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Abstract

In this paper, we acquire the general solution of the undecic functional equation

flx +6y) —11f(x + 5y) + 55f(x + 4y) — 165f(x + 3y) + 330 f(x + 2y)
— 462f (2 + y) + 462f (z) — 330f (x — y) + 165f(x — 2y) — 55 (2 — 3y)
+11f(z — 4y) — f(z — 5y) = 399168001 (y).

We also obtain the generalized Ulam-Hyers stability of the above functional equation in quasi-
B-normed spaces using fixed point method. Moreover, we investigate the pertinent stabilities
of the above functional equation using sum of powers of norms, product of powers of norms and
mixed product-sum of powers of norms as upper bounds. We also present a counter-example
for non-stability of the above functional equation in singular case.
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1 Introduction

The stability problem of functional equations originated from a famous “stability” question of Ulam
[25] in 1940 concerning the stability of group homomorphisms. In fact, let (Gy,-) be a group and
let (G2, ) be a metric group with a metric d(-,-). Given € > 0, does there exist § > 0 such that if
a mapping h : G — Gy satisfies the inequality d(h(x - y), h(z) x h(y)) < ¢ for all z,y € G4, then a
homomorphism H : Gy — G exists with d(h(x), H(x)) < ¢ for all x € G1? Ulam’s problem was
affirmatively answered by D.H. Hyers [11] for Banach spaces. It was further generalized by a great
number of mathematicians ([1], [24], [16], [17], [18], [10], [23]). For more detailed information about
such problems on quadratic, cubic, quartic, quintic, sextic, septic, octic, nonic functional equations
and other types of functional equations, one can see ([3], [4], [5], [6], [7], [8], [10], [12], [19], [20],
211, [22], [27], [30], [31], [32).
In this paper, we find the general solution of undecic functional equation

f(x+6y) —11f(x + 5y) 4+ 55f (x + 4y) — 165f (x + 3y) + 330 (z + 2y)
—462f(x 4+ y) +462f(x) — 330f(z — y) + 165f (z — 2y) — 55f (z — 3y)
+11f(z — 4y) — f(z — 5y) = 399168001 (v). (1.1)
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Moreover, we obtain the generalized Ulam-Hyers stability of the undecic functional equation in
quasi-B-normed spaces using fixed point method. Since f(z) = ! is a solution of (1.1), we say
that it is an undecic functional equation. Every solution of the undecic functional equation is said
to be an undecic mapping.

2 Preliminaries

In this section, we recall some basic concepts concerning quasi-3-normed spaces and m-additive
symmetric mappings.
Let 8 be a fixed real number with 0 < 8 < 1 and let K denote either R or C.

Definition 2.1. Let X be a linear space over K. A quasi-S-norm ||-|| is a real-valued function on

X satisfying the following conditions:
(i) |lz|| > 0 for all x € X and ||z|| = 0 if and only if z = 0.
(i) [|Az]| = A" - ||lz|| for all A € K and all z € X.
(iii) There is a constant K > 1 such that ||z + y|| < K (||=]| + ||y||) for all z,y € X.

The pair (X, ||-]|) is called quasi-S-normed space if ||-|| is a quasi-8-norm on X. The smallest

possible K is called the modulus of concavity of [|-]|.
Definition 2.2. A quasi-8-Banach space is a complete quasi-S-normed space.

Definition 2.3. A quasi-g-norm ||-|| is called a (8, p)-norm (0 < p < 1) if
lz+ylI” < [l2]” + llyll”

for all z,y € X. In this case, a quasi-8-Banach space is called a (8, p)-Banach space.

Definition 2.4. A function B : R — R is said to be additive if B(x + y) = B(x) + B(y), for all
z,y € R.

Definition 2.5. A function B,, : R™ — R is called m—additive (for m € N) if it is additive in

each of its variable.
Definition 2.6. A function B,, is called symmetric if
B (1,22, ..., Tm) = By (Tr(1): Tr(2)s - - - » Tr(im) ) 5

for every permutation {7 (1),7(2),...,m(m)} of {1,2,... ,m}.
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We denote the diagonal B,,(z,x,...,x) as B™(x), if By (x1,a,...,Ty) is an m—additive
symmetric map. If we substitute 1 = 29 = --- = 2y =z and ;41 = xj42 = -+ =z, = Y in
By (21,2, ..., Tm), then we denote the resulting expression as B ~!(z, y).

The difference operator Ay for the function f : R — R is defined as follows:
Apf(z) = flx+h) — f(2) for h e R

and
A%f(:z:) = f(x),A,llf(:c) = Apf(z) and Ap 0 A f(z) = AZH'lf(:L’)

for all m € N and h € R, Ay o A7* denotes the composition of the operators A;, and Aj*. Using
the above definition, consider the functional equation

ARt f(z) =0
which can be written in the explicit form as

m+1

> o (M s ) =0

k=0

is equivalent to the Fréchet functional equation

Ah17h27~~~:hm+1f(x) =0,

where z, hy, ha, ..., b1 € Rand Ay, p, =Ap, 0 0y, for k=2,3,....m+1

.....

3 General solution of functional equation (1.1)

In this section, let X and Y be vector spaces. In the following theorem, we find the general
solution of the undecic functional equation (1.1).

Theorem 3.1. A function f : X — Y is a solution of the functional equation (1.1) if and only
if f is of the form f(z) = All(z) for all x € X, where A'!(z) is the diagonal of the 11-additive

symmetric map A;; : X' = Y.

Proof. Assume that f satisfies the functional equation (1.1). Replacing (z,y) by (0,0), one finds
that f(0) = 0. Now, plugging (z,y) into (0,z) and (z,—=z) in (1.1) and adding the two resulting
equations, we get

f(=2) = = (), (3.1)

for all z € X. Substituting (z,y) by (0,2z) in (1.1) and using (3.1) , one obtains that

F(122) — 10£(10z) + 44 (862) — 110f(6x) + 165 (4x) — 39916932 f (2z) = 0 (3.2)
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for all z € X. Considering (z,y) as (6x,z) in (1.1), one gets

F(122) — 11f(11a) 4+ 55£(10z) — 165 f(9z) + 330 (8z) — 462 (7x) + 462 (6x)
— 330 (52) + 165f (4z) — 55 (3z) + 11f(2z) — 39916801 f(x) = 0 (3.3)

for all x € X. Subtracting equation (3.3) from (3.2), we find

11(112) — 65f(10z) + 165 f(9z) — 286 £ (8) + 462f(7x) — 572f (6x) + 330 (5z)
+ —55f(3x) — 39916943 f(22) + 39916801 f(z) = 0 (3.4)

for all x € X. Letting (x,y) as (5z,z) in (1.1), one gets

11(112) — 121 £(10z) + 605 f(9z) — 1815 f(8x) + 3630f(7x) — 5082f (6x) + 5082f (5x)
— 3630f(42) + 1815f(3z) — 605 (22) — 439084679 (x) = 0 (3.5)

for all x € X. Now, subtracting equation (3.5) from (3.4), we obtain

56.f(10) — 440(9z) + 1529 (8z) — 3168 (7x) + 4510 (6x) — 4752 (5z)
+ 3630 (4z) — 1760 f (3z) — 39916338 f (2) 4 479001480 f () = 0. (3.6)

for all z € X. Plugging (x,y) into (4z,z) in (1.1), and multiplying the resulting equation by 56,

one obtains

56£(102) — 616.£(9) + 3080f(82) — 9240f(7x) + 18480 (6)
— 25872f(5x) — 18480 (3z) + 9240 (2x) — 2235343824 f(z) = 0 (3.7)

for all x € X. Subtracting equation (3.7) from (3.6), we get

176 f(92) — 1551 f(8z) + 6072f(7x) — 13970 (62) + 21120 f(5z)
— 22242 f(42) + 16720 f (3z) — 39925578 f (2x) + 2714345304 f () = 0 (3.8)

for all z,y € X. Replacing (x,y) with (3z,z) in (1.1), and multiplying the resulting equation by
176, one finds

176 £(9z) — 1936.f(82) + 9680 f(7x) — 29040 f (6z) + 58080 f (5)
— 81312f(4x) + 81312 (3z) — 57904 (2x) — 7025329696 f () = 0 (3.9)
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for all z € X. Subtracting equations (3.8) and (3.9), we arrive at

385 (8x) — 3608 (7x) + 15070 (5z) — 36960 f (5) + 59070 f (4z)
— 64592 (3x) — 39867674 f (2z) + 9739675000 (z) = 0 (3.10)

for all x € X. Taking (x,y) as (2z,) in (1.1), and multiplying the resulting equation by 385, one
gets

385 (8x) — 4235 f(7x) + 21175 f(62) — 63525 f (5z) + 127050 f (4)
— 177485 f(3x) + 173636 f (2) — 15368073875f(x) = 0 (3.11)

for all z € X. Subtracting equation (3.11) from (3.10), we arrive at

627 (7z) — 6105f(6x) + 26564 f(52)067980 f (4x)
+ 112893 (32) — 40041309 f (2x) + 25107748875 f () = 0 (3.12)

for all z € X. Substituting (x,y) as (z,z) in (1.1), and multiplying the resulting equation by 627,

one finds

627 f(7x) — 6897 f(61) + 34485 f (52) — 102828 f (4x)
+ 200013 f(32) — 255189 f (2x) — 25027647381 f () = 0 (3.13)

for all x € X. Subtracting equation (3.13) from (3.12), we arrive at

7921 (62) — 7920 f (5x) 4 34848 f (4z) — 87120 (3z)
— 39786120 (2) 4 50135396256 f () = 0 (3.14)

for all x € X. Replacing (z,y) with (0,z) in (1.1), and multiplying the resulting equation by 792,

one obtains

792f (62) — 7920(5z) 4 34848 f (4z) — 87120 f(3x)
+ 130680 f(22) — 31614210144 f(z) = 0 (3.15)

for all x € X. Subtracting equation (3.15) from (3.14), we arrive at

f(22) = 2" f(z) (3.16)



88 K. Ravi, J.M. Rassias, B.V. Senthil Kumar

for all z € X.

On the other hand, one can rewrite the functional equation (1.1) in the form
165
12’

(x*y%+£§ﬂx*2w

F(@) + g5+ 6) — o5 Flo +5y) + 1> fa + 4y)

165 165
+&§ﬂx+%)*ﬂz+w*§§f
Gy

11 1
_ — 4y) — ——
1627 @ =3+ 3o F @ —4) — gens

for all z € X. By Theorems 3.5 and 3.6 in [29], f is a generalized polynomial function of degree at
most 11, that is, f is of the form

(x + 3y)

fly) =0, (3.17)

flz) = A% () + A(z) + A%(z) + AB(x) + A(z) + A%(x)
+ AP (x) + At (z) + A3(2) + A%(z) + Al(z) + A%z), VreX, (3.18)

where A(x) = AC is an arbitrary element of Y, and A?(x) is the diagonal of the i-additive symmetric
map A; : X* = Y fori =1,2,3,...,11. By f(0) = 0 and f(—x) = —f(z) for all z € X, we get
A%z) = A° = 0 and the function f is odd. Thus we have A1%(z) = A%(z) = AS(x) = A%(z) =
A%(x) = 0. Tt follows that f(x) = A (x) + A%(z) + A7(z) + A5 (x) + A3(z) + A'(x). By (3.16) and
A™(rz) = r A™(z) whenever x € X and r € Q, we obtain

2 (A (z) + A%(z) + AT () + A°(2) + A®(2) + A'(z))
=2 AN (2) +2°A4% () + 27 A" (2) + 25 A5 (z) + 23 A3 (2) + 241 (2).

Moreover, 211 A% (x) + 211 A7(z) = 29A%(x) + 27 A"(z) yields A7(z) = —4A°(x)/5. Also, 2°A7 (x) +
2945 (z) = 29A7(x) + 27A%(x) implies A%(x) = —4A"(x)/5 = 16A%(x)/25. Similarly, 27 A°%(z) +
2TA3(z) = 2°A°%(z) + 23A3(x) gives A3(x) = —4A5%(2)/5 = —64A%(x)/125. Further, 2°A43(z) +
29AY(z) = 23A3(x) + 2A(z) arrives at A'(z) = —4A43(x)/5 = 256A4°(x)/625. It follows that
A%(z) = A"(z) = A3(x) = A3(x) = Al(z) = 0, x € X. Therefore, f(z) = Al(z).

Conversely, assume that f(z) = Al'(z) for all z € X, where A''(z) is the diagonal of the
11-additive symmetric map Ajq : X' — Y. From AMY(x +y) = A (z) + A (y) + 11A19 (2, y) +
55A%2(x,y)+165A4%3 (2, y)+330A74(x, ) +462A%° (2, y)+462 455 (z, ) +330A%7 (2, y)+165438(z, y)
+55A29(z,y) + 11AM (2, y), AM(rz) = r1t A (z), AV (2, ry) = rAlOY(2,y), A%2(z,ry) =
A (a,y), A (z,ry) = rA(a,y), AT (a,ry) = ATz, y), ASS(ry) = 1A (z,y),
A58(z,ry) = 1OAPO(z,y), AV (z,ry) = 1TAYT (1), A%(z,ry) = rSABS(z,y), AP9(z,ry) =
A2 (z,y), AV (2, ry) = r10AL0 (2, ) (z,y € X,r € Q), we see that f satisfies (1.1), which

completes the proof of Theorem 3.1. Q.E.D.

+
+
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4 Generalized Ulam-Hyers stability of equation (1.1)

Throughout this section, we assume that X is a linear space and Y is a (8, p)-Banach space
with (8, p)-norm ||-||y-. Let K be the modulus of concavity of ||-||y. For notational convenience, we
define the difference operator for a given mapping f: X — Y as

D.f(z,y) = f(x 4+ 6y) — 11 f(x + by) + 55f (x + 4y) — 165 f (= + 3y) + 330 (x + 2y)
—462f(x +y) + 462f(x) — 330f (x — y) + 165f (z — 2y)
~55f(x — 3y) + 11 (x — 4y) — f(x — 5y) — 39916800 (y)

for all z,y € X.

Lemma 4.1. (see [27]). Let i € {—1,1} be fixed, s,a € N with a > 2 and ¥ : X — [0,00) be a
function such that there exists an L < 1 with ¥ (a’z) < a*PL¥(z) for all z € X. Let f: X - Y
be a mapping satisfying

[f(az) = a®f(@)]y < V() (4.1)

for all x € X, then there exists a uniquely determined mapping F' : X — Y such that F(az) =
a®*F(x) and

15@) = F@)ly < =g V) (42)

for all x € X.

Theorem 4.2. Let ¢ € {—1,1} be fixed. Let ¢ : X x X — [0,00) be a function such that there
exists an L < 1 with ¢ (2ix, Qiy) < 20488 Ly(z,y) for all z,y € X. Let f: X — Y be a mapping
satisfying

[1Dwf (2, 9)lly < (e, y) (4.3)
for all x,y € X. Then there exists a unique undecic mapping U : X — Y such that

1

[f(z) = Ul2)lly < m

U(z) (4.4)
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for all z € X, where

W(z)
1
~ 399168007
+ 3859 K4 p(22, 2) + 627° K3 (2, ) + K3p(0, 2x) + 792° K2(0, x)
N ( K 11°PK7 56° K6 176° K>  385°K* 627 K3

[K7<,0(63:,x) + 11°P Ko (52, ) + 56° K®p(4x, ) + 176° K° (3, x)

864007 T 36288007 T 36288007 7257607 T 2419208 T 1209607
( 568 K7 N 1768 K6 N 3858 K° N 627° K4
399168008 ' 36288008 ' 7257608 ' 2419208

) ©(0,0)

7928 K3
K10 1768 K7 385 K6 6278 K5

+—( + + +
1209608 ' 399168008 = 36288008 = 7257608
7928 K4

2419207 ) [£(0, 22) + (22, —22)]

) [©(0,3z) + ¢(3x, —3x)]

3858 K7 N 627° K6 N 7928 K5
399168008 ' 36288007 | 7257607
K1 627°P K7 79268 K6
0,4 Az, —4
* (241920ﬂ 309168007 +3628800ﬂ) (0, 4z) + p(de, —do)]
7928 K7 K12
2R 0,5 5z, —5 =
399168007 [7(0:5%) + @ (52, =) + oeme
KlS K14
= _15(0,8 8z, —8 N
36288007 [P0 8%) + ¢(8z, =8z)] + 25 een

[¢(0,6x) + @(6x, —6x)]

+ [(0,10z) + (102, —10z)]|.

Proof. Substituting x =y = 0 in (4.3), we get

1
17Oy < 5557650070 0): (45)

Now, replacing (x,y) by (0,z) and (x,—=z)in (4.3) and then adding the resulting equations, we
obtain

K
17) + F(-0ly < s5ecasslo(0,7) + (e, ~2)] (1.6
for all x € X. Now, plugging (z,y) into (0,2z) in (4.3), we obtain
Hf(lzx)-11f(10x)4-55f(8m)-165f(6x)4-330f(4x)-39917162f(2x)

+462(0) — 330f(—2x) + 165f(—4z) — 55 (—6z)
—%11f(—8x)—-f(—10x)HYr§<pGL2x) (4.7)
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for all x € X. Using (4.5), (4.6) and (4.7), one finds

1£(122) — 10£(10z) + 44 (8z) — 110£(6x) + 165 f (4x) — 39916932 (2z)|

K? K3
< Kg(0,2 — — 2 21, —2
K4 K5
K6 K?

0,,8z) + (8z, —8)] + 0,10z) + ¢(10z, —10z)] (4.8)

* 36288007 1! 399168007 ¥

for all z € X. Letting (x,y) as (6z,z) in (4.3) and subtracting the resulting equation from (4.8),
we find

Hllf(llx) —65f(10x) + 165f(9z) — 286.f(8x) + 462 (Tx) — 572 (6x)

+ 330 (52) + 55/ (3z) — 39916943 f(22) + 39916801 f(z) HY

3 4
<K K?p(0,22) + o5 —— (0,2 2, —2
K5 KG
+ m[(p(o’ 4£E) + 90(41'7 —4(E)] + W[@(O, 61’) + QD(G{E, —61’)]
K7 KS

0,8z) + p(8x, —8x)] + 0,10z) + ¢(10z, —10z)] (4.9)

+ 35288007 ¥ 399168007 ¥

for all z € X. Considering (x,y) as (5z, ) in (4.3) and multiplying the resulting equation by 115,

we have

Hllf(ll:c) —121£(102) + 605f(9z) — 1815 (8z) + 3630f(7z) — 5082 (6z)

15082 (52) — 3630 (4z) + 1815 f(3x) — 605f(2z) — 439084679 () HY

118

<11805(5 -
< 1552, 2) + 300550 ¥

(0,0) (4.10)
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for all z € X. Subtracting (4.10) from (4.9), we get

H56f(10x) 4401 (92) + 1529 (8z) — 3168/ (Tx) + 4510 (6) — 4752 (5z)

+ 3630 (4x) — 1760 (3x) — 30916338 f(22) + 479001480 () HY

K4 11K
0,0
864007 3628800/3> #(0,0)

< K2p(6x,x) + 11° Ko(5z, x) + K30(0,2z) + (
K° K*

1500608 [P0, 22) + 922, —22)] + 5 omrg [
K" K®
——=1¢(0,6 6z, —6 —_

+ 7957608 [¢(0, 62) + ¢(6z, —6)] + 36288007 [ (

KQ
——— (0,10 102, —10 4.11
+ sortesaes [P0 100) + (102, ~102)] (4.11)

+ 0,4x) + ¢(4z, —4z))

0,8z) + ¢(8z, —8x)]

for all 2 € X. Replacing (z,y) by (4z,z) in (4.3), multiplying by 56” and then using (4.5), (4.6) in
the resulting equation, we obtain
H56f(10x) — 616 f(9x) + 3080 (8x) — 9240 f(7x) + 18480 f (6x) — 25872 f (5x)

+ 25872f (4x) — 18480 (3z) + 9240f (2z) — 2235343824 (x) HY

56° K 56° K2

< 567 Kp(dz, ) + 5000005 (0,0) + oo ee08

for all z € X. Subtracting (4.11) from (4.11), we obtain
H176f(9x) 1551 f(8x) + 6072f(7z) — 13970 (6z) + 21120 (52) — 22242 f (4z)

+ 16720 (3x) — 39925578 f(27) + 2714345304 f(x)HY

< K3o(6z, x —|—115K2ap 5z, x +56ﬁK2<p 4z, x) + K*p(0, 2z
2

p(A0 L R SRR oy 20,00+ e, —0)
LU S
864007 ' 36283007 ' 36288007 ) 7\ T 399168007 ¥ T
K¢ K7
1209607 #(0:2 22, —22)] + 5oz [0(0,4 Az, —4
* Ta09607 [ (0 20) + (27, =20)] + 55555 [P(0, 42) + 4z, —4a)]
K8 K9
7o57608 £00 6z, -6 2roesnns (P10, 8 8z, —8
+ Tasre08 19 (0 02) + (67, =62)] + 355eenas [P(0, 82) + p(8x, —8a)]
KlO

— (0,10 10z, —10 4.13
+ 250168007 £ (0> 102) + ¢(10z, —102)] (4.13)

for all z € X. Taking (x,y) as (3x,2) in (4.3), multiplying by 176° and then using (4.5), (4.6) in
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the resulting equation, we find

H176f(9x)-1936f(8x)4-9680f(7x)-29040f(6x)+—58080f(5x)—-81312f(4x)

+—81312f(3x)-—57904f(2m)-7025329696f(x)”y

176° K 1765 K2
<176° K — — -
<176 ¢(3x,x)+-725760B¢K ; )+-3628800g[¢(07w)+-w(x7 )]
1768 K3
399163007 [©(0,22) + ¢(2x, —22)] (4.14)

for all x € X. Subtracting (4.14) from (4.13), we obtain

H385f(8x)——3608f(7x)%—15070f(6x)——36960f(5x)4—59070f(4x)——64592f(3x)
4—39867674f(2x)4—9739675000f(x)HY

< Ko(6z,2) + 11°P K30(5z, 2) + 56° K3p(4z, x) + 176° K?¢(3z, 2) + K°¢(0, 2x)

i K¢ 11°P K4 . 568 K3 . 1768 K2 0.0
864007 ' 36288007 | 36283007 | 7257607
56° K4 1768 K3
0 _
* (399168005 3628800ﬁ) [p(0,2) + ¢(z, —)]
1768 K4
2 2z, —2
(120960B 399168006) [0(0,22) + o2z, —2z)]
KQ
b g s l(0,42) -, —42)] + o 0(0,60) + (6, ~6)
KIO
+ S6ass007 (0 82) + @(8z, —8x)]
Kll
sootaso0” 7 et 41
*+ 390168007 [#(0: 102) + ¢(102, —102)) (415)

for all + € X. Replacing (=, y) by (27, ) in (4.3), multiplying by 385 and using (4.5), (4.6) in the

resulting equation, we find

H385f(8x)4—4235f(7x)4—21175f(6x)4—63525f(5x)%—127050f(4x)

-177485f(3x)4-173635f(2x)-15368073875f(x)HY

3858 K 3858 K2
< B e 0 _
*3&3K@@%x)+2@9ﬂwwmin+7mﬁaw“xax)+¢@” )]
3859 K3 3850 K4

[¢(0,2z) + ¢ (2z, —2z)] + [©(0,3z) + ¢(3z, —3x)] (4.16)

36288004 399168008
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for all x € X. Subtracting (4.16) from (4.15), we obtain

H627f(7a:) 6105 (62) + 26565 f (5x) — 67980 (4z) + 112893 f(3x)
40041309 (2z) + 25107748875 f () HY
< K56z, ) + 11°P K*o(5z, z) 4+ 56° K p(4x, x) + 176° K30 (3z, x)
+ 3859 K20 (2z, ) + K%p(0, 22)
N K7 N 11° K3 N 567 K4 N 1768 K3 N 3859 K2 (0,0)
864007 ' 36283007 ' 36288007 ' 7257607 | 2419208 ) ¥\

56° K° N 1768 K4 +3853K3 (0(0,2) + oz, )]
399168007 ' 36288008 ' 7257608 ) P\ TP

(s + ) 1p(0.20) + (2, 22)
x Xr, —al
1209607 ' 399168007 ' 36288008 ) ¥\ T TS
3857 K K9
309163007 P03 32, =32)] + 5oz [0(0, 4 dz,—4
399168007 (#(03%) + ¢ (82, =32)] + Seans P(0, 42) + (4, —da)]
K1 K1
o [(0,6 62, —62)] + == [5(0,8 8z, -8
+ Tanre08 [P0 02) + (67, —62)] + 35eenns [P(0 82) + ¢ (8x, —82)]

K12

somieson? 7 ot 41
+ 390168008 P02 102) + ¢(10z, ~10z)] i

for all x € X. Now, changing (z,y) into (z,7) in (4.3), multiplying by 627° and then using (4.5),

(4.6) in the resulting equation, one finds

H627 F(72) — 6897 f(6) + 34485 f (5z) — 102828 (4z) + 20013 (3z)

— 255189 (2x) — 25027647381 f(ac)HY

627° K 6278 K2
<627°K — o2 2 _
< 6277 K (2, 2) + 1550555 9(0,0) + 5 moong (00, 2) + oz, —2)]
627° K3 6278 K4
——— (0,2 22, —22)] + o ———[1p(0,3 3z, -3
Ta57608 [P (0 20) (22, ~22)| + 3eenas [P(0 32) + ¢ (3x, —5a)]
627° K5
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for all z € X. Subtracting (4.18) from (4.17), we get

H792 F(62) — 7920 (5) + 34848 f (4z) — 8T120f(3x) — 30786120 (2z)

+ 50135396256 f () HY

< KSp(6x,2) + 11°P K0 (5z, ) 4+ 56° K° (4, x) + 176° K* ¢ (3z, x)

+385° K30 (2x, ) + 627° K2 p(z, ) + K7 (0, 22)

K8 118 K6 568 K5 176K+  3858K3  627P K2

+ + + + + + (0,0)

846008 36288008 = 36288008 = 7257608 2419208 = 1209608

56° K6 17651(5 N 3858 K4 627P K3 (0(0,2) + (e, —)
399168008 36288005 7257608 2419208 ) P AT

K 176° K6 N 3858 K5 +62751?(4

1200607 399168007 | 36238007 7257608

(m
(
( 3857 KC  6277K° ) [2(0, 32) + ¢ (3z, —31)]
i

+

> [¢(0,22) + (22, —2x)]

+

+ 399168008 36288005

K1 627° K¢
241920/3 39916800ﬂ) (0, 4z) + 4z, ~4)]
K12

725760ﬁ [p(0,62) + (62, —62)] + gecrr50(0,82) + (8 — 82)]
K13
e [9(0,10 102, —10 4.19
* 9168007 [# (0> 102) + (107, ~10)] (4.19)

for all z € X. Multiplying (4.6) by 7927 and using (4.5), we have

H792 F(6z) — 7920 (5) + 34848 f (4z) — 8T120f(3x)

+ 130680 (2z) — 31614210144f(x)HY

7928 K 79928 K2
< 792°Kp(0,2) + W‘P( ,0) + W[@(Oﬂﬁ) + o(z, —z)]
792BK3 792&}(4
5110007 £ (0, 22) + ¢ (22, —22)] + =5 [0(0,37) + ¢ (3, —32)]
792°K° 7920 K6

—— (0,4 4x,—4 —— (0,5 5x,—5 4.20
+ 3g2s8007 [P (0: 40) + ¢ (de, —42)] + 2oz [0(0, 52) + (5w, —5e)] (4.20)
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for all x € X. Subtracting (4.19) from (4.20), we obtain

139916800 f (22) — 81749606400 f ()|
< K76z, x) + 11° KSp(5z, 2) + 56° KSp(4z, x) + 176° KP¢(3x, )
+ 3859 K4 p(22, 2) + 627° K3 (2, ) + K3p(0, 2x) + 792° K2(0, x)
K° 11°K7 56° K6 176°P K5 385 K*  627°PK3
+ (86400ﬁ t 36283007 T 36288007 7257607 | 2419207 +120960ﬁ> #(0.0)
568 K7 176° K%  385°PK°  627°K*
(399168005 * 36288007 T 7257607 | 2419207
7928 3
12096053
K10 176° K7 3850 K6 627°K°
+ (1209606 + 399163007 T 36288007 ' 7257607
7928 K4
2419207

)9(0,.2) + o, ~)]

)[@(O, 2z) + p(2z, —2z)]

3858 K7 N 627°P K6 N 7928 K5 (0(0,32) + (32, —32)]
399168007 ' 36288007 | 7257608 ) P\ PRIT;

K 627° K7  792P K
0,4 Az, 4
* (241920ﬂ * 399168007 +36288006> [p(0, 42) + p(4z, —4z)]
7920 K7 K12
(0,5 bx, —52)] + = [(0, 6 6z, —6
399168007 P10 5) + 952, =50)] + T5zers [0(0, 6w) + (6, —6a)]
K13
—[(0,8 8z, -8

14
* 39916800
for all x € X. From (4.21), we arrive at

[©(0,10z) + ¢(10z, —10z)] (4.21)

[f(22) = 2" f(2)], < ¥(2)

for all z € X. By Lemma 4.1, there exists a unique mapping U : X — Y such that U(2z) = 2! (x)

and

1
[f(x) = U)]ly < m‘l’(@

for all z € X. It remains to show that U is an undecic map. By (4.3), we have

< 2048 Py (22, 21y)

Y

2048

< 20487 (2048"°L)" (. y)

= L"p(z,y)
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for all z,y € X and n € N. So ||[D,U(z,y)|ly, = 0 for all ,y € X. Thus the mapping U : X — Y

is undecic. Q.E.D.

Corollary 4.3. Let X be a quasi-a-normed space with quasi-a-norm |||, and let Y be a (8, p)-
Banach space with (8, p)-norm ||-||y. Let ¢1,a be positive numbers with a # % and f: X - Y
be a mapping satisfying

[1Duf(@,9)lly < ezl + yll%)

for all z,y € X. Then there exists a unique undecic mapping U : X — Y'such that

L AP ae (0,122)
If(@) = U@)lly < & 22 0 -
29%c18, a 118
soa5 (2 —som) Iellx,  a€ (T,oo>

for all z € X, where
5 1
¢ 399168008
+176° KP (3% + 1) + 385 K* (27 + 1) + 2- 627° K3 + K82 + 792° K2
56° K7 N 1768 K6 N 3858 K5 N 6278 K4 N 7928 K3
399168008 ' 36288008 ' 7257608 ' 2419208 1209608

{K7 (6% + 1) + 11P K7 (59 + 1) + 56P K (4% + 1)

L3 2w< K10 176° K7 385°K%  627°K°® 7926K4)

1200607 300168007 T 36288007 7257607 | 2419207
3858 K7 627° K6 7925K5>

3 . 3(1&
* <39916800ﬁ * 36288007 * 7257608

o K1 627°K7 792 KS
+3.49 4

2419208 + 399168007 + 36288007
3.5% . 7928 K7 n 3. 69K 12 n 3.8 K13 n 3- 10“0‘K14}
399168008 7257608 36288008 399168008 1

Proof. The proof is obtained by taking ¢(z,y) = c1 (|z|% + |yl|%), for all z,y € X and L = %
in Theorem 4.2. Q.E.D.

Corollary 4.4. Let X be a quasi-a-normed space with quasi-a-norm |||y, and let Y be a (8, p)-
Banach space with (3, p)-norm |-||y-. Let c,7,s be positive numbers with a = r + s # % and

f X — Y be a mapping satisfying

1Duf (@, y)lly < ez llzllx llyllx
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for all z,y € X. Then there exists a unique undecic mapping U : X — Ysuch that

Or.s 11
soasr g 12l ac (0,75)

20005
204813(2&02—30483) Izl , a€ (%700)

If(2) = U@y <

for all x € X, where

1

67‘8:7
® 399168007

{K76m + 11P K05 4+ 56° K647 + 176° K°37 + 3858 K427

+ 6278 K3+( 56°K7  176°KS  385PK° 6277 792%3)

399168007 | 36288007 ' 7257607 | 2419207 T 1200607
| gaa ( K10 176° K7 3859K®  627°K® 792ﬂK4>

1209608 * 399168007 + 36288005 + 7257608 + 2419208
qea 3859 K7 N 6277 K© N 7920 K°
39916800 ~ 36288007 = 72576058
K 6277 K7 792° K¢
+ 402 - -
2419208 © 399168008 = 36288005
5aa792,8K7 N 6aaK12 N 8aaK13 N loaaK14 :|
3991680058 7257607 36288008 © 399168008 1°

Proof. Letting o(z,y) = c2 ||z’ |yl % for all z,y € X and L = 54 in Theorem 4.2, we obtain

the required results. Q.E.D.

Corollary 4.5. Let X be a quasi-a-normed space with quasi-a-norm |||, and let Y be a (8, p)-
Banach space with (3, p)-norm |-||,-. Let cs,7, s be positive numbers with a = r + s # % and

f+ X — Y be a mapping satisfying

+ +
1Duf @y < es [l ol + (l21% + 1) |
for all x,y € X. Then there exists a unique undecic mapping U : X — Y'such that

O s +0. 11
o PR ()

2%%c3(0r,s+0a) a 118
20485 (202 _2048P) lzlx, a€ (5o

[f(z) = Ul2)lly <
for all z € X, where 4, ; and J, are defined as in Corollaries in 4.4 and 4.3.
r+s 20X

Proof. By taking (z,y) = cs [zl llyl + (215 + g%")] for all 2,y € X and L = 255

in Theorem 4.2, we arrive at the desired results. Q.E.D.
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5 Counter-example

In this section, using the idea of the well-known counter-example provided by Z. Gajda [9], we
illustrate a counter-example that the functional equation (1.1) is not stable for a = % in Corollary
4.3.

We consider the function

o1t for |z| < 1
= ’ 5.1
#le) {17 for |z| > 1. (5:1)

where ¢ : R — R. Let f: R — R be defined by
fl) =Y 27""p(2"x) (5.2)
n=0

for all x € R. The function f serves as a counter-example for the fact that the functional equation
(1.1) is not stable for a = % in Corollary 4.3 in the following theorem.

Theorem 5.1. If the function f defined in (5.2) satisfies the functional inequality

[Duf ()| <

39918848 - 20483
e (e ) (53)

2047

for all z,y € R, then there do not exist an undecic mapping U : R — R and a constant § > 0 such
that
|f(x) — U(z)| < 8]z, for all z € R.

Proof. First, we are going to show that f satisfies (5.3).

- — 1 2048
_ 271111 on < _ .
@) = |22 < 3 g = 017
: 2048
Therefore, we see that f is bounded by 577> on R.
If |z + [y =0 or 2| + |yt > o5 then

39918848)(2048) _ (39918848)(2048)>
( )(2048) _ ( )(2048) (muﬂy‘u)

<
| Duf(@,y)l < 2047 = 2047

1

Now, suppose that 0 < |z|"" + [y|"! < 5018 -

Then there exists a non-negative integer k such that

Yt < (5.4)

1
— < .
20481 = 17! 2048F

Hence 2048F |z|'! < Tom5, 2048" " < 7o and 2"(z + 6y), 2"(z + by), 2"(z + 4y), 2"(z + 3y),
2n(x+2y)’ 2n(x_|_y)7 2n(3")v Qn(y)7 Qn(LU—y), 2n(x_2y), 271(1,_32!)7 2”(.’1)—4y), 2”(3;—53;) € (_L 1)
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foralln=0,1,2,...,k— 1. Hence forn=0,1,2,...,k — 1,

@ (2"(z + 6y)) — 11p (2" (z + 5y)) + 55¢ (2" (z + 4y)) — 165¢ (2" (z + 3y))
+ 3300 (2" (z + 2y)) — 462 (2" (z + y)) + 462 (2"z) — 3309 (2"(z — y))
+165¢ (2" (z — 2y)) — 55¢ (2" (z — 3y)) + 11 (2" (z — 4y)) — ¢ (2" (z — 5y))
— 399168004 (2"y) = 0. (5.5)

From the definition of f and the inequality (5.4), we obtain that

Duf(e,y)| = | D271 (2@ + 6y)) — 11 ) 2717 (2" (2 + 5y))

n=0 n=0

+55) 271 (2" (x4 4y)) — 165 Y 270 (2" (z + 3y))

n=0 n=0

+330) 271 o (2% (4 2y)) — 462 ) 27 Mo (27 ( + )

n=0 n=0

+462) 27 (2"x) =330 > 270 (2" (2 — y))

n=0 n=0

+165 ) 271" (2" (w — 2y)) — 55 Y 27 (2" (z — 3y))

n=0 n=0

1LY 27 (2" (x — 4y)) — Y27 (2" (x — By))
n=0 n=0

o0
39916800 Y 27 11"y (2"y) ‘

n=0

< Z 2~ 117 . 39918848

n=k

< 39918848 -

211(1=k) 39918848 - 20483
< (lal" + 1™ (5.6)

2047 — 2047

Therefore, f satisfies (5.3) for all 2,y € R. Now, we claim that the functional equation (1.1) is not
stable for a = % in Corollary 4.3 (o« = 8 = p = 1). Suppose on the contrary that there exists an
undecic mapping U : R — R and a constant § > 0 such that

|f(x) —U(z)| < 6|z/", forall zeR.

Then there exists a constant ¢ € R such that U(x) = cx!! for all rational numbers z (see [14]). So
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we obtain that
[f(@)| < (6 +|e]) |2 (5.7)

for all x € Q. Let m € N with m+1 > d+|c|. If z is a rational number in (0,27™), then 2"z € (0,1)

foralln=0,1,2,...,m, and for this z, we get
fla) =Y 27"mp2ma) > > 27 (2n) ! = (m + D2t > (5 + |e])a! (5.8)
n=0 n=0
which contradicts (5.7). Hence the functional equation (1.1) is not stable for a = % in Corollary
4.3. Q.E.D.
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