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Introduction. Let Mn be an n dimensional Riemannian space, and
denote by p(X, Y) the sectional curvature of a 2-plane spanned by vectors
X and Y. For a g-plane π at a point P, we take an orthonormal base
{ex} of the tangent space TP(M) such that el9 , eg span π. Such a base
is called an adapted base for π. The mean curvature p(π) for π is
defined by

p(π) = —— Σ Σ P(ei9 ea)
q(n — q)a=q+n=i.

and independent of the choice of adapted bases for π.
In a recent paper [3], we have proved the following

THEOREM. In an n(>2) dimensional Riemannian space Mn, if the
mean curvature for q-plane is independent of the q-plane at each point,
then

( i ) Mn is an Einstein space, for q = 1 or n — 1,
(ii) Mn is of constant curvature, for n — 1 > q > 1 and 2q Φ n,
(iii) Mn is conformally flat, for n — 1 > q > 1 and 2q = n.

The converse is also true.

The purpose of this paper is to prove an analogous theorem in Kahlerian
spaces taking holomorphic 2p-plane in place of g-plane in the above theorem.

1. Preliminaries. In [3], the following has been proved.

LEMMA A. Let A = (α^ ) be an m x m symmetric matrix whose dia-
gonal elements are all zero. If 1 <C p < m — 1 and A satisfies

for any ix < < ip taken from {1, , m}, then A is the zero matrix.

We shall generalize this lemma as follows:

LEMMA 1.1. Let B = (δ^ ) be an m x m symmetric matrix. If 1 <
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p < m — 1 and B satisfies

/or cm]/ i x< < % taken from {1, , m}, £Λew 2? satisfies

K = ~ 2 ( _ i / 6 * + δ i ^ ' i ^ i

PROOF. The matrix A = (aiS) defined by

da = 0 ,

2(p - 1)

satisfies all the conditions in Lemma A, which proves our lemma.
Let Mn be an n dimensional Riemannian space with positive definite

metric gλμ. We shall denote by RλμS, Rμv = Rλμu

x and R the Riemannian
curvature tensor, the Ricci tensor and the scalar curvature respectively.υ

Putting Rχμuω = gωκRλμuκi we shall denote by R the tensor (RXμuω).
Let X and Y be orthonormal vectors at a point P of Mn, and the

sectional curvature for the 2-plane spanned by them is given by

p(X, Γ) = - B^Jhyςγ = - R(X, Y, X, Y) ,

where ξλ (resp. ημ) denotes the components of X (resp. Y) with respect to
the natural base.

Consider a #-plane π in the tangent space TP(M) and an adapted base
{β;} for 7Γ. Let ί<, i = 1, •• , #, be components of eΛ with respect to a
natural base. We consider the simple #-vector determined by elf , eq at
P and denote it by π again. Its components with respect to the natural
base are determined within sign and are given by

The ambiguity of signs does not matter in the following discussions.
With respect to the adapted base {eλ} in consideration, the components

πh-'h — πXl...Xq t u r n to

1J Tensors are written in terms of their components with respect to a natural base and
the Greek indices run from 1 to n, if not otherwise stated. The summation convention will
be assumed for these indices when they appear in components of tensor with respect to natural
bases. When we consider a tensor with respect to orthonormal bases, its components are
written with lower indices only and Σ is not omitted.
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'sign (λlf , Xq) , if (λj, , Xq) is a permutation of

*x...x =\ {1, ...,g} ,

0 , other cases ,

because of ζ\ = δa. Therefore we have
na -4 \ ^~\

* / ' j XμPo'm'p v(ϋPo'"P

_ ί(q - 2)1 (δkδ,,. - δiωδμj) , if λ, μ, v, ω = 1, , q ,

(0 , other cases ,

with respect to the adapted base.
Let L = {LXμuω) be the tensor given by

L λ μ u ω = 2(q — ΐ)Rλμvω + Rχ»gμω — Rχωgμ» + gχ^Rμω — gxωRμv

for 1 < q < n, and consider a quadratic form Lq(u) of skew symmetric
tensor uλι...χ\

Lq(u) = Lχμvωuλ^-om™Py~Pq

This form appears, for example, in the following theorem 2)

If Lq(u) is positive definite in a compact Riemannian space, there
exists no harmonic q-form other than the zero form.

A geometrical meaning of L is given in terms of the mean curvature
for g-plane as

A(n - q)q\

where π in Lq(π) means the simple q-vector, [3].

2. ίΓ-curvature-like tensor. Hereafter we shall consider a Kahlerian
space K2m of complex dimension m (>1). K2m is a 2m (=%) dimensional
Riemannian space admitting a parallel tensor field J = (φμ

λ) such that

A tensor U = (Uλμva)) of type (0, 4) will be called iΓ-curvature-like, if
it satisfies

(2.1) t/^vω — Uμλvω — — Uχμωu ,

(2.2) Uλμuω + Uμvίω + Uviμω = 0 ,

(2.3) U^ΨZ = - TJXmjPΊ .

As is well known,
21 Yano and Bochner [4], p. 64 and Mogi [1].
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U λμvω — U voilμ 9 rλ U aμvω rμ^Xavω

hold good, and (2.3) means that U is hybrid with respect to the last two
indices.

The Riemannian curvature tensor R = (BXμί/ω) of K2m is an example
of if-curvature-like tensor. Other examples are given by the following
Q and f:

Qλμvω — QλωRμv — QμωRλv + RλωQ μ\> — RμωQλv

+ ΨxωSμv - φμωSλv + Sλωφμv - Sμωφλv - 2φXμSvω - 2Sλμφ,ω ,

Tλμpω = gλωgμ» - gμωgλ, + ΨxωΦμv - ΨμJPx, - 2φλμφvω ,

where Sχμ is a skew symmetric tensor defined by

(2.4) Sλμ - Φa

λRaμ ,

and satisfies φ"Saμ = — RXμ.

Q and f satisfy

(2.5) 9XωQxμuω = 2 ( m + 2)Rμv + Rgμv ,

(2.6) 9λωTχμuω = 2(m + l ) ^ v .

Let X be a unit vector at a point P. A 2-plane spanned by X and
JX is called a holomorphic 2-plane, and the sectional curvature p(X, JX)
of such a plane is called a holomorphic sectional curvature.

If the holomorphic sectional curvature of a Kahlerian space K2m has
a value independent of the holomorphic 2-plane at each point, the space
is called a space of constant holomorphic curvature. Such a space satisfies

(2.7) R = af

for a scalar function a, and the converse is also true, [4], [5].
As (2.7) is proved algebraically by means of (2.1)~ (2.3), we have the

following

LEMMA 2.1. If U is a K-curvature-like tensor and U(X, JX, X, JX)
is independent of the unit vector X at a point P, then

U=af

holds good at P, where a is a scalar.

Let Kχμu

κ be the Bochner curvature tensor [2], then K = {KXμvω) is a
iΓ-curvature-like tensor given by

K= R- * Q + ^ f .
2(m + 2) 4(m + l)(m + 2)
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Now we shall introduce a if-curvature-like tensor M by

M = A(p + 1)R — Q , (p: an integer) ,

which will play a leading role in this paper.

LEMMA 2.2. In a Kdhlerian space K2m the equation

M = at

is valid for a scalar function a, if and only if
(i) for 2p Φ m, K2m is a space of constant holomorphίc curvature,
(ii) for 2p = m, the Bochner curvature tensor vanishes identically.

For both cases, the value of a is given by

and hence a is constant for the case (i).

PROOF. Let us assume that M = aT, then

(2.8) A(p + l)RXμvω - Qλμ»ω

holds. Transvecting gλω with (2.8) and taking account of (2.5) and (2.6)
we have

(2.9) 2(2p - m)Rμv = {R + 2(m + l)a}gμu .

Thus, if 2p Φ m, we have

( 2 e l 0 ) *'" 2{2p-m) °»

which means that K2m is an Einstein space. Hence it holds that

(2.11) Rμif - JLgμy .
2m

Substituting (2.11) into (2.8), we know K2m to be of constant holomorphic
curvature. The value of a is obtained from (2.10) and (2.11). If 2p =
m, we have from (2.9)

α = R

2(m + 1)

and eliminating a in (2.8) by the last equation we get the case (ii). The
converse is almost trivial. q.e.d.

3. J-base. Let P be an arbitrary point of a Kahlerian space K2m

and consider an orthonormal base {eλ} of the tangent space Tp(K2m) such
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that

βi* = Jβi , i = 1, , m i* = i + m .

Such a base will be called a J-base.
In this section, components of all tensors are given with respect to

J-bases and so appear with lower indices only.
Taking account of gXμ — δλμ and eλ = (δXμ), we have

(3.1) \φu*= ~φiH = 1>

[φiX = 0 for λ Φ i* .

The Ricci tensor RXμ and SXμ in (2.4) satisfy

(3.2) Rij = Ri*3 * , Ri3* = . — Ri*j ,

From the hybrid property of a ii-curvature-like tensor Uf we know
that its components UXμuω = ί/fo, e ,̂ ev, eω) satisfy

(3.4) Uijvω = U^ω , U^ω - - ^* i v ω .

Taking account of (2.1), (2.2) and (3.4) we can get

/O K\ 7T 4- 77.. .. =: 77.. ..

The sectional curvatures |θ(e;, ê ) = — R(eh eμi ex, eμ) satisfy by virtue
of (3.4)

LEMMA 3.1. Let U be a K-curvature-like tensor at a point P in a
Kahlerian space K2m, m ^ 3. If U satisfies

(3.7) C W = α ( t W + Uw) + b, iΦj ,

(^ j 1 =: ±f . . . ? m) for any J-base, then

U= af

holds good for a scalar a, where a and b are scalars independent of J-bases
and a Φ 0,1/4 .

PROOF. Let {eλ} be a J-base at a point P and i, j , k be different from
one another. If we put

the following equations hold good:

(3.8) (ii*j'j'*) = α{(ii*) + (fi'*)} + 6 ,
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where we have put (xμvω) = U(ex, eμ, ev, eω) and (ii*) = (ii*ii*) for simplicity.
On the other hand, we have

2(ii*j'j'*) = U(eu βf,, e} + ek, es, + ek.)

= (ii*3'j*) + 2(ii*jk*) + (ii*kk*)

= 2a(iί*) + a{(jj*) + (kk*)) + 26 + 2(ii*jk*) ,

MJΊ'*) = U{es + ek, βj. + ek», βj + ek, es. + ek.)

= <JJ*) + βk*) + 2(jj*kk*)

+ 4{(jk*jk*) + (jj*jk*) + (kk*kj*)}

= (2a + l){(jj*) + (kk*)} + 26

+ H(jk*jk*) + (jj*jk*) + (kk*kj*)} .

Substituting these equations into (3.8) we get

(3.9) 4(ii*jk*) = a(2a - l){(jj*) + (kk*)} + 2ab

+ 4a{(jk*jk*) + (jj*jk*) + (kk*kj*)} .

If we replace ek in (3.9) by — ek, it follows that

-A(ίi*jk*) = a(2a - l){(jj*) + (kk*)} + 2ab

+ 4a{(jk*jk*) - (jj*jk*) - (kk*kj*)} .

Adding the last equation to (3.9) side by side, we obtain

(3.10) (2a - l){(jj*) + (kk*)} + 26 + 4(jk*jk*) = 0 .
Now let us notice that (3.7) is valid for i, j = 1, , m, 1*, , m* (i Φ j).
Then we may replace k, k* in (3.10) by A;*, —k respectively. Thus we have

(2a - l){(jj*) + (kk*)} + 26 + A(jkjk) = 0 .

Adding this equation to (3.10) and taking account of (3.5) and (3.7) we get

<4α - l){(jj*) + (kk*)} + 46 = 0 .

Hence

(ii*) = - - ^ j

which implies for m ^ 3 that

Thus the proof is completed on taking account of Lemma 2.1. q.e.d.

4. Geometrical interpretation of M. Consider a 2p-plane π at a
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point P of a Kahlerian space K2m. If we can find p vectors Xl9 , Xp

such that Xlf , Xp, JXP, , JXγ span TΓ, then TΓ is called holomorphic.
In this section, π will always mean a holomorphic 2p-plane. A J-base {eλ}
of Tp(K2m) will be said an adapted J-base for TΓ, if π is spanned by el9 ,

Now we shall calculate

Mp(π) = MXμ»ωπx^~'?2Pr«^ pzp

for the simple 2p-vector TΓ.
The right hand side of Mp(π) being a tensor equation, it is sufficient

for the calculation to do with respect to an adapted J-base {eλ}.
As (1.1) is still valid relative to {eλ}, we have

P9,mmPtp = 8(p + l)(2p - 2)1 Σ Λ W "

-2)].iΣίi{p(ei,es) +p(ei9ej.)},

= -16(p + l)(2p - 2)1 Σ Ra 9

where we have used (3.1), (3.2), (3.3) and (3.6). Thus we get

V

Mp(π) = 16(p + l)(2p - 2)! Σ Σ {p^, e.) + /θ(eίf e..)} .

On the other hand, the mean curvature for π is

^ 7 Σ Σ iP(ei9 e.)
p) + li l

because of its definition and (3.6). Hence we obtain

(4.1) Mp(π) = 32(m - p)(p + l)p(2p - 2)1 p(π)

which gives M a geometrical meaning.

5. A generalization of F. Schur's theorem. We shall determine, in
this section, Kahlerian spaces in which the mean curvature p(π) for 2p-
plane is independent of the holomorphic 2p-plane TΓ. This will be done by
making use of (4.1).

Let us assume that ρ(π) takes a value—say pβ/8(m — p)(p + 1)—
which depends only on the point. Then from (4.1) it follows that

(5.1) Mλμuωπλ"*'''<>*>7r\.m,Pzp = ±p\2p - 2)\ β .

Let {ex} be a J-base at a point P and π the holomorphic 2p-plane spanned
by elf •• ,ep,βi*, •••, βp*. With respect to {eλ}, (5.1) becomes

3) Here, Σ means the sum for λ, μ = 1, , p, 1*, , p*.
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Σ MXμι/ω(δiuδμω — δλωδμu) = Ap2β ,

where Σ is taken over 1, , p, 1*, , p*. Then we have

(5.2) $iSMiiii + MijHj*] = ^

by vir tue of (3.4). By the assumption the analogous equations to (5.2)

are valid for any 2p-plane spanned by eiίf , eip, ei}*, "',eip*. Now let

b{j = MiHJ + MijHj* - β = J l ί ^ y - β , i ^ i ,

δ« = ikfίί+ίί* - β ,

then the m x m symmetric matrix B = (6^ ) satisfies all the conditions in
Lemma 1.1. Hence we have

- + M ^ + ΊΓ
Thus it follows by Lemma 3.1 that

M=af

for a scalar a, if m ^ 3. Consequently, by Lemma 2.2 we get the following
theorem. Its converse part is obtained by straight-forward calculations
making use of (4.1).

THEOREM. In a Kάhlerian space K2m (m >̂ 4), if the mean curvature
for 2p-plane is independent of the holomorphic 2p-plane at each point,
then

(i) K2m is a space of constant holomorphic curvature, for 1 < p <
m — 1 and 2p Φ m,

(ii) the Bochner curvature tensor of K2m vanishes identically, for 1 <
p < m — 1 and 2p = m.

I%e converse is also true.
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