TAIWANESE JOURNAL OF MATHEMATICS

Vol. 26, No. 4, pp. [712] August 2022
DOLI: 10.11650/tjm/220303

On the Exponential Diophantine Equation F;,, — F7 | = F},
Carlos Alexis Gémez*, Jhonny Carpediem Gémez and Florian Luca

Abstract. In this paper, we find all the solutions of Diophantine equation written in
our title, where n, m, x and y are positive integers and F} denotes the kth term of

the Fibonacci sequence.

1. Introduction
Let (Fy,)n>0 be the classical Fibonacci sequence given by
(1.1) Fopio=F,p 1+ F, foralln>0

and initial values Fy =0, F; = 1.
The Fibonacci numbers satisfy numerous identities that have been discovered over

centuries. For instance, in 1876, E. Lucas [12] showed that for all n > 1,

(1.2) Fo+ Fiq = ot
(1.3) F2, —F: | =Py,

n

In the last decade, equation has been revisited in the context of exponential Dio-
phantine equation A* + BY = C% for A, B, C positive integers which are members of
the Fibonacci sequence or generalizations. Indeed, Marques and Togbé 13|, investigated
analogues of Diophantine equation in higher powers. They proved that if z > 1 is
an integer such that Fy + F7, | is a Fibonacci number for all sufficiently large n, then
x € {1,2}. Later, Luca and Oyono [10] extended the above result on the nonexistence

of positive integer solutions (n,m,z) to the Diophantine equation Fj + Fi7 | = F,, with
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n > 2, m > 1and ¢ > 3. Subsequently, Chaves and Marques [3] proved that the ana-
logues of the Diophantine equation , in k-generalized Fibonacci numbersﬂ instead of
Fibonacci numbers, has no positive integer solution (k,n, m) with & > 3 and n > 1. Then,
Goémez and Luca [8] solved completely the Diophantine equation (Fék))w + (FT(LI?I)“’C =FW
in k-generalized Fibonacci numbers, showing that it has no solutions. In the same direc-
tion, in [2] it was proved that the equation (F7(Lk))2 + (Fé’i)l)2 = F" has no solutions in
positive integers with 2 < k < [ and n > 2. Similar problems with different recurrent
sequences have been considered in [4}|6/19-21].

On the other hand, identity was studied from the point of view of Diophantine
equations: F7+F7 | = Fy, by Luca and Oyonoin [9); Fi+F) | = F7 and Fj+F7 | = F},
by Hirata-Kohno and Luca in [11]; and F? + FY, | = F5 | by Miyazaki in [16] all in
positive integers n, m, x, y and z.

Recently, identity ((1.3) was investigated in the form
w1 — Fy=Fp

by Patel and Chaves in [18]|. Here, we consider adding an extra exponent y on the right-

hand side, so we study the equation

(1.4) w1 — Fno1 = Fp,
in positive integers n, m, x and y.

Following the argument used in [9], we establish our main theorem.

Theorem 1.1. The only positive integers solutions (n,m,x,y) of Diophantine equa-
tion (1.4) correspond to the trivial ones in Section .

The proof requires mainly the use of lower bounds for nonzero linear forms in log-
arithms of algebraic numbers as well as reduction methods based on the algorithms of
Baker and Davenport [1] and LLL [5, Section 2.3.5].

2. Preliminary results

2.1. The Fibonacci sequence

Recall that the characteristic equation of the Fibonacci sequence is 22 — 2 — 1 = 0. Let «
and 3 to denote its roots, with a := (1 + 1/5)/2. We have the Binet formula

(2.1) Fo= " foralln >0

V5

The k-generalized Fibonacci sequence F(k), for an integer k > 2, satisfies that its first k terms are 0,...,0,1

and each term afterwards is the sum of the preceding k terms. For k = 2, this reduces to the familiar
Fibonacci numbers, while for k = 3 these are the Tribonacci numbers. They are followed by the Tetranacci

numbers for k£ = 4, and so on.
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n

The Fibonacci companion sequence (L, )n>0 known as the Lucas sequence, given by Lo = 2,
Ly =1and Lyt2 = Lyt4q + Ly, for all n > 0, has the Binet formula

L,=a"+p" foralln>0.

We will make use of some of the several properties and relations that this two sequences
fulfill.

Lemma 2.1. (i) a" 2< F, <a" ! foralln > 1.
(i) Fh—1/Fnt1 <2/5 for alln > 3.
(iii) Fy is divisible by a prime which is at least as large as k — 1 for all k > 13.

(iv) L2 —5F2 = 4(—1)" for all n > 0.

2.2. Linear forms in logarithms

For any nonzero algebraic number « of degree d over Q, with minimal polynomial over Z

given by a H?Zl (X — v(j)) where a > 1, we denote by

d

h(v) = % loga + Zlogmax{L |7(j)}}

j=1

the usual absolute logarithmic height of v. With the previous notation, the following

theorem is a result of Matveev from [14].

Theorem 2.2. Let s > 1, v1,...,7s be real algebraic numbers and let by, ..., bs be nonzero
integers. Let D be the degree of the number field Q(v1,...,7s) over Q and let A; be a

positive real number satisfying
A; > max{Dh(v;), |log~;|,0.16} forj=1,...,s.

Assume that

B > max{|b1],...,|bs|}

IfAf a1 #0, then

[yt b — 1] > exp(—1.4-30°F3 . s*° . D2(1 + log D)(1 + log B)A; - - - Ay).
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2.3. Reduction methods

The first result is Lemma 5(a) in [7].

Lemma 2.3. Let T be a positive integer, p/q be a convergent of the continued fraction
of the irrational v such that ¢ > 6T and A, B, u be some real numbers with A > 0 and
B> 1. Let

e = |lpql| — T'|vqll,

where ||-|| denotes the distance from the nearest integer. If € > 0, then there is no solution
of the inequality
0<|my—n+ul <AB*

in positive integers m, n and k with

log(Aq/e)

<T >
m < and k> log B

Note that the above lemma cannot be applied when p = 0. In this case, we use the
following classical results in the theory of Diophantine approximation, where the item (i)
is the wellknown Legendre criterion (see Theorem 8.2.4 in [17]), while the item (ii) follows

from inequality (3.5) in De Weger’s doctoral dissertation [22].

Lemma 2.4. Let M be a positive integer, p1/q1,p2/q2, - - . the convergents of an irrational

v, and [ag, a1, .. .| its continued fraction.

(i) Let x and y be integers such that

-l <

‘ x
Y

2y

Then x/y = pi/qr for some positive integer k.

(ii) Ifap := max{a; : 0 <t < K+1}, where K is a positive integer such that qx+1 > M.
Then

1
—_ > [
Tyl (am + 2082

for every rational number x/y with 1 <y < M.

’ x

Since there are no methods based on continued fractions to find a lower bound for
linear forms in three variables with bounded integer coefficients, we need to use a method
based on the LLL-algorithm (see Proposition 2.3.20 in [5, Section 2.3.5]).

Let 41,...,7s € R and the linear form

TiY + x2ye + -+ x5y with 7] < X



n
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We set X :=max{X;} and C > (sX)*. Let 2 be the integer lattice generated by
b;:=e; + |Cyjles for 1<j<s—1 and b,:=[Cvles
with C' a sufficiently large positive constant.

Lemma 2.5. With the above notation, we consider {b;} as a reduced basis of Q@ and {b}}
as its associated Gram—Schmidt basis. We set

s—1

[[b1]] by | 5 1 -
= = = X T:=-11 X; .
S e Mg QT LA ad Tmg {1 X

i=1

If the integers x; satisfy that |z;| < X; fori=1,...,t and m3 > T? + Q, then we have

Tivi| Z2 .
=1 C

3. The trivial solutions, nonzero linear forms and relations among indeterminates

3.1. The trivial solutions

Since y = 1 was solved by [18], we may assume that y > 2. Let us take n = 1. Then, we
have

FY =Fy — Ff =1,
which implies m € {1,2} for every z > 1 and y > 2. If we take n = 2, then

FY =Ff —Ff =2" — 1.

For x = 1, we get m € {1,2} and y > 2. However, there are no solutions for = > 2 by the

solution to Catalan’s conjecture [15]. Now, let us take n = 3. So, we have
FY =Ff — Fy =3 -1,

which, according to Catalan conjecture, implies F},, = 2; i.e., m = 3, and, therefore, x = 2
and y = 3. From now on we assume that n > 4.
On the other hand, if z € {1,2}, then

Frzr/ze{Fn-i-l_Fn—17F2+1_Fg—l}:{FnaF%}‘

n

Thus, we are looking for Fibonacci numbers which are perfect powers and the only such
are 1, 8 and 144. So, we have Fy, € {1,8,144}. Therefore, we get m = 1 and y > 2, or,
m = 3 and y = 3, respectively. Thus, we may assume that = > 3. By Wiles’ solution of
Fermat’s last theorem [23] it follows that x # y.
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Finally, if we assume that m € {1,2}, equation (1.4 implies

n n

Therefore, we have n = 1 with £ > 1 or n = 2 with x = 1, that we had already found.
Thus, we may assume that m > 3.

To sum up, the trivial positive integers solutions (n,m,z,y) of equation corre-
spond to those in the set:

{(17 17'1"7 y)7 (17 27 x? y)’ (27 17 17y)? (2’ 2’ ]‘7y) : x?:y 2 ]‘} U {(3? 37 27 3)7 (6? 3? 17 2)}7

along with the parametric ones in {(n,n,1,1),(n,2n,2,1) : n > 1} that come from the

identities ([1.1)) and ((1.3)).

From now on, we work with n >4, m >3, x > 3 and y > 2 with x # y.

3.2. Nonzero linear forms

In our work, we apply Theorem Matveev’s result, with K := Q or Q(v/5) (so D := 1 or

2) to the following linear forms in logarithms of algebraic numbers (written in exponential

form):
Ay i=1-F ' F),
Ag := Fiha~N#52/2 _ 1,
Ay = Fja™ (o — a™)/57%)7) - 1,
A4 — amy—(n+1)x5(x—2)/2 - 1,
As = amyfnx5(:lrfy)/2(a:13 o afx)fl 1
with
(3.1) M :=min{n+1,m} and N :=max{n+1,m}.

Besides, we denote w,z € {x,y} such that (w, M), (z, N) are the two pairs (z,n + 1),
(y,m). Clearly, M > 3. The notation ({3.1]) will be used in the rest of this work.

Below, we show that the above linear forms in logarithms are nonzero.
Lemma 3.1. A; #0 for all j =1,2,3,4,5.

Proof. By equation (1.4), it is clear that Ay = (F,—1/Fn+1)* > 0. For the rest of the
linear forms we proceed by contradiction. If Ay = 0, then, after squaring, we get o*V* =
Ff}%z € Z. However, no power of positive integer exponent of « is an integer. Next,

if A3 = 0, then a2~ 1*(a?* —1)2 = F25% € 7, and by conjugation in Q(V5) we get
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aQ(”_l)’”(ah— 1)2 = 62(”_1)$(ﬁ2z— 1)2, which, due to the fact that x > 3 and n > 4, is not
possible (the right-hand side is at most 4 and the left-hand side is larger). If Ay = 0, then
we get a?™V—2(nt)r — 52y ¢ 7 which implies my = (n 4+ 1)z and = = y, but the last
equality is not allowed. Finally, if A5 = 0, then we get that a® — a~* = 5@=v)/2gma—ny,
Conjugating the above relation in Q(v/2), we get 5% — 37% = 5(@=v)/2gmez—ny  Hence,
multiplying the two previous relations, we get

2(-1)7 — (~1)7a® — (~1)75>

= (0" — @ ") (F — B77) = (aB) VY = (1),

which implies
(3.2) (—1)*(2 — Log) = (—1)™¥"*5%7Y,

Since the left-hand side of equation (3.2]) is an integer and = # y, we get that = > y.

Taking absolute values we obtain
LQ:C =2+ 5%7Y,

Reducing the above equation modulo 5 we get Lo, = 2 (mod 5), so x = 2x; is even (the

Lucas sequence is periodic modulo 5 with period 4). Thus,
5°7Y = Lyy, —2=5F%, .

It follows that Fby, is a power of 5. By the Primitive Divisor Theorem (see Lemmal[2.1(iii)),
the only possibilities are x; = 1 (for which Fh,, = F» = 1 = 5%) which is not convenient
since for us x > 3, or 2x; = 5, which is impossible since it does not lead to an integer

solution z;. ]

3.3. A relation between the indeterminates n, m, x, y

Lemma 3.2. If (n,m,x,y) is a solution of (1.4) withn >4, m >3, x> 3 andy > 2,
then the inequality

(3.3) |nz —my| < 2max{z,y}
holds.

Proof. By ([L.4) and Lemma [2.1i), we have

"W < Y = FE - By < Fiyy <a™,

and
ahVT c FT < FT FT = FY <MDy,

n
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which imply
(m—2)y<nz and (n—2)z<(m-—1)y.

Therefore
—2y<nr—my and nr—my<22zxr-—y<2x,
obtaining inequality ([3.3)). O

3.4. Bounds on x and y in terms of M and N
In this section, we will prove the following lemma.

Lemma 3.3. If (n,m,x,y) is a solution in positive integers of equation (1.4), with n > 4,
m>2, x>3 and y > 2, then both inequalities

r<1.2x10MMNlogN and y < 1.2x 10" MN?log N

hold.

Proof. To start, by (L.4) and Lemma [2.1fii), we get
1

(3.4) A < 55

for A; given in Section [3.2} To get a lower bound for A1, we apply Matveev’s Theorem [2.2]
with the data

s:=2, m:=Fn, v=Fq1, b=y, b=—x

Here, we have D = 1, since v and -5 are integers. Also, we can take A; := mloga and

As :=nloga. Now, by Matveev’s result, we have

(3.5) |A1| > exp(—1.4 x 30° x 2*5(mloga)(nlog @) (1 + log max{z,y}))
. > exp(—1.2 x 10° x m x n x log(max{z,y})),

where we have used the fact that 1+ log max{z,y} < 2log max{z,y} which holds because
max{z,y} > x > 3. Comparing inequalities (3.4 and (3.5)), we obtain

(3.6) z < 1.31 x 10°mn log max{z, y}.
If x > y, the above inequality gives
(3.7) x < 1.31 x 10%mnlog .

If instead we consider y > x, by Lemma we get |my — nz| < 2y. Now, since m > 3,

we obtain

(3.8) y<(m-—2)y<nzr<Nz.
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Since x > 3 the case x = y is not possible according to Fermat’s Last Theorem. So, in
this case the inequality (3.6) implies

(3.9) z < 1.31 x 10°mnlog(Nzx).
Now, if we assume
(3.10) z <N,

then we have an even better upper bound on x. Therefore, we proceed under the assump-
tion that z > N and inequality (3.9) gives us

(3.11) r < 1.31 x 10%mnlog(Nz) < 2.65 x 10%mnlog .

Thus, comparing inequalities (3.7)), (3.10) and (3.11)), we can conclude that (3.11)) holds

in all cases. So, we have

< 2.65 x 10°mn.
log =

Due to the fact that, for all x > 2, x/logx < A implies x < 2Alog A, whenever A > 3,

the previous inequality gives us
z < 5.30 x 10°mnlog(2.65 x 10°N?) < 1.2 x 10" mnlog N,

where we have used the fact that log(2.65 x 10°N?) < 22log N for all N > 3. Finally, by
estimate (3.8]), we obtain

y < Nz <1.2x 10" MN?log N,

as we wanted to prove. ]

Due to Section to complete the proof of Theorem [I.1] it remains to show that
there are no solutions for equation ([1.4) when n >4, m > 3, x > 3 and y > 2. In order to

do it, we proceed by cases over N.

4. The case N big: N > 1200

4.1. Bounds for the variables in terms of M

First, we need to prove the following lemma which give us some bounds for x, y and N in
terms of M.



694 Carlos Alexis Gémez, Jhonny Carpediem Gémez and Florian Luca

Lemma 4.1. If (n,m,x,y) is a solution to (L.4) withn >4, x >3,y > 2 and N > 1200,
then

N < 2.4 x 10%°M?1og?® M,
x < 3.9 x 1027 M? log?® M,
y < 6.9 x 10 M?1og® M,
max{Mw, Nz} < 6.9 x 10 M?1log® M.

Proof. From Lemma [3.3] we have
(4.1) max{z,y} < 1.2 x 101 N3log N < ¥,

where the right-hand inequality holds for all N > 84. Clearly, inequality (4.1]) implies that

z 1

a2N alV’

(4.2)

Now, since 8 = —a~!, by the Binet formula (2.1]) we get
Nz N\ ? Nz N
a (—1) a (-1)
F% = =D <1— N ) = exp <zlog (1— N .

, GO
EN,z ‘= <1 - 2N - 17

by the argument in 9], we deduce that

If we take

Nz

o . 2
(43) Fﬁ[ = W(l + 5N’Z) with |€N,Z| < O[iN

Since z > 3 and N > 1200, it is clear from (3.4]) and (4.3) that

FY  Fi5°/?

r Nz
Fn+1 a

(4.4) € (1/2,V5).

Let us suppose that N =n + 1. Thus, 2 =z and

a(nJrl)x a(n+l):r;
FTZ;’L:F;_’_I*F,:_I = —+ €n+17$7Fz

590/2 51/2 n—1»
SO
P 533/2 F L 52:/2
—(nt)zrz/2 _ 1| _ e S n-l ntl
(4 5) ‘F%Oé n TrT 1‘ = |€n+1,z Oé(n+1)33 < |5n+1,x| + (Fn+1> a(n+1)93
2 V5 _ 5

antl 2.5 = A’
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n

where we have used the equation (4.4) and the notation
(4.6) A :=min{z, N}.

We also used the fact that o < 2.5. Let us show that we get a similar inequality when

N = m. In this case we have z = y and

n+1:Fm+Fn71:7+ 5m,y+F

5y/2 5u/2
therefore,
F2_\5v/2
|[Fira ™5 — 1] = lemy + 71n
Y ry/2
(4.7) n+1 Fnb
< |5m,y| + n+1 oY
2
EREYP
2. 59”
with A given by (4.6)). To summarize, by (4.5) and 1 , we get that
7
(4.8) |Fipa=N#5%/2 1] < —

where the expression inside the absolute value corresponds to Ao in Section Now, we

use Matveev’s result to get a lower bound on |Az|. In order to do this, let us take
s:=3, m:=Fu, vi=a 73:=V5, b :=w, by:=—Nz b=z

Since 71, 72, 73 belong to the field K = Q(+/5), we can take D = 2. Besides, since

Fu < oM, we can take
Ay =2Mloga > Dlog Fay = Dh(m).

Note that h(y2) = (loga)/2 and h(vs) = (log5)/2, so we can take Ay = loga and
Az =log5. Even more, by Lemma we have

max{Nz, z,w} < (1.2 x 10" MN?log N) x N
= (1.2 x 10" x log N) x MN?
< N*x N* = N8,
where we have used the fact that 1.2 x 10" log N < N* for all N > 1200. Thus, we can
take B := N®. Finally, by Matveev’s result, we have
|Ag| > exp (— 5.7 x 10" (1 + log 2)(1 + 81log N)(2M log a)(log o) (log 5))

(4.9)
> exp(—6.5 x 1012 x M log N),
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where we used the fact that 1 + 8log N < 9log N for all N > 3. Now, we compare (4.8)
and (4.9) to get

(4.10) A< 1.4x10%MlogN.

Let us use inequality (3.3)) to get some bounds on Mw in terms of Nz. To start, if z > w,
then we have
Mw < (N +2)z < 2Nz,

while if z < w, then, due to the fact that M > 3, we have

M
TwS(M—2)w§NZ.

From the above inequalities we conclude that Mw < 3Nz always holds. A similar argu-
ment and the fact that NV > 4, allows us to show that

Nz < 2Mw,
therefore we have that

Nz
4.11 € (1/3,2).
(411) T e (1/3,2)

At this point we need to proceed by cases according to the different options that we

are making along the way.
Case A = N. By inequality (4.10), we get

N < 1.4 x 10 M log N.
Thus, we get

N < 2x 1.4 x 108 Mlog(1.4 x 1013 M)
(4.12) < 2.8 x 10 M (301og M)
< 8.4 x 10" M log M.

Therefore, by Lemma (3.3 we get

z < 1.2x 10" MNlog N
< 1.2 x 10" M (8.4 x 10" M log M) log(8.4 x 10 M log M)
< 1.1 x 10?6 M? log M (35log M)
< 3.9 x 10" M?log?® M,

(4.13)

where we have used the fact that log M < M and 8.4 x 10" M2 < M3® for all M > 3. So,

if w = x, we have

(4.14) Muw = Mz < 3.9 x 10" M3 log? M,
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or, if w =y, then z = x and

Nz= Nz < (8.4 x 10" M log M)(3.9 x 102" M?log?® M)

(4.15)
< 3.3 x 102 M3 10g® M.

Thus, by (4.11) and estimates (4.14]) and (4.15)), we deduce that

. max{Nz, Mw} < o )
(4.16) {Nz, Mw} < 10 M3 1og® M
Since My < max{Mw, Nz}, it is clear from the previous inequality that
(4.17) y < 108 M?1log® M.
Case A = x. In this case, from inequality (4.10)), we get
4.18 z<1.4x%x10®MlogN,
( g

and we have to consider the following two subcases:
e When N = m. Therefore, we have M = n + 1. If we assume that x > y, then, by
inequality (3.3]) and the fact that y > 2, we have

3
m<W;y<(n+2)x<(n+1):c:Mx,

which, together with inequality (4.18]), implies N < 1.4 x 10'*M?log N. If instead we
assume that < y, then by inequality (3.3) and the fact that, in this case, y > 3, we have

m<my—2y<(n+1l)x= Mz,

so, again by inequality ([4.18)), we get N < 1.4x10'3M?log N. Either way, we can conclude
that

(4.19) N < 1.4 x 10 M?log N.

e When N = n + 1. Let us start by pointing out that, either y > x or x > y holds.
By an argument similar to the one used in the analysis of the previous subcase around
inequality (3.3)), we get that inequality

(4.20) y< Nz

holds in this case. Further, observe that z = x. Now, we have

(n—1)x _1\n—1\ %

n— 5z/2 a2(n=1)
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and, by (4.2)), we also have

T T a4

= < —-
a?2n—1 a2N-4 alNv

Following the argument to get (4.3)), in this case we have

(n—1)z 204
« o'
F* | = W(1 +en-12), where |gy,_14| < N

Next, we rewrite equation (|1.4)) as follows

a™ (o — o~ % otz am—Lz
E=Fia—F = ( ) + Entlae — | —wo73 | En—la;
5z/2 5z/2 ) 5z/2 )
S0, we can get
a” a ”
< ‘En—f—l,m‘ <O{I — O[_x> + ‘gn—l,a:‘ <Oéx — Oé_x> )

FYq ™ L/Q -1
2 204 o a”*

which, due to the fact that
(421) |€n+1,m| < Q7N7 |5n71,x| < afN, _7 < «, — < 1,

with x > 3, implies

(4.22) -

x/2 ) 9 4 1
FYq 1% (5) _ 1‘ < u < i

Note that, the expression inside the absolute value corresponds to Az defined in Section[3.2]

We now use Matveev’s result to get a lower bound to the expression on the left-hand side

of previous inequality. In order to do this, we take

s =3, y1:=Fp, vi=a, y3:=("—a"%)/5"% b=y, by:=—nz, b3:=—1.

Since v¥1,72,73 € Q(\/g), we can take D = 2 and as in the previous application we can

take
Ay :=2Mloga and As:=loga.

Concerning 73, since its conjugate in Q(v/5) is (—1)%(8* — £7%)/5%/2, it’s minimal poly-

nomial over the integers is a divisor of

al‘

aoX? + a1 X + ay =5" <X - 5;/026> (X - (‘UIB;Z/?)

_ 5:1:X2 o 5x/2(ax + (_1)90690 —a - (—1)xﬁ_$)X + (2 - a2x o 5290)

Thus, we have ag < 5%,

1 af —a "
sV = sl =

—7 < i < 1
5z/2 \/5
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and

T __ Q—x T T
) = 12 5x/§ < ag);/;l <11 (\%) <1.
Therefore, we can take
Dlog5” S D log ag
2 - 2
Now, by inequalities (4.18) and (4.20]), and the fact that 1.4 x 10'3log N < N°® holds for
all N > 1200, we get

Az =logh" = > Dh(v3).

max{|b1|, |ba|, |b3|} = max{y,nz,1} < Nz < N x 1.4 x 10" x M log N
= (1.4 x 108 1log N) x MN < N® x N> = N7,
Finally, by Matveev’s result, we have that
log|As| > —5.73 x 10" x (1 4 1og2)(1 4 7log N)(2M log a)(log &) (z log 5)
> —5.8 x 102 Mz log N,
where we have used the fact that 1 + 7log N < 8log N holds for all N > 1200. Now, we
use to get
log |A3| > —5.8 x 102 M (1.4 x 10" M log N) log N

(4.23)
> —8.2 x 10 M? log® N.

By inequalities (4.22)) and (4.23)), we get that

(4.24) N < 1.8 x 10%M?log® N.
Clearly, between inequalities (4.19) and (4.24]), we can conclude that
N < 1.8 x 10*0M?log?® N.

Now, we use the fact that t < Alog®t implies ¢t < 4A(log A)?, when A > 100. Since
A =2x10%M?, we get that
N < 4 x 1.8 x 10%°M?(log(1.8 x 1026 M1?))?

log(1.8 x 1026 2
0g(1.8 x 10 )+1>

4.25 2 x 10°°M?(2log M)?
(4.25) <72x10 (2log M) 310g3

< 2.4 x 1039 M?1og? M.
Also, by inequality , we get
z < 14x10%Mlog N
< 1.4 x 10 M log(2.4 x 103°M?log® M)

30
log(2.4 x 10°Y) 1
4log 3

(4.26)
< 1.4 x 10" M (41og M) <

< 9.5 x 10" M log M.
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So, if w = x, then, by the previous inequality
(4.27) Muw = Mz < 9.5 x 10" M?log M,
while if w =y, then z = x and, by (4.25)), we get

Nz =Nz < 2.4 x103M?log? M (9.5 x 10" M log M)

(4.28)
< 2.3 x 10 M3 log® M.

Now, taking into account (4.11)), we deduce from estimates (4.27) and (&.25)),

(4.29) max{Nz, Mw} < 6.9 x 10" M3 1og? M.
In particular, due to the fact My < max{Mz, Mw}, we have that

(4.30) y < 6.9 x 10 M?1log® M.

Finally, between (L12) and ([£:25), (L13) and [£:26), (LI0) and (L29), and (L17) and
(4.30]), we conclude that

N <24 x10%°M?%log? M, x < 3.9 x10*"M?1log® M,
max{Mw, Nz} < 6.9 x 10®M3log® M and y < 6.9 x 10 M?log> M,

respectively. O

4.2. The case M small

Since Lemma [4.1] gave us some bounds for the variables of our interest in terms of M,
allow us to assume M < 750 and to show that there are no solutions of equation (1.4)).

Lemma 4.2. If (n,m,xz,y) is a solution of equation (1.4) withn >4, x >3 and y > 2,
then M > 750.

Proof. Proceeding by contradiction, let us assume M < 750. By Lemma[4.1] we have that
X := max{w, Nz, z} < 10°7. Now, let us take

Iy :=wlog Fy; — Nzlog o + zlog(v/5).
Since |I'y| < el ’eFQ — 1|, if we assume that A > 6, then the right-hand side of ({.§) is at
most 1/2, and we get

14

(4.31) |wlog Fyy — Nzlog o + zlog(\/g)‘ <
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We need to look for a lower bound for |I'2|. Since Fy = 5, we start by assuming that
M # 5 to apply LLL-algorithm. In order to do it, we take C := (30X)? and consider the
lattice €2 spanned by

71 := (1,0, [Clog Fip]), 7v2:=(0,1,[Cloge]), ~3:= (0,0, LClog\/EJ).

Now, for each M € [3,750] \ {5}, we use Mathematica to calculate the parameters Q, T,
c1 and mq = ||by||/c1 from Lemma Thus, we obtain

8 x 10719 < ‘wlogFM—Nzloga+zlog\/5

which, comparing with inequality (4.31)), implies
(4.32) A < 570.
Next, we take M = 5. Thus, inequality (4.31)) is rewritten as
28
‘(2w + 2)logh — 2Nzloga| < o

Dividing the previous estimate by Nzlogh, we get

2w+2z  2loga 18

4.33 < .
(4.33) Nz log5 a*Nz

By Lemma [4.1] and our assumption that M < 750, we have
(4.34) Nz <10%M31og® M < 1077,
Due to the fact that Fhys > 1057, we can use item (ii) of Lemma with K = 274. In

this case we get apr = 330. Thus, we conclude

1 2w+ 2z  2loga
4. —
(4.35) 332(Nz)? N log 5

Comparing (4.33) with (4.35), and using (4.34), we get a* < 5976 Nz < 6 x 100, which

implies

(4.36) A < 290.

It is clear that, from estimates (4.32)) and (4.36)), the inequality

A <570

holds for all M € [3,750]. If we suppose that A = N, then, according to what we
established, we have N < 570, a contradiction with our assumption that N > 1200. Thus,

we can conclude that A\ = x and

(4.37) x < 570.
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Next, we proceed to consider whether (N, z) = (n+ 1,z) or (N, z) = (m,y).
Case (N,z) = (n+1,z). So (M,w) = (m,y). By inequality (4.22) and the fact that
N > 1200, we have

|wlog Far — (N — 1)zloga + log(5*/%/(a® — a )| < —-
Here, we have the expression
luyas — v 4 pg| < AB™N

with (u,v) = (w, (N —1)z) and

log F’ log(5%/2/(a® — a~® 34
YM = o8 M, & = og( /(o® —a )), A=T71(> , B:=a.
log o log o log

We apply the Baker—Davenport reduction method for each x € [3,570]. Since 2 < 570
and M < 750, by estimate (4.20) and Lemma we get that

u=w< Nz <33x10% =T

Hence, for each vys with M € [3,750], we look for the smallest ¢ such that ¢ > 67" and, in

all the cases, we get
£>4.7x107192 and log(Ag/e)/log B < 1157,

the latter being an upper bound for NV and, therefore, a contradiction with our assumption

that N > 1200.

Case (N,z) = (m,y). So, (M,w) = (n+ 1,z). Then, by inequalities (3.3)), (4.37) and
the fact that M < 750, we have

max{N,y} < (n+ 1)z = Mz < 427500.
Here, due to the previous inequality, we can take
X :=max{w, Nz, z} < 10'%,

So, we use inequality (4.31]) to apply LLL-algorithm for each M € [3,750]. We get that
x = X < 144. We repeat this process once more and we obtained x < 134, which allow us
to conclude that (z,n) € [3,134] x [4,749]. Then, due to the fact that m = N > 1200, by

inequality (3.3), we get

1198y < (m — 2)y < (n + 1)z < 100500,
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which implies that (y,m) € [3,83] x [1201,24 [100500/y|]. Next, we check the congruence

Fyo,—F; = FY, (mod 10%%), where (n, m,z,y) is a quadruple of integers in the above

ranges. Again we use the feature PowerMod[A, u, B] in Mathematica to create both lists
L={F*,—F*, (mod10%): (z,n) € [3,134] x [4,749]}

and
R, = {FY (mod 10%°) : m € [1201,2 + [100500/y]]}.

Finally, we were able to verify that L N R, = ) for each y € [3,83].
We conclude that equation (|1.4]) have no solutions when M < 750. ]

4.3. The case M big

Due to Lemma [£.2] here we study the case M > 750 looking for some absolutes bounds

on the variables n, m, x and y.

Lemma 4.3. If (n,m,xz,y) is a solution of equation (1.4) withn >2, x >3 and y > 2,
then
max{z,y} < 3 x 10™%.

Proof. Since M > 750, by Lemma [4.1| we have that
max{z,y} < 6.9 x 10 M?log® M < o™~2 < min{a" "}, a™}.

In fact, the middle inequality holds for all M > 256. Hence, all three inequalities

T 1 T 1 y . 1
a2n72 — anfl’ a2n+2 — an+3’ a2m - am

hold, so we may write

a(nfl)x a(n+1):}: o™y
(4'38) Fﬁ—l = W(l‘FCn—Lx), nx+1 = W(1+Cn+l,x)7 F#L = 5y/2 (1+€m,y)>
where
2
(1.39) max{lG-tah [Gusal} € 5 and Gl < o

We also have some additional conditions to (4.4)), namely that

iy Fin 12
a(nfl)z/5x/2 ’ a(n+1)m/5x/2 ’ amy/5y/2

(4.40) belong to (1/2,V5).

Using approximations (4.38) to rewrite equation (1.4]) and reordering some terms, we get

o™ a(n+1)x Od(nfl)x a(n+1)x a(nfl)x o™
(4.41) ST + r = ro/2 Gt — T Cnl,m—<5y/2> Cm,y
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which, due to the fact that

my /ry/2 my /ry/2 Y J e
(4.42) o ) (e /y5 Fm ntl < 20,
a(n+1)x/5m/2 FY, F755+1 a(n+1)z/5x/2

and together with (4.40)), implies

‘amy,(n+l)x5(x*y)/2 — 1‘ < ’Cn-{—l x

1 |Cn—1,x’ amy/5y/2
T @ - a2z + (a(n+1)x/5m/2 ‘Cmvy‘

(4.43) 2 1 |Cn—1,2] 20
Saitamt T tom
8 1 20 29
< + =+ ,

anJrl ot am™ < Oé/\l

where A\; := min{z, M}, as the A\ that we had defined in (4.6). Note also that the
expression inside the absolute value corresponds to A4 defined in Section

We need to establish the parameters to apply Matveev’s result. So, we take
s:=2, y:=a, y:=+V5 bi=my—(n+lz, by:=x—y.
Then, we have D = 2. Here, we take A; := loga and Ay := log5. Besides, since z > 3,

the right-hand side in (4.43)) is at most 29/a> < 7, therefore,

o my—(n+1)al

ez <%

which implies

) ly—al/2
1] = my — (n + 1) < 8B 5T)

(4.44) log 5 1 8loga
0 o
= & ]y—x!—i-ig <2y —z|+5 < 8ly — .
2log log

Thus, by Lemmas and [£.2] we can take

max{|by], [b2|} < 8 max{z,y} < 8 x 6.9 x 10*°M?log® M

(4.45)
< (5.6 x 10%1og® M)M? < M'® x M?* = M* =: B.

Matveev’s theorem tells us that

log |A4| > —3.1 x 10%(1 + log 2)(1 + 20log M) (log o) (log 5)
> —8.6 x 10 1og M.

Comparing estimates (4.43|) and (4.46)), we get that

(4.47) A1 < 1.8 x 10M log M.

(4.46)
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Hence, we have to proceed by cases according to various scenarios concerning Ai:
Case Ay = M. In this case, by ([£.47), we get M < 1.8 x 10! log M, so,

(4.48) M < 5.6 x 10'2.
Case A1 = x. In this case, by (4.47), we get

(4.49) r < 1.8 x 10! log M.

Next, we rewrite (4.41]) as

o™y ana:(aw _ a—a:) otz am—Lz o™y
2 T e\ e ) e T |\ T | te <5y/2> o

which implies

|amyfnx5(xfy)/2(ax - afx)fl - 1‘

o® a % a® amy/5y/2
(450) < g lnntel e el <ax - w> (a(n+1)f’f/5z/2> o

2 2 40 6 4 65 75
Sg2 Tt g S gn T T agm S o

where we have used estimates (4.21)), (4.39) and (4.42). Note that the expression inside

the absolute value corresponds to As as in Section [3.2

Now, we indicate the parameters to apply Matveev’s result to the left-hand side of the
inequality (4.50). We have s := 3 and we take

=, Yi=2V2, ymi=a®—a bii=my—nz, byi=ax—y, bgi=—1.

Thus, it is clear that D := 2. As in prior application of Matveev’s theorem, we take

T we have

Aj :=loga, Ag :=logh. As for 73 :=a® —a~
h(ys) < h(a®)+h(a™™)+2=2zloga+2 < 1.7z,
since x > 3, which allow us to take As := 4x. By estimate , we have
|b1] = |my —nz| < |my — (n+ 1)z| + 2 < 8|y — x| + = < 9max{z, y}.

Hence, using Lemmas and we conclude, as at estimate (4.45)), that we can take

max{|b], |b2|} < 9max{z,y} <9 x 6.9 x 10°M? log® M
< (6.3 x 10%log3 M)M? < M?° =: B,
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where we have used the fact that 6.3 x 10%log3 M < M8 for all M > 750. Thus, by

Matveev’s result, we have that

log |As| > —5.8 x 10 (1 + log 2)(1 4 20 log M) (log o) (log 5) (4x)

(4.51)
> —6.4 x 1083z 1log M.

From estimates (4.50) and (4.51)), we get that

(4.52) M < 1.4 x 10"z log M.

Inserting estimate (4.49) into (4.52)), we get

M < 1.4 x 10'(1.8 x 10 log M) log M < 2.6 x 10%° log? M.
Therefore, we have

(4.53) M < 1.2 x 10%.

Comparing (4.48) and (4.53)), we conclude that the inequality (4.53)) always holds. Hence,
by Lemma [4.1} we get

N <2x10%2, z<3x10% and y<3x10%. O

4.4. Reducing the bound

We need to work some more on inequality (4.43)) under the assumption that A; > 470.
Then 29/a* < 1/2, so by a classic argument we get that

58
AL

|(my = (n+1)z)loga — (y — 2) log V5| < —

Thus, since z # y, we get

my — (n+ 1)z logvVb - 121

4.54 .
(4.54) T —y log a |z — y|aM

By Lemma 4.3, we have that
250z — y| < 250 max{z,y} < 1097 < 1 < oM

which implies that the expression on the right-hand side of is smaller than 1/(2|z —
y|?). By Legendre’s criterion, (my — (n + 1)x)/(x — y) is a convergent py/qx of v =
log v/5/log o for some nonnegative integer k.

Case k < 100. Since ggg < 4.1 x 10%6 and max{a; : 0 < k < 99} = 29, then

1 1 Pk

— < — < min _ - w
10% ~ 31¢2, L '

r—y

:kE{O,l,...,lOO}}S"y—
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Therefore, comparing with (4.54) and using the fact that 1 < |z — y|,

log(121 x 10%)

A<
log

< 465,

a contradiction with our assumption that A\; > 470. Thus, £ > 100.
Case k > 100. Since gi1g9 > 3x 109 > |z —y|, we conclude that k € [100, 189]. Besides,

we have that

LI 1 _ P1go
101927 332 x g2, Q189 |
Thus, comparing with (4.54)), we get that
1 < Pk 121 < 121 < 121
10192 = |7 qk |z —ylaM = gooa T 10%8aM’
which implies
log(121 x 1044
M < Lol ) < 700.

log o
If M < x, then we obtain M = A; < 700, a contradiction with the fact that M > 750.
Thus, © = A1, therefore we have x < 700. Now, by estimate (4.52)) we get

M < 1.4 %700 x 10" log M < 9.8 x 10'%log M,

which gives M < 4.3 x 10'®. Comparing it with estimate (4.48), we conclude that, in any
case, this last inequality always holds. Hence, Lemma yields

(4.55) N<9x10° 2<2x10% and y<2x10%.

Now, we get that qi77 > 2 x 10%® > |z — y| and

L1
332¢%. ~ 1010’

’ _ himr
q177

therefore, as we proceeded before, we have

log(121 x 10'32)

)\1 <
log o

< 642.

Again, since M > 750 and A\ := min{z, M }, the previous inequality implies that A = z,
with @ € [3,641].
Now, due to the fact that M > 750, inequality (4.50|) implies

150

(4.56) ‘(x —y)log V5 — (nz — my) log a — log(a® — a*“”)‘ < =
@

Here, we fix  and apply again the Baker—Davenport reduction method. We have

luy — v+ pg| < AB_Ma
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where (u,v) = (z — y,nx — my) and

1 log(a® —a™" 1
. og V5 .__M, A;:312<>50>, B :=q.

" loga’ Ha = log o log o

By estimate (4.55)), we can take 7' = 10%° as the bound on |u|. We loop over all values
x € [3,641]. In all cases we choose g5, i.e., the denominator of the convergent of index

180 of ~, since gqig9 > 67, and we obtained
e>13x107" and log(Ag/e)/log B < 1293.

Hence, as before, the latter inequality implies M < 1293. We repeat this reduction process.
By Lemma 1] we get

(4.57) N <3x10%, 2<4x10% and y<5x10%.

This time, we get that 115 > 5 x 10%* > |z — y| and

1

P115
n 10114”

q115

which implies A\; < 326. Thus, we can conclude that x € [3,325]. We apply again the
Baker—Davenport reduction method to (4.56)) taking into account that, by estimate (4.57)),

we can take 7' = 10°°. This time, in all the cases, we get
e>19x107" and log(Ag/e)/log B < 662.

Therefore, we have M < 662, a contradiction with our assumption that M > 750.
What we have done until now allows us to conclude that, no matter whether M > 750
or M < 750, equation (1.4} has no solution when N > 1200.

5. The case N small: N < 1200

5.1. The final computations

Due to the previous section, it remains to study the case N < 1200. Recall that we are

working under the assumption that n >4, m >3, x > 3 and y > 2.

Lemma 5.1. Under the previous assumptions over the variables and N < 1200, there are

no non-trivial solutions to the Diophantine equation (|1.4]).

Proof. By Lemma [3.3] and the fact that M < N, we have

r<1.3%x10® and y<1.5x10%.
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Now, let us take

I'y :=ylog F,, — xlog Fiot1,
and observe that I'; < 0, due to the fact that A; = 1 —e!'t > 0. Hence, by (3.4), we get
(5.1) 0<1—e Ml <252

which implies

0< (e‘Fll _ 1) e Nl < 9 57,

Thus, we get
0< Iy <el—1 <257l

However, since x > 3, by (5.1)) we get ell1l <'1.2. Thus, the previous inequality implies

1.2
0< ‘ylogFm — xloanH} < o0
Now, dividing both sides of the last inequality above by x log F},, and taking into account

that I'y < 0, we get

logFri1 vy 1.2

5.2 0< _.
(5:2) log F), r  x2.5%log F),

Due to the fact that

2.5%log Fy, > 2.5%log2 > 3z for all z > 3 and m > 3,

by inequality (5.2)), we get

log F; 1
logF,,, x 222

By Legendre’s criterion, item (i) in Lemma we infer that y/z is a convergent to the
continued fraction of log F, 11/ log Fy,. Let d := ged(x,y). Due to Fermat’s last theorem
once again, it follows that d € {1,2}, otherwise the triple

(X,Y,2) = (FX4, Fy/d F79)

n—1""m

would be a positive integer solution to the Fermat equation X? 4+ Y? = Z¢ with integer
exponent d > 3 which does not exist. Therefore, since the convergent pg/qr of any
irrational number - satisfies qr > F}, where F} is the kth Fibonacci number, and since
Fgg > 3 x 10'7, it follows that (z,y) = (g, pr) or (2qx,2px) for some k < 86. Thus, we
have that py /g is the kth convergent to log Fj,11/ log F,,, for some m > 3, n > 3, such that
ged(m,n? — 1) < 4, and N < 1200. The only issue to justify is that ged(m,n? — 1) < 4.
We assume that r = ged(m,n — 1). Then r divides both m and n — 1, so F,. divides both
Ff, and F7_,. In particular, F, divides F*, ;. Thus,
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So, r € {1,2}. The same argument shows that gcd(m,n+1) < 2, therefore ged(m, n?—1) <
4. Now, we generated the first 86 convergents of log F}, 11/ log F),, with m and n satisfying
all of the above conditions, and checked for each pair (x,y) € {(qx,pr), (2qk, 2pr)} with
x > 3, if the congruence

o —FY  =FY (mod 10%)

n

holds. The computations which took almost three hours used the Mathematica feature

PowerMod[A, u, B] and found no new solutions. O

This ends the proof of our Theorem
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