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k, A finite algebraic number field.
A,, The set of all integral ideals of k.
0;, The unit ideal of A,.
R,, The set of all complex-valued functions on A,.
We shall define a summation and a product in R, as the following.
For any pair f,ge R, and a € A, we set

(f + 9)(@) = f(a) + g(a)
(feq)(@) = ; f(b)g(a/b)

= 3 fla)g(a,) .

010220
THEOREM 1. R, is a commutative ring with respect to the summation
and product mentioned above.

PrOOF. This is well known for the case of rational ground field.
And for the case of k, the same method holds.
Now, we set the function e¢,e R, as the following.

1l,a =0,
e®) = 0,a#0o
’ k *

Then, for fe R,, ac A,, we get
(ero )(@) = 3. (@) f(ay)

ajag=a

= e,(0,) f(0)
= f@.
Therefore, the function e, is the unit element in R,. Now, the prime
ideals of A, are countable. Therefore we can take some numbering.
Dy, Py ovey Puy voe
We take the dictionary order in A, as the following. For

n o kid o
a= H pg(a,z) y b — H pg(h,n)
=1 =1

i

we set a < b when the following holds.
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e(a, n) = e(d, n)
e(a,m —1) =e(d,n—1)

e(a,k+1) =e®,k+ 1)
e(a, k) < e, k).
The order in A, is totally order. When
a = pitpg® -« Pn
Gy # 0, Ay = Quiyg =+ =0,
we call » the length of a and write I(a).

LEMMA 1. Any sub-set S of A, has the minimum element in the sense
of the above dictionary order.

PrOOF. We set
n = Min {i(6) |b e S}
by = Min {b,|be S, I(b) = n, b = pipi2 « o« pin}
bi. = Min (.., b€ 5, 1(9) = m, b = pliple « o+ phasipin)

b = Mm {b.|be S, I(b) = n,b = p{’lp . b"“bn”}
then the element
0 .0 0
b, = phiphz e oo plhn
is the minimum element of S.
LEMMA 2. 0, <q,b,<b=aqab, <ab.
THEOREM 2. The ring R, 18 an integral domain.

Proor. We take f,ge R,, f+# O, 9 # O,. Then, let a, be the mini-
mum element of a such that f(a) s 0 holds. And let b, be the minimum
element of b such that f(b) + 0 holds. Then

(fog)(@b) = 3. f(@)g(b)
Z f(a)g(B)

5055
ab=agbg

= f(a5)g9(b)
#* 0

holds. Therefore
f°g * Ok .
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We call fe R, “multiplicative” when the following equality holds. For
a, be Ak’ (a, b) = Dk

f(ab) = f(a)f(d) .
Moreover, when
f(ab) = f(a)f(b), for any a,b € A,
we call f “completely multiplicative”. Next, when the both f, ge R, are
multiplicative, for a,b € 4,, (a,b) = o,

(fog)(@t) = 3 £(0/g(a/o)
= 3 f@8)g(eb/a’D)

b’|b

= 2. f(@)f(®)g(a/a’)g(b/b)

= (3 9@/ (3 F©)96/1))
= (F0)(@- (fo0)(®

holds. Therefore, the function fog is also multiplicative.
Now, we set the function I, ¢ R, as the following

la)=1, Vaec4,.

Obviously the function I, is completely mutiplicative. For a non-negative
rational integer e, let ,H, be a polynomial of one variable x with e-degree
as the following

1, e=0

T Gere-DEte—2 @t hnezl,

Then, for any complex number a we define the multiplicative funetion I\®
as the following:

L2®) = oH. .

THEOREM 3. (i) If we restrict o to the rational integer, I has the
same mean as the grouptheoretical power in R,.
(i) For any complex number a, B

I@o ) = JiotP
holds.

PrROOF. (i) Let f be a rational integer,
(@ f=0
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1, e=0
k(‘p) = 0, e>1
= OHe
= L) .
() £>0
, l,e=0
M“={ S LELE - L)
ajtagftagp=e
= E 1
ajtagtetas=e
= fHe
=1"®) .
() <0
We take the function y, e R, as the following
0, v*|la
a) =
#:(0) (=D a= Pi by oo by .
Then

tiel = e
holds. For gt,01,(0,) = £,(0,)0,(0,) =1 = e,(0,). When a >0, a = piipjz - - pik,
and ;>0 (1=1,2, -+, k),
oll@) = 3 14(6)

= 1+;#k(p13) +‘7Z:’I#(ptjp‘b]/)+ e

—1-k ()=

=(1-1)*
=0
= ¢,(a)
holds. On the other hand,
0, e>—f
—f(Hhe) —
,'tk (p) {(—l)ifce, e g "‘"fo
Therefore we get
W) = p7() = H. .
(i) We get
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e )P) = EENLE) + EEWE) + -+ + §E)0,)
= a O.ﬂHe + L!Hl'ﬁHa——l + oo + aHe'ﬁHo .
On the other hand,
LetP(p°) = asH, «

Now, it is sufficient that the following polynomial identity of two variables
r,Y

x+yHe = a:-HO'yHe + :cI{l'yHe—l + e + zHe°yH0
holds. Also it is sufficient that for the special values
(x)y)z(p:q)’ (p’q:(), 1,2,"’,6)

holds. This is trivial. For fe R,, we consider the following function of
variable s

Ci(s, f) :ngk% .

We take f, g€ R,. Then for values of s such that {,(s, f), {.(s, g) together
absolutely converge

Ck(s’ f)Ck(s, g) = Ck(S, fog)
holds. Especially, the function

G = G, 1) = 3, N}a),

absolutely converges for the values Res > 1. Next, for a complex value
a, we define

@ — ¥ ()
(€ (s))«@ —ﬂék—N—(—a)’

for the complex values s such that the right-hand side absolutely converges.

THEOREM 4. (i) If we restrict a to the rational integers, ((.(s)) has
the same mean as natural power (£,(s))*.
(i) For complex number «, B

() (C(s)® = (Li(s)) e*?
holds.

PROOF. See the theorem 3.
Let k c K be a finite algebraic extention. Then, we shall define a map
NK/I:: RK land Rk
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as the following. For F'e Rg, ac A,, we set

NenF(a) = /zk‘, F)
Klk¥%=a
AeAdp

provided that the right-hand side represents 0 when there is no ¥ such that
Aed;,, Ngyd=a
Now, for F,Ge R, and ac A4,
NewF + 6@ = 50 (F + 6))

Ng ki=a

= > FQ)+ > G@)
Aedp Uedy
NEg|k¥=a Nglk¥8=a

= N F(a) + NgiG(a)
holds. Therefore we get
New(F + G) = NgywF + NG«
Next,
NeuFeG)0) = 3 (F-G)()

NK/ku=a

= 2 > FL)GE,)
wed;, wu—u
Ng|k%=a

holds. On the other hand,
((NK/kF)O(NK/kG))(a) = >, (NK/kF(al))(NK/kG(OZ))

a=ajag

) °§”2<NZ}§Z‘£’°=«1F(%)><N ;;;Z;;QZG(%Z»

- 3 3, P
NK,kak=a 12

holds. Therefore we get
NK/k(FoG) = (NK/kF)O(NK/kG) .
From the above the map
Ngji: Rx — R,

is a into ring homomorphism. Still more, if Fe R, is multiplicative,
Ny.F € R, is also multiplicative.
Let be a,, a,€ A4;, (a,, a;) = o,, then
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NxpF(a,a) = ug‘, F(Q)
NKlkuiﬂlﬂz
= 2 F (%1%2)’ (?Ila g(2) = D
%Ay, Ag€ A
Ng|k¥1=0y
Ng|k¥2=a2
= 2 FR)YFQL)
oy,%5€ Ay,
Ng|r¥%1=ey
Ng|k%2=0z
=( > F(%))( 2 F(?L))
Ajedy Ape 4y,
NEgk¥1=0 N g k¥z=az

= (NKIkF(al))(NKIkF(az))

holds. Now, let K/k be a non-ramified abelian extention of degree =.
We take a prime ideal p in A4,, then

p=PPB,+++P,, Pi: a prime ideal in A,
NeyBi =¥, fg=mn

holds. Next, we set the completely multiplicative functions in R,
Xoy Xyy =+, X,_, as the following:

X.‘(p) = C}, Cf = eilf, = 0, 1, e, M — 1.
THEOREM 5. Ni(lx) = XpoXjo «ve oX, ..

Proor. The both-sides are multiplicative in R,. Therefore it is
sufficient that we show that for any prime ideal p € A, the both-sides
are equal for p*. Now,

0, fra
gHa/f’ fla

holds. Therefore Ny, lx(p*) is equal to the coefficient of 2 in the following
formal power series

Nele(p?) =

=_1
A=)

On the other hand, X,oX,o ++« oX,_,(p®) is equal to the coefficient of z* in
the following formal power series.

(L+ 0 + @ 4 ooy

A + Xo(p)a + Xo(p)a® + «-)
‘1 + X + Xu(p)a® + --+)

‘(1 + Xi(P)® + Taa(p)'a® + o)



382 S. TAKAHASHI

1 1

TI- XM 1-Lmw

1
ma—ca)

1=0

Now, the equality
1 -2 = nl_ll (1 — Cla)
=0

is trivial.
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