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Inequalities for the Casorati Curvatures of Real Hypersurfaces in Some

Grassmannians

Kwang-Soon Park

Abstract. In this paper we obtain two types of optimal inequalities consisting of
the normalized scalar curvature and the generalized normalized §-Casorati curvatures
for real hypersurfaces of complex two-plane Grassmannians and complex hyperbolic

two-plane Grassmannians. We also find the conditions on which the equalities hold.

1. Introduction

As we know, S. S. Chern [11] gave an open question in 1968, which deals with the existence
of minimal immersions into any Euclidean spaces. To solve such problems, B.-Y. Chen
[8] introduced the notion of Chen invariants (or J-invariants) in 1993 and he obtained
some optimal inequalities consisting of intrinsic invariants and extrinsic invariants for
Riemannian submanifolds. It is the starting point of the theory of Chen invariants, which
are one of the most interesting topics in differential geometry (see [1,9/12,[18}23]).

The Casorati curvature of a submanifold in a Riemannian manifold is the extrinsic
invariant, which is the normalized square of the second fundamental form. Some optimal
inequalities containing Casorati curvatures were obtained for submanifolds of real space
forms, complex space forms, and quaternionic space forms (see [10,13,/17,21]). The notion
of Casorati curvature is the extended version of the notion of the principal curvatures of a
hypersurface of a Riemannian manifold. Hence, it is both important and very interesting
to obtain some optimal inequalities for the Casorati curvatures of submanifolds in ambient
Riemannian manifolds.

For the real hypersurfaces of both complex space forms and quaternionic space forms,
we see that by using the Codazzi equation, there does not exist any real hyersurface with
parallel shape operator.

The following are also well-known. A real hypersurface of a complex projective space
with a parallel second fundamental form is locally congruent to a tube over some totally
geodesic complex submanifold with some radius [16]. There does not exist any real Hopf

hypersurface with parallel Ricci tensor of a complex projective space [15].
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A real hypersurface of a quaternionic projective space with the shape operator to be
parallel with respect to some almost contact structure vector fields is locally congruent
to a tube over some quaternionic projective space with some radius [19]. After these
results had been introduced, many geometers studied real hypersurfaces of a complex
two-plane Grassmannian G2(C™*2). We know that some natural two distributions of a
real hypersurface of Go(C™%2) with m > 3 are invariant under the shape operator if and
only if either it is an open part of a tube around a totally geodesic submanifold Go(C™*1)
of G2(C™*2) or it is an open part of a tube around a totally geodesic submanifold HP"
of G2(C™*2) |4]. There does not exist any real hypersurface of Go(C™*!) with parallel
second fundamental form [22].

As we know, both a complex two-plane Grassmannian Go(C™*?) and a complex hy-
perbolic two-plane Grassmannian SUs ,,,/S(Us - U,,) are examples of Hermitian symmetric
spaces with rank 2. Studying a real hypersurface of Hermitian symmetric spaces with
rank 2 is very important and one of the main topics in submanifold theory. Furthermore,
the classification of real hypersurfaces of Hermitian symmetric spaces with rank 2 is one
of the important subjects in differential geometry.

Many geometers obtained some results on SUs /S (Us - Uy,). The maximal complex
subbundle and the maximal quaternionic subbundle of a real hypersurface of SUs ,,,/S(Us -
U,,) are invariant under the shape operator if and only if it is locally congruent to an
open part of some particular type of hypersurfaces [5]. There does not exist any real
hypersurface in complex hyperbolic two-plane Grassmannian SUs,,/S(Us - Up,), m > 3,
with commuting shape operator [20]. There does not exist any Hopf hypersurface in
complex hyperbolic two-plane Grassmannian SUs ,,,/S(Us - Uy,), m > 3, with commuting
shape operator on the complex maximal subbundle [20].

As the author knows, there are only examples of optimal inequalities for the submani-
folds of constant space forms (i.e., real space forms, complex space forms, and quaternionic
space forms). Therefore, the optimal inequalities, which are given here, are both mean-

ingful and very important.

2. Preliminaries

In this section we remind some notions, which will be used in the following sections.
Given an almost Hermitian manifold (N, g, J), i.e., N is a C*-manifold, g is a Rie-
mannian metric on N, and J is a compatible almost complex structure on (N,g) (i.e.,
J € End(TN), J? = —id, g(JX,JY) = g(X,Y) for any vector fields X,Y € T'(TN)), we
call the manifold (N, g, J) Kahler if VJ = 0, where V is the Levi-Civita connection of g.
Let N be a 4m-dimensional C*°-manifold and let £ be a rank 3 subbundle of End(7T'N)
such that for any point p € N with a neighborhood U, there exists a local basis {.Ji, Jo, J3}
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of sections of E on U satisfying for all a € {1,2,3}
Jg = _ida JaJaJrl = - a+1Ja = Ja+2,

where the indices are taken from {1, 2,3} modulo 3. Then we call E an almost quaternionic
structure on N and (N, E) an almost quaternionic manifold [2].

Moreover, let g be a Riemannian metric on N such that for any point p € N with a
neighborhood U, there exists a local basis {Jy, Ja, J3} of sections of E on U satisfying for
all o € {1,2,3}

(21) Jc% = —id, JaJa—i—l = - a—i—lJa = Ja+2;

(2'2) g(JaX7 JaY) = g(X, Y)

for all vector fields X,Y € I'(T'N), where the indices are taken from {1,2,3} modulo 3.
Then we call (N, E, g) an almost quaternionic Hermitian manifold |14].

For convenience, the above basis {Ji, Jo, J3} satisfying and is said to be a
quaternionic Hermitian basis.

Let (N, E, g) be an almost quaternionic Hermitian manifold. We call (N, E, g) a quater-
nionic Kdhler manifold if there exist locally defined 1-forms wi, ws, ws such that for
ae{l,2,3}

VixJa = wat2(X)Jat1 — wat1(X)Jat2

for any vector field X € I'(T'N), where the indices are taken from {1,2,3} modulo 3 [14].

If there exists a global parallel quaternionic Hermitian basis {Ji, Jo, J3} of sections
of E on N (ie., VJ, = 0 for a € {1,2,3}, where V is the Levi-Civita connection of
the metric g), then (N, E,g) is said to be a hyperkdhler manifold. Furthermore, we call
(J1,J2, J3,9) a hyperkdhler structure on N and g a hyperkdhler metric [6].

Let G(C™*2) be the set of all complex 2-dimensional linear subspaces of C™*2. Then
we know that the complex two-plane Grassmannian Go(C™*2) has some Riemannian
symmetric structure (see [3,[22]). Denote by g the corresponding metric. As we know, it
is the unique compact irreducible Riemannian manifold such that it has both a Kéahler
structure J and a quaternionic Kéhler structure F with J ¢ E. And Go(C™*?) is the
unique compact irreducible Kéahler quaternionic Kéahler manifold such that it is not a
hyperkéahler manifold.

Given a local quaternionic Hermitian basis {Ji, Ja, J3} of E, we have
(2‘3) JiOJ:JOJZ’

for J; € {J1,J2,J3} and the Riemannian curvature tensor R of (Go(C™*2), g) is locally
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given by

R(X,Y)Z = g(Y,2)X — g(X, Z2)Y + g(JY, Z)JX — g(JX, Z)JY —29(JX,Y)JZ

3
+ Y {9(JaY, 2)JaX — g(JaX, 2)JoY — 29(JuX,Y)JuZ}

a=1

(2.4)

3
+ Z{g(JaJY, 2)Jod X — g(Jod X, Z) o JY }
a=1
for any vector fields X,Y, Z € T'(TGo(C™2)) (see [3,22]).

Similarly, let SUs,,/S(Us - Uy,) be the set of all complex two-dimensional linear sub-
spaces in indefinite complex Euclidean space (CQIH. Then the complex hyperbolic two-
plane Grassmannian SUs ,,/S(Us - Up,) becomes a connected simply connected irreducible
Riemannian symmetric space with noncompact type and rank two [5]. Denote by ¢ the
corresponding metric. It is the unique noncompact irreducible manifold with negative
scalar curvature such that it has a Kahler structure J and a quaternionic Kahler structure
E with J ¢ E [5].

We also know that given a local quaternionic Hermitian basis {J1, Ja, J3} of E, we

have
(2.5) JiOJ:JOJi

for J; € {J1,J2,J3} and the Riemannian curvature tensor R of (SUsm/S(Us - Up),g) is
locally given by

R(X,Y)Z
1
=5 [g(Y, DX —g(X,2)Y +g(JY,2)JX — g(JX, Z2)JY —29(JX,Y)JZ
3
+ Y {9(JaY, 2)JaX — 9(JaX, Z)JoY —29(JoX,Y)JoZ}

a=1

(2.6)

3
+ Z{g(JaJY, 2)JoJX — g(JoJ X, 2) o JY }
a=1
for any vector fields X,Y, Z € I'(T'SUz,,/S(Usz - Up,)) [5].
Furthermore, we remind some notions, which will be used later. Let (N, gn) be a
Riemannian manifold and M a submanifold of (V, gn) with the induced metric gps. Then

the Gauss and Weingarten formula are given by
VxY =VxY + h(X,Y)

for X,Y e (T M),
VxN = -AyX + VxN
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for X € I(TM) and N € T(TM+), where V and V are the Levi-Civita connections of the
metrics gy and gpr, respectively, h is the second fundamental form of M in N, A is the
shape operator of M in N, and V' is the normal connection of M in N.

We denote by R and R the Riemannian curvature tensors of gy and gy, respectively.

Then the Gauss equation is given by

(2.7) R(X,Y,Z,W)=R(X,Y,Z W)+ gn (WX, W), (Y, Z)) — gn(h(X, Z), (Y, W))

for any vector fields X,Y, Z,W € I'(TM), where R(X,Y,Z, W) := gny(R(X,Y)Z,W) and
R(X,Y,Z,W) = gu(R(X,Y)Z,W).

Consider a local orthonormal tangent frame {ej,...,e;} of the tangent bundle M
of M and a local orthonormal normal frame {€,,11,...,e,} of the normal bundle TM~*
of M in N. The scalar curvature T of M is defined by

T = Z K(e; Nej),
1<i<j<m
where K (e; A ej) := R(e;, ej,ej,€;) for 1 <i < j <m. The normalized scalar curvature p

of M is given by
2T

m(m—1)
We denote by H the mean curvature vector field of M in N, ie., H = % o, hiei,e;).
Conveniently, let h¢; := gn(h(ei,e;),eq) for i, € {1,...,m} and o € {m + 1,...,n}.

p:

Then we have the squared mean curvature ||H||? of M in N and the squared norm ||h||?

of h as follows:

m 2
11 = o > (Zhﬁ;) ,

a=m+1 \i=1
n m

IRIP = > D ()™
a=m+11,j=1

The Casorati curvature C' of M in N is defined by
1

C = —||n|*.
m

The submanifold M is said to be invariantly quasi-umbilical if there exists a local or-
thonormal normal frame {ep,t1,...,e,} of M in N such that the shape operators A,
have an eigenvalue of multiplicity m — 1 for all & € {m + 1,...,n} and the distinguished
eigendirection of A, is the same for each a« € {m +1,...,n} [7].

Let L be a k-dimensional subspace of T,M, k > 2, for p € M such that {e1,...,ex} is
an orthonormal basis of L. Then the scalar curvature 7(L) of the k-plane L is given by

T(L) = Z K(ei/\ej)

1<i<j<k
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and the Casorati curvature C(L) of the subspace L is defined by

n k
> Sk

a=m+114,j=1

The normalized 0-Casorati curvatures d.(m — 1) and gc(m — 1) of M in N are given by
1
Belm — 1)) = LC() +
[Be(m = 1)](p) :=2C(p) —

m+1,

om
2m —1

inf{C(L) | L is a hyperplane of T,M},

sup{C(L) | L is a hyperplane of T,M}.

We define the generalized normalized §-Casorati curvatures d.(r,m — 1) and gc(r, m—1)

of M in N as follows:

[0c(r,m —1)](p)
—D(m+r)(m2—m—r

=7rC(p) + (m

) inf{C(L) | L is a hyperplane of T,,M}
for 0 < r < m? —m,
[Oe(r,m = 1)](p)

—rC(p) — (m —1)(m+7)(r —m?+m)

sup{C(L) | L is a hyperplane of T,M}

rm
for r > m? — m.

Notice that [§e(™2= m —1)](p) = m(m — 1)[5.(m — 1)](p) and [6.(2m(m — 1),m
D](p) = m(m — 1)[50( )](p) or p € M so that the generalized normalized §-Casorati

curvatures 0.(r,m — 1) and 5c(r m — 1) are the generalized versions of the normalized
d-Casorati curvatures d.(m — 1) and 5 <(m — 1), respectively.

Throughout this paper, we will use the above notations.

3. Some optimal inequalities

In this section we will obtain some optimal inequalities consisting of the normalized scalar
curvature and the generalized normalized §-Casorati curvatures for real hypersurfaces of

complex two-plane Grassmannians and complex hyperbolic two-plane Grassmannians.

Theorem 3.1. Let M be a real hypersurface of a complex two-plane Grassmannians
G2(C™*2) with n = 4m — 1. Then we have

(a) The generalized normalized 6-Casorati curvature 6.(r,n — 1) satisfies

<5c(r,n—1) n+9
~ n(n-1) n

(3.1)

for anyr € R with 0 <r <n(n—1).
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(b) The generalized normalized §-Casorati curvature gc(r, n — 1) satisfies

Se(rmn—1) n+9
n(n—1) n

(3.2) p<
for any r € R with r > n(n —1).

Moreover, the equalities hold in the relations (3.1) and (3.2) if and only if M is an
invariantly quasi-umbilical submanifold with flat normal connection in Go(C™*2) such that
with some orthonormal tangent frame {ey,...,e,} of TM and orthonormal normal frame

{ens1 = e} of TM™, the shape operator A, takes the following form

a 0 0 0

0 a 0 0
(3.3) A, =

00 a 0

00 0 ne=lg

Proof. Since M is a real hypersurface of Go(C™1?) with a unit normal vector field e, we
may choose a local orthonormal tangent frame {ei,...,e,} of TM and an orthonormal

normal frame {e,;1 = e} of TM+* such that

em+i = J1€5,  €amti = Jae;,  e3m4i = J3e,

eam—3 = &1 = —J1e, eam—2 =& = —Joe, eym_1 =€, =E§ = —Jze

for 1 <i <m — 1, where {J1, J2, J3} is a local quaternionic Hermitian basis of E.
Let € := —Je.
Using (2.4) and (2.7)), we get

27(p) =n(n—1)+3 Z glei, Jej)?
ij=1

3 n
)0 {3g(ei Jaes)® + glei Jadei) - glej, Jades) — glei, Jaej)*}

a=1ij=1
—FnQHH||2—Hh||2 forpe M.
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With some computations, we obtain

n 3 n
3 glenJe)) + Y > {3g(es, Jaes)® + gles, Jadei) - gleg, Jades) = glei, Jade;)’}

ij—1 a=1ij=1
n 2
_32 e“]e] —|—Z{ n—l)—l—(Zg(ei,JaJei))
i,j=1 =
_ Z (ei, Jej)? Z (€a, Jej)? Zg e, Jej) }
5,5=1 Jj=1
3 n 2 n
=9(n—1)— 329(6, Je;)? + Z { <Zg(€i, JoJ&')) + Zg(fm Jej)Q}-
j=1 a=1 i=1 Jj=1
Moreover,

n

n n+1
SogleJep) = g€ e =D g6, e)? = [I€]]P = gle.e) =1,
j=1 j=1 j=1
> glei Jadei)
=1

= - Zn: 9(Jati, Jei)
i=1

m—1

==Y {g(Jaei, J&:) + g(JaTrei, JIrei) + g(Jadaei, JToe:) + g(JaTsei, J Jsei)}
=1

— (9(Jak1, J&1) + g(Jab2, J&2) + g(Jaés, J€3))
=0 — (9(JaJre, JJ1€) + g(JaJ2e, JJ2e) + g(JaJ3e, J J3e)) (by (2.3))
:g(JOc€7 Je) =g(§a,§) (by )7

n n n+1
D 9 Je)? =D 9(Jbare;)” = 9(Jbar€5)” — g(Jlase)’
j=1 j=1 j=1
= |l7&l* = 9(€as€)® =1 = g(&a, &)
Hence,
n 3 n 2 n
9(n—1)—3Zg(e,Jej Z{(Z (eiy Ja Jeﬂ) +Zg(fa,Jej)2}
j=1 a=1 i=1 J=1
=9(n—1).
Therefore,

(3.4) 27(p) = (n +9)(n — 1) + n?||H||> — nC



Inequalities for the Casorati Curvatures 71

Conveniently, let h;; := h%“ = g(h(ei, ej), ent1) fori,j € {1,2,...,n}.

Consider the quadratic polynomial in the components of the second fundamental form

(n—=1mn+r)(n®>—n—r

P:=rC+ )C(L)—QT(p)+(n~|—9)(n—1),
where L is a hyperplane of T, M.
Now, we deal with some linear algebraic properties of the quadratic polynomial P.

Without loss of generality, we may assume that L is spanned by e, ..., e,_1.

With a simple calculation, by (3.4)), we have

Zh (n+r)(n®*—n-—r) ZhQ—QT() (n+9)(n —1)

rn
7.] 1 ,_] 1
n n—1 n 2
n+r s (m+r)(n?-n-—r) 5
T Z hij + . Z hi; — Zhn‘
(3.5) ij—1 ij—1 i—1
n—1
:Z[n2+n(r—1) 27’h2 n+r(h2 +h2)]
; r

1=

1
(n+r)(n—1) r
N SN Ry ety

.
1<i#j<n—1 1<ij<n

From (3.5)), the critical points h¢ = (h11, h12, ..., hny) of P are the solutions of the system

of linear homogeneous equations:

;

oo = 2l p, — 95T by, =0,
e = 2 hpy — 230070 g, = 0,
(36) oy = At ;= 0,
6%7; - whin =0,
\ aipm = 2(nn+T) hni =0

fori,j e {1,2,...,n— 1} with i # j.
From (J3.6)), any solutions h¢ satisfy h;; = 0 for 4,5 € {1,2,...,n} with i # j.

Moreover, we get the Hessian matrix H(P) of P as follows:

Hi 0 O
0 0 H;
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where
w _9 ) ) )
_9 2(”“’2("*1) 9 ... -2 -2
Hy = : )
9 9 w _9 _9
-9 -9 ) 2r

0 denotes the zero matrices with the corresponding sizes, and the diagonal matrices Hy,

Hj are given by

Hy = diag <2<n+72(”_1),2(”+7")(”—1),,._’2(n+r)(n—1))7

T r
. 2(n+r) 2n+1r 2(n+r
H3:d1ag<(n ), (n ),..., (n ))

Then we can find that the Hessian matrix #(P) has the following eigenvalues

2(n® —n? +r?) 2(n+r)(n—1)

A1 =0, A= - y A== Ay = . ;
2 —1 2

fori,j€{1,2,...,n— 1} with i # j.
Thus, we know that P is parabolic and has a minimum P (h¢) at any solution h° of the

system (13.6)). Applying (3.6]) to (3.5, we obtain P(h¢) = 0. So, P > 0 and this implies

(n—Dn+r)(n?—n-—r)

27(p) <rC + - C(L) + (n+9)(n —1).
Therefore, we get
r (n+7)(n*—-n—r) n+9
. <
(3.7) p_n(n_l)C—i— o C(L)+ -

for any hyperplane L of T),M so that both inequalities and easily follow from
B

Furthermore, we see that the equalities hold at the relations and if and only
if

hij =0 fori,j€{1,2,...,n} with i # j,
hg = M=)y _nn= D) on= Dy
r T T

Therefore, we get that the equalities hold at and if and only if the submanifold
M is invariantly quasi-umbilical with flat normal connection in G2(C™*2) such that the
shape operator takes the form with respect to some orthonormal tangent and normal

frames. OJ
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In the same way, by using (2.5) and (2.6)), we obtain

Theorem 3.2. Let M be a real hypersurface of a complex hyperbolic two-plane Grass-
mannian SUs p/S(Us - Uy,) with n = 4m — 1. Then we have

(a) The generalized normalized 6-Casorati curvature 6.(r,n — 1) satisfies

6e(r,n—1) n+9
p= n(n—1) 2n

(3.8)

for anyr € R with 0 <r <n(n—1).
(b) The generalized normalized §-Casorati curvature Sc(r, n — 1) satisfies

&(r,n—l) ~n+9

(39) p= n(n —1) 2n

for any r € R with r > n(n —1).

Moreover, the equalities hold in the relations (3.8)) and (3.9) if and only if M is an
invariantly quasi-umbilical submanifold with flat normal connection in SUs ., /S(Us - Up,)
such that with some orthonormal tangent frame {e1,...,en} of TM and orthonormal

normal frame {e,+1 = e} of TM*, the shape operator A, takes the following form

a 0 0 0
0 a 0 0
A, =
0 0 a 0
00 - 0 ™ol

T

Using the relations [50(@, n—1)(p) = n(n—1)[0e(n—1)](p) and [6,(2n(n—1),n—

~

D](p) =n(n —1)[dc(n — 1)](p) for p € M, we easily have

Corollary 3.3. Let M be a real hypersurface of a complex two-plane Grassmannians
G2(C™*2) with n = 4m — 1. Then we get

(a) The normalized §-Casorati curvature d.(n — 1) satisfies

n+9
p<dc(n—1)+ -

Moreover, the equality holds if and only if M is an invariantly quasi-umbilical sub-

manifold with flat normal connection in Go(C™*2) such that with some orthonormal
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tangent frame {e1,...,en} of TM and orthonormal normal frame {e,+1 = e} of

TM*, the shape operator A, takes the following form

a 0 --- 0 O

0O a --- 0 O
Ae =

00 -+ a O

0 0 -+ 0 2a

(b) The normalized §-Casorati curvature d.(n — 1) satisfies

-~ n+9
p<dc(n—1)+ -

Moreover, the equality holds if and only if M is an invariantly quasi-umbilical sub-
manifold with flat normal connection in Go(C™*2) such that with some orthonormal
tangent frame {ey,...,en} of TM and orthonormal normal frame {e,+1 = e} of

TM*, the shape operator A, takes the following form

2 0 -+ 0 O

0 2¢ --- 0 O
A, =

0 0 -+ 2a 0

0O 0 -+ 0 a

Corollary 3.4. Let M be a real hypersurface of a complex hyperbolic two-plane Grass-
mannian SUs p/S(Us - Uy,) with n = 4m — 1. Then we obtain

(a) The normalized 0-Casorati curvature d.(n — 1) satisfies
n+9

2n
Moreover, the equality holds if and only if M is an invariantly quasi-umbilical sub-
manifold with flat normal connection in SUs y,/S(Us - Up,) such that with some or-
thonormal tangent frame {ey1,...,en} of TM and orthonormal normal frame {e,4+1 =

e} of TM™, the shape operator A, takes the following form

p<de(n—1)—

a 0 - 0 0
0 a - 0 0
A=
00 a 0

00 -+ 0 2a
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(b) The normalized §-Casorati curvature gc(n — 1) satisfies

n+9
on

p<oe(n—1)—

Moreover, the equality holds if and only if M is an invariantly quasi-umbilical sub-
manifold with flat normal connection in SUs y,/S(Us - Up,) such that with some or-
thonormal tangent frame {ey,...,en} of TM and orthonormal normal frame {e,+1 =
e} of TM~, the shape operator A, takes the following form

2 0 -~ 0 O
0 2a --- 0 O
Ae =
0 0 2a 0
0 0 0 a
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