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Abstract

In this paper, we acquire the general solution of the undecic functional equation

f(x+ 6y) − 11f(x+ 5y) + 55f(x+ 4y) − 165f(x+ 3y) + 330f(x+ 2y)

− 462f(x+ y) + 462f(x) − 330f(x− y) + 165f(x− 2y) − 55f(x− 3y)

+ 11f(x− 4y) − f(x− 5y) = 39916800f(y).

We also obtain the generalized Ulam-Hyers stability of the above functional equation in quasi-
β-normed spaces using fixed point method. Moreover, we investigate the pertinent stabilities
of the above functional equation using sum of powers of norms, product of powers of norms and
mixed product-sum of powers of norms as upper bounds. We also present a counter-example
for non-stability of the above functional equation in singular case.
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1 Introduction

The stability problem of functional equations originated from a famous “stability” question of Ulam
[25] in 1940 concerning the stability of group homomorphisms. In fact, let (G1, ·) be a group and
let (G2, ∗) be a metric group with a metric d(·, ·). Given ε > 0, does there exist δ > 0 such that if
a mapping h : G1 → G2 satisfies the inequality d(h(x · y), h(x) ∗ h(y)) < ε for all x, y ∈ G1, then a
homomorphism H : G1 → G2 exists with d(h(x), H(x)) < ε for all x ∈ G1? Ulam’s problem was
affirmatively answered by D.H. Hyers [11] for Banach spaces. It was further generalized by a great
number of mathematicians ([1], [24], [16], [17], [18], [10], [23]). For more detailed information about
such problems on quadratic, cubic, quartic, quintic, sextic, septic, octic, nonic functional equations
and other types of functional equations, one can see ([3], [4], [5], [6], [7], [8], [10], [12], [19], [20],
[21], [22], [27], [30], [31], [32]).

In this paper, we find the general solution of undecic functional equation

f(x+ 6y)− 11f(x+ 5y) + 55f(x+ 4y)− 165f(x+ 3y) + 330f(x+ 2y)

− 462f(x+ y) + 462f(x)− 330f(x− y) + 165f(x− 2y)− 55f(x− 3y)

+ 11f(x− 4y)− f(x− 5y) = 39916800f(y). (1.1)
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Moreover, we obtain the generalized Ulam-Hyers stability of the undecic functional equation in
quasi-β-normed spaces using fixed point method. Since f(x) = x11 is a solution of (1.1), we say
that it is an undecic functional equation. Every solution of the undecic functional equation is said
to be an undecic mapping.

2 Preliminaries

In this section, we recall some basic concepts concerning quasi-β-normed spaces and m-additive
symmetric mappings.

Let β be a fixed real number with 0 < β ≤ 1 and let K denote either R or C.

Definition 2.1. Let X be a linear space over K. A quasi-β-norm ‖·‖ is a real-valued function on

X satisfying the following conditions:

(i) ‖x‖ ≥ 0 for all x ∈ X and ‖x‖ = 0 if and only if x = 0.

(ii) ‖λx‖ = |λ|β · ‖x‖ for all λ ∈ K and all x ∈ X.

(iii) There is a constant K ≥ 1 such that ‖x+ y‖ ≤ K (‖x‖+ ‖y‖) for all x, y ∈ X.

The pair (X, ‖·‖) is called quasi-β-normed space if ‖·‖ is a quasi-β-norm on X. The smallest

possible K is called the modulus of concavity of ‖·‖.

Definition 2.2. A quasi-β-Banach space is a complete quasi-β-normed space.

Definition 2.3. A quasi-β-norm ‖·‖ is called a (β, p)-norm (0 < p < 1) if

‖x+ y‖p ≤ ‖x‖p + ‖y‖p

for all x, y ∈ X. In this case, a quasi-β-Banach space is called a (β, p)-Banach space.

Definition 2.4. A function B : R → R is said to be additive if B(x + y) = B(x) + B(y), for all

x, y ∈ R.

Definition 2.5. A function Bm : Rm → R is called m−additive (for m ∈ N) if it is additive in

each of its variable.

Definition 2.6. A function Bm is called symmetric if

Bm(x1, x2, . . . , xm) = Bm
(
xπ(1), xπ(2), . . . , xπ(m)

)
,

for every permutation {π(1), π(2), . . . , π(m)} of {1, 2, . . . ,m}.
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We denote the diagonal Bm(x, x, . . . , x) as Bm(x), if Bm(x1, x2, . . . , xm) is an m−additive
symmetric map. If we substitute x1 = x2 = · · · = xl = x and xl+1 = xl+2 = · · · = xm = y in
Bm(x1, x2, . . . , xm), then we denote the resulting expression as Bl,m−l(x, y).

The difference operator ∆h for the function f : R→ R is defined as follows:

∆hf(x) = f(x+ h)− f(x) for h ∈ R

and
∆0
hf(x) = f(x),∆1

hf(x) = ∆hf(x) and ∆h ◦∆m
h f(x) = ∆m+1

h f(x)

for all m ∈ N and h ∈ R, ∆h ◦∆m
h denotes the composition of the operators ∆h and ∆m

h . Using
the above definition, consider the functional equation

∆m+1
h f(x) = 0

which can be written in the explicit form as

m+1∑
k=0

(−1)m+1−k
(
m+ 1

k

)
f(x+ kh) = 0

is equivalent to the Fréchet functional equation

∆h1,h2,...,hm+1f(x) = 0,

where x, h1, h2, . . . , hm+1 ∈ R and ∆h1,...,hk = ∆hk ◦ · · · ◦∆h1 for k = 2, 3, . . . ,m+ 1.

3 General solution of functional equation (1.1)

In this section, let X and Y be vector spaces. In the following theorem, we find the general
solution of the undecic functional equation (1.1).

Theorem 3.1. A function f : X → Y is a solution of the functional equation (1.1) if and only

if f is of the form f(x) = A11(x) for all x ∈ X, where A11(x) is the diagonal of the 11-additive

symmetric map A11 : X11 → Y .

Proof. Assume that f satisfies the functional equation (1.1). Replacing (x, y) by (0, 0), one finds

that f(0) = 0. Now, plugging (x, y) into (0, x) and (x,−x) in (1.1) and adding the two resulting

equations, we get

f(−x) = −f(x), (3.1)

for all x ∈ X. Substituting (x, y) by (0, 2x) in (1.1) and using (3.1) , one obtains that

f(12x)− 10f(10x) + 44f(86x)− 110f(6x) + 165f(4x)− 39916932f(2x) = 0 (3.2)
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for all x ∈ X. Considering (x, y) as (6x, x) in (1.1), one gets

f(12x)− 11f(11x) + 55f(10x)− 165f(9x) + 330f(8x)− 462f(7x) + 462f(6x)

− 330f(5x) + 165f(4x)− 55f(3x) + 11f(2x)− 39916801f(x) = 0 (3.3)

for all x ∈ X. Subtracting equation (3.3) from (3.2), we find

11(11x)− 65f(10x) + 165f(9x)− 286f(8x) + 462f(7x)− 572f(6x) + 330f(5x)

+−55f(3x)− 39916943f(2x) + 39916801f(x) = 0 (3.4)

for all x ∈ X. Letting (x, y) as (5x, x) in (1.1), one gets

11(11x)− 121f(10x) + 605f(9x)− 1815f(8x) + 3630f(7x)− 5082f(6x) + 5082f(5x)

− 3630f(4x) + 1815f(3x)− 605f(2x)− 439084679f(x) = 0 (3.5)

for all x ∈ X. Now, subtracting equation (3.5) from (3.4), we obtain

56f(10x)− 440(9x) + 1529f(8x)− 3168f(7x) + 4510f(6x)− 4752f(5x)

+ 3630f(4x)− 1760f(3x)− 39916338f(2x) + 479001480f(x) = 0. (3.6)

for all x ∈ X. Plugging (x, y) into (4x, x) in (1.1), and multiplying the resulting equation by 56,

one obtains

56f(10x)− 616f(9x) + 3080f(8x)− 9240f(7x) + 18480f(6x)

− 25872f(5x)− 18480f(3x) + 9240f(2x)− 2235343824f(x) = 0 (3.7)

for all x ∈ X. Subtracting equation (3.7) from (3.6), we get

176f(9x)− 1551f(8x) + 6072f(7x)− 13970f(6x) + 21120f(5x)

− 22242f(4x) + 16720f(3x)− 39925578f(2x) + 2714345304f(x) = 0 (3.8)

for all x, y ∈ X. Replacing (x, y) with (3x, x) in (1.1), and multiplying the resulting equation by

176, one finds

176f(9x)− 1936f(8x) + 9680f(7x)− 29040f(6x) + 58080f(5x)

− 81312f(4x) + 81312f(3x)− 57904f(2x)− 7025329696f(x) = 0 (3.9)
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for all x ∈ X. Subtracting equations (3.8) and (3.9), we arrive at

385f(8x)− 3608f(7x) + 15070f(5x)− 36960f(5x) + 59070f(4x)

− 64592f(3x)− 39867674f(2x) + 9739675000f(x) = 0 (3.10)

for all x ∈ X. Taking (x, y) as (2x, x) in (1.1), and multiplying the resulting equation by 385, one

gets

385f(8x)− 4235f(7x) + 21175f(6x)− 63525f(5x) + 127050f(4x)

− 177485f(3x) + 173636f(2x)− 15368073875f(x) = 0 (3.11)

for all x ∈ X. Subtracting equation (3.11) from (3.10), we arrive at

627f(7x)− 6105f(6x) + 26564f(5x)067980f(4x)

+ 112893f(3x)− 40041309f(2x) + 25107748875f(x) = 0 (3.12)

for all x ∈ X. Substituting (x, y) as (x, x) in (1.1), and multiplying the resulting equation by 627,

one finds

627f(7x)− 6897f(6x) + 34485f(5x)− 102828f(4x)

+ 200013f(3x)− 255189f(2x)− 25027647381f(x) = 0 (3.13)

for all x ∈ X. Subtracting equation (3.13) from (3.12), we arrive at

792f(6x)− 7920f(5x) + 34848f(4x)− 87120f(3x)

− 39786120f(2x) + 50135396256f(x) = 0 (3.14)

for all x ∈ X. Replacing (x, y) with (0, x) in (1.1), and multiplying the resulting equation by 792,

one obtains

792f(6x)− 7920(5x) + 34848f(4x)− 87120f(3x)

+ 130680f(2x)− 31614210144f(x) = 0 (3.15)

for all x ∈ X. Subtracting equation (3.15) from (3.14), we arrive at

f(2x) = 211f(x) (3.16)
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for all x ∈ X.

On the other hand, one can rewrite the functional equation (1.1) in the form

f(x) +
1

462
f(x+ 6y)− 11

462
f(x+ 5y) +

55

462
f(x+ 4y)− 165

462
f(x+ 3y)

+
165

462
f(x+ 2y)− f(x+ y)− 165

231
f(x− y) +

165

462
f(x− 2y)

− 55

462
f(x− 3y) +

11

462
f(x− 4y)− 1

86400
f(y) = 0, (3.17)

for all x ∈ X. By Theorems 3.5 and 3.6 in [29], f is a generalized polynomial function of degree at

most 11, that is, f is of the form

f(x) = A11(x) +A10(x) +A9(x) +A8(x) +A7(x) +A6(x)

+A5(x) +A4(x) +A3(x) +A2(x) +A1(x) +A0(x), ∀x ∈ X, (3.18)

where A0(x) = A0 is an arbitrary element of Y , and Ai(x) is the diagonal of the i-additive symmetric

map Ai : Xi → Y for i = 1, 2, 3, . . . , 11. By f(0) = 0 and f(−x) = −f(x) for all x ∈ X, we get

A0(x) = A0 = 0 and the function f is odd. Thus we have A10(x) = A8(x) = A6(x) = A4(x) =

A2(x) = 0. It follows that f(x) = A11(x) +A9(x) +A7(x) +A5(x) +A3(x) +A1(x). By (3.16) and

An(rx) = rnAn(x) whenever x ∈ X and r ∈ Q, we obtain

211
(
A11(x) +A9(x) +A7(x) +A5(x) +A3(x) +A1(x)

)
= 211A11(x) + 29A9(x) + 27A7(x) + 25A5(x) + 23A3(x) + 2A1(x).

Moreover, 211A9(x) + 211A7(x) = 29A9(x) + 27A7(x) yields A7(x) = −4A9(x)/5. Also, 29A7(x) +

29A5(x) = 29A7(x) + 27A5(x) implies A5(x) = −4A7(x)/5 = 16A9(x)/25. Similarly, 27A5(x) +

27A3(x) = 25A5(x) + 23A3(x) gives A3(x) = −4A5(x)/5 = −64A9(x)/125. Further, 25A3(x) +

25A1(x) = 23A3(x) + 2A1(x) arrives at A1(x) = −4A3(x)/5 = 256A9(x)/625. It follows that

A9(x) = A7(x) = A5(x) = A3(x) = A1(x) = 0, x ∈ X. Therefore, f(x) = A11(x).

Conversely, assume that f(x) = A11(x) for all x ∈ X, where A11(x) is the diagonal of the

11-additive symmetric map A11 : X11 → Y . From A11(x+ y) = A11(x) +A11(y) + 11A10,1(x, y) +

55A9,2(x, y)+165A8,3(x, y)+330A7,4(x, y)+462A6,5(x, y)+462A5,6(x, y)+330A4,7(x, y)+165A3,8(x, y)

+55A2,9(x, y) + 11A1,10(x, y), A11(rx) = r11A11(x), A10,1(x, ry) = rA10,1(x, y), A9,2(x, ry) =

r2A9,2(x, y), A8,3(x, ry) = r3A8,3(x, y), A7,4(x, ry) = r4A7,4(x, y), A6,5(x, ry) = r5A6,5(x, y),

A5,6(x, ry) = r6A5,6(x, y), A4,7(x, ry) = r7A4,7(x, y), A3,8(x, ry) = r8A3,8(x, y), A2,9(x, ry) =

r9A2,9(x, y), A1,10(x, ry) = r10A1,10(x, y) (x, y ∈ X, r ∈ Q), we see that f satisfies (1.1), which

completes the proof of Theorem 3.1. q.e.d.
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4 Generalized Ulam-Hyers stability of equation (1.1)

Throughout this section, we assume that X is a linear space and Y is a (β, p)-Banach space
with (β, p)-norm ‖·‖Y . Let K be the modulus of concavity of ‖·‖Y . For notational convenience, we
define the difference operator for a given mapping f : X → Y as

Duf(x, y) = f(x+ 6y)− 11f(x+ 5y) + 55f(x+ 4y)− 165f(x+ 3y) + 330f(x+ 2y)

− 462f(x+ y) + 462f(x)− 330f(x− y) + 165f(x− 2y)

− 55f(x− 3y) + 11f(x− 4y)− f(x− 5y)− 39916800f(y)

for all x, y ∈ X.

Lemma 4.1. (see [27]). Let i ∈ {−1, 1} be fixed, s, a ∈ N with a ≥ 2 and Ψ : X → [0,∞) be a

function such that there exists an L < 1 with Ψ
(
aix
)
≤ aisβLΨ(x) for all x ∈ X. Let f : X → Y

be a mapping satisfying

‖f(ax)− asf(x)‖Y ≤ Ψ(x) (4.1)

for all x ∈ X, then there exists a uniquely determined mapping F : X → Y such that F (ax) =

asF (x) and

‖f(x)− F (x)‖Y ≤
1

asβ |1− Li|
Ψ(x) (4.2)

for all x ∈ X.

Theorem 4.2. Let i ∈ {−1, 1} be fixed. Let ϕ : X × X → [0,∞) be a function such that there

exists an L < 1 with ϕ
(
2ix, 2iy

)
≤ 2048iβLϕ(x, y) for all x, y ∈ X. Let f : X → Y be a mapping

satisfying

‖Duf(x, y)‖Y ≤ ϕ(x, y) (4.3)

for all x, y ∈ X. Then there exists a unique undecic mapping U : X → Y such that

‖f(x)− U(x)‖Y ≤
1

2048β |1− Li|
Ψ(x) (4.4)
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for all x ∈ X, where

Ψ(x)

=
1

39916800β

[
K7ϕ(6x, x) + 11βK6ϕ(5x, x) + 56βK6ϕ(4x, x) + 176βK5ϕ(3x, x)

+ 385βK4ϕ(2x, x) + 627βK3ϕ(x, x) +K8ϕ(0, 2x) + 792βK2ϕ(0, x)

+

(
K9

86400β
+

11βK7

3628800β
+

56βK6

3628800β
+

176βK5

725760β
+

385βK4

241920β
+

627βK3

120960β

)
ϕ(0, 0)

+
( 56βK7

39916800β
+

176βK6

3628800β
+

385βK5

725760β
+

627βK4

241920β

+
792βK3

120960β

)
[ϕ(0, x) + ϕ(x,−x)]

+
( K10

120960β
+

176βK7

39916800β
+

385βK6

3628800β
+

627βK5

725760β

+
792βK4

241920β

)
[ϕ(0, 2x) + ϕ(2x,−2x)]

+

(
385βK7

39916800β
+

627βK6

3628800β
+

792βK5

725760β

)
[ϕ(0, 3x) + ϕ(3x,−3x)]

+

(
K11

241920β
+

627βK7

39916800β
+

792βK6

3628800β

)
[ϕ(0, 4x) + ϕ(4x,−4x)]

+
792βK7

39916800β
[ϕ(0, 5x) + ϕ(5x,−5x)] +

K12

725760β
[ϕ(0, 6x) + ϕ(6x,−6x)]

+
K13

3628800β
[ϕ(0, 8x) + ϕ(8x,−8x)] +

K14

39916800β
[ϕ(0, 10x) + ϕ(10x,−10x)]

]
.

Proof. Substituting x = y = 0 in (4.3), we get

‖f(0)‖Y ≤
1

39916800β
ϕ(0, 0). (4.5)

Now, replacing (x, y) by (0, x) and (x,−x)in (4.3) and then adding the resulting equations, we

obtain

‖f(x) + f(−x)‖Y ≤
K

39916800β
[ϕ(0, x) + ϕ(x,−x)] (4.6)

for all x ∈ X. Now, plugging (x, y) into (0, 2x) in (4.3), we obtain∥∥∥f(12x)− 11f(10x) + 55f(8x)− 165f(6x) + 330f(4x)− 39917162f(2x)

+ 462f(0)− 330f(−2x) + 165f(−4x)− 55f(−6x)

+ 11f(−8x)− f(−10x)
∥∥∥
Y
≤ ϕ(0, 2x) (4.7)
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for all x ∈ X. Using (4.5), (4.6) and (4.7), one finds

‖f(12x)− 10f(10x) + 44f(8x)− 110f(6x) + 165f(4x)− 39916932f(2x)‖Y

≤ Kϕ(0, 2x) +
K2

86400β
ϕ(0, 0) +

K3

120960β
[ϕ(0, 2x) + ϕ(2x,−2x)]

+
K4

241920β
[ϕ(0, 4x) + ϕ(4x,−4x)] +

K5

725760β
[ϕ(0, 5x) + ϕ(6x,−6x)]

+
K6

3628800β
[ϕ(0, , 8x) + ϕ(8x,−8x)] +

K7

39916800β
[ϕ(0, 10x) + ϕ(10x,−10x)] (4.8)

for all x ∈ X. Letting (x, y) as (6x, x) in (4.3) and subtracting the resulting equation from (4.8),

we find ∥∥∥11f(11x)− 65f(10x) + 165f(9x)− 286f(8x) + 462f(7x)− 572f(6x)

+ 330f(5x) + 55f(3x)− 39916943f(2x) + 39916801f(x)
∥∥∥
Y

≤ Kϕ(6x, x) +K2ϕ(0, 2x) +
K3

86400β
ϕ(0, x) +

K4

120960β
[ϕ(0, 2x) + ϕ(2x,−2x)]

+
K5

241920β
[ϕ(0, 4x) + ϕ(4x,−4x)] +

K6

725760β
[ϕ(0, 6x) + ϕ(6x,−6x)]

+
K7

3628800β
[ϕ(0, 8x) + ϕ(8x,−8x)] +

K8

39916800β
[ϕ(0, 10x) + ϕ(10x,−10x)] (4.9)

for all x ∈ X. Considering (x, y) as (5x, x) in (4.3) and multiplying the resulting equation by 11β ,

we have ∥∥∥11f(11x)− 121f(10x) + 605f(9x)− 1815f(8x) + 3630f(7x)− 5082f(6x)

+ 5082f(5x)− 3630f(4x) + 1815f(3x)− 605f(2x)− 439084679f(x)
∥∥∥
Y

≤ 11βϕ(5x, x) +
11β

3628800β
ϕ(0, 0) (4.10)
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for all x ∈ X. Subtracting (4.10) from (4.9), we get∥∥∥56f(10x)− 440f(9x) + 1529f(8x)− 3168f(7x) + 4510f(6x)− 4752f(5x)

+ 3630f(4x)− 1760f(3x)− 39916338f(2x) + 479001480f(x)
∥∥∥
Y

≤ K2ϕ(6x, x) + 11βKϕ(5x, x) +K3ϕ(0, 2x) +

(
K4

86400β
+

11βK

3628800β

)
ϕ(0, 0)

+
K5

120960β
[ϕ(0, 2x) + ϕ(2x,−2x)] +

K6

241920β
[ϕ(0, 4x) + ϕ(4x,−4x)]

+
K7

725760β
[ϕ(0, 6x) + ϕ(6x,−6x)] +

K8

3628800β
[ϕ(0, 8x) + ϕ(8x,−8x)]

+
K9

39916800β
[ϕ(0, 10x) + ϕ(10x,−10x)] (4.11)

for all x ∈ X. Replacing (x, y) by (4x, x) in (4.3), multiplying by 56β and then using (4.5), (4.6) in

the resulting equation, we obtain∥∥∥56f(10x)− 616f(9x) + 3080f(8x)− 9240f(7x) + 18480f(6x)− 25872f(5x)

+ 25872f(4x)− 18480f(3x) + 9240f(2x)− 2235343824f(x)
∥∥∥
Y

≤ 56βKϕ(4x, x) +
56βK

3628800β
ϕ(0, 0) +

56βK2

39916800β
[ϕ(0, x) + ϕ(x,−x)] (4.12)

for all x ∈ X. Subtracting (4.11) from (4.11), we obtain∥∥∥176f(9x)− 1551f(8x) + 6072f(7x)− 13970f(6x) + 21120f(5x)− 22242f(4x)

+ 16720f(3x)− 39925578f(2x) + 2714345304f(x)
∥∥∥
Y

≤ K3ϕ(6x, x) + 11βK2ϕ(5x, x) + 56βK2ϕ(4x, x) +K4ϕ(0, 2x)

+

(
K5

86400β
+

11βK3

3628800β
+

56βK2

3628800β

)
ϕ(0, 0) +

56βK3

39916800β
[ϕ(0, x0 + ϕ(x,−x)]

+
K6

120960β
[ϕ(0, 2x) + ϕ(2x,−2x)] +

K7

241920β
[ϕ(0, 4x) + ϕ(4x,−4x)]

+
K8

725760β
[ϕ(0, 6x) + ϕ(6x,−6x)] +

K9

3628800β
[ϕ(0, 8x) + ϕ(8x,−8x)]

+
K10

39916800β
[ϕ(0, 10x) + ϕ(10x,−10x)] (4.13)

for all x ∈ X. Taking (x, y) as (3x, x) in (4.3), multiplying by 176β and then using (4.5), (4.6) in
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the resulting equation, we find∥∥∥176f(9x)− 1936f(8x) + 9680f(7x)− 29040f(6x) + 58080f(5x)− 81312f(4x)

+ 81312f(3x)− 57904f(2x)− 7025329696f(x)
∥∥∥
Y

≤ 176βKϕ(3x, x) +
176βK

725760β
ϕ(0, 0) +

176βK2

3628800β
[ϕ(0, x) + ϕ(x,−x)]

+
176βK3

39916800β
[ϕ(0, 2x) + ϕ(2x,−2x)] (4.14)

for all x ∈ X. Subtracting (4.14) from (4.13), we obtain∥∥∥385f(8x)− 3608f(7x) + 15070f(6x)− 36960f(5x) + 59070f(4x)− 64592f(3x)

− 39867674f(2x) + 9739675000f(x)
∥∥∥
Y

≤ K4ϕ(6x, x) + 11βK3ϕ(5x, x) + 56βK3ϕ(4x, x) + 176βK2ϕ(3x, x) +K5ϕ(0, 2x)

+

(
K6

86400β
+

11βK4

3628800β
+

56βK3

3628800β
+

176βK2

725760β

)
ϕ(0, 0)

+

(
56βK4

39916800β
+

176βK3

3628800β

)
[ϕ(0, x) + ϕ(x,−x)]

+

(
K7

120960β
+

176βK4

39916800β

)
[ϕ(0, 2x) + ϕ(2x,−2x)]

+
K8

241920β
[ϕ(0, 4x) + ϕ(4x,−4x)] +

K9

725760β
[ϕ(0, 6x) + ϕ(6x,−6x)]

+
K10

3628800β
[ϕ(0, 8x) + ϕ(8x,−8x)]

+
K11

39916800β
[ϕ(0, 10x) + ϕ(10x,−10x)] (4.15)

for all x ∈ X. Replacing (x, y) by (2x, x) in (4.3), multiplying by 385β and using (4.5), (4.6) in the

resulting equation, we find∥∥∥385f(8x)− 4235f(7x) + 21175f(6x)− 63525f(5x) + 127050f(4x)

− 177485f(3x) + 173635f(2x)− 15368073875f(x)
∥∥∥
Y

≤ 385βKϕ(2x, x) +
385βK

241920β
ϕ(0, 0) +

385βK2

725760β
[ϕ(0, x) + ϕ(x,−x)]

+
385βK3

3628800β
[ϕ(0, 2x) + ϕ(2x,−2x)] +

385βK4

39916800β
[ϕ(0, 3x) + ϕ(3x,−3x)] (4.16)
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for all x ∈ X. Subtracting (4.16) from (4.15), we obtain∥∥∥627f(7x)− 6105f(6x) + 26565f(5x)− 67980f(4x) + 112893f(3x)

− 40041309f(2x) + 25107748875f(x)
∥∥∥
Y

≤ K5ϕ(6x, x) + 11βK4ϕ(5x, x) + 56βK4ϕ(4x, x) + 176βK3ϕ(3x, x)

+ 385βK2ϕ(2x, x) +K6ϕ(0, 2x)

+

(
K7

86400β
+

11βK5

3628800β
+

56βK4

3628800β
+

176βK3

725760β
+

385βK2

241920β

)
ϕ(0, 0)

+

(
56βK5

39916800β
+

176βK4

3628800β
+

385βK3

725760β

)
[ϕ(0, x) + ϕ(x,−x)]

+

(
K8

120960β
+

176βK5

39916800β
+

385βK4

3628800β

)
[ϕ(0, 2x) + ϕ(2x,−2x)]

+
385βK5

39916800β
[ϕ(0, 3x) + ϕ(3x,−3x)] +

K9

241920β
[ϕ(0, 4x) + ϕ(4x,−4x)]

+
K10

725760β
[ϕ(0, 6x) + ϕ(6x,−6x)] +

K11

3628800β
[ϕ(0, 8x) + ϕ(8x,−8x)]

+
K12

39916800β
[ϕ(0, 10x) + ϕ(10x,−10x)] (4.17)

for all x ∈ X. Now, changing (x, y) into (x, x) in (4.3), multiplying by 627β and then using (4.5),

(4.6) in the resulting equation, one finds∥∥∥627f(7x)− 6897f(6x) + 34485f(5x)− 102828f(4x) + 20013f(3x)

− 255189f(2x)− 25027647381f(x)
∥∥∥
Y

≤ 627βKϕ(x, x) +
627βK

120960β
ϕ(0, 0) +

627βK2

241920β
[ϕ(0, x) + ϕ(x,−x)]

+
627βK3

725760β
[ϕ(0, 2x) + ϕ(2x,−2x)] +

627βK4

3628800β
[ϕ(0, 3x) + ϕ(3x,−3x)]

+
627βK5

39916800β
[ϕ(0, 4x) + ϕ(4x,−4x)] (4.18)
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for all x ∈ X. Subtracting (4.18) from (4.17), we get∥∥∥792f(6x)− 7920f(5x) + 34848f(4x)− 87120f(3x)− 39786120f(2x)

+ 50135396256f(x)
∥∥∥
Y

≤ K6ϕ(6x, x) + 11βK5ϕ(5x, x) + 56βK5ϕ(4x, x) + 176βK4ϕ(3x, x)

+ 385βK3ϕ(2x, x) + 627βK2ϕ(x, x) +K7ϕ(0, 2x)

+

(
K8

84600β
+

11βK6

3628800β
+

56βK5

3628800β
+

176βK4

725760β
+

385βK3

241920β
+

627βK2

120960β

)
ϕ(0, 0)

+

(
56βK6

39916800β
+

176βK5

3628800β
+

385βK4

725760β
+

627βK3

241920β

)
[ϕ(0, x) + ϕ(x,−x)]

+

(
K9

120960β
+

176βK6

39916800β
+

385βK5

3628800β
+ +

627βK4

725760β

)
[ϕ(0, 2x) + ϕ(2x,−2x)]

+

(
385βK6

39916800β
+

627βK5

3628800β

)
[ϕ(0, 3x) + ϕ(3x,−3x)]

+

(
K10

241920β
+

627βK6

39916800β

)
[ϕ(0, 4x) + ϕ(4x,−4x)]

+
K11

725760β
[ϕ(0, 6x) + ϕ(6x,−6x)] +

K12

3628800β
[ϕ(0, 8x) + ϕ(8x− 8x)]

+
K13

39916800β
[ϕ(0, 10x) + ϕ(10x,−10x)] (4.19)

for all x ∈ X. Multiplying (4.6) by 792β and using (4.5), we have∥∥∥792f(6x)− 7920f(5x) + 34848f(4x)− 87120f(3x)

+ 130680f(2x)− 31614210144f(x)
∥∥∥
Y

≤ 792βKϕ(0, x) +
792βK

86400β
ϕ(0, 0) +

792βK2

120960β
[ϕ(0, x) + ϕ(x,−x)]

+
792βK3

241920β
[ϕ(0, 2x) + ϕ(2x,−2x)] +

792βK4

725760β
[ϕ(0, 3x) + ϕ(3x,−3x)]

+
792βK5

3628800β
[ϕ(0, 4x) + ϕ(4x,−4x)] +

792βK6

39916800β
[ϕ(0, 5x) + ϕ(5x,−5x)] (4.20)
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for all x ∈ X. Subtracting (4.19) from (4.20), we obtain

‖39916800f(2x)− 81749606400f(x)‖Y
≤ K7ϕ(6x, x) + 11βK6ϕ(5x, x) + 56βK6ϕ(4x, x) + 176βK5ϕ(3x, x)

+ 385βK4ϕ(2x, x) + 627βK3ϕ(x, x) +K8ϕ(0, 2x) + 792βK2ϕ(0, x)

+

(
K9

86400β
+

11βK7

3628800β
+

56βK6

3628800β
+

176βK5

725760β
+

385βK4

241920β
+

627βK3

120960β

)
ϕ(0, 0)

+
( 56βK7

39916800β
+

176βK6

3628800β
+

385βK5

725760β
+

627βK4

241920β

+
792βK3

120960β

)
[ϕ(0, x) + ϕ(x,−x)]

+
( K10

120960β
+

176βK7

39916800β
+

385βK6

3628800β
+

627βK5

725760β

+
792βK4

241920β

)
[ϕ(0, 2x) + ϕ(2x,−2x)]

+

(
385βK7

39916800β
+

627βK6

3628800β
+

792βK5

725760β

)
[ϕ(0, 3x) + ϕ(3x,−3x)]

+

(
K11

241920β
+

627βK7

39916800β
+

792βK6

3628800β

)
[ϕ(0, 4x) + ϕ(4x,−4x)]

+
792βK7

39916800β
[ϕ(0, 5x) + ϕ(5x,−5x)] +

K12

725760β
[ϕ(0, 6x) + ϕ(6x,−6x)]

+
K13

3628800β
[ϕ(0, 8x) + ϕ(8x,−8x)]

+
K14

39916800β
[ϕ(0, 10x) + ϕ(10x,−10x)] (4.21)

for all x ∈ X. From (4.21), we arrive at∥∥f(2x)− 211f(x)
∥∥
Y
≤ Ψ(x)

for all x ∈ X. By Lemma 4.1, there exists a unique mapping U : X → Y such that U(2x) = 211(x)

and

‖f(x)− U(x)‖Y ≤
1

2048β |1− Li|
Ψ(x)

for all x ∈ X. It remains to show that U is an undecic map. By (4.3), we have∥∥∥∥ 1

2048in
Duf

(
2inx, 2iny

)∥∥∥∥
Y

≤ 2048−inβϕ
(
2inx, 2iny

)
≤ 2048−inβ

(
2048iβL

)n
ϕ(x, y)

= Lnϕ(x, y)
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for all x, y ∈ X and n ∈ N. So ‖DuU(x, y)‖Y = 0 for all x, y ∈ X. Thus the mapping U : X → Y

is undecic. q.e.d.

Corollary 4.3. Let X be a quasi-α-normed space with quasi-α-norm ‖·‖X , and let Y be a (β, p)-

Banach space with (β, p)-norm ‖·‖Y . Let c1, a be positive numbers with a 6= 11β
α and f : X → Y

be a mapping satisfying

‖Duf(x, y)‖Y ≤ c1 (‖x‖aX + ‖y‖aX)

for all x, y ∈ X. Then there exists a unique undecic mapping U : X → Y such that

‖f(x)− U(x)‖Y ≤


c1δa

2048β−2aα ‖x‖
a
X , a ∈

(
0, 11βα

)
2aαc1δa

2048β(2aα−2048β) ‖x‖
a
X , a ∈

(
11β
α ,∞

)
for all x ∈ X, where

δa =
1

39916800β

[
K7 (6aα + 1) + 11βK7 (5aα + 1) + 56βK6 (4aα + 1)

+ 176βK5 (3aα + 1) + 385βK4 (2aα + 1) + 2 · 627βK3 +K82aα + 792βK2

+ 3

(
56βK7

39916800β
+

176βK6

3628800β
+

385βK5

725760β
+

627βK4

241920β
+

792βK3

120960β

)
+ 3 · 2aα

(
K10

120960β
+

176βK7

39916800β
+

385βK6

3628800β
+

627βK5

725760β
+

792βK4

241920β

)
+ 3 · 3aα

(
385βK7

39916800β
+

627βK6

3628800β
+

792βK5

725760β

)
+ 3 · 4aα +

(
K11

241920β
+

627βK7

39916800β
+

792βK6

3628800β

)
+

3 · 5aα · 792βK7

39916800β
+

3 · 6aαK12

725760β
+

3 · 8aαK13

3628800β
+

3 · 10aαK14

39916800β

]
.

Proof. The proof is obtained by taking ϕ(x, y) = c1 (‖x‖aX + ‖y‖aX), for all x, y ∈ X and L = 2αλ

2048β

in Theorem 4.2. q.e.d.

Corollary 4.4. Let X be a quasi-α-normed space with quasi-α-norm ‖·‖X , and let Y be a (β, p)-

Banach space with (β, p)-norm ‖·‖Y . Let c2, r, s be positive numbers with a = r + s 6= 11β
α and

f : X → Y be a mapping satisfying

‖Duf(x, y)‖Y ≤ c2 ‖x‖
r
X ‖y‖

s
X
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for all x, y ∈ X. Then there exists a unique undecic mapping U : X → Y such that

‖f(x)− U(x)‖Y ≤


c2δr,s

2048β−2aα ‖x‖
a
X , a ∈

(
0, 11βα

)
2aαc2δr,s

2048β(2aα−2048β) ‖x‖
a
X , a ∈

(
11β
α ,∞

)
for all x ∈ X, where

δr,s =
1

39916800β

[
K76rα + 11βK65rα + 56βK64rα + 176βK53rα + 385βK42rα

+ 627βK3 +

(
56βK7

39916800β
+

176βK6

3628800β
+

385βK5

725760β
+

627β

241920β
+

792βk3

120960β

)
+ 2aα

(
K10

120960β
+

176βK7

39916800β
+

385βK6

3628800β
+

627βK5

725760β
+

792βK4

241920β

)
+ 3aα

(
385βK7

39916800β
+

627βK6

3628800β
+

792βK5

725760β

)
+ 4aα

(
K11

241920β
+

627βK7

39916800β
+

792βK6

3628800β

)
+

5aα792βK7

39916800β
+

6aαK12

725760β
+

8aαK13

3628800β
+

10aαK14

39916800β

]
.

Proof. Letting ϕ(x, y) = c2 ‖x‖rX ‖y‖
s
X , for all x, y ∈ X and L = 2aα

2048β
in Theorem 4.2, we obtain

the required results. q.e.d.

Corollary 4.5. Let X be a quasi-α-normed space with quasi-α-norm ‖·‖X , and let Y be a (β, p)-

Banach space with (β, p)-norm ‖·‖Y . Let c3, r, s be positive numbers with a = r + s 6= 11β
α and

f : X → Y be a mapping satisfying

‖Duf(x, y)‖Y ≤ c3
[
‖x‖rX ‖y‖

s
X +

(
‖x‖r+sX + ‖y‖r+sX

)]
for all x, y ∈ X. Then there exists a unique undecic mapping U : X → Y such that

‖f(x)− U(x)‖Y ≤


c3(δr,s+δa)
2048β−2aα ‖x‖

a
X , a ∈

(
0, 11βα

)
2aαc3(δr,s+δa)

2048β(2aα−2048β) ‖x‖
a
X , a ∈

(
11β
α ,∞

)
for all x ∈ X, where δr,s and δa are defined as in Corollaries in 4.4 and 4.3.

Proof. By taking ϕ(x, y) = c3

[
‖x‖rX ‖y‖

s
X +

(
‖x‖r+sX + ‖y‖r+sX

)]
, for all x, y ∈ X and L = 2αλ

2048β

in Theorem 4.2, we arrive at the desired results. q.e.d.
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5 Counter-example

In this section, using the idea of the well-known counter-example provided by Z. Gajda [9], we
illustrate a counter-example that the functional equation (1.1) is not stable for a = 11β

α in Corollary
4.3.

We consider the function

ϕ(x) =

{
x11, for |x| < 1

1, for |x| ≥ 1.
(5.1)

where ϕ : R→ R. Let f : R→ R be defined by

f(x) =

∞∑
n=0

2−11nϕ(2nx) (5.2)

for all x ∈ R. The function f serves as a counter-example for the fact that the functional equation
(1.1) is not stable for a = 11β

α in Corollary 4.3 in the following theorem.

Theorem 5.1. If the function f defined in (5.2) satisfies the functional inequality

|Duf(x, y)| ≤ 39918848 · 20483

2047

(
|x|11 + |y|11

)
(5.3)

for all x, y ∈ R, then there do not exist an undecic mapping U : R→ R and a constant δ > 0 such

that

|f(x)− U(x)| ≤ δ |x|11 , for all x ∈ R.

Proof. First, we are going to show that f satisfies (5.3).

|f(x)| =

∣∣∣∣∣
∞∑
n=0

2−11nϕ(2nx)

∣∣∣∣∣ ≤
∞∑
n=0

1

211n
=

2048

2047
.

Therefore, we see that f is bounded by 2048
2047 on R.

If |x|11 + |y|11 = 0 or |x|11 + |y|11 ≥ 1
2048 , then

|Duf(x, y)| ≤ (39918848)(2048)

2047
≤ (39918848)(2048)2

2047

(
|x|11 + |y|11

)
.

Now, suppose that 0 < |x|11 + |y|11 < 1
2048 . Then there exists a non-negative integer k such that

1

2048k+1
≤ |x|11 + |y|11 < 1

2048k
. (5.4)

Hence 2048k |x|11 < 1
2048 , 2048k |y|11 < 1

2048 and 2n(x + 6y), 2n(x + 5y), 2n(x + 4y), 2n(x + 3y),

2n(x+2y), 2n(x+y), 2n(x), 2n(y), 2n(x−y), 2n(x−2y), 2n(x−3y), 2n(x−4y), 2n(x−5y) ∈ (−1, 1)
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for all n = 0, 1, 2, . . . , k − 1. Hence for n = 0, 1, 2, . . . , k − 1,

ϕ (2n(x+ 6y))− 11ϕ (2n(x+ 5y)) + 55ϕ (2n(x+ 4y))− 165ϕ (2n(x+ 3y))

+ 330ϕ (2n(x+ 2y))− 462ϕ (2n(x+ y)) + 462ϕ (2nx)− 330ϕ (2n(x− y))

+ 165ϕ (2n(x− 2y))− 55ϕ (2n(x− 3y)) + 11ϕ (2n(x− 4y))− ϕ (2n(x− 5y))

− 39916800ϕ (2ny) = 0. (5.5)

From the definition of f and the inequality (5.4), we obtain that

|Duf(x, y)| =
∣∣∣ ∞∑
n=0

2−11nϕ (2n(x+ 6y))− 11

∞∑
n=0

2−11nϕ (2n(x+ 5y))

+ 55

∞∑
n=0

2−11nϕ (2n(x+ 4y))− 165

∞∑
n=0

2−11nϕ (2n(x+ 3y))

+ 330

∞∑
n=0

2−11nϕ (2n(x+ 2y))− 462

∞∑
n=0

2−11nϕ (2n(x+ y))

+ 462

∞∑
n=0

2−11nϕ (2nx)− 330
∞∑
n=0

2−11nϕ (2n(x− y))

+ 165

∞∑
n=0

2−11nϕ (2n(x− 2y))− 55

∞∑
n=0

2−11nϕ (2n(x− 3y))

+ 11

∞∑
n=0

2−11nϕ (2n(x− 4y))−
∞∑
n=0

2−11nϕ (2n(x− 5y))

− 39916800

∞∑
n=0

2−11nϕ (2ny)
∣∣∣

≤
∞∑
n=k

2−11n · 39918848

≤ 39918848 · 211(1−k)

2047
≤ 39918848 · 20483

2047

(
|x|11 + |y|11

)
. (5.6)

Therefore, f satisfies (5.3) for all x, y ∈ R. Now, we claim that the functional equation (1.1) is not

stable for a = 11β
α in Corollary 4.3 (α = β = p = 1). Suppose on the contrary that there exists an

undecic mapping U : R→ R and a constant δ > 0 such that

|f(x)− U(x)| ≤ δ |x|11 , for all x ∈ R.

Then there exists a constant c ∈ R such that U(x) = cx11 for all rational numbers x (see [14]). So
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we obtain that

|f(x)| ≤ (δ + |c|) |x|11 (5.7)

for all x ∈ Q. Let m ∈ N with m+1 > δ+|c|. If x is a rational number in (0, 2−m), then 2nx ∈ (0, 1)

for all n = 0, 1, 2, . . . ,m, and for this x, we get

f(x) =

∞∑
n=0

2−11nϕ(2nx) ≥
m∑
n=0

2−11n (2nx)
11

= (m+ 1)x11 > (δ + |c|)x11 (5.8)

which contradicts (5.7). Hence the functional equation (1.1) is not stable for a = 11β
α in Corollary

4.3. q.e.d.
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