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Bounds for Hilbert Coefficients

Cao Huy Linh* and Ton That Quoc Tan

Abstract. Let (A, m) be a noetherian local ring and J an m-primary ideal. Elias (3]
proved that depth(G(J*)) is constant for k& > 0 and denoted this number by o(J). In
this paper, we prove the non-positivity for the Hilbert coefficients e;(J) under some
conditions for o(J). In case of J = @ is a parameter ideal, we establish bounds for
the Hilbert coefficients of @ in terms of the dimension and the first Hilbert coefficient

e1(Q).

1. Introduction

Let (A, m) be a noetherian local ring of dimension d and J an m-primary ideal of A. Let
¢(-) denote the length of an A-module. The Hilbert—Samuel function of A with respect to
J is a function H;: Z — Ny given by

L(A)J™) ifn >0,
0 ifn<O.

Hy(n) =

There exists a unique polynomial P;(x) € Q[z] (called the Hilbert-Samuel polynomial)
of degree d such that H;(n) = Pj(n) for n > 0 and it is written by

d .
Poto) = S0 ("G et
i=0
Then, the integers e;(.J) are called Hilbert coefficients of J. Let G(J) = @,,o J"/J" !
be the associated graded ring of A with respect to J. In [3], Elias denoted oj(k) =
depth(G(J*)) and proved that o (k) is constant for k > 0. We call this number o(.J).
The aim of this paper is to investigate the non-positivity of e;(J) under some conditions
for o(J). In the case J is a parameter ideal, we establish bounds for the Hilbert coefficients
ei(J), for i =2,...,d, in terms of the dimension and the first Hilbert coefficient e;(.J).
First, we study the non-positivity of the Hilbert coefficients. If A is an arbitrary
ring, Mandal-Singh—Verma [14] showed that e;(Q) < 0 for every parameter ideal @ of
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A. If depth(A) > d — 1, Mccune [15] showed that e3(Q) < 0 and Saikia-Saloni [20]
proved that e3(Q) < 0 for every parameter ideal Q). In [15], Mccune also proved that if
Q is a parameter ideal such that depth(G(Q)) > d — 1, then ¢;(Q) < 0 for i = 1,...,d.
Later, Saikia—Saloni [20] and Linh-Trung |12] proved that if depth(A) > d — 1 and @
is a parameter ideal such that depth(G(Q)) > d — 2, then ¢;(Q) < 0 for ¢ = 1,...,d.
In [17], Puthenpurakal obtained a remarkable result that if J is an m-primary ideal of a
Cohen-Macaulay ring with dimension 3 such that r(J) = 2, then es(J) < 0.

It is well known that the behavior of Hilbert coefficients e;(.J) depend on depth(G(J)).
Elias [3] also proved that o(J) > depth(G(J)). The first main result of this paper is the
non-positivity of the last Hilbert coefficient e4(.JJ) under the condition o(.J) > d — 2.

Theorem 1.1. (= Theorem Let (A, m) be a noetherian local ring of dimension d > 2
and depth(A) > d—1. Let J be an m-primary ideal such that r(J) < d—1. Ifo(J) > d—2,
then eq(J) < 0.

Theorem implies an early result of Mafi and Nadery [13] that if A is a Cohen—
Macaulay ring of dimension 4 and J an m-primary asymptotically normal ideal such that
r(J) < 3, then e4(J) < 0. From Theorem [1.1| we also get some interesting properties
about the non-positivity of ez(J) and e4(J).

Theorem gives the non-positivity for the last Hilbert coefficient e4(.J), but other
Hilbert coefficients may be positive. The next result shows the non-positivity for Hilbert

coefficients of an m-primary ideal.

Theorem 1.2. (= Theorem Let (A, m) be a noetherian local ring with dim(A) =
d > 3 and depth(A) > d — 1. Let J be an m-primary ideal of A such that r(J) < 2. If
depth(G(J)) > d — 2, then

ei(J) <0 fori=3,...,d.

Theorem [1.2|is a generalization of an early results of Puthenpurakal [17, Theorem 9.1},
Saikia—Saloni |20, Corollary 3.2] and Linh-Trung [12, Theorem 2.9].

Hilbert coefficients reflect the structural information of rings and modules. So, the
problem finding bounds for the Hilbert coefficients in terms of several common invari-
ants has attracted the attention of many mathematicians in pass years. If A is Cohen—
Macaulay and generalized Cohen—Macaulay, Srinivas and Trivedi [21H23] gave bounds
for the Hilbert coefficients of m-primary ideals in terms of the dimension and multiplic-
ity. If A is an arbitrary ring, Rossi, Trung and Valla |18] established bounds for the
Hilbert coefficients of the maximal ideal in terms of the dimension and an extended de-
gree. Later, Linh [10] extended the result of Rossi, Trung and Valla [18] for m-primary
ideals. Goto and Ozeki [7] established uniform bounds for the Hilbert coefficients of pa-

rameter ideals in a generalized Cohen-Macaulay ring. Recently, Dung and Hoa [2| gave



Bounds for Hilbert Coefficients 1161

bounds for eg_t11(1),eq—t1+2(1),...,eq(I) in terms of ey(I),e1(I),...,eq—¢(I) in the case
depth(A) =t > 1. These bounds obtained in |2] depend on eg(1).

Question 1.3. Let (A,m) be a noetherian local ring of dimension d and depth(A) = t.
Does there exist bounds for Hilbert coefficients eg_;41(1), ..., eq(I) in terms of ey (), ...
eq—t(I) which do not depend on eg(I)?

Y

In the case I = (@ is a parameter ideal and ¢ = d — 1, the problem of the question is
to find bounds for es(Q),...,eq(Q) in terms of e1(Q) and these bounds do not depend
on ep(Q). The first Hilbert coefficient e;(Q) is called Chern number. Recent results
on the coefficient e;(Q) such as [5,6] show that this coefficient is very important and
it reflects clearly structural information. By using the bound for the regularity of the
associated graded ring in [11], we establish bounds for e2(Q),...,eq(Q) in terms of the
Hilbert coefficient e;(Q).

Theorem 1.4. (= Theorem Let A be a noetherian local ring of dimension d > 2 and
depth(A) > d — 1. Let Q be a parameter ideal of A. Then

lei(Q)] < 3-207% e (Q)| fori=2,....d,
where r = max{[—4e1 (Q)] V' + €1 (Q) — 1,0} + 1.

The paper is divided into three sections. In Section [2| we prepare some facts related
to the Hilbert coefficients and regularity. In Section |3 we prove the non-positivity for the
Hilbert coefficients of m-primary ideals. In Section [d we establish bounds for the Hilbert

coefficients of parameter ideals in terms of the dimension and the first Hilbert coefficient.

2. Preliminaries

Let (A, m) be a noetherian local ring of dimension d and J an m-primary ideal of A. A

numerical function
H J: 7 — NQ

L(A)J™) ifn >0,
0 ifn<0

n+—— Hj(n) =

is said to be a Hilbert—Samuel function of A with respect to the ideal J. It is well known
that there exists a polynomial Py € Q[z] of degree d such that Hj(n) = P;(n) for n > 0.
The polynomial Py is called the Hilbert—Samuel polynomial of A with respect to the ideal

J and it is written in the form

Py(n) = i(—ni (" e,
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The integers e;(J) are called Hilbert coefficients of J. In particular, e(J) = eo(J) and
e1(J) are called the multiplicity and Chern coefficient of J, respectively. The postulation

number of J is defined as the integer
n(J) =max{n | Hj(n) # P;(n)}.

An element z € J \ mJ is said to be superficial for J if there exists a number ¢ € N
such that (J" : x) N J¢ = J" ! for n > ¢. If A/m is infinite, then a superficial element
for J always exists. A sequence of elements z1,...,x, € J\ mJ is said to be a superficial
sequence for J if x; is superficial for J/(x1,...,z;-1) fori=1,...,r.

Suppose that dim(A) = d > 1 and « € J \ mJ is a superficial element for J, then
00 : Az) < oo and dim(A/(x)) = dim(A) — 1 = d — 1. The following lemma give us a
relationship between e;(J) and e;(J), where J = J(A/(x)).

Lemma 2.1. [19, Proposition 1.3.2] Let A be a noetherian local ring of dimension d > 2
and J an m-primary ideal of A. Let x € J\ mJ be a superficial element for J and set
J=J(A/(x)). Then

(i) ei(J) =ei(J) fori=0,...,d—2,
(i) ea-1(J) = ea—1(J) + (=1)%(0 : z).

If we denote by G(J) = D,,>¢ J"/J"H the associated graded ring of A with respect
to J and

ai(G(J)) = sup{n | Hg ), (G(J)n # 0},
then the Castelnuovo-Mumford regularity of G(J) is defined by

reg(G(J)) = max{a;(G(J)) +i | i > 0}.

Lemma 2.2. Let (A, m) be a noetherian local ring of dimension d and J be an m-primary
ideal of A. Let x € J\ mJ be a superficial element for J. Set A = A/(z) and J = JA.
Then

(i) n(J) <reg(G(J)),
(i) reg(G(J)) < reg(G(J)),
(iii) J*H 2 /J" =2 (0: 2) for n > reg(G(J)).

Proof. (i) It is implied from [11, Lemmas 2.1 and 2.2].
(ii) Let =* be an initial form of z in G(J). Then

reg(G(J)/(2")) < reg(G(J))-
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On the other hand, there is a natural graded epimorphism from G(J)/(z*) to G(J) whose
kernel is

K = @(Jn-‘rl +zn Jn)/(Jn—I—l + :UJn_l).
n>0

Since z is superficial for J, z N J"*! = zJ" for n > 0. Hence K,, = 0 for n>> 0. Thus K

is a module with finite length. Hence

reg(G(J)) < reg(G(J)/(z")).

This implies
reg(G(J)) < reg(G(J)).

(iii) From the exact sequence
0— J" g/ Jn — AJJY 2 AV — AJ(JVH ) — 0,
we get
O™ )Ty = 0(A)T™) — (A} T + (AT
= 0 AT — e,
It is well known that J"*1:x/J" = (0 : x) for n > 0. From (i) and (ii), we have
n(J) <reg(G(J)) and n(J) <reg(G(J)).

It follows that
JL g g 2= (0:2) for n > reg(G(J)). O

Recall that an ideal K C J is called a reduction of J if J"T1 = KJ" for n > 0. If K
is a reduction of J and no other reduction of .J is contained in K, then K is said to be a
minimal reduction of J. If K is a minimal reduction of .J, then the reduction number of

J with respect to K, rx(J), is given by
ric(J) :== min{n | J*T = KJ"}.
The reduction number of J, denoted by r(.J), is given by
r(J) := min{rg(J) | K is a minimal reduction of J}.

The following lemma gives a relationship between the reduction number of J and the
regularity of G(J).

Lemma 2.3. [24] Proposition 3.2]

ag(G(J)) +d < r(J) < reg(G(J)).
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3. The non-positivity of Hilbert coefficients

Through this section, let (A, m) be a noetherian local ring of dimension d and J an m-
primary ideal of A. In this section, we investigate the non-positivity of Hilbert coefficients
ei(J).

In [3, Proposition 2.2], Elias proved that o;(k) = depth(G(J¥)) is constant for k > 0
and call this number o(J). By [8, Lemma 2.4],

ai(G(J®)) < [a;(G(J))/k] fori<dand k>1,
where [a] = max{m € Z | m < a}. Therefore
(3.1) a;i(G(JF)) <0 forall i <d and k> 0.
By [3 Proposition 2.2],
(3.2) o(J) > depth(G(J)).
The following lemma gives whenever the number o(J) is positive.

Lemma 3.1. Let (A, m) be a noetherian local ring of dimension d > 1 and J an m-primary
ideal of A. If depth(A) > 1, then o(J) > 1.

Proof. From (3.1)), we have a;(G(J*)) < 0 for k > 0. By [9, Theorem 5.2], ao(G(J*)) <
a1(G(J*¥)) < 0. Hence Hg(Jk)+(G(Jk)) = 0 for £ > 0. This implies that o(J) =
depth(G(J*)) > 1 for all k> 0. O

In the case J is a parameter ideal, Linh |11}, Proposition 3.5] proved that if o(J) > d—2,
then e4(J) < 0. In the case J is an m-primary ideal, we get a generalization for [11,

Proposition 3.5].

Theorem 3.2. Let (A, m) be a noetherian local ring of dimension d > 2 and depth(A) >

d—1. Let J be an m-primary ideal such that r(J) < d—1. Ifo(J) > d—2, then eq(J) < 0.

Proof. For k > 0, let I = J*. Denote by R = A[It] = @D,.>0 " the Rees algebra of A
with respect to I and Ry = @,,., R,. From [4, Proposition 2.7], we have eq(J) = eq([).
By [1, Theorems 3.8 and 4.1],

I
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Since o(J) = depth(G(I)) > d — 2, it follows that Hy,y (G(I)) =0 for i =0,....d - 3.
On the other hand, we have a4(G(I)) +d < r(I) by Lemma From [8 Lemma 2.7],
Jr(J)+1—d|

J)+1—s(J)[ -
- —i—s(I)—l—T—i-d—lSd—l-

Hence a4(G(I)) < 0. Moreover, a;(G(I)) < 0 for all ¢ > 0 from (3.1). By applying [9,
Theorem 5.2, we get ag—2(G(I)) < ag—1(G(I)) < 0. It follows that

r(I) < Ir(

(~1)ea( ) = (1) U(HE G(Io).

This implies that eq(J) = —£(Hg ), (G(I))o) < 0. O

From the proof of Theorem ed(J) = —E(Hg&l”(G(I))g). If A is Cohen-Macaulay

and o(J) > d —1, then aq—1(G(I)) < 0. This gives us the following corollary.

Corollary 3.3. Let (A,m) be a Cohen—Macaulay ring of dimension d > 2. Let J be an
m-primary ideal such that r(J) <d—1. Ifo(J) > d —1, then eq(J) = 0.

An ideal J is said to be asymptotically normal if there exists an integer k£ > 1 such
that J™ is integrally closed for all n > k. If J is an asymptotically normal ideal of A,
o(J) > 2 by |16, Theorem 7.3]. Mafi and Naderi [13, Theorem 1.5] proved that if A is a
Cohen—Macaulay ring of dimension 4 and J is an m-primary asymptotically normal ideal
such that r(J) < 3, then e4(J) < 0. By applying Theorem we get the following

corollary

Corollary 3.4. Let (A,m) be a noetherian local ring of dimension 4 and depth(A) > 3.
Let J be an m-primary asymptotically normal ideal of A such that r(J) < 3. Then eq(J) <
0.

Notice that the hypothesis of the ring A in Corollary is not necessarily Cohen—

Macaulay.

Corollary 3.5. Let (A, m) be a noetherian ring of dimension 4 and depth(A) > 3. Let J
be an m-primary ideal of A such that r(J) <2 If o(J) > 2, then

ei(J) <0 fori=3,4.

Proof. From Theorem eq(J) <0.

Without loss of generality, assume that A/m is infinite and x; is a superficial element
for J. Let A1 = A/(xz1) and J; = JA;. Then dim(A4;) = 3, J; is a m-primary ideal of
Ay and e3(J) = e3(J1). Since depth(A4) > 3, depth(A;) > 2. By Lemma 3.1} o(Jy) > 1.
Moreover, 7(J;) < r(J) < 2. By applying Theorem [3.2] we obtain e3(.J) = e3(J1) < 0. O
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In case of A is a Cohen—Macaulay ring of dimension d = 3 and r(I) = 2, Puthenpurakal
[17, Theorem 9.1] proved that e3(.JJ) < 0. The following corollary is a extension the result
of Puthenpurakal.

Corollary 3.6. Let (A,m) be a noetherian ring with dim(A) = d > 3 and depth(A) >
d—1. If J is an m-primary ideal of A and r(J) < 2, then es(J) < 0.

Proof. By Lemma one has o(J) > 1. If d = 3, by applying Theorem we get
63(J> S 0.

If d > 3, without loss of generality, assume that A/m is infinite and z1,...,z4_3 is a
superficial sequence for J. Let A = A/(x1,...,24-3) and J = JA. Then dim(A) = 3,
depth(A) > 2 and r(J) < r(J) < 2. Since depth(4) > 2, o(J) > 1 by Lemma
Applying Theorem we obtain e3(J) < 0. From Lemma we conclude that ez(J) =
es(J) <0. O

Theorem gives the non-positivity of the last Hilbert coefficient e4(.J) under as-
sumption o(J) > d — 2. For this assumption, other Hilbert coefficients may be positive.

The following example shows that eq < 0, but other Hilbert coefficients are positive.

Example 3.7. Let A = Qx,y, 2](3,,.) and J = (23,93, 23, 2%y + 23, 222 y?2 + 222, 1y2).
Then K = (23,93, 23) is a minimal reduction of J and rg(J) = 2. Using Macaulay 2, we
compute depth(G(J)) = 0 and o(J) = 1. On the other hand, the Hilbert series Pg((t)
of G(J) is

= /T = L

n>0

where h(t) = ap + a1t + - - - + as € Z][t]. It follows that
h(t) = ag + art + - + as = (1 — 3t + 3t> — £2) Py (1).

Hence

0(A) )

E(J/JQ) —30(A/J),
4

4

J?)J3) = 30(J)J?) + 30(A)T),
JU/ TN = 30(7 T8 4+ 30(J2 )Y — (T3 /T2 for i > 3.

By computing with Macaulay 2, we get
ap=13, a1 =6, ay =13, az3=—-6, as=1, as=ag=---=0.

This means
h(t) = 13 + 6t + 13t* — 61> + t*.
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So
eolJ) = h(1) = 27, e1(J) = W(1) =18, ea(J) = h"z(!l) =1 () ="

The following theorem provides us the non-positivity of other Hilbert coefficients.

Theorem 3.8. Let (A, m) be a noetherian local ring with dim(A) = d > 3 and depth(A) >
d—1. Let J be an m-primary ideal of A such that r(J) < 2. If depth(G(J)) > d —2, then
ei(J) <0 fori=3,...,d.

Proof. Tt is well known that e4(J) < 0. If d < 4, the corollary is proved by Corollary

If d > 4, we need to prove that e4_;(J) <0 for i = 1,...,d — 3. Indeed, without loss
of generality, assume that A/m is infinite and x1,...,z4 is a superficial sequence for J.
For each i = 1,...,d — 3, let A; = A/(x1,...,x;) and J; = JA;. By hypothesis, we have
dim(A4;) = d —i, depth(4;) > d—1i—1 and r(J;) < r(J) < 2. Since depth(G(J)) > d — 2,
depth(G(J;)) > d — i — 2. From (B.2), we have

o(J;) > depth(G(J;)) >d—i—2.
By applying Theorem [3.2] we get
eq—i(J) =eq—i(J;) <0 fori=1,...,d—3.
It follows e;(J) <0 fori=3,...,d—1. So, we conclude that e;(J) <0fori=3,...,d. O

Remark 3.9. Theorem is a generalization of early results of Puthenpurakal [17, Theo-
rem 9.1], Saikia—Saloni [20, Corollary 3.2] and Linh—-Trung [12, Theorem 2.9].

4. Bound for Hilbert coefficients of parameter ideals

Let (A, m) be a noetherian local ring of dimension d and depth(A) > d—1. In this section,

we will establish bounds for the Hilbert coefficients of parameter ideals.
Lemma 4.1. Let A be a noetherian local ring of dimension d > 2 and depth(A) > d — 1.
Let QQ be a parameter ideal of A and x a superficial element for Q. For allm > 1, we have

(Q™:x/Q") < - (” e 3) e1(@).

Proof. Suppose that Q = (z1,...,24) and x = x4 is superficial for ). Setting J =

(x1,...,24-1), we have

Qn—i-l l’/Qn

((xQ"+J"Q) : 2)/Q"
=@+ (J"Q:2)/Q"
= (J"Q:2)/(Q"N(J"Q : x)).
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Since J" C Q"N (J"Q : x),
UQ™ i a/QM) < U™ s/ J").

By [11} Corollary 4.4],

wrsomy < ("1 @,

This implies that

(@) < -(" 1 M@, 0

Lemma 4.2. Let A be a noetherian local ring of dimension d > 2 and depth(A) > 1. Let

I be an m-primary ideal of A and x a superficial element for I. Then
(—=D)%eq(1) =Y (Hy(k) — Pr(k)) = > (1" 2/1"),
k=0 k=0

where some r > reg(G(I)) +1, A= A/(z) and I = I'A.

Proof. From [15, Lemma 3.2], we have

= i(HT(k) ie Mg /TF).
k=0

k=0
By Lemma [2.2]
n(T) < reg(G(I)) <reg(G(I)) <r and (I :2/I%) =0(0:42) =0

for k > r. Thus

s s

(—1)ea(D) = S (Hy(k) — Pr(k) — S 61 < 2/ 1%). =

k=0 k=0
In [11], the author gave a bound for the regularity of associated graded ring with

respect to parameter ideals in terms of the first coefficient e1(Q).

Theorem 4.3. [11, Theorem 4.5] Let A be a noetherian local ring of dimension d > 1
and depth(A) > d — 1. Let Q be a parameter ideal of A. Then

max{—e;(Q) — 1,0} ifd=1,

reg(G(Q)) <
B(G1Q) max{[—4e1 (Q)] V' +e1(Q) — 1,0} ifd > 2.

Using the bound for the regularity of G(Q) in Theorem we will establish bounds
for Hilbert coefficients €;(Q).
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Theorem 4.4. Let A be a noetherian local ring of dimension d > 2 and depth(A) > d—1.
Let Q be a parameter ideal of A. Then

lei(Q)] < 3-207% e (Q)| fori=2,....d,
where r = max{[—4e1 (Q)]“ V' + €1 (Q) — 1,0} + 1.

Proof. Suppose that Q = (x1,...,24). Without loss of generality, we may assume that
the residue field A/m is infinite. Let z = x4 be a superficial element for Q. Set A = A/(x)
and Q = QA. By Lemma we have

(—1)%a(Q) =Y [Hz(k) — Px(k)] = > €@ : 2/Q")
k=0 k=0
r d—1 r
=S @@ty - Sy (’“ e 2) ei<cz>] ST UQM Q)
k=0 i=0 k=0
U IS k+d—2\ — ! k+d—i—2\ —
=Y |eA/Q") - eo(@) — D _(-1)! a(@)]
rart ( d—1 >0 < < d—i—1 )

On the other hand, from |11, Corollary 4.3],

(M /M) < —(’“zf; 3>e1<Q> = <k+f_ 3)\e1<cz>|-

Thus

Notice that
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Hence
d—1

lea(@)] < 3- 7 M er (@) + Y rei(@).

1=2

By induction on d, we may assume that
les(Q)] < 3-272 .+ Yey (Q)| fori=2,...,d—1.
But €;(Q) = ¢;(Q) fori =1,...,d — 1, from Lemma This implies that
lei(Q)] <3272 ey (Q) =3- 272 -+ Hey(Q)| fori=2,...,d—1.

It remains to prove the bound for e4(@). Indeed, from inductive hypothesis we have

d—1

ea(@)] <314 er (@) + 3 r 32172 i ey Q)
i |
=31 er(Q) + 3812y Q)]
=2

d—1
=31 ey Q) +3- 1 er (Q)] (Z 2)
=2

=31 Yer(Q) +3- 1 e (@) - (2772~ 1)

=3-272. 79 e (Q)].

This finishes the proof. O
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