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Products of Composition, Multiplication and Iterated Differentiation

Operators Between Banach Spaces of Holomorphic Functions

Shuming Wang, Maofa Wang and Xin Guo*

Abstract. Let H(D) denote the space of holomorphic functions on the unit disk D
of C, ¥,¢ € HD), (D) C D and n € NU {0}. Let C,, My and D" denote the
composition, multiplication and iterated differentiation operators, respectively. To
treat the operators induced by products of these operators in a unified manner, we
introduce a sum operator Y :_, My C,D7. We characterize the boundedness and
j= Fi
compactness of this sum operator mapping from a large class of Banach spaces of
holomorphic functions into the kth weighted-type space W,(f) (or Wﬁkg), ke NU
{0}, and give its estimates of norm and essential norm. Our results show that the
boundedness and compactness of the sum operator depend only on the symbols and
the norm of the point-evaluation functionals on the domain space. Our results cover
many known results in the literature. Moreover, we introduce the order boundedness

of the sum operator and turn its study into that of the boundedness and compactness.

1. Introduction

Let D be the open unit disk in the complex plane C, H(D) the class of holomorphic
functions on D, S(D) the class of holomorphic self-maps of D, Aut(D) the group of disk
automorphisms, N the set of all positive integers, and No = NU {0}. A Banach space X
contained in H (D) is called a Banach space of holomorphic functions provided that the
point-evaluation functional on X is continuous. We denote by Bx the closed unit ball of
X.

Each ¢ € (D) induces a composition operator C,, defined by

Cof =foyp, feHD).

Each ¢ € H(D) induces a multiplication operator M, defined by

Myf=v-f, feHD).
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The product M,,C, of these two operators is known as the weighted composition operator
which becomes the composition operator C, for 1 = 1 and the multiplication operator
My, for ¢(z) = z for z € D. The weighted composition operators play an important
role in the isometry theory of Banach spaces. The relationship between the operator-
theoretic properties of C,, or My, and the function-theoretic properties of ¢ or ) has been
extensively studied over the past several decades. We refer to a standard reference 3] for
various aspects on the theory of (weighted) composition operators acting on several spaces
of holomorphic functions.

For n € Ny, the nth differentiation operator D" is defined by

D f=f" feHD),

where (O = f. If n = 1, it is the classical differentiation operator D and typically un-
bounded on many familiar spaces of holomorphic functions. Denote by DZ o the weighted

differentiation composition operator MyC,D", i.e.,

Di f=v-fMop, feHMD),

where ¢ € H(D) and ¢ € S(ID). Note that we have: M,C, = wa CoMy = D¢0<pso’
DC, = Dcp o Cy,D = Dis& and MyD = Dl/},id’ where id(z) = z, z € D. For more about
the weighted differentiation composition operators, see [9,16,[22].

The products of Cy,, M,, and D™ can be obtained in six ways, i.e., M, C,D", C, My, D",
MyD"C,, C,D"M,y, D"My;C, and D"C,M,. Many authors studied these product-type
operators separately, see, e.g., |7,§]. In order to treat these operators in a unified manner,

we introduce a sum operator Z?:o DZM o denoted by Tmn),@, ie.,

Ty o = Z% Doy, feHD),

7=0

where ¢ € S(D), 1; € H(D) and v,y denotes the sequence {to,%1,...,¥,}. The sum
operator for n = 1 has been studied in several papers, see [10-H12/17-20]. Recall that the
Bell polynomial for n, k € Ny is defined as
n n—k+1 P Ji
. 1 3
Bng(z1,m2,. ., Tn_gt1) = Z W H (?) )
=1 Jit =1
where the sum is taken over all sequences ji, jo,. .., jn—k+1 Oof non-negative integers satis-

fying S' 7 5 = k and 3272 F 1 ij; = n. For o € S(D), we set

B;ij = ij(go,, 90”7 ceey @(n_j+1))‘
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Due to the following classical Faa di Bruno’s formula

n

(1.1) Z fWop, feHD), ¢cSD)

=0

for [, m,n € Ny, we have that

D'M,D™C,D"f = l+§‘n Zl: < >1/1(l i) m-Hj . Do
j=n |i=max{0,j—m—n}
and
l+m+n l .
D'C,D™MyD"f= Y > (’]””TZ) Plminti=i) o ppP| fU) o,

j=n |i=max{0,j—m—n}

As special cases of the above two identities or by direct calculations, we have

ch an:¢'f(n)080, C Manf:@ZJOgD-f(n)ogo’

M¢D C¢f Z"th . ogp, CDwa Z() nj)O(p'f(j)Otp,
Jj=0 7=0 J
n “ - n n—i .
D"MyCpf = | Z@%ﬁ( 'BE; | f9 o,
Jj=0 | i=j
=32 35 (Yo rtoat| 00
Jj=0 | i=j

Recall that a positive continuous function on D is called a weight. Let p be a weight
and k € Nyg. The kth weighted-type space on D (see [16]), denoted by W,Sk), consists of all

f € H(D) such that
by (f) = sup u(z 2P (2)] < oo

The quantity bw(’“) (f) is a semi-norm on W;S ) and a norm on W,Sk)/ Pr_1, where Pp_q is
i

the set of all polynomials whose degrees are less than or equal to k — 1. Here, we identify
the quotient spaces Wﬁk) /Pr—1 with the subspace of Wl(Lk)

that f®(0) =0 for i =0,1,...,k — 1. A natural norm on W;(Lk) is

which satisfies the condition

11l = Z F@ )]+ by (f)-

W(k) becomes a Banach space with the norm above. The corresponding little kth weighted-

type space, denoted by W( 3, is a closed subspace of ng ) consisting of those f for which

lim pu(2)| 0 (2)| =

|z]—1
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It is well known that Wp(tk) and Wﬁkg are the weighted-type space H;° and the little
weighted-type space H/‘fo, the Bloch-type space B, and the little Bloch-type space B, 0,
the Zygmund-type space Z,, and the little Zygmund-type space Z,0 for k = 0, k = 1,
k = 2, respectively. For u(z) = (1 —|z*)* a > 0, the space H® is the growth space
A~ (see [5]), HpY is the closure Ay ® of the polynomials in A~ By, is the a-Bloch space
B, and B, is the little a-Bloch space B, o which is the closure of the polynomials in B,
(see [21]). In particular, if @ = 1, B, and B, are the classical Bloch space B and the
little Bloch space By. For pu(z) = (1 — |z|?)log %‘Z', B,, is the logarithmic Bloch space
Biog and By, o is its little version Biogo. For p =1, H;° becomes the space H> of bounded
holomorphic functions on D with norm usually denoted by || - ||cc-

Recall that for 1 < p < 00 and —1 < a < oo, the Hardy space HP and the weighted

Bergman space A% are Banach spaces defined as

0<r<1 2T Jo

2w 1/p
Hp:{feH(]D)):HfHHp = <sup 1 |f(rei9)]pd9> <oo}
and
1/p
e {f e HD): |fl4 = (<a+ D [ e - |z2>adA<z>) < oo},

respectively, where dA(z) denotes the normalized area measure on D.

There is a vast literature on the multiplication, composition, differentiation, integration
or weighted composition operators between specific holomorphic function spaces. Recently,
much attention has been paid to the study of these operators acting from general classes of
Banach spaces of holomorphic functions mapping into weighted-type or Bloch-type spaces
(see |1,2,4,23]). Motivated by these work, we provide the following framework that unified
the settings studied in several papers.

Let X be a Banach space of holomorphic functions on . For each z € D, denote by

K (z) (more precisely, Kx(z)) the norm of the point-evaluation functional at z on X, i.e.,

K(z) := sup |f(2)].
feBx

Thus, for any function f € X and z € D,

[f ()] < K(2)[|f]lx,

and K is bounded on compact subsets of D by the Uniform Boundedness Principle. The

space X is admissible provided it satisfies the following conditions:

(I) X contains the polynomials;
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(IT) Bx is compact with respect to the compact-open topology co;
(III) there is a constant C' such that for S € Aut(D) and f € X,
1S fllx < Cllfllx;
(IV) for j € N, there exists a constant C; > 0, such that for f € X, z € D,

(L= [zPY[f9(2)] < CE () flx-

An admissible space X is said to be polynomial dense if the set of polynomials is dense in
X.

For example, the spaces H>®, A~ (a > 0), H? and A} (1 < p < oo, -1 < a < 0)
are admissible. Indeed, it is obvious that these spaces fulfill the conditions (I) and (III).
Condition (II) is valid for these spaces using Montel’s theorem and Fatou’s lemma. It
is well known that Ky = 1, K -a(2) = (1 — [2]?)7%, Kgr(2) = (1 — |2]?)""/? and
Kpr(z) = (1- |2)2)=(@+2)/P (see [4]). By [5,21] and Schwarz’s lemma, (IV) holds for these
spaces. Furthermore, H? and A%, are also polynomial dense (see [5]).

Recall that the essential norm of an operator is its distance from the compact operators
in the operator norm. More precisely, assume that X; and X5 are Banach spaces and
T: X1 — Xy is a bounded operator, then the essential norm of 7', denoted by ||T'||¢ x, x5,

is defined as

T = inf T-K
H ||6’X1_>X2 K: X1—>)glis compact H ||X1_>X2’
where || - ||x,—x, denotes the operator norm. Obviously, T is compact if and only if
|7 |le,x,—x, = 0. For more about the essential norm, see [1}3}4}9}/14].

In this paper, we characterize the boundedness and compactness of the operator
>0 Di’j#ﬂ mapping from an admissible space X into the space W,gk) (or ngkg) (k € Np).
Our results show that the boundedness and compactness of the sum operator depend only
on the symbols and the norm of the point-evaluation functionals on X. As a corollary,

we obtain that the boundedness and compactness of Z?:o Di o is equivalent to that of
J

J
all the szj,w

that this equivalence is not expected for k£ € N. We also obtain the estimates of norm and

7 =0,...,n for k= 0. Moreover, we construct an explicit example showing

essential norm of the sum operator. Since the sum operators and its domain and range
spaces are very general, our main results cover many known results in the literature.
Recall that the order boundedness is a property of operators which is closely related
to the notion of boundedness (see [6,|15]). For the notion of the order boundedness of
T: X — W,Sk) (or W(k)), k € Np, we introduce the following spaces. Let u be a weight.

0,0
We denote by BC,, the space of all continuous functions on D such that

I £l = sup u(2)| f(2)| < oo
zeD
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BC, is a Banach space with the above norm. Moreover, we denote by BC, o the closed
subspace of BC,, consisting of those f for which

lim u(2)|£(2)] = 0.

|z]—1

It is obvious that H;* = BC,NH(D) and H; = BC,oNH(D). Furthermore, || f||mz =
[ fllp for f € H;°. Now we give the definition of order boundedness of T: X — W,(ﬁ)
and T: X — W/(f’g respectively. We say T: X — Wfbk) is order bounded if there exists
an h € BC, such that |(T'f)*)| < h for all f € Bx. Here and below the notation f < g
means that f(z) < g(z) for all z € D. Notice that there are two kinds of order boundedness
of T: X — Wﬁkg We say that T: X — Wﬁkg is (big) order bounded if there exists an
h € BC,, such that [(Tf)*®)| < h for all f € Bx and that T: X — Wl(fg is (little) order
bounded if there exists an h € BC, o such that [(Tf)*)| < h for all f € By. Our main
result shows that the study of the order boundedness of the sum operator can be turned
into that of the boundedness and compactness.

This paper is organized as follows. In Section [2] we give some notation and auxiliary
results to be used in the sequel. In Section [3| we characterize the boundedness of the
operator Ty, o: X — WL(Lk) (or Wﬁkg) for k € Ny and give its norm estimate. In Section
we characterize its compactness and give its essential norm estimate. In Section[5], we study
its order boundedness.

Constants. In the rest of the paper the letter C' will be used to denote various pos-
itive constants which may vary at each occurrence but do not depend on the essential
parameters. We use the notion X =< Y for nonnegative quantities X and Y to mean

Y/C < X < CY for some inessential constant C' > 0.

2. Preliminaries

2.1. Test functions

In most of the literature on characterizing the boundedness and compactness of the sum
operators for n = 1, the choice of test functions is separate and needs a large amount
of computation. Below we provide a systematical and simple method to do this. In this
subsection, we suppose that n, k € Ny and X satisfies (I) and (III).

Fix € > 0. For w € D, choose f,, € Bx such that

(2.1) | fw(w)] > K(w) —e.

Forwe D and j € {0,1,...,n+ k}, let

n+k ) 1— |’LU|2 i+1
(2.2) fug(z) =) ¢ ()

¢ 1 —wz
=0
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and

(2.3) Guw,j ‘= fw,j * S,

where {c(()j ), cgj ), e } is the unique solution of the n + k + 1 linear equations

’ n+k

i=0 m=1 0 1fl€{0,1,,n+k}\{]}

whose determinant of coefficient matrix equals H?:Jrlk i! # 0. Since for i, € {0,1,...,n+k}

1= w2\ W' 1}, (m + i)
((1—wz> ) ) = =0 ey

it follows that for j € {0,1,...,n+ k},

0 () = | Tlwpy L=,
g 0 if1€{0,1,...,n+k}\ {5}

and
() e 97 (w) L€ (..t k),

)
gw (’U}) =
K ifle{0,...,j—1}

By (III) and the fact that == € Aut(ID), we have that for f € X,

1— 2
%ﬂ'f =[(1+m—2) . f
1—wz 1 —wz

<Hf|!x+”( )fH < OlIfx.

By induction, we have that for i € {0,1,...,n+ k} and f € X,

<l—wz> g

is independent of w, letting f = 1 and f = f, in the above inequality

< C[|fllx-
X

()

Since each c;

respectively, we have that

sup || fw,jllx <oo and sup ||gw,;llx < oo.
weD weD

The test functions f,, ; and g, ; will be used in Sections [3] and [4}
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2.2. Compactness criterion

The following criterion for compactness follows easily from the standard arguments (see,

e.g., |3, Proposition 3.11]). We omit its proof.

Lemma 2.1. Suppose X and Y are Banach spaces of holomorphic functions such that X
satisfies (1) and the identity map I: (Y,||-|ly) — (Y, co) is continuous. Then the operator
Tw(n)wz X — Y s compact if and only if Tw(n)m: X — Y is bounded and for any bounded
sequence { fi}ien in X which converges to zero uniformly on compact subsets of D, we have
1Ty filly — 0 as i — oo.

It is obvious that Wflk), Wikg and all the admissible spaces satisfy the above condition
onY.

The next lemma can be proved similarly as in |13, Lemma 1].

Lemma 2.2. Assume i is a weight and k € Ng. A set K in Wikg 1s relatively compact if

and only if it is bounded and satisfies

lim. sup ()| /(2)] = 0.
|z|=1 feK

2.3. Notations

We also need the following notations. For any fixed n,k € No, ¢, = {%} _o and
v € S(D), set 14 =V =19 }] o where

min{j,k} k
= > Z() Bfl, j€{0,...,n+k}.

l=max{0,j—n} i=l

Noticing that By, = 1, By = 0 and Bf | = ¢/, we have that

Q’Z)([(’r)z]) =Y and ¢([Z]) = i) = {¥5174,

where
Py (2) if j =0,

(2.4) (when k=1) V;(2) = ¢¥;_1(2)¢(2) + Vi(z) ifje{l,....n},
Yn(2) (PI(Z) ifj=n+1.

Due to Faa di Bruno’s formula (|1.1]), we have

(2.5) Toy o N =Ty, f € HD).
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By (2.5) and the fact that (f#~9)® = ) we have for i € {0,...,k},
NGO
(ngl;)ﬂ]#f) ngz;]wf, f e HD).

Then

k—i]\[{ k
(2.6) (W D = 1.
Note that if X is admissible and W, ;) = wgi]), then by (2.5) and (IV), for z € D and
feX,

n+k n+k

21 (T oHVE] < 3 0@ )] < 03 EETER)
= 2 1= le(P)

1f1lx-

We make the following assumption on the mapping Tw(n),w X — W,Sk) for the theorems
and corollaries in Sections [3] ] and

Assumption. Unless otherwise specified, we will always assume that n,k € Ny, X is

admissible, u is a weight, ¢; € H(D) (j € {0,1,...,n}), ¢ € S(D) and ¥(,, 4 = @ZJEZ])

3. Boundedness and norm estimate

In this section, we characterize the boundedness of Ty, o+ X — Wﬁ(ﬁ) (or Wl%) for k € Ny

and give its norm estimate. The following is our first result.
Theorem 3.1. The following are equivalent:
(1) Tyt X — W,Sk) is bounded;

M(Z)|\P](Z)|K(;0j(z)) < oo forje {O, oo, nt k‘}

(i) Mj = sup == o]

Moreover, if Ty, o X — Wﬁk)/Pk_l is bounded, then

n+k
=0

Proof. (i) = (ii). Suppose that Ty, o: X — W,Sk) is bounded. We first prove ¥; € H°
by induction. It follows from the condition (I) that 2/ € X and

4! . A
sup pu(2) Y = Wi(2)@? " (2)| < 1T 02 0
(3.2) 2€D (G- Ve @ wg

< Ol Ty 0 ”XAW;(Z“)
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for j € {0,1,...,n+k}. When j = 0, (3.2) means sup,cp p(2)|¥o(2)| < C\|T¢(n)7(p|]X_>Wl<tk).
Fixing j € {1,...,n + k}, assume that

(33) up ()| Wi(2)| < Cl Ty ol 0

z€D

holds for i € {0,1,...,5 — 1}. Notice that [|¢[jes < 1, it follows from (3.2), (3.3) that

J J—1
1 o
sup u(2)|¥;(2)] < sup pu(z ——U;(2)? 74 (2)| + sup ) Tz
ZGDM( )[¥;(2)] ZGDH( ) ;(]_z)! i(z)¢’"(2) ZGDM Zz; (2)
o » =
< sup u(2) ——U,(2)¢’ T (2)| + sup pu(2)| ;i (2)]
z€D ; (G-t " l-z:% (J—9)! zep
< O[Ty, AOHX—WV"“)

That is, (3.3)) holds for i = j. Thus, for j € {0,1,...,n+k}, ¥; € H® and

(3.4) sup 1(2)|¥;(2)| < Cl[ Ty, 0l -
zeD H

Now we prove that M; < C HTd,(n) ellx by reverse induction. We first deal with
the case j =n + k. By (2.1} ., we have that

(W)W (w) | K (p(w)) o (w) "+
(1 = Jp(w) ) +*
(W) [ Wk (W) | fp ) (0 () | p () [ +E

()| Wpi ()]0 (w)[*F

+¢€

- (1 = [p(w)[2)+k (1 = [p(w)[?)mtF
< Ty 9wy mntk o + el T o fiotw) mthllyywo
< Ol T 0 |xﬁw‘2’“”

where fo () ntk a0d Gp(w)ntr are defined by (2.2) and (2.3), respectively. Thus,

(3.5) (W) [ Wy (w)| K (p(w))

sup
) >1/2 (1= |p(w)?)ntk

< CHTw(n),tp”X_}W;(Lk)‘

It follows from the boundedness of K on compact subsets of D and (3.4) that

(3.6) sup (W) [V (w) [ K (p(w))

<
itz (1= lp(w) )+ < Ol Ty 0

X—>W,(Lk) ’

By (3.5) and (3.6]), we have that M, < Cl|Ty,,, 7¢||X*>W£k)-
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Fix j € {0,...,n+k—1}, assume that M; < C||Ty,, ol )0 forl € {j+1,... ,n+k}.
i
Then by (IV),

()9 () K () )
(1~ o))
P 0) D@ ), ) p(w)
: (~ [p(w)P) (1~ [o(w) )
n+k I )J ()
Z U (w i)a= |90 w) -fso(w) (p(w))
n+k —J j
. Ry ) )
HERIPPAL )<j> <1—|so<w>12>jf¢<w> D+ =0 = ptwy
azy )Py (w K(p(w
<o st +C 3 e T Ty + el ot alyge
n+k
< CHTllﬂ(n),w“X_}y\)ﬁk) + Clzl M < CHT¢(n)vWHX—>W,S“’
=j+

where fo,); and ggw),; are defined by (2.2) and (2.3), respectively. Similar to the
case j = n + k, replacing n + k by j in (3.5 and (3.6)), we can also prove that M; <

CllTy, ¢ |XHW(;€) for j € {0,...,n+k —1}. Hence,
n+k

(3.7) d M < Cl Ty oll oyt
=0

(ii) = (i). Suppose that (ii) holds. Then (2.7)) implies that

k—1
=0

and
n+k
(3.8) bw,i’“> (T¢(n),¢f) <C Z M;
=0

for f € Bx. Hence, Ty X — W,gk) is bounded.
Moreover, (3.7) and (3.8) imply the desired estimate (3.1)). O

For the case k = 0, we have the following corollary.

Corollary 3.2. Ty, o: X — H;° is bounded if and only if each Di}j,e@: X — H s
bounded, j = 0,1,...,n
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Proof. Since q,z)?i}) — (n), we have W; = ¢; in the definition of M; for j € {0,1,...,n}.
Fixing any j € {0,1,...,n}, let ¢; = 0 for i € {0,1,...,n} \ {j}. Then Theorem
implies that D’ e X — H;? is bounded if and only if M; < co. This completes the
proof. O

Note that Corollary does not hold for the case & € N, see Example For
Corollaries [3.4] [£.2] and [£.4] we have similar proofs and notes.

The following is the corresponding little version of Theorem (3.1

)

Theorem 3.3. Suppose that X is polynomial dense. If Tw(n)w: X — W,Sk s bounded,

then the following are equivalent:

(1) Tyt X — Wk s bounded;

w,0

(i) ¥; € H for j €{0,1,....,n+k}.

Moreover, if Tw(n)m: X — WP(LIT())/Pk—l s bounded, then
n+k
(39) HTw(”)’w|’X—>W‘(LI?())/7Jk71 = ZO M]
J:

Proof. (i) = (ii). Suppose that Ty, X — Wlskg is bounded. Then

< lim u(z)‘(T¢(n>7¢zj)(k)} =0

|z]—1

(3.10) lim p(2)

|z]—1

J .
1 .
——Vi(2)¢’ ' (2)
; (G—

for j € {0,1,...,n + k}. When j = 0, (3.10) means that ¥y € H]5. Fixing j €
{1,...,n+k}, assume that ¥; € Hp% holds for i € {0,1,...,7—1}. Tt follows from (3.10)
that

lim pu(2)] 95 (2)|

|z]—1
<t 153 w0+ 1m0 [S —wepi)
= 2=t (j—a) " 2| =1 (5 —d) "
. 1 - = .
< lim pu(z) Z G Vi @)+ ; G i, HEIT()] =0

Thus, ¥; € HG for j € {0,1,...,n+ k}.
(ii) = (i). Assume ¥; € HY for j € {0,1,...,n + k}. For each polynomial p,

n+k

() (T oP) P ()] <D 1(2)1%5(2) 1P| oo
§=0
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which implies that T, YimypP € Wﬁk) Since X is polynomial dense, for every f € X there is
a sequence {p; }ien of polynomials such that p; — f as i — oo. Hence Twn),@pi — Tw(n)wf

as i — oo and then Ty, »(X) C Wﬁkg

The estimate (3.9)) follows from (3.1)). O

Corollary 3.4. Suppose that X is polynomial dense. Then T¢<n),¢: X = H;fo s bounded
if and only if each Dij " X — H is bounded, j =0,1,...,n.

Remark 3.5. For simplicity, we suppose that X is admissible in this paper. However, we

do not need the condition (II) in this section.

4. Compactness and essential norm estimate

In this paper, we will follow the convention that sup,cy f(2) = 0 for any non-negative
function f > 0. Thus, if ||¢]lcc < 1 and f > 0, then

(4.1) limsup f(z) = lim sup f(z)=0.
le(2)|—1 =17 |p(2)[>6

This implies that for all ¢ € S(D) and f > 0, we have

(4.2) limsup f(z) < limsup f(2).
lo(2)|—1 2| =1

In this section, we characterize the compactness of Ty, | o+ X — W,Sk) (or W}%) for k €

Ny and give its essential norm estimate. The following is the big version characterization.
Theorem 4.1. If Ty p: X — W;(Lk) is bounded, then the following are equivalent:

(i) Tyt X — W,Sk) is compact;

M(Z)\‘I’j(z)|K(290(z)) =0 forj€{0,1,... ,n+k}.

(i) lim -

ez)l=1 (1= e(2)]
Proof. (i) = (ii). Suppose that Tyt X — Wﬁk) is compact. Consider a sequence
{zi}ien satisfying the condition |p(z;)] — 1 as i@ — oo. If such sequence does not ex-
ist, then (ii) obviously holds according to (4.1). Define f,.,); and g,(.,); by (2.2) and

(2.3), respectively. Then both {f,.,);}ien and {gy(,),;}ien converge to zero uniformly
on compacts of D as i — oo for j € {0,1,...,n + k}. From Lemma it follows that

||T¢<n)7¢f¢(zi)7‘j”wﬁk) — 0 and ||T¢<n)7¢g@(zi)7j||wﬁk) —0asi— oo for j€{0,1,...,n+k}.
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Thus,

11(20) [ Wik (2) K (0(20) oo (20) "+
(1= Joo(zi)[2)nth
p(z) Wik (2)|| Fipen) (0(20)) o (z0) | +EM(Zi)’\I/n+k(2i)‘|§0(Zi)|n+k
- (1= Joo(z)[2)nth (1= [io(zi)[2)n+k

||T7/J(n),<,0.g<p(zi),n+k||W£k> + EHTTZJ(n),@fap(zi),n-O—kHW‘(L]C) —0

IN

as i — 0o, from which it follows that

) i A1 C)IK (p(20)
im0 (1= lp(2)[?)!
for j = n+ k. Similar to the proof of Theorem 3.1} we can prove by reverse induction that
holds for j € {0,1,...,n + k}. From this it follows that (ii) holds.
(ii) = (i). Now assume that (ii) holds. Then for every ¢ > 0 there is an r € (0,1) such
that when r < |p(2)| < 1,

p(2)|V;(2)| K (p(2)) £
(4.4) oD <nikil

=0

for j € {0,1,...,n+k}. Assume that {h;};en converges to zero uniformly on compacts of
D as i — oo and sup;ey || hil| x < L. It follows from the Weierstrass Theorem that {hgj )}iEN

also converges to zero uniformly on compacts of D as i — oo for j € {0,1,...,n + k}.
Then by (2.7) and (4.4), for r < |¢(z)] < 1,
(4.5) p(2) (T ohi) ) (2)] < CLe.

If |p(2)] <7, by (2.7) and (3-4), we have

n+k

(4.6) (@) (Ty oh) P (@) < C 7 sup b (w)] =0
j O|w| r

as i — oo. From (4.5) and (4.6)) it follows that

(4.7) bwﬁ“ (Tw(n)’whi) —0

as ¢ — oo. Since {p(0)} is a compact subset of D, we have

E
Ju

n+k—1

(48) (TN O < O 3 1 (2 (0)] = 0
l

Il
o

as i — oo. From and (4.8) it follows that 1Ty 0Tt ”W(k) — 0 as i — oo, which
completes the proof by Lemma O
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Corollary 4.2. Ty p: X — Hp° s compact if and only if each Dij7¢: X — HP s
compact, 7 =0,1,...,n

Here is the corresponding little version of Theorem
Theorem 4.3. The following are equivalent:
(1) Tyt X — ngko) is compact;
U.i(z)|K
) i BTG ()
=1 (1= e(2)]?)
Proof. (i) = (ii). Suppose that Ty, »: X — W( 3 is compact. By Theoremn for every
e > 0 there exists an r € (0, 1) such that for j € {0, 1,...,n+k}, whenever r < |¢o(z)| < 1,
w5 ()| K (0(2) _
_ 2y <
(1 —=1le(2)?)
By (i) = (ii) of Theorem (note that this implication does not need the polynomial

density of X), we have ¥; € H)S, for j € {0,1,...,n + k}. Then there exists a p € (0, 1)
such that for j € {0,1,...,n+ k}, whenever p < |z| < 1 and |¢(z)| < r, we have

p)|¥;(2)|K(e(2) _
A—=le=))7  —
Inequalities and imply (ii) holds.
(ii) = (i). Assume that (ii) holds. Then Theorem 3.1fimplies that Ty, | o: X — W( )
is bounded. It follows from that Ty, »(X) C W;fo and

=0 forj€{0,1,...,n+k}.

(4.9)

(4.10) Cu(z)|¥;(2)] <e.

i (T o P < 1 nf“ RieE)

im sup u(z o im = 0.

211 ey Vo 2114 - !w PIRE

By Lemma Ty o X — Wl(ﬁg is compact. O

Corollary 4.4. Tw( Y : X — HJY is compact if and only if each D] : X — HJG s
compact, 7 =0,1,....n

The above corollaries in Sections [3[ and [4] show that the boundedness (resp., compact-
ness) of the sum operator is equivalent to the boundedness (resp., compactness) of all the
summands for the case k = 0. However, this equivalence can not be expected for k € N.

We construct an example for k£ = 1 as follows.

Example 4.5. Dv(/))o o cHY — By /o and le o cHY — B/, are unbounded but Dwo ot
Dllbmp o' — 81/20 is compact, where ¥g = —1, ¢¥1(2) = p(z) = ﬁ(l )1/2 log(1 — 2)

forzeDand M =1+ SUPzeD(l — 2)1/2 log(1 — z) < oo.
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Proof. Since Kp1(z) = (1 — |2|?)~!, by Theorems and (2.4), we have that

(i) DY, ,: H' — By s is unbounded, since sup_p (17|Z(‘i)_1‘/;|(1ﬁ;)‘(2’?f/(z)‘ = 00.

Yo,p

(=212 |94 (2)]

(ii) D11b17<p: H! & B /5 is unbounded, since sup,¢p TR = %0

(iii) DS}O ot DIMO: H' - By /o is compact, i.e., lim,_; %W =0,
A=12)2[go(2)¢’ D)+ ()] _ (o 1 (1|22 2|1 (2)¢ ()| _
by Tlemr = O e e =0
The verification is easy and is left to the reader. O

Our characterizations of boundedness and compactness of Ty, ,: X — W(k) (or Wﬁkg)
are in terms of ¢[k] . By (2.6} ., w[k g [’] 1/}%. This shows that the boundedness and

compactness of T’ X = W(l) (or W/%) have the same characterizations for any

w Tl
1€{0,...,k—1}. Thus we have the following corollary.

Corollary 4.6. (i) Ty, o X — W,Sk) is bounded (resp., compact) if and only if

T¢ g X = W,(f) is bounded (resp., compact) for any i € {0,...,k—1}.
(n) ¥
(ii) Ty o X = W( 8 is bounded if and only of T -y :+ X — W/S% is bounded for any
(n) e ’
i €{0,...,k— 1} whenever X is polynomial dense.

(iii) Tyt X — W( 8 is compact if and only if T

ie{0,....k—1}.

w( )7,]’ X = Wl% is compact for any

In order to study the essential norm of Ty, o0 X — Wftk) (or W(k)), we denote by
C; the composition operator C,q) (i-e., (Cr(f))(2) = f(rz), 2 € D) and introduce two
additional conditions on X:

(V) C, is compact on X for all 0 < r < 1;
(VI) There exists C' > 0 such that K(rz) < CK(z) forall z€ D and 0 < r < 1.

Obviously, (VI) holds for the spaces H®, A~ (a > 0), H? and A5 (1 <p < o0, -1 <
o < 00). It follows from Lemma [2.1] that (V) also holds for these spaces.
Now we give an essential norm estimate of Ty, 2 X — W;(Lk) (or W( ))

Theorem 4.7. Suppose that X satisfies (V) and (VI).

(1) If Ty, 00 X — W,sk) is bounded, then

n+k
. 1(2)|¥;(2) | K (¢(2))
Ty, ") X lim sup :
I WH@’X_’WF‘ jz:%cp(z)—ﬂ (1—le(2)?)
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(il) If Ty, 00 X = Wp(fg is bounded, then

n+k

1(2)|¥5(2)| K (p(2))

ool ity = D T -
Y(n)¥ e, X—W, JZO |2|—1 (1= lp(2)[?)!

Proof. (). We begin by showing the upper estimate. Since X contains the constant
functions, we have K(z) > 1/||1]| > 0 for z € D. For any |p(0)] < d < 1, let

K (p(0))(1 — g)"h+2

—1-
SUP|y| <5 K (w)

€ (0,1).

By the mean value theorem and (IV), if f € Bx and |p(z)| < J, then

(L = C) NP (p())] = IfD(0(2) = 17 fD(r(2))]
< (=)D (@Dl +1fD(p(2)) = FP (re(2))]
< @@= )+ (L =r) sup |fUFD(w)]

[w|<|e(2)]
so@-r) (1 —[p(2)[?) * |w|§\£(z)\ (1 — [w[?)7+?
K(w)
<C(l-r) |§|l£6m < C(1-9)

for j € {0,1,....,n+k}. By (V), Ty, ,Cr: X — W;(Lk) is compact. Thus, from (IV), (VI)
and the fact that W; € H° for j € {0,1,...,n + k} implied by Theorem it follows
that

HTw(n)ﬁOHe’XHW‘(f) < ||T¢(n)7<,0 - Tw(n)ﬁOCTHX*)W/S‘k) = fsequx ”Tw(n),so(l - Cr)f”wff“)

n+k—1
C (I =C) )P (0
< Z; fsélg)xl( 1) (0(0))]
n—+k

su su 2)|W;(z I1-0C, D (p(z
+]Z;)fEBpX \p(z)l‘)&;”( )5 (2)](( )f) P (e(2))]

n+k

+> sup sup u(2)| ()~ C) )V (e(2)]

=5 FeBx fo(2)[>5
n+k

<CA=8)+> sup sup p(2)|T(2)[(1fD ()] + [f9(re(2))])
D0 FEBx Ip(2)|>6
n+k
) K ()
SCU=0+00, s TRy
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Letting 6 — 1, we get the desired upper estimate.

We next prove the lower estimate. Let T: X — W(k)
follows from Lemmathat ”Tf(p(Z)JHW(k) — 0 and [|Tgy(z) il — 0 as [p(2)] — 1 for
J€A{0,1,...,n+k}, where f,); and g, ; are defined by (2.2) and ., respectively.
Thus,

be any compact operator. It

> C'lim sup (H(Tw(m,w T)9p(z) kel + (D0 — T)fcp(z)m—i—kHW(k))
l(z)|—1 # #

> C'lim sup (HT’l/)(n) 0Y90(2), n—i—k”w(’@) + gHTw(n),wfga n+kHW}(Lk)>

lo(2)|—1
| Wit (Foer (0D + €) (=)
Cl
& ;%Ti? (= e
2 Olim e B Fns QK (9(2)

wz)>1 (1= p(2)]?)tk

Similar to the proof of Theorem we can prove by reverse induction that

1(2)|¥;(2)| K (¢(2))
Ty — T ) > C'limsup :
| P(n) P HX Wi lo(z)|—1 (1= [p(2)[?)7

for j € {0,1,...,n+k}. Adding them and taking the infimum over the set of all compact
(k)

operators T': X — W, ', we obtain the desired lower estimate.
(ii). Assume that {ZZQ)} j€{0,1,...,n+ k} are n + k + 1 sequences in D such

that e
(4.11) "Z*’“hm EUITNECH I SO ICILEO)
| oo (1 WERY et (- PP

Let I' = {j € {0,1,...,n + k} : sup;ey |o(3 (]) = 1}. If T = 0, in view of the fact
that U; € H for j € {0,1,...,n+ k}, the above two quantities are zero, which implies

by Theorem that Ty, o2 X — W(g is compact and (ii) holds. If ' # (), there are

subsequences {z (JJ)> jen Of {z 2 I ;en Such that [o(z (J))| — 1 as ! — oo for j € I'. Then by

, we have that

() () (4)
nflimsup PN EIK(2(2) - N~ o 1z 195 (2,00 ) K (22 ))
j=0 =1 (1= le(2)[?)7 jer e (1—1e(z (J))| )’

I )
< S tmew SRy

i KON (K (0(2))

= lim sup ,
]z:% o)1 (L= le(2)]?)
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It follows from (|4.2]) that

n+k n+k
IR E) R ) K ()
2t Ry 2 e T Ry
Hence,
n—+k n+k
N EIEEE) S el e) K ()
D (e E TR Db Ay e Y

Similar to (i), we can prove that

n+k
1(2)|¥5(2)| K (p(2))
1Ty, 0l ) = lim sup L
v #lle X oW ;) o)1 (L= [e(z)?)
Thus, (ii) follows. The proof is completed. O

Remark 4.8. For the case k = 0 of Theorem we do not need the condition (V). Indeed,
by (VI), Theorems and we have that Ty )t X — Hp° is compact. Thus,

||T¢(n)79@‘|evx*>Hﬁo S ||T¢(n)79@ _Tw(n)vTSDHX*)Hﬁo

The rest of proof is similar and is left to the reader.

5. Order boundedness

In this section, we characterize the order boundedness of Ty, o X — W,(ﬁ) (or W(k))
It is obvious that K is continuous in D for the spaces H*, A~ (a > 0), H? and AL
(I1<p<oo, —1<a<o).

Theorem 5.1. Suppose that K is continuous in ID. Then
(1) Tyt X — W,Sk) is order bounded if and only if Ty, »: X — W,Sk) is bounded.

(i) Tp,p: X — W 0 is (big) order bounded if and only if Ty, o+ X — W( ) i
bounded.

(iil) Ty X — W( o s (little) order bounded if and only if Ty, X — W( ) i

compact.

Proof. (i). Suppose that Ty, »: X — W,Sk) is order bounded. Then there exists h € BC,,
such that

(5-1) |(T1/1(n),s0f)(k)‘ <h
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for f € Bx. Multiplying two sides by u(z) and taking the supremum over D, we have that
by (Tpnyof) < |IBll for f € Bx. Tt follows from (2.7) that Sk (T%,w £O0) <

CHfHX Thus, Ty ,e: X — W;(L ) is bounded with HTw(n)’w|’X~>W<k) < CH+ ||h]|p-

Conversely, suppose that T, Bimy o X — W,Sk) is bounded. Set

5.2 )

(5:2) Z 1 — ’SO )J

where the constant C' is taken from ([2.7)). Theorem implies that h € BC,. It follows
from (2.7 that (5.1]) holds for f € By, i.e., Ty p: X — Wﬁk) is order bounded.

(ii). It is obvious that Ty, ot X — W(kg is bounded (resp., (big) order bounded) if
and only if T, C W( ) and Ty ot X — W( ) is bounded resp., order bounded).
Thus, (ii) follows from (i).

(iii). Assume that Ty o2 X — Wl% is (little) order bounded. Then there exists
h € BC,, 0 such that (5.1]) holds for f € Bx and

lim sup u(2)[(T, )™ (2)] < lim p(2)h(z) = 0.
lz2I=1 feBx |z]—1
Since Ty, 1 X — W,Sk) is order bounded, (i) implies that Ty o X — W}Sk) is bounded.
By Lemma T@D(n),w: X — Wlskg is compact.
Conversely, suppose that T¢<n> X = W(g is compact. Define h by . Theo-

rem implies that h € BC, . It follows from . that . holds for f € By, i.e.,
Tyt X — Wftk[)) is (little) order bounded. O

Theorem |5 . shows that for the operator Ty X — W( ) (or Wl%), we can turn

the study of the order boundedness into that of the boundedness and compactness.
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