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ON PERTURBATION OF K-REGULARIZED RESOLVENT FAMILIES

Carlos Lizama and Justino Sdnchez

Abstract. In this paper we study additive perturbations of a linear Volterra
integral equation defined in a Banach space X by means of k-regularized
resolvent families. We give also a representation formula for the generator of
such family, under certain conditions on the scalar kernel k(t).

1. INTRODUCTION

Consider the following Volterra equation of convolution type

(L.1) u(t):Ka(t—s)Au(s)dHf(t), £>0

where A is a closed and linear operator defined on a Banach space X.
Let k € C(R4) be a scalar kernel. We recall that a family { R(¢)}+>0 C B(X)
is called a k-regularized resolvent for (1.1) if the following conditions are satisfied

(R1) R(?) is strongly continuous on Ry and R(0) = k(0)I.
(R2) R(t)x € D(A) and AR(t)x = R(t)Ax forall x € D(A) and ¢t > 0.
(R3) The k-regularized resolvent equation holds

R()z = k(t)z + /0 a(t — $)AR(s)wds,

for all x € D(A),t > 0.

The notion of k-regularized resolvent has been recently introduced in [ 7] as well
as some properties investigated (see [8]). In this paper we mainly study additive
perturbations of (1.1), which generalize a theorem of A. Rhandi [11].
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In the first part, under the assumption that |k(t)| is increasing and satisfies the

condition lim sup JJ%%)_‘LL < oo we also give a characterization of the domain of the
t—0+
given operator A in terms of the k-regularized resolvent family. In particular, we

obtain the representation of A as the generator of an a-times integrated semigroup.

2. THE DoMAIN OF A

Using the resolvent method in order to study (1.1), that is, assuming the existence
of a family of bounded and linear operators { S(t) }+>¢ which satisfy conditions (R1)-
(R3) with k(t) =1, it is natural to ask how to characterize the domain D(A) of the
given operator A in terms of the resolvent family. This is important, for instance,
in order to study the Favard class in perturbation theory (see [4]).

For very special cases the answer to the above question is well known. For
instance, when a(t) = lora(t) =t, A is the generator of a Cp-semigroup {7'(¢) }+>0
or a cosine family {C(¢) };cr and we have:

D(A) = {a: € X: lim Tt~z exists}
t—0t
and )
. r—z :
D(A) = {x €eX: Ilfg%t—z ex1sts}

respectively (see [10]).

Recently, a reasonable formula for the generator of resolvent families has been
established by assuming very mild conditions on the kernel a(t). See [4] Theorem
2.5 and assumption 2.3.

On the other hand, a new type of operator family has been applied to the study
of (1.1). The so called k-regularized resolvent introduced in [7] (see also [5])
generalizes the concept of resolvent family as well as many others. For instance,
integrated semigroups, integrated resolvent families and convoluted semigroups falls
into the framework of a k-regularized resolvent family.

The main objective in this section is to give a characterization for the domain
of the operator A in (1.1) in terms of the k-regularized resolvent { R(t)}+>0 and the
kernel k(t), in the case where |k(t)| is increasing and limsup; o+ ||R(2)[|/|k(t)| <
oo. As a remarkable consequence, for k(t) = % and a(t) = 1 we obtain the
representation of A as the generator of an a-times integrated semigroup which is of
the growth of t<.

In what follows, we will consider the following assumption on a € L} (R}),
and k € C(Ry).

(H,) There exists €, > 0 and ¢, > 0 such that forall 0 <t ¢,

/0 a(t — )k(s)ds| > ean /O lalt — )k(s)|ds.




On Perturbation of K-Regularized Resolvent Families 219

The following is the main result in this section.

Theorem 2.1. Let A be a closed and densely defined operator on a Banach
space X. Suppose (1.1) admits a k-regularized resolvent { R(t) }+>0 such that |k(t)|
is increasing and satisfies

|R@)|

limsup —++— < o0
oo+ |K(t)]

Then under assumption (Hy) we have

a)D(A)Z{:L'eX: i Bz —k()z

A e a) () exists |

R(t)z — k(t)

b) lim T~ Az for dll x € D(A).

t>0+  (kx*a)(?t)

Proof. Let z € D(A). Then by (R2)-(R3), strong continuity of R(t) and the
fact that |k(t)| is increasing we obtain

1

0l Aa(t—s)AR(s)zds

(Aﬂqt—@ﬂggwdgnAﬂy

Hence, ||%é)z —z|| > 0ast — 0" forall z € D(A). The denseness of D(A)

and limsup %l‘u < oo imply that it actually holds for all z € X. Thus, for every

t—0t
z € X and € > 0 there is 0 < #(€,2) < min{t, , 1} such that

—Z

k0
k(t)

21 HR(t)z

k@)_2H<€

for all ¢t € (0, t(e, 2)).
Next, we will prove the assertions (a) and (b).

Define the set D(A) : = {z € X : tl_i>1(1)1+ ﬂ(ikﬁa_)u]zt)iﬁ exists}.

Let z € D(A) be given and define z = Az. We get in particular from (2.1)

R(t) Az
k(t)

2.2) H - AxH <
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for all ¢t € (0,t(e, Az)). Therefore, using (R3) and (Hy) we have for all 7 €
(0,t(e, Ax)):

| -]
:m A " — 5) AR(s)ads — A " a(r — 8)k(s) Ads
—m Ta(T—s)k()[]]j((j))A v — Au)ds

k*a / la(r ]eds—ecik

We conclude that z € D(A), that is D(A) C D(A) and (b) holds.

On the other hand, let z € D(A) be given. Then
lim Rt)xr —k(t)x _y
t»ot (kxa)(t)

exists and, for given € > 0 and all ¢ € (0,t(e,x)), we have by (2.1) and (H,)

Hm Ata(t ~ s)R(s)zds —

:m Aa(t—s)R(s)mds—/o a(t — s)k(s)xds
S t — 8)k(s R(S)x—a: s
e ot =IkC) gye =]
k*a /|a (s)|ds Eaek.

This proves that Wfo a(t — s)R(s)xds — x as t — 0.
Next, observe that by (R3)

A (k*lm A ta(t—s)R(s)xds} —yH

_ Hmlt a(t — s)AR(s)zds —yH
R(t)r — k(t)x
C(kxa)(t) ‘

where the right hand side goes to zero as ¢ — 07. Since A is closed, we obtain
x € D(A) and Az =y. This proves the theorem.

i

Remarks.
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1. Ifa(t) = % and k(t) = F(fy—il); a > —1 then, by making use of the formula
to % th = H{i‘(—ggﬁl)lltoﬁﬂﬂ for « > —1and 3 > —1, we obtain
Rit)x —k(t)xr  T(a+pB+2) T(a+1)R(t)r—t
(kxa)t)  T(a+1DI(B+1) tot+h+1

Moreover, note that assumption (H,) is satisfied with €, = 1.

2. For k(t) = 1“(3—11) and a(t) = 1, R(t) is an a-times integrated semigroup
and our assumption is implied by the condition

RO Mt t=0
which is satisfied in a longer number of examples (see [3] Theorem 4.2).

By taking 3 =0 or 8 =1 in remark 1, we obtain the following results.

Corollary 2.2. Let A be a closed and densely defined operator on a Banach
space X. Assume A is the generator of an a~times integrated semigroup {T'(t)}+>0
such that ||[T(t)|| Mt Then

(o +2) {F(a + 1T () — o } |

Az = lim

t—0+ F(a + 1) totl

Jor all x € D(A).

Corollary 2.3. Let A be a closed and densely defined operator on a Ba-
nach space X. Assume A is the generator of an a-times integrated cosine family
{C(t) }i>0 such that |C(t)|| Mt~ Then

I'(a+3) {F(a +1)C(t)x — t*x } ’

Az = lim

t—0+ a4+ 1) tot2

Jor all x € D(A).

Remarks.

1. Assertion (b) of Theorem 2.1 was proved for resolvent families in Proposition
2.2(i) of J.-C. Chang and S.-Y. Shaw [1] and for n-times integrated solution
families in Proposition 2.2(c) of H. Liu and S.-Y. Shaw [2].

2. Corollaries 2.2 and 2.3 were proved for the case &« = n > 0 in Lemmas 3.5
and 4.4 of J.-C. Chang and S.-Y. Shaw [2].
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3. PERTURBATION

In order to settle a well formulated theory for k-regularized resolvents, we must
establish three basic results; a generation theorem, an approximation theorem and
a perturbation theorem. The first was given in [7] whereas the second was the
objective in the paper [8]. In this section we will study the perturbation problem.

Let k € C(Ry) and a € L},.(R+) be scalar kernels which we will assume to
be Laplace transformable. Our main hypothesis is the following :

(H) There exists b € L} _(R4.) such that

for Re A sufficiently large.
For example, if ﬁ)\) is locally analytic in C3° and k(co) # oo then there is a
function ¢ € L'(R4.) such that ﬁ = k(o0)+¢(\) (see [10] Lemma 10.1). Hence,
if we define b(t) = (a * ¢)(t) + k(oco)a(t) we obtain that (H) is satisfied.

Let A be a closed and densely defined operator on a complex Banach space X.
Consider the following Volterra equation

t
G1) (VEAak ut)=kt)z+ / a(t — $) Au(s)ds, t > 0, @ € D(A),

0
Suppose there exists a k-regularized resolvent family {R(t)}+>o for (V E; A, a, k)
of type (M, w), that is, there is constants M/ > 0 and w € R such that

IR@I  Me".

Let B: (D(A),| - ]|a) — X be a linear operator. Our main objective is to study
conditions in order to guarantee the existence of a k-regularized resolvent family
for the perturbed equation (VE; A+ B, a,k).

The following is the main result.

Theorem 3.1. Under hypothesis (H), assume (V E; A, a, k) admits a k-regularized
resolvent family {R(t)}+>0 of type (M,w) and suppose that there exists constants
> w and ~y € [0,1) such that

(3.2) Aoo e M B/OT b(r — s)R(s)xds

Then (VE; A+ B,a,k) admits a k-regularized resolvent family {S(t) }+>0 on
X such that ||S(t)|| %e“t. In addition,

dr  ~l|z||, x € D(A).

(3.3) S{t)z=R(t)r+ At S(t — r)BAT b(r — s)R(s)xdsdr, x € D(A).
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Proof. The proof follows closely [11], Theorem 1.1.
We define inductively operators 75, (t) € B(X)(n = 0,1,2,...), t > 0, with
the following properties:

(a) t — T5,(t) is strongly continuous.

) [ITa(t)[|  y"MeH, t > 0.

Let Ty(t) : = R(t) (clearly satisfies (a) and (b)). Assume now that the claim is
true for n. For z € D(A) we define

Ty (t)x ::A T (t —T)B/Orb(r — $)R(s)zdsdr.

Obviously ¢t — Tp,4+1(t)x is continuous and by (b) and (3.2), we obtain

T
0

| Ts1(t)z|| = HAt T(t —’I“)B/ b(r — s)R(s)xdsdr

t T
/ | T, @t —1)]] HB/ b(r — s)R(s)xds|| dr
0 0
t r
'y”M/ eHt=T) B/ b(r — s)R(s)xds|| dr
0 0
¢
:’y"Me“t/ e Hr B/ b(r — s)R(s)xds|| dr
0 0

Y Met |z

Since D(A) is dense, Tp,1(t) can be extended uniquely to an operator T, 11(t)
(also denoted T;,+1(t)) which satisfies (a) and (b).

Let S(t) := > T,,(t). We note that S(¢) is well defined since
n=0

00 0o M
ut n __ ut
ST Me Sy = e

Moreover, ||S(t)]| %el‘t.
Using (a) and (b) we see that for each x € D(A), the map t — S(t)z is
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continuous and

— To(t)x + iTn(t)x
n=1
= R(t)z + Z Thi1(t)z

$+Z (/ (t—r)B /)T b(r —s)R(s)acdsdr)
= R(t)z + /t io:T t—r) /0 b(r — s)R(s)xdsdr
= R(t)x+ A S(t—r)B [: b(r — s)R(s)xdsdr.

In particular S(0)z = R(0)x = k(0)x for all z € D(A). Since D(A) is dense, we
conclude S(0) = k(0)1.

So, by [7] Proposition 3.1, it remains to show that (A — Aa(\)(A + B)) :
D(A) — X is invertible for A > p and

—-a *1xzi Ooe*M zdt; T
-+ B) o= A S(t)zdt; z € X.

For this, let x € X and define

HO\)z = A T M) ndt and H(\ A)z — /0 T MR@)zdt = RO (I—a(\)A) .

Then we define

H(\ e = ——H(Nz and Hy(x Az = ——H(\: A).

Me(N\) ’ Me(N)
Note that Hy(\) is a bounded operator because S(t) is exponentially bounded.
Moreover,

1 o0
H.(\)|| = e MS(t dtH
| Hk (V)| ROV (t)
. —Ww (1)) de
)\\k)\\
/ e~ Ot gy
/\\k(k)\l_ 0
M

(1 —7)A = wNEN)]
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Now we observe that for x € D(A),
Hi(A)z — H (A, A)z = T(H(A)m —H\, A)z),
and it is casy to see that H(X) — H(\, A) = b(A\)H (A\)BH(X, A). Then

Hy(Nx — Hi,(\, A)z =

So, since D(A) is dense on X, one has

~

Hi(\) — Hi(A\, A) = Hy,(M\b(A)BH(M, A),

equivalently
Hy(\)(I —b(\)BH(A, A)) = Hy(\, A).

But H (), A) = R()\), then for z € D(A) we obtain
BN BH (A, A)| = | BRO)B(Na]

= [|BR+b(r)(Va]

H / / r — $)R(s)adsdr
A e ||B /0 b(r — 8) R(s)eds

Flzl, 0 y< 1

dr

Then (I —b(A\)BH (A, A))~ exist and is bounded.
So, Hy(\) = Hy(\, A)(I — b(A\)BH (), A))~! gives us that

(A = Xa(\)(A+ B))H (M)
= (A — Xa(\)(A + B))Hir(\, A)(I —b(\)BH(, A))~!
= (A= XG\)A)Hi (A, A) — Xa(\) BHi(X, A)) - (I — b(A)BH(X, A)) !

R aw B
= (I — Xa(\)BHy()\, A)) (I E(}\)BH(A,A))
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o I\
— (I - Xa(\) BH, (A, 4)) (I AN B Am))

This proves that (A — Aa(A)(A + B)) is invertible and satisfies

(I— a0\ (A+ B) o = —— /0 T MWzt w € X.

k(\)

Corollary 3.2. If B € B(X) and there exists b such that b x k = a, then
(VE; A+ B,a,k) admits a k-regularized resolvent family on X.

ACKNOWLEDGMENTS

The authors are grateful to the referee for his careful reading of the manuscript
and very valuable suggestions.

REFERENCES

1. J.-C.Chang and S.-Y. Shaw, Rates of approximation and ergodic limits of resolvent
families, Arch. Math. 66 (1996), 320-330.

2. J.-C.Chang and S.-Y. Shaw, Optimal and non-optimal rates of approximation for
integrated semigroups and cosine functions, J. Approximation Theory 90 (1997),
200-223.

3. M. Hieber, Integrated semigroups and differential operators on LP spaces. Math.
Ann. 291 (1991), 1-16.

4. M. Jung, Duality theory for solutions to Volterra integral equations J. Math. Anal.
and Appl. 230 (1999), 112-134.

5. M. Kim, Remarks on Volterra equations in Banach spaces, Comm. Korean Math.
Soc. 12(4) (1997), 1039-1064.

6. H. Liu and S.-Y. Shaw, Rates of local ergodic limits of n-times integrated solu-

tion families, Progress in Nonlinear Differential Equations and Their Applications,
Vol. 42, Birkhiduser Verlag, 2000, pp. 192-202.

7. C. Lizama, Regularized solutions for abstract Volterra equations, J. Math. Anal. and
Appl. 243 (2000), 278-292.

8. C. Lizama, On approximation and representation of k-regularized resolvent families,
Int. Eq. Operator Theory 41(2) (2001), 223-229.

9. A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential
Equations. Applied Mathematical Sciences, vol. 44, Springer, 1983.



On Perturbation of K-Regularized Resolvent Families 227

10. J. Priss, Evolutionary Integral Equations and Applications. Monographs in Mathe-
matics, vol. 87, Birkduser, Basel/Boston/Berlin, 1993.

11. A. Rhandi, Positive perturbations of linear Volterra equations and sine functions of
operators, J. Integral Equations and Appl., vol. 4(3), (1992), 409-420.

Carlos Lizama

Universidad de Santiago de Chile, Departamento de Matematica
Casilla 307-Correo 2, Santiago-Chile

E-mail: clizama@usach.cl

Justino Sanchez

Universidad de Santiago de Chile, Departamento de Matematica
Casilla 307-Correo 2, Santiago-Chile

E-mail: jsanchez@usach.cl



