minimum element of S.

LEMMA 2. α0 < α, ί>0 ̂  6 => αobo < αb .

THEOREM 2. 2%e rmgr Rk is an integral domain.

PROOF. We take f, geRk, f Φ Ok, g Φ Ok. Then, let α0 be the mini-
mum element of α such that /(α) Φ 0 holds. And let b0 be the minimum
element of b such that /(£>) Φ 0 holds. Then

(fog)(a0b0) = Σ f(a)g(b)

= Σ /(o)fl(b)

oB=o0B0

holds. Therefore

f°g Φ Ok.
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We callfeRk "multiplicative" when the following equality holds. For
a, he Ak, (α, 6) = ok

f(ab)=f(a)f(b).

Moreover, when

f(ah) =f(a)fφ), for any α, h e Ak

we call / "completely multiplicative". Next, when the both f, ge Rk are
multiplicative, for a,b e Ak, (α, ί>) = ok

holds. Therefore, the function fog is also multiplicative.
Now, we set the function lk e Rk as the following

lk(a) = 1 , vα e Afc .

Obviously the function lk is completely mutiplicative. For a non-negative
rational integer e, let x ί ί e be a polynomial of one variable x with e-degree
as the following

[1, β = 0

H = \ i
x e }±(x + e - l)(x + β - 2) (x + l)a, e ^ 1 .

Then, for any complex number a we define the multiplicative function lk

a)

as the following:

THEOREM 3. (i) If we restrict a to the rational integer, lk

a) has the
same mean as the grouptheoretical power in Rk.

(ii) For any complex number a, β

holds.

PROOF, (i) Let / be a rational integer,

(a) / = 0
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ί l , β = 0

(b) / > 0

(1, e = 0

Σ lt(p»)lt(p»)...lt(p f)
aι+a2+ "+af=e

Σ
++

(c) / < 0
We take the function μk e Rk as the following

/ x f 0 '
U-l)*, α^J

Then

holds. For μko lk{ok) = μk(ok)lk(ok) = 1 = ek(ok). When a > ok, a
a n d α, > 0 ( i = 1,2, •••,&),

Σ
b l α

= l + Σ μ&ij) + Σ μ(PtJ ft,,) + •

= o
= β»(o)

holds. On the other hand,
(0, e > -f

Therefore we get

lίf)(Pe) - ^

(ίi) We get
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= aH0 βHe + aH\ ysiϊe-i + * * -f α i ϊ e 0

On the other hand,

— a+β-Π-e

Now, it is sufficient that the following polynomial identity of two variables

x,y

x+yHe — χHQ yHe + JK^ yH^ + ••• + xHe yH0

holds. Also it is sufficient that for the special values

(Xf y) = (p9 q), (p9 q = 0, 1, 2, . , e)

holds. This is trivial. For feRk, we consider the following function of
variable s

We take f,ge Rk. Then for values of s such that ζΛ(s, / ) , ζk(s, g) together
absolutely converge

holds. Especially, the function

1
ζ»(β) = C»(8, ϊ4) = Σ

aej.

absolutely converges for the values Re s > 1. Next, for a complex value
a, we define

for the complex values s such that the right-hand side absolutely converges.

THEOREM 4. (i) If we restrict a to the rational integers, (ζfc(s))(α) has
the same mean as natural power (ζk(s))a.

(ii) For complex number a, β

(Us)ya){Us))^ = (Us)ya+β)

holds.

PROOF. See the theorem 3.

Let k c K be a finite algebraic extention. Then, we shall define a map
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as the following. For Fe Rκ,ae Ak, we set

NmF(ά)= Σ

provided that the right-hand side represents 0 when there is no 2Ϊ such that

Now,

holds.

Next,

for F,GeRk and α e

Therefore

Nκlk(F +

we get

Nm(f

Nκlk(F°

Ak

G)(a) =

?+G)

G)(a) =

NKlk* = a

-- Σ ^(30

= NκlkF(ά) 4

: *Σ Σ

+ a Σ ί

- NmG(a)

NmG .

FmjGm

holds. On the other hand,

((NκlhFHNmG))(a) =

= Σ/ Σ

- Σ Σ

holds. Therefore we get

Nκlk{FoG) = (NκlkF)o(Nκ/kG) .

From the above the map

Nκιk: Rκ —* i2fc

is a into ring homomorphism. Still more, if Fe Rk is multiplicative,
Nκ,kF e Rk is also multiplicative.

Let be alf α2e Ak, (al9 α2) = oΛ, then
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XeAk
NKfk* = *la2

s u , (St., s ϋ = ok

= a i Σ ^
^KI fc®2==β

= ( Σ
2 *

NK/k*2=a2

holds. Now, let K/k be a non-ramified abelian extention of degree n.
We take a prime ideal t> in Ak, then

j) = ξj^φj 5β7, fβii a prime ideal in Afc

^ / ^ = Pf, fg = n

holds. Next, we set the completely multiplicative functions in Rk

%0, Zlf , %„_! as the following:

Wtt = C U / = ̂ , i = 0 , 1 , •••,*-!.

THEOREM 5. Nκlk(lκ) = Z0°^io ••• °Z«-i

PROOF. The both-sides are multiplicative in i ^ . Therefore it is
sufficient that we show that for any prime ideal p e Ak the both-sides
are equal for pa. Now,

holds. Therefore Nκ}klκ(pa) is equal to the coefficient of xa in the following
formal power series

- xfyxfy

On the other hand, X0o%lO . . . o X ^ φ ) is equal to the coefficient of xa in

the following formal power series.

•(1 + Z ^ W a j + »._ 1 φ)W + •••)
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1 1
1 - UP)* 1 - UP)* 1 -

1

fffftt -ff
Now, the equality

is trivial.
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