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A Riemannian space with a contact form η = ηλdxλ is called Sasakian
if the contact structure satisfies certain conditions (Cf . § 3). In § 4 and § 5
of this paper we shall discuss harmonic vectors in compact Sasakian spaces
and obtain some analogous results to compact Kahlerian spaces (Cf. Theorem
4.2, 4.3, 5.1). In § 7 we shall prove that any harmonic p-i orm in n dimensional
compact Sasakian spaces is orthogonal to ηλ=gλlLημ, if p< (l/2)(τz + l). In §8,
we shall introduce an operator Φ and prove that Φu is harmonic for a
harmonic ^>-form u if p <(l/2)(n + ϊ). Preliminary facts and lemmas are given
in the other sections.

1. Preliminaries. ° Consider an n dimensional Riemannian space M
whose positive definite metric tensor is given by g\β. We denote by R\^v the
Riemannian curvature tensor

ί ω 1 I

and by Rβv = R\βv

λ the Ricci tensor, where | [ are the ChristoffeΓs symbols.
I μv }

The operator of covariant derivation with respect to j F is denoted by Vλ

It is easy to have

(1.1) Rλ,v

ωuλflv = 0

for any skew- symmetric tensor uλβv, by virtue of the first Bianchi's identity.
If a vector field ηλ satisfies

00?) 9^ — Vλ?7μ + Vμ?7λ = 0 , (ηλ =Ξ gλμη
μ) ,

then it is called a Killing vector, where θ(η) is the operator of Lie derivation
with respect to ηλ. It is well known that the equations

1) As to the notations we follow Yano, K., [5].
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V* V«77λ + R*ηΛ = 0 , V V = °

are valid for any Killing vector ηλ.
We shall recall various operators on differential forms. A skew-symmetric

tensor uλl...\p may be regarded as the coefficients of a differential p-iorm

]_
u = —γ uλl...λp dx?1 Λ ' ' ' Λ dxλv.

We represent this fact by

u : uλl...λp.

If p=Q, then a ^>-form u is nothing but a scalar function which we shall
usually denote by /.

The exterior differential du and the codiffereiitial ΰu of u are given by

P

V7 ^S~"* Y~7 -/i —*• 1

vμ/, /» = o,

I vβ«,λ..»λ,. ί^L
δw : (

I o, # = o .

The Laplacian operator Δ is given by Δ = Jδ + δJ. For a ^-form u we
have explicitly

where the subscripts σ appears at the z"-th position and p at the ^ -th position,
and

Δ / = V α V « / , / > = 0 .

A />-f orm w is called to be harmonic if du — 0 and δw = 0 are satisfied.
Thus if u is harmonic, then we have Δw = 0.



ON HARMONIC TENSORS IN COMPACT SASAKIAN SPACES 273

Let η = ηλdxλ be a 1-form, then we shall naturally identify η with the
contravariant vector field ηλ = ημg

λμf. Hence, for instance, if η is closed or
ηλ is a Killing vector, then we shall say that ηλ is closed or the 1-form
η = ηλdx^ is a Killing form, respectively.

For a Killing form η we have

(1.2)

For a 1-form η the operator i(η) is defined by

(ί(^)«)λ,...λ, = η*UΛλz...λp , i(η)f = 0

for any ^-forrn u and any scalar function /.
The Lie derivation with respect to η satisfies

(1. 3) θ(η)u = (di(η) + i(η)d) U

for any ^>-form u, (/>g:0). For a />-form w, #(77) w is given explicitly by

The exterior product of a 1-form 7 or a 2-form φ with a />-form
(p = 2), is given respectively by

P

η Λ U : ηaUλλ...λv — Σ ηλjUλl...a...λ, ,

Λ u : φaβUλl...λp - Σ <Paλtuλί...β...λ, - Σ
i i

where the subscripts a appears at the ^-th position and β at the /-th position.

2. Harmonic tensors in a compact orientable Riemannian space. In
this section we shall always consider a compact orientable Riemannian space
M. For any ^?-forms u and v the global inner product (u,v) is defined by
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(u9 v) = — j-

where 6?(r means the volume element of M.
For any />-form w and (/>+l)-form v the following integral formulae are

well known

(2.1) (J«,v) + («,8ϋ) = 0,

(2. 2) (Δw, H) + (<fe, du) + (δw, δtt) = 0 .

If a />-f orm u satisfies (Δ#, #) ̂  0, then w is harmonic, by virtue of (2.2).

The following lemma is also well known.

LEMMA 2.1. In a compact orientable Riemannian space

is valid for any Killing vector ηλ and any harmonic p-form u.

From this lemma and (1.3) we have easily the following

LEMMA 2.2. In a compact orientable Riemannian space,

i(rj)u is closed

for any Killing vector ηλ and any harmonic p-form u.

Now let η be a Killing form and u be a harmonic ^-form, then we have

Thus taking account of Lemma 2.1 we get

LEMMA 2.3. In a compact orientable Riemannian space,
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η Λ u is coclosed

for any Killing form η and any harmonic p-form u.

By Lemma 2.2 and Lemma 2.3 we can obtain

LEMMA 2.4. In a compact orίentable Riemannian space, if

i (η) u is coclosed

for a Killing form η and a harmonic p-form u, then the p-form

η Λ i(η) u is coclosed .

3. Identities in a Sasakian space.2) An n dimensional Sasakian space
(or normal contact metric space) is a Riemannian space which admits a unit
Killing vector field ηλ satisfying

(3. 1) Vλ Vμty, = ημgxv — ηvffλμ -

It is well known that a Sasakian space is orientable and odd dimensional.
In this section we prepare identities in an n dimensional Sasakian space.
Now if we define φ* by

<?; = vμ?y,
then we have

<P«V = 0 >

(3.1) is then written as

(3. 2)

and we have easily

(3.3) Wλ,- -(n-ΐ)ηV9

2) Okumura, M., [1], Sasaki, S and Y. Hatakeyama, [2], Examples of Sasakian space have
been given in [2] and [4],



276 S. TACHIBANA

(3.4) V λ V λ ? w = -2φμv.

Applying the Ricci's identity to ηλ we have

from which we can get

(3. 5) Rvμλ
εηε = ηv

(3.6) Rv'η* = (n

Next, applying the Ricci's identity to φ\ we have

Vp Vσφλ

a - Vσ VPφλ

a = Rpσε

aφλ

ε - Rpσλ

εφε" .

Substituting (3.2) into the left hand member of the last equation we get

(3. 7) R^φf ~ RrfφS = ^pλ8σ- - φp*gσλ - φσλSp« + φf g^ ,

from which it follows that

(3. 8) <PλεRεaPσ = ~ Rpσλεφa + ψ?\ $W ~ <PP<* C/σλ ~ φσλ gPa: + ψσa gP\ -

Contracting (3.7) with respect to p and oί we can get

(3. 9) -|- φ*fiRΛβμλ = Rμεφλ

ε + (n-2)φμλ ,

(3. 10) Rμεφλ* = -Rλεφ* , Rεφε

λ = R* φf .

From (3.9) we have

(3. 11) φaβ V« Vβuμ = - [Rμεφλ

ε + (n-2}φμλ\ uλ

for any vector uμ.

4. Harmonic vectors in a compact Sasakian space. 3) Let u be a

harmonic 1-f orm in a compact Sasakian space, then we have df — 0 for the

scalar /* defined by f = i(η)u , by virtue of Lemma 2. 2.

3) Throughout the paper we assume that τz = dim M > 1.
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Hence f is constant. If we define β by

(4.1) U=fη + / 3 ,

then β is a 1-form orthogonal to η, i.e., i(η)β = 0. Operating Δ to (4.1) we
get Δ/9— — /Δ?; and as η is Killing we have

(Δ/9)λ - -/(Δτ,)λ - 2fRλ^ε = 2(n-l}fηλ

by virtue of (1.2) and (3.6). Hence β is harmonic, because we have (Δ/3, β) = 0.
Thus we have f=0 and obtain the following

THEOREM 4.1. .An^y harmonic l-form u in a compact Sasakian space
is orthogonal to η, i.e., i(η)u=Q.

Next we introduce an operator J : p-form u — > tensor of type (0, p)

u — Ju by

uλί...λp = q>κ* W«λ2...λp

and we shall compute Δw for a harmonic l-form u in a compact Sasakian
space.

Taking account of i(η)u=Q, Δu = 0, (3.4) and (3.10) we can get

Vμ VμίΓλ - -2Vλ(τ/X) + ?>λα V μ V μ w «

- φf Vμ Vμ«β = φ°R*uz = Rλ

auΛ .

Thus we have Δz* = 0 and hence we get

THEOREM 4.2. In a compact Sasakian space, u — Ju is a harmonic
\-form for any harmonic \-form u.

As a corollary to this theorem we have

THEOREM 4.3. The first Betti number of a compact Sasakian space is
zero or even.

5. C-analytic l-form. It is known that in a compact Kahlerian space
a harmonic l-form is holomorphic (i.e., covariant analytic) and vice versa.
In this section we shall consider an analogous fact.
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Now, in a Sasakian space, let u be a 1-form satisfying

(5. 1) Jdu - dJu = 0 ,

which is written explicitly as follows

(5. 2) - φ£(\7auμ - Vμ««) - [Vλ(^β««) ~ Vμfof ««)] = 0 .

It is easy to see that (5.2) is equivalent to the following equation

(5. 3) φ" V«wμ — φΐ V λ W * + ηλuμ — ημuλ = 0 .

If we transvect ηλ to (5.2), we have

(5.4) Uλ = (ua τ;" ) ηλ + φλ« rf^εU*

and transvecting (5.2) with gλμ we obtain

(5.5) φaβV Uβ = Q.

Now we define a C-analytic l-form4) as a 1-form u satisfying (5.1) and
i(η)u = 0. Then we have

THEOREM 5.1. A necessary and sufficient condition for a 1-form in a
compact Sasakian space to be harmonic is that it is C-analytic.

PROOF. For a harmonic 1-form u, we have du = Q, dJu = 0 and i(η)u = Q
by virtue of Theorem 4.1 and Theorem 4.2. Hence it is C-analytic.

Conversely let u be C-analytic, then we have i(η)u = ηaua = 0. Taking
account of (3.3) and (5.5) we can get

(5.6)

Next, transvecting (5.3) with φv

μ we have

φfφf V«Uβ - <ηvη
a \7λUa + ηλφv

aUΛ = Q

Operating Vλ = gλμ Vμ to the last equation we get Δu = 0, by virtue of (5.6)
and (3.11). Thus u is harmonic. Q.E.D.

4) For an almost complex space, see Tachibana, S., [3].
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6. A lemma. Consider a harmonic />-form u, (p^ 2), in an n dimensional
Sasakian space and define a (p— 2)-form v by

In the following we shall compute Δt; and obtain a lemma.
First as we have

if we take account of (3.2) and (3.4) we can get

(6. 1) Vε V, Vλ...α, = - 2 VA....JI, + <?λlλ* V ε V.«λl...λ,

As M satisfies Δw = 0, the last term becomes as follows :

/ p

(6. 2) φ^ V ε VS^,..ΛP - φλlλ* Σ Rnΐu^..,...*,
i=ι

+ 29?*

On the other hand we have

(6. 3) φ^R^U^...^ = φλ

= 2[Rpaφσ«

by virtue of (3.9) and (3.10) and taking account of (3.8) and (1.1) we have

(6. 4) tp^Rvfu^...*...^ = φλ

= - 2vλt...λ, .
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Substituting (6.3) and (6.4) into (6.2) we have

and from (6.1) we get

Δi; = 2(n + l-2p)v .

Hence if our space is compact, we have an integral formula

-2p)(v, v) + (dv, dv) + (δv, 8v) = 0 .

Thus we have v = Q if 2p<n+I and v is harmonic if 2p = n+l. Now if we
define w by

ze; = i(η)u : ηauaλ2...λp

then we have δzv = δi(η)u= —v. Hence when 2p = n + l, v being harmonic,
we have v = Q, too. Consequently we obtain

LEMMA 6.1. Let u be a harmonic p-form, (p^ 2), in an n-dimensional
compact Sasakίan space. If p ̂  (l/2)(w + l), then

i(η)u is coclosed.

7. Harmonic tensors in a compact Sasakian space. In this section we
shall prove the following

THEOREM 7.1. In an n dimensional compact Sasakian space, any
harmonic p-form u is orthogonal to η, i.e., i(η)u — 0, provided that

If p = 1, this is nothing but Theorem 4.1, so we shall assume p^2. To
prove this theorem we introduce w9 oί and 0 by

w = i(η}u : τvλ2...λj> = rfuΛλt...λp ,

P

a = η/\w : aλl...λ, = ̂ (-l)''1^ wλl...^...λυ ,
i = l

β = u- a : uλl...λp = aλl...λp + /?λl...λp ,
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s\

where λέ means that λ£ is omitted.
We can easily see that 0 is orthogonal to ηy i(η) /3=0, and oί being coclosed

by Lemma 2.4 and Lemma 6.1 β is coclosed, too.
We shall need the following

LEMMA 7.2. In an n dimensional compact Sasakian space, p-form
ct = η/\i(η)u and β — u — d are harmonic for any harmonic p- for in u, provided
that />^ (1/2)0+1).

PROOF. As we have ΔB= — Δtf, it holds that

On the other hand we have, taking account of (3.5), (3.6) and

= o .

Thus we can get

(7. 1) /3λ'

As τv is closed by Lemma 2.2, we have for a fixed z,

VεZeV ir λ, = Σ VλJWλ1...e-..iC t...λ, ,
?^i

where the subscript £ appears at the ^-th position if j <i and at the (j— l)-th
position if j > i. Hence if, for fixed i and j(i^= j), we define Aλ

({ by

A5f) = /8λ> "λ'^λ|

βze;λl...e...;ίi...λ,,

then it follows that
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Substituting the last equation into (7.1) we get (Δ/9, /9) = 0, from which it
follows that β and hence a are harmonic. Q.E.D.

PROOF OF THEOREM 7.1. As a=η/\w is harmonic, we have dη/\w = Q.
Hence it follows that

= 0.

Transvecting the last equation with φλίλ* we can get (n + ~L—2p) w = 0, so if
n+1 > 2 A we have τu=Q. Q.E.D.

In the case when 2p = w+1, we have from Lemma 2.2, 6.1 and 7.2 the
following

THEOREM 7.3. In an n dimensional compact Sasakian space, if u is
a harmonic (l/2)(n-\-l)-form, then ί(η)u and η/\i(η)u are harmonic.

8. An operator Φ. In an n dimensional compact Sasakian space we shall
introduce an operator

which is defined by

Φ: u - ̂ Φu = u

P

: uλl...λp =

where u is a ^>-form and the subscript oί appears at the z"-th position.
The purpose of this section is to prove the following

THEOREM 8.1. In an n dimensional compact Sasakian space, if u is
a harmonic p-form and p < (l/2)(rc + l), then Φu is harmonic too.
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PROOF. If p = 1, this is nothing but Theorem 4.2, so we shall assume
p^2. Let u be harmonic and assume that p < (1/2)(n + 1),. then we have
Δu = 0 and i(rf)u = 0.

We shall show in the following that (Δu\...λpu
λr"λp— 0. At first on taking

account of φ\? — Vλ t?Λ (3.2), (3.4) and i(η)u = Q we can get easily

*=ι

and by virtue of Δu = 0 we have

If we take account of (3.10), then the last equation is written as the following
form,

P P
*

where we have put

where scripts p, # and σ of u are at the £-th, i-th and j-th positions respectively.

Next we shall compute T$...λpu
λl'"λp. By virtue of the first Bianchi's

identity, (3.8) and the skew-symmetric property of u and u, we have
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Thus we can get

(8. 2) £ T£..λfά
λ>-λ> = - Σ Σ -RΛΛ<"VeP«Λ,..p...«...Λ,Wλ'-λ

ί = l i Λ*ί

I V^ V^ D PO **, VUl "λ»+ 2_, 2^ ^Cλ*λj ^λ, uλί...p...a...σ...λpu

Hence, from (8.1) and (8.2), we have (Δw)λl...λj,w
λl'"λp= 0 and this completes the

proof. Q.E.D.

Let u be a harmonic />-form, /> <(l/2) (w +1), in an w dimensional compact
Sasakian space, then we know that Φu, Φ2uy are harmonic p-forms and
hence the following p p-ίorms

are harmonic.
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