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SUBMODULES OF MULTIPLICATION MODULES
Shahabaddin Ebrahimi Atani

Abstract. Let R be a commutative ring with identity (zero-divisors admitted).
Various properties of submodules a multiplication module are considered. In
fact, our aim here is to generalize some of the results in the paper listed as
[1], from finitely generated faithful multiplication ideals to finitely generated
faithful multiplication modules.

1. INTRODUCTION

Throughout this paper all rings will be commutative with identity (zero-divisors
admitted) and all modules will be unitary. Let M be an R-module. Then M is called
a multiplication module if for each submodule N of M, N = IM for some ideal
I of R. In this case we cantake I = (N : M) = {r € R:rM C N}. Examples
of multiplication ideals (i.e., ideals of a ring R that are multiplication R-modules)
include invertible ideals, principal ideals, and ideals generated by idempotents. An
R-module M is called a weak cancellation module whenever AM = BM for ideals
A and B of R, then A+ Ann(M) = B+ Ann(M). In particular, if Ann(M) =0,
then we call M a cancellation module.

Let M be an R-module. The idealization of R and M is the commutative ring
with identity R(M) = R & M with addition (r,m) + (r',m’) = (r + ', m + m/)
and multiplication (r, m)(r’,m’") = (rr’,rm’ 4+ r'm). Note that 0 & M ia an ideal
of R(M) satisfying (0@ M)? = 0 and that the structure of 0@ M as R(M )-module
(i.e., an ideal of R(M)) is essentially the same as the R-module structure of M.
Let N be a submodule of M. Then 0@ N is an ideal of R(A/) contained in 0 & M.
A good reference for the basic facts about idealization is [10, Section 25].

Throughout this paper we shall assume unless otherwise stated, that A is a
finitely generated faithful multiplication module, S(M) is the set finitely generated
faithful multiplication submodules of M and S(R) is the semi-group of finitelty
generated faithful multiplication ideals of R.

Received November 17, 2003; Accepted November 26, 2003.

Communicated by Pjek-Hwee Lee.

2000 Mathematics Subject Classification: 13A15, 13F05.

Key words and phrases: Multiplication modules, Greatest common divisor, Least common multiple.

385



386 Shahabaddin Ebrahimi Atani

2. Gep AND Lem oF MuLTiPLICATION MODULES

Let M be an R-module and N a submodule of M with N = I M for some ideal
I of R. Then we say that I is a presentation ideal of NV (for short a presentation of
N). It is possible that for a submodule N no such presentation exist. For example:

(1) Assume that M is a vector space over an arbitrary field of F' with dimpM =
k > 2 and let N be a proper subspace of M such that N # 0. Then M is finite
length (so M is artinian, noetherian, and pure-injective), but M is not multiplication
and N has not any presentation.

(2) Let R be a local Dedekind domain with maximal ideal P = Rp. The module
E = E(R/P), the injective hull of R/P, is pure-injective, secondary and Artinian
(see [8, Theorem 1.1]). Set A,, = (0 :g P™) (n > 1). Then every non-zero proper
submodule L of E is of the form L = A, for some m and £ = P"FE (n > 1), SO
L has not any presentation (see [9, p. 324]), and hence E' is not multiplication.

Clearly, for every submodule of M has a presentation ideal if and only if M is
multiplication module. In particular, every submodule N of a multiplication module
M, (N : M) is a presentation for N.

Let M be a multiplication module, and let N = I1 M, K = b M and T = I3sM
for some ideals I, I and I3 of R. The product of N and K denoted by NK is
defined by I; I, M. Moreover, the product of N and K is independent of presentation
ideals of N and K (see [2, Theorem 3.4]). Clearly, N K is a submodule of M and
contained in N N K. Also it is clear that if N C K then NT C KT.

Remark 1. Clearly, M? = MM = M (so M is idempotent). Note that this
definition is different from the definition of ordinary ideal multiplication. To see
that the two definitions are actually different, let R = Z be the ring of integers,
andlet M =2Z and N = K =4Z. Then NK is 16Z by the usual definition and
is 87 by the our definition. In fact, when I is idempotent - in that case, the two
definitions coincide.

Definition 2.1. Let N and K be submodules of an R-module M and let
R(M) be the idealization of M. We say that N divides K, denoted by N | K, if
there exists an ideal J of R(M) suchthat 0 K = J(0® N).

Let N and K be submodules of an R-module M. A submodule G of M is
called a greatest common divisor of N and K, or ged(N, K), if and only if:

() G| Nand G| K,

(i) If G’ is a submodule of M with G’ | N and G’ | K, then G’ | G. We say
that IV is relatively prime to K if gcd(N, K) = M.

Similarly, a submodule L of M is called a least common multiple of N and
K, or lem(N, K), if and only if:

(i) N|Land K | L,
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(ii) If L is a submodule of M with N | L' and K | L/, then L | L'.

Proposition 2.2. Let N and K be submodules of an R-module M and let
R(M) be the idealization of M. Then N | K if and only if there exists an ideal 1
of R such that K = IN. In particular, if N | K then K C N.

Proof.  Suppose first that N | K. Then 0 ¢ K = J(0 & N) for some ideal J
in R(M). By [10, Theorem 25.1 (1)], if

I'={reR: (r,m)e J for somem e M}

and if
N'={n"eM: (r,n') € J for some r € R}

then I is an ideal of R, N’ is an R-submodule of M, IM C N'and J =1 N'. It
follows that 0 K = (I & N')(0N) =04 1IN, and hence K = I N. Conversely,
suppose that X' = I N for some ideal I in R. Then I @ M)(0& N) =04 IN =
0@ K, and hence 0 N | 0 @ K, as required. ]

Remark 2. (i) By Proposition 2.2, it is clear that if N is a multiplication
submodule of A then N | K if and only if K C N.

(i) Let N1, N2 and N3 be multiplication submodules of an R-module M. Then
by (i) and definition, 1) Ny | Ny, 2) if N1 | N2 and Na | Ny then N3 = Ny and 3)
if N1 | Ny and Ny | N3 then Ny | N3. Moreover, it is clear that ged(NVy, N2) and
lem(Ny, N5) are unique if they exist.

(iii) Let N be a submodule of M. 1) If gcd(M,N) = G then G = M. 2) If
lem(0, N) = L then L = 0.

Lemma 2.3. Let M be a finitely generated faithful multiplication R module
and N a submodule of M. Then N =IM € S(M) if and only if I € S(R).

Proof. This follows from [13, Theorem 10] and [11, Lemma 1.4]. ]
Lemma 2.4.  The set S(M) is a multiplicative semi-group.

Proof. Let N,K € S(M). Then N = IM and K = JM for some ideals
I,Jin S(R) by Lemma 2.3. If r(NK) = (rI)K = 0 then v = 0. It follows that
r =0, so NK is faithful.

Suppose that H C NK C K. Then H = J'K for some ideal J’ in R. As
J'K C IK, we have J' C I by [13, p. 231 Corollary], so .J/ = J;I for some ideal
J1 of R, and hence H = 11K = J1NK. Thus NK is multiplication. Finally,
since NK = IJM = IK, from Lemma 2.3, we get N K is finitely generated, as
rquired. ]

Corollary 25. Let N,T € S(M).
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(i) If K is a submodule of M and K | N, then K € S(M).
(ii) If lem(N,T') = K exists, then K € S(M).

Proof. (i) There exists an ideal I in S(R) such that N = I'M by Lemma 2.3.
Therefore K = JM and N = IM = J,JM for some ideals J, J; of R. It follows
that 7 = J;J by [12, Theorem 6.1], so J | I. Thus by [1, Lemma 1.4], J € S(R),
and hence K = JM e S(M) by Lemma 2.3.

(i) Since N, T € S(M), we have NT € S(M) by Lemma 2.4. As NT is a
common multiple of N and T', we have K | NT', and by (i), K € S(M). [ |

Theorem 2.6. Let N, K € S(M). If lem(N, K) = T exists, then so too does
ged(N, K). In particular, NK = lem(N, K)ged(N, K).

Proof. We can write N = I1M, K = IbM and T' = IsM for some ideals
Ii,Irand I3 of R, so NK = 1K = I,N and T'| I; K. Then there exists an ideal
Jyin Rsuch that 1 K = 1T = JiIsM = (J1M)(IsM). Since T € S(M), we
have

(LK : T)M = (J\T : T)M = 1M

by [13, Theorem 10 (ii)]. It is enough to show that ged(NV, K) = J; M. Since
K | T, there exists an ideal J» of R such that T = J,K. It follows that J;T" =
J1Jo K = I1 K and by [12, Theorem 6.1], J;Jo = I, and hence JoJ{ M = I M.
Thus JyM | N. Similarly, 1M | K. Assume that T; is a submodule of M
such that 77 | K and Ty | N. Then there exists ideals Js, J, and J5 of R such
that K = J3Ty, N = J4T74 and T7 = JsM. Therefore NK = J3JsJsM, so
JsM | NK, and hence T} = JsM € S(M) by Proposition 2.5. By [13, Theorem
10 (II)], we have (NK : Tl)M = (J3J4T1 : Tl)M = JsJ4M. It follows that
K,N | (NK :Th)M. Therefore T | (NK : T;)M, and hence there is an ideal I,
of R such that (NK : Tl)M =IL,T. But NK = J3JyJsM C JsM =T and T3
is a multiplication module. Thus

JlT =NK = (NK . Tl)Tl == (NK . Tl)J5M == I4J5T

It follows that J; = I4J5 since T is cancellation module. Thus J1M = I4JsM =
I,Ty,s0 Ty | J1 M, as required. [

Lemma 2.7. LetI,J e S(R),and let M be a finitely generated faithful mul-
tiplication R-module such that lem (I M, JM) exists. Then the following statements
are true:

(7) lem(I, J) exists and lem(Z, J)M = lem(IM, JM).
(73) ged(I, J) exists and ged(I, J)M = ged(IM, JM).
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(iii) (I:J)=(IM:JM).

Proof. (i) Let lem(/M,JM) =U. Then U = 1M = J1IM = JoJM for
some ideals I, J; and Jy of R. It follows that I; = J1I = JJ since M is a
cancellation module, and hence I; is a common multiple of I and .J. Assume that
Js is an ideal of R with I | Js and J | Js3. Thus JsM is a common multiple of M
and JM, so there exists an ideal J4 in R such that J3M = J4I; M and therefore
J3 = JyIy. It follows that I; | J3, so lem(Z, J) = Iy, as required.

(i) This proof is similar to that in case (i) and we omit it.

(iii) Clearly, (I : J) € (IM : JM). Suppose that » € (IM : JM). Then
rdM C IM,sorJ C I by [13, p. 231 Corollary], as required. ]

Corollary 2.8. Let N, K, T € S(M). Then the following statements are true:
(i) lem(N, K) exists if and only if lem(T'N, TK) exists, in which case
lem(TN,TK) = Tlem(N, K)
(ii) If gcd(T'N, TK) exists, then so too does ged(N, K), and
ged(TN, TK) = Tged(N, K)

Proof. (i) We can write N = 1M, K = IbM and T' = I3M for some ideals
I, I and I3 € S(R). Suppose first that lem(V, K) exists. As I3 € S(R), we get
lem(I3ly, Isly) = Islem([Iy, Iz) by [1, Theorem 2.2] and Lemma 2.7. It follows
from Lemma 2.7 that

lem(TN,TK) = lem(LT, I,T) = lem(Iy, L)MT =
lem(I; M, IbM)T = lem(N, K)T

The converse is obvious.
(if) This proof is similar to that in case (i) and we omit it. |

Lemma 2.9. Let N; (1 < ¢ < n) be a finite collection of submodules in
S(M).
(I) If ng(Nl, No, ..., Nn) and ng(Nl, No, ..., Nn—l) exist and

U = ged(Ny, No, ..y Njy1)
then ged(N1, Na, ..., Ny,) = ged(U, Ny,).
(ii) If lem(Ny, Na, ..., N,,) and lem(Ny, Ny, ..., N,,—1) exist and
V =lem(Ny, Na, ..., Np—1)
then lem(Ny, No, ..., Nyp) = lem(V, N,,).
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Proof.  Straightforward ]

Corollary 2.10. Let N,K,T € S(M), and let ged(T'N,TK) exists and
ged(N, K) = M. Then ged(N,TK) = ged(N,T).

Proof. By Corollary 2.8, we have gcd(T'N,TK) = Tged(N,K)=TM =T.
Then ged(N, T) = ged(N, ged(T'N,TK)), and it follows from Lemma 2.9 that

ged(N,T) = ged(ged(N, TN), TK) = ged(N, TK). [
Lemma 2.11. Let N,K,T € S(M).

(i) f TN = TK then N = K.
(i) 1f Ty = ged(N, K) then ged((N : Ty)M, (K : Ty)M) = M.

Proof. (i) By Lemma 2.3, there exists ideals I, I, and I3 in S(R) such that
N =0IM, K=I1LMand T = I3M. Suppose that TN = I[1IsM = I,bIsM =
TK, so I1I3 = I>I5 since M is cancellation, and hence I = I; since I3 is
cancellation ideal. Thus N = K.

(it) Since T3 is the greatest common divisor of N, K, we have N, K C T; and
T, € S(M),so N = (N :Ty)Ty and K = (K : T1)T;. It follows from Corollary
2.8 that

TlM = T1 = ng((N . Tl)Tl, (K . Tl)Tl) = Tlgcd((N . Tl)M, (K . Tl)M)
By (i), we get ged((N : Ty) M, (k : Ty) M) = M, as required. |

Theorem 2.12.  The greatest common divisor of N and K exists for all
N,K € S(M) if and only if lem(NN, K) exists for all N, K € S(M).

Proof.  Let N,K € S(M). If ged(N,K) = G then, G € S(M) and
N =(N:G)G,K = (K : G)G. So by Corollary 2.8, lem(NN, K) exists if and only
if lem((N : G)M, (K : G)M) exists, and ged((N : G)M, (K : G)M) = M by
Lemma 2.11 (Since lem(N, K) = lem((N : G)MG, (K : G)M@G)). Thus we may
assume that ged(N, K) = M. Now it is enough to show that lem(NV, K) = NK.
Clearly, N K is a common multiple of N and K. Let U be a submodule of M such
that N, K | U. Then U = 1N = I, K for some ideals I; and I, of R. As N |
LN = I M N, we infer from Corollary 2.10 that gcd(N, M N) = ged(N, 1 M),
and hence N | I;M, so that NK | 1M N = U. The converse follows from
Theorem 2.6. ]

Lemma 2.13. Let N, K € S(M).
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(i) lem(N, K) exists in S(M) if and only if NN K € S(M). In particular,
lem(N,K)=NNK = (N : K)K.
(ii) If lem(N, K) = NN K then ged(N, K) = (NK : N N K)M.

Proof. (i) Let lem(N,K) =T € S(M). Then T is a common multiple of
Nand K,so T C NN K. As N and K are multiplication, N N K is a common
multiple of N and K,so T | NN K, and hence T = NN K € S(M). Similarly,
if NN K € S(M) then N N K is the least common multiple of N and K. Finally,
since VNK =(NNK : K)K =lem(N, K), we have lem(N, K) = (N : K)K.

(i) Since NK = (NK : NN K)M(N N K) = ged(N, K)(N N K), so the
result follows from Lemma 2.11. |

Theorem 2.14. Let N,K € S(M), and let lem(N, K) exists. Then the
following statements are true:
(i) lem(N, K)™ = lem(N™, K™) for all positive integer m.
(i) ged(N, K)™ = ged(N™, K™) for all positive integer m.
(iii) (N : K)™ = (N™: K™) for all positive integer m.

Proof. (i) We can write N = I1M and K = I, M for some ideals I, I €
S(R) by Lemma 2.3. Suppose that lem (N, K) = T'. Then there exists an ideal I3
of R with T"'= IsM. By [1, Theorem 2.6] and Lemma 2.7, we have

lem(N, K)™ = lem(I1 M, IsM)™
= (M)™ = I*M
= 1CHI(11, Ig)mM
= lem(I]", I )M
= lem(I"M, IJ"M) = lem(N™, K™)
(i) This proof is similar to that in case (i) and we omit it.

(iii) There exists elements I, I, of S(R) such that N = I1) M and K = I, M.
from Lemma 2.7 and [1, Theorem 2.6], we have

(N : K)m = (IlM : IQM)m = ((Il : IQ)M)m = (Il : Ig)mM
= (I™: ;M = (I™M : I"M) = (N™ : K™). n

3. GCD MobuLEs

Definition 3.1. An R-module M is called a GC'D module if the intersection
of every two finitely generated faithful multiplication submodules is also a finitely
generated faithful multiplication module.
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Let R be a generalized GCD ring (that is, the intersection of every two finitely
generated faithful multiplication ideals of R is also a finitely generated faithful
multiplication ideal). Then R is GCD as an R-module. But R = Z[/5] is not
GCD as an R-module (see [1, Section 3]).

Theorem 3.2.  Let S(M) be the set of as described in section 2. Then the
following conditions are equivalent:
(i) M isa GCD module.
(ii) Foreach N, K € S(M), lem(N, K) exists in S(M).
(iii) For each N, K € S(M), ged(N, K) exists in S(M).
(iv) Foreach N, K € S(M), (N : K)M € S(M).

Proof. From Theorm 2.12 and Lemma 2.13, it is enough to show that (ii) =
(iv) and (iv) = (1).
(ii) = (iv). There exists an ideal I of R such that K = IM. By Theorem
2.12 and Lemma 2.13, we have
lem(N,K) = (N : K)K = I(N : K)M

It follows that (N : K)M | lem(N, K). Now the assertion follows from the
Corollary 2.5.
(iv) = (7). Let N,K and (N : K)M € S(M). we can write K = I M for
some ideal of R. As
(N:K)YM=(NNK:K)Me S(M),
we have NNK = (NNK : K)K = (NNK : K)(RM)(IM) € S(M), as
required. |

Corollary 3.3. Let M be a GCD module, and let N, K, T € S(M). Then
the following statements are true:
(i) (ged(N,K):T)M = ged((N : T)M, (K : T)M).
(ii) (T :lem(N, K))M = ged((T : N)M, (T : K)M).

Proof. (i) There existsideals 71, I and I3 of Rsuchthat N = 1 M, K = ILb,M
and T'= IsM. By Lemma 2.7 and [1, Corollary 3.2], we have
G = ((ged(IL M, I;M) : IsM))M
(ged (L1, Io)M = IsM))M
)+ I3)M
ged((Ih = I3), (Ix: I3))M
=ged(([1 : Is)M, (1o : Is) M)
= ged(([1M : IsM), (I;M : IsM))
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So, G =ged((N : T)M, (K : T)M), as required.
(i) This proof is similar to that the case (i) and we omit it. |

Corollary 3.4. Let M be a GCD module, and let N, K, T € S(M). Then
the following statements are true:

(i) lem(ged(N, K),T)) = ged(lem(N, T'), lem(K, T))
(ii) ged(lem(N, K),T)) = lem(ged(N, T'), ged(K, T'))

Proof. (i) We can write N =1 M, K = I,M and T' = I3M for some ideals
I1, I, and I3 of R. By Lemma 2.7 and [1, Corollary 3.3], we have
lem(ged(I1 M, 1o M), IsM))
= lem(ged (11, Io) M, IsM)
= lem(ged(11, I2), Is) M
(I, I3), lem(Iy, I3)) M
(I, Is) M, lem(Io, I5) M)
lem(I; M, I3M), lem(Io M, IsM)
= gcd(lcm(N, T),lem(K,T)).
(i) This proof is similar to that the case (i) and we omit it. |

Lemma 3.5. Let M be a GCD module, and let N, K, T € S(M). If
ged(N,T) = ged(K, T) = M, then ged(lem(N, K),T) = M = ged(NK, T).

Proof. This follows from Corollary 2.10 and Corollary 3.4. ]
Let M be a GC'D module, and let I, J € S(R), N, K € S(M). Set
O;y={A:Aisanideal of R, A |1, gcd(A,J) = R}
Oy M ={T :T isasubmodule of M, T'| N, ged(T,K) =M}
Clearly, ®n xM C S(M) and M € Oy g M.

Lemma36. Let N=IM,K=JM € S(M). ThenT =LM € &n M
if and only if I; € ®; ;.

Proof. There exists an ideal J; of R such that IM = Ji 1M, so I = J;I;
since M is cancellation, and hence I; | I. As T € &y M, by Lemma 2.7, we
have

ged(T, K) = ged(I1M, JM) = ged(I1, J)M = RM

It follows that ged(11, J) = R. Thus I; € ®; ;. The converse is obvious. [

Theorem 3.7. Let M be a GCD module and N = IM,K = JM € S(M).
Then the following statements are true:
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(i) ®n kM formes a lattice of submodules of A/. Moreover, if ® x M contains
a minimal element, then it is unique.
(II) If A,B € (I)N,KM then (A : B)M S (I)N,KM-

Proof. Let A,B € &y M. Then A,B € S(M), and gcd(A, B) and
lem(A, B) exist. There exists ideals I; and Iy in ®; ; such that A = I; M and
B = I, M by Lemma 3.6. From Lemma 2.7, [1, Theorem 3.5], and Lemma 3.6,
we have

ged(A, B) = ged([1 M, I, M) = ged(Ih, Io)M € & x M
lem(A, B) = lem(I1 M, I, M) = lem(Iy, I)) M € &y g M
This show that the first assertion follows and the second assertion is obvious.

(if) We can write A = 1M and B = I, M for some ideals I; and I5 in ®; ;.
From Lemma 2.7, [1, Theorem 3.5], and Lemma 3.6, we have

(A : B)M = (IlM : IQM)M = (Il : IQ)M S (I)N,KM |

Proposition 3.8. Let M bea GCD moduleand N = IM, K = JM € S(M).
Then T' = I; M is the smallest element in @ y x M if and only if I; is the smallest
element in ®; ;.

Proof. Suppose first that 7" is the smallest elementin @ y M. Then I; € ®; ;
by Lemma 3.6. Let I, be an ideal in R such that I, | (I : I;) and ged(l2, J) = R.
By [1, Theorem 3.7], it is enough to show that I, = R. Since oM | (I : ;)M =
(IM : I;M)M, we have from Theorem 3.2 and Corollary 2.5 that LM € S(M).
Moreover, LT = I,TM | (N : T)TM = NM = N, ged(I;M,K) = M and
ged(T, K) = ged(I1, J)M = RM = M, so by Lemma 3.5,

ged(LMT, K) = ged(I,T, K) = M.

It follows that 1,7 € ®x g M, and hence T' C [,T C T. Thus [,T =T = RT
and therefore I, = R since T is cancellation. Conversely, assume that I; is the
smallest element in ®; ;. Let Ty = J1M € &y M. Then J; € &7 ; by Lemma
3.6, and hence I; C J;, as required. [

Theorem 3.9. Let M be a GCD module and N = IM, K = JM € S(M).
Then T' = I; M is the smallest element in @ x M if and only if the only submodule
of M dividing (N : T')M and relatively prime to K is M.

Proof. This follows from [1, Theorm 3.7] and Proposition 3.8.

Theorem 3.10. Let M be a GCD module and N = IM,K = JM and
T =13M € S(M),and let G = I4M = ged(N, K). Then the following statements
are equivalent:
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(i) T'| N and ged(T, K) = M.
(i) T| (N :G)M and ged(T, G) =

Proof. (i) = (ii). By (i) we get I3 | I, and ged (I3, [2) = R since M is
cancellation, so by [1, Theorem 3.8], we have I3 | (I; : I4) and ged(I3,I4) = R.
Now the assertion follows from Lemma 2.7.

(7i) = (). Similarly, this follows from [1, Theorem 3.8] and Lemma 2.7. m

Remark 3. It is clear from Theorem 3.10 that if G = gcd(N, K), then
N kM =PN.cymcM.

Let M be a GCD module, and let N, K € S(M). Then N = IM and
K = JM for some ideals I and J in S(R). Define two sequences of ideals in R
and two sequences of submodules of M recursively as follows: Iy = I, Jy = J,
Ji+1 = ng(IZ‘,JZ‘) and Ii+1 = (Ii : Ji+1) for all 4 > 0, and Ny = N, Ky =
K, Ki—i—l = gcd(Ni, Kz) and Ni—i—l = (Nz : Ki+1)M forall : > 0.

Lemma3.11. Let M bea GCD moduleand N, K € S(M) with the sequences
I;, J;, N; and K; as above. Then N; = M and K; = J;M for all ¢ > 0.

Proof. We shall prove the assertion by induction on 4. The result is trivial for
1 =0. Assume that ¢ > 1 and that N; = I;M, K; = J;M. Thus from Lemma 2.7,
we have
Ki+1 = ng(NZ‘, Kz) = ng(Ii7 JZ)M = JZ‘+1M

Ni+1 = (Nz : Ki—i—l)M = (IZM : JZ_HM)M = (Iz : Ji+1)M = i+1M- |

Theorem 3.12.  Let M be a GCD module and N, K € S(M) with the
sequences I;, J;, N; and K; as above. Then the following statements are equivalent:

(i) U2, N; is the smallest element in @y g M.
(i1) U2y Ni € @n g M.
(i) U2, Ni € S(M).
(iv) U;2, N; = N, for some positive integer n.
(v) N, = N,41 for some positive integer n.

) N

(vi) Np41 = M for some positive integer n.

Proof. This follows from Lemma 3.6, Proposition 3.8, [1, Theorem 3.9] and
Lemma 3.11. ]
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