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STRONG CONVERGENCE THEOREMS BY MONOTONE HYBRID
METHOD FOR A FAMILY OF GENERALIZED NONEXPANSIVE
MAPPINGS IN BANACH SPACES

Chakkrid Klin-eam, Suthep Suantai* and Wataru Takahashi

Abstract. In this paper, we study monotone hybrid method for finding a common
fixed point of a family of generalized nonexpansive mappings and then prove a
strong convergence theorem for a family of generalized nonexpansive mappings in
Banach spaces. Using this theorem, we obtain some new results for a generalized
nonexpansive mapping and two generalized nonexpansive mappings in Banach
spaces. Moreover, we apply our main result to obtain a strong convergence theo-
rem for a family of nonexpansive mappings in a Hilbert space.

1. INTRODUCTION

Let E be a real Banach space with ||-|| and let C' be a nonempty subset of E. Then a
mapping 7" of C' into F is called nonexpansive if | Tx—Ty|| < ||x—y| forallz,y € C.
We use F'(T') to denote the set of fixed points of T'; thatis F(T) = {x € C : © = Tx}.
A mapping T of C into FE is called quasi-nonexpansive if F(T') is nonempty and
Tz — y|| <[]z —y| for all z € C and y € F(T). It is easy to see that if T is
nonexpansive with F'(T') # (), then it is quasi-nonexpansive.

The theory of nonexpansive mappings is an important subject which can be applied
widely in applied areas, in particular, in image recovery and signal processing; see, for
instance, [1, 25]. However, the Picard’s sequence {T"x}5° ; of iterates of mapping 7'
at a point x € C' may not converge even in the weak topology. In 1953, Mann [15]
introduced an iterative scheme which is now known as Mann’s iteration process. This
iteration is defined as follows:

(1.1) Tpg1 = QpZp + (1 — )Ty, n >0,
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where the initial guess xy € C' is chosen arbitrarily and the sequence {c,} is in the
interval [0, 1]. However, we note that Mann’s iteration has only weak convergence
even in a Hilbert space.

In 2003, Nakajo and Takahashi [20] proposed the following modification of Mann’s
iteration process (1.1), by using hybrid method in mathematical programming, for a
single nonexpansive mapping 7" in a Hilbert space H:
r1=x € C,

Up = Ty + (1 — ap) Ty,
(1.2) Cn={2€C: [z —un| <z —anl},
Qn=12€C:{(xyp—z2x—1,) >0},

\ xn‘f'l = HCannx

for all n € N, where {a,,} C [0, 1] and II is the metric projection of H onto C), N Q.
They proved that the sequence {x,,} generated by (1.2) converges strongly to a fixed
point of 7" under an appropriate control condition on the sequence {«;, }.

In 2008, Takahashi, Takeuchi and Kubota [30] proposed the following modification
of the iteration method (1.2) for a family of nonexpansive mappings {7),} in a Hilbert
space H:

r1=x € C,
Up = @y + (1 — ap)Than,
Cni1 ={2 € Cn : ||z — un|| < ||z — zll},

xn‘f'l = HCn-Q—lx

(1.3)

for all n € N, where {a,,} C [0, 1]. They proved strong convergence of the sequence
{z,,} generated by (1.3) under an appropriate control condition on the sequence {av,}
and under the condition that the family {7;,}7° ; satisfies NST-condition.

In 2008, Qin and Su [21] modified the iteration (1.2) by the following method
called the monotone hybrid method, for a nonexpansive mapping 7" in a Hilbert space,
as follows:

[L'l:IL'GC, CO:QO:Ca

Up = Ty + (1 — ay) Ty,

(1.4) Cn={2€Ch1NQn-1:lz—un|| <z —2znl|l},
Qn = {Z €Ch1NQp_1: <xn — %= xn> > 0}7
xn‘f'l = HCannx

for all n € N, where {a,,} C [0,1]. By using this method, they proved a strong
convergence theorem under a control condition on the sequence {«,, }, but the technic
they used in this paper is different from Nakajo and Takahashi [20]. More precisely,
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they showed that the sequence {z,} generated by (1.4) is a Cauchy sequence, without
the use of demiclosedness principle, Opial’s condition and the Kadec-Klee property.

Recently, by using generalized projections, Su, Wang and Shang [27] proposed the
following monotone hybrid method for a hemi-relatively noexpansive mapping 7' in a
Banach space:

r1=2€C, Chy=Qy=0C,

up = J 7 (andzn + (1 — an)JTay),

(1.5) Cpn={2€Ch1NQn-1:0(z,un) < &d(z,2n)},
Qn=1{2€Cr1NQn-1:(xy—2zJr— Jzx,) >0},

\ xn‘f'l = HCannx

where J is the duality mapping on F and {a,,} C [0,1]. They proved that if
limsupca,, < 1, then the sequence {x,} generated by (1.5) converges strongly to

n—oo

[ p(7ywo, where Tlg (7 is the generalized projection from C' onto F'(T').

Employing the ideas of Qin and Su [21], Takahashi, Takeuchi and Kubota [30]
and Su, Wang and Shang [27], we modify iterations (1.3), (1.4) and (1.5) for finding a
common fixed point a countable family of generalized nonexpansive mappings by using
monotone hybrid method and then prove a strong convergence theorem in a Banach
space. Using this theorem, we obtain some new results for a generalized nonexpansive
mapping and two generalized nonexpansive mappings in Banach spaces. Moreover,
we apply our main result to obtain a strong convergence theorem for a family of
nonexpansive mappings in a Hilbert space.

2. PRELIMINARIES

Throughout this paper, all linear spaces are real. Let N and R be the sets of all
positive integers and real numbers, respectively. Let E be a Banach space and let E*
be the dual space of E. For a sequence {z,} of F and a point z € E, the weak
convergence of {z,} to = and the strong convergence of {x,} to = are denoted by
x, — x and z,, — x, respectively. The duality mapping J from F into 27" is defined
by

Jr ={z* € E*: (z,z*) = ||z||* = ||=*||*}, Vz € E.

Let S(F) be the unit sphere centered at the origin of E. Then the space E is said
to be smooth if the limit
et tyll ~ |
t—0 t
exists for all z,y € S(F). It is also said to be uniformly smooth if the limit exists
uniformly in 2, y € S(E). A Banach space E is said to be strictly convex if || 25| < 1

whenever z,y € S(E) and x # y. Itis said to be uniformly convex if for each € € (0, 2],
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there exists § > 0 such that || Z£¥|| < 1 — & whenever 2,y € S(E) and ||z — y| > e.
From [28] we know the following:

(i) If E in smooth, then J is single-valued.
(ii) If E is reflexive, then J is onto.

)
)
)
(v) If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E.

(iii) If E is strictly convex, then J is one-to-one.

(iv) If E is strictly convex, then J is strictly monotone.

Let E be a smooth Banach space. Throughout this paper, define the function
¢: ExFE —Rby

2.1) oy, ) = ||yl|* — 2y, Jx) + ||z||*, Vy,z € E.

Observe that, in a Hilbert space H, (2.1) reduces to ¢(x, y) = ||z —y|? forall 7,y € H.
It is obvious from the definition of the function ¢ that for all z,y € F,

(P1) (Il = llyIN* < ¢(z, y) < (ll=Il + 1yl
(P2) ¢(z,y) = d(x, 2) + d(2,y) + 2(x — 2, Jz = Jy),
(P3) o(x,y) = (x, Jz = Jy) + (y —, Jy) < [l[l[[Jz =yl + ly — 2|yl

Let C' be a closed subset of a Banach space F, and let T' be a mapping from C'
into E. We use F'(T) to denote the set of fixed points of 7', that is, F/(T) = {z € C':
x = Tx}. Recall that a mapping T : C' — E is generalized nonexpansive if F(T) # ()
and ¢(Tz,u) < ¢(x,u) for all z € C and u € F(T'). Let R be a mapping from E
onto C. Then R is said to be a retraction if R?> = R. The mapping R from E onto C
is said to be sunny if R(Rx + t(x — Rx)) = Rz for all z € F and ¢ > 0.

A nonempty closed subset C' of a smooth Banach space F is said to be a sunny
generalized nonexpansive retract of F if there exists a sunny generalized nonexpansive
retraction R from F onto C. We know the following lemmas for sunny generalized
nonexpansive retractions.

Lemma 2.1. (Ibaraki and Takahashi [3]). Let C' be a nonempty closed subset of
a smooth and strictly convex Banach space E and let R be a retraction from E onto
C. Then the following are equivalent:

(i) R is sunny generalized nonexpansive;

(if) (x — Rz, Jy— JRz) <0, Vx € E,y € C.

Lemma 2.2. (Ibaraki and Takahashi [3]). Let C' be a nonempty closed sunny gen-
eralized nonexpansive retract of a smooth and strictly convex Banach space E. Then
the sunny generalized nonexpansive retraction from E onto C' is uniquely determined.
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Lemma 2.3. (Ibaraki and Takahashi [3]). Let C be a nonempty closed subset of a
smooth and strictly convex Banach space E such that there exists a sunny generalized
nonexpansive retraction R from E onto C, let x € E and z € C. Then the following
hold:

(i) z= Rx if and only if (x — z,Jy — Jz) <0 for all y € C;
(i) oz, Rx) + 6(Rz, 2) < o(z, 2).

Lemma 2.4. (Kohsaka and Takahashi [13]). Let C' be a nonempty closed subset
of a smooth, strictly convex and reflexive Banach space E. Then the following are
equivalent:

(i) C is a sunny generalized nonexpansive retract of E;

(ii) JC is closed and convex.

Lemma 2.5. (Kohsaka and Takahashi [13]). Let E be a smooth, strictly convex and
reflexive Banach space and let C' be a nonempty closed sunny generalized nonexpansive
retract of E . Let R be the sunny generalized nonexpansive retraction from E onto
C, letx € E and z € C. Then the following are equivalent:

(i) z= Rx ;
(ii) ¢(z,z) = mingec ¢z, y).

Lemma 2.6. (Kamimura and Takahashi [9]). Let E be a uniformly convex and
smooth Banach space and let {x,,} and {y,} be two sequences in E such that either
{zn} or {yn} is bounded. If lim,, .o (2, yn) = 0, then limy, oo ||z, — yn|| = 0.

Lemma 2.7. (Kamimura and Takahashi [9]). Let E be a uniformly convex and
smooth Banach space and let r > 0. Then there exists a strictly increasing, continuous
and convex function g : [0, 00) — [0, 00) such that g(0) = 0 and

gz =yl < ¢(z,y)
for all x,y € B,(0), where B,.(0) ={z € E: ||z| < 1}.
Lemma 2.8. (Zalinescu [31]). Let E be a uniformly convex Banach space and
let v > 0. Then there exists a strictly increasing, continuous and convex function
g :10,00) — [0, 00) such that g(0) = 0 and

It + (1= t)y||* < tllall* + (1= Ollyll* — e = t)g(l= — yl)

for all x,y € B,(0) and t € [0, 1], where B, (0) ={z € E: ||z|| < r}.
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Lemma 2.9. (Ibaraki and Takahashi [4]). Let E be a smooth and strictly convex
Banach space, let z € E and let {t;}", C (0,1) with > t; = 1. If {a;}1*, is a
finite sequence in E such that

m m
i=1 i=1
then x1 = x9 = ... = Tpy,.
3. NST-CONDITION

Let E be a real Banach space and C be a closed subset of E. Motivated by
Nakajo, Shimoji and Takahashi [19], we give the following definitions: Let {7},}
and 7 be two families of generalized noexpansive mappings of C' into F such that
Mooy F(T,,) = F(T) # 0, where F(T,,) is the set of all fixed points of 7, and
F(T) is the set of all common fixed points of 7. Then, {7},} is said to satisfy the
NST-condition with 7T if for each bounded sequence {z,} C C,

lim ||z, — Thx,||=0= lim ||z, —Tz,|| =0, forall T eT.
n—00 n—00

In particular, if 7 = {T'}, i.e., 7 consists of one mapping 7', then {7}, } is said to
satisfy the NST-condition with 7. It is obvious that {7,} with 7,, =T for alln € N
satisfies NST-condition with 7 = {T'}.

Lemma 3.1. Let C be a subset of a uniformly smooth and uniformly convex
Banach space E and let T be a generalized nonexpansive mapping from C into E
with F(T) # 0. Let {3,} C (0,1) satisfy lim inf 3,,(1 — 8,,) > 0. For n € N, define

n—oo
the mapping T,, from C into E by
Thx = Ppr+ (1 — B,)Tx,

forall x € C. Then, {T,,} is a countable family of generalized nonexpansive mappings
satisfying the NST-condition with T.

Proof.  First, we can easily show that F'(7,,) = F(T) for all n € N. Then
Moy F(T,,) = F(T). For z € C and u € F(T,,), we have
¢(Tnz,u) = ¢(Bnz + (1 = Bn) Tz, u)
= 1Bnz + (1 = Bp)T2|* = 2(Buz + (1 = Bo) T, Ju) + [[ul?
< Bullall® + (1= BT |* = 280 (2, Ju) = 2(1 = Bp)(T, Ju) + [|ul®
= Bnd(@,u) + (1= Bn)¢(Tx, u)
< Bno(x,u) + (1= Bp)d(x, u) = ¢(z,u).
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Hence T, is generalized nonexpansive. Next, we show that {T,,} satisfies the NST-
condition with 7". To show this, suppose that {z,} is a bounded sequence in C' such
that lim,, o |2, — Thxy|| = 0. Since {z,} is bounded, we obtain that {T'x,,} is also
bounded. Put r = max{sup,, ||z, sup,, ||Tz,||}. Then there exists » > 0 such that
{zn},{Tx,} C B,(0), where B,(0) = {z € E : ||z|| < r}. We have from Lemma 2.8
that for u € (,—; F(T,),
¢(Tnxnu u) = ¢(ann + (1 - Bn)Txnu u)
= Hﬂnxn + (1 - Bn)Tan2 - 2<ann + (1 - Bn)Txnu Ju> + HU’H2
< BonnHQ +(1- ﬂn>HTan2 = 2Bp(xn, Ju) — 2(1 = B, )(Tzn, Ju)
+{lull* = Ba(1 = B)g([|lzn — Tnll)

= Bn¢(xnu u) + (1 - Bn>¢(Txnu u) - Bn(l - Bn)g(Hxn - Tan)

S Bn¢(xnu u) + (1 - Bn>¢(xnu u) - Bn(l - Bn)g(Hxn - Tan)

= ¢(u, zn) = Bn(1 = Bp)g(lzn — Tx4l]),

where g : [0,00) — [0,00) is a continuous, strictly increasing and convex function
with g(0) = 0. So, we have

(3.1 Brn(1 = Bn)g(l|zn — Trnl) < d(n, u) — (Tnan, u).

Let {||zp, —Txp,||} be any subsequence of {||x,, — Tz, }. Since {z, } is bounded,
there exists a subsequence {a:n;} of {zy, } such that

lim ¢(z,,u) = limsup ¢(z,,,u) = a.
J—00 J k‘—>OO

Using properties (P2) and (P3) of ¢, we have

¢(xn/-7u>
¢([]}n/’ /[]3 />+¢( /[En/’u>+2<a} / — /'an/"JT /'[]j /' —Ju>
(3.2)
< O(Ty 0 0) + g 1701 — TTog 2 |+ g, — Ty o |
—|—2H[Bn; — /[B /HHJT /[B / — JUH
Since limy, o ||@n, — Th2n|| = 0 and E is a uniformly smooth, we have

lim ||Jz, — JT,x,|| = 0.
n—oo
It follows from (3.2) that

a = lim 1nf¢(a:n}, u) < liminf ¢(T, ! Ty ,u).

J—00 J—00
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On the other hand, since ¢(Tzp, u) < ¢(x,,u), we have

lim sup qﬁ(Tn/ja:n}, u) < lim sup ¢(a:n}, u) = a.

Hence

lim ¢(z,,u) = lim ¢(Ty z,,u) = a.

J—00 J j—00 J J
Since liminf, . Bn(1 — B,) > 0, it follows from (3.1) that limn_,oog(Ha:n} —
Ta:n}H) = 0. By properties of the function g, we have lim;_, Ha:n; - Ta:n}H =0
and hence lim,, .~ ||z, — T'zy|| = 0. |

Lemma 3.2. Let C be a subset of a uniformly smooth and uniformly convex Banach
space E and let S and T be generalized nonexpansive mappings from C' into E with
F(S)NF(T) # 0. Let {3,} C (0,1) satisfy liminf 3,,(1 — 3,,) > 0. For n € N,

n—oo
define the mapping T, from C into E by
Thx = Sz + (1 — p,)Tx

forall x € C. Then, {T,,} is a countable family of generalized nonexpansive mappings
satisfying the NST-condition with T = {S,T'}.

Proof.  First, we can easily show that (7", F/(T},) = F(7T) and T,, are generalized
nonexpansive mappings for all n € N. Indeed, note that

F(T) = F(S)nF(T) C ﬁ F(Ty).

n=1
Let u € F(S)N F(T'). We obtain that for any = € C,
d(Thx,u) = ¢(BnSz+ (1 — B,)Tx,u)
= [1BnSz + (1= Bo) T ||* = 2(BnS + (1 = B) T, Ju) + [Jul|”
< Bl S| + (1 = Ba) | T|® = 28n(S, Ju) — 2(1 = Bp) (T, Ju) + [|ul?
= Bnd(Sz,u) + (1 = Bn)d(Tw, u)
< B, u) + (1 = B)¢(x, u)
= ¢(z,u).
Then, for v € F(T,,) we have
¢(v, u) = ¢(Tpv, u)
= ¢(BnSv+ (1 — 5p)Tv,u)
= [18nSv + (1 = Bu)Tl|* = 2(BnSv + (1 = B)Tw, Ju) + [[ul?
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< BallSol® + (L = Bu)IT0]|* = 26a (S, Ju) — 2(1 = Bp){Tw, Ju) + [|ul?
= Bno(Sv,u) + (1 = Bn)$(Tv, u)

< Brd(v,u) + (1= Bn) (v, u)

= (v, u),

that is,

O(BnSv + (1 = Bp)Tv,u) = Bpnd(Sv,u) + (1 — Br)o(Tv,u) = ¢p(v,u).
By Lemma 2.9, we have Sv = Tw. This implies that v = T,,v = Sv = Tv. So
F(T,) C F(S)n F(T) for all n € N. Hence ()", F(T;,) = F(7). Next, we
show that {T},} satisfies the NST-condition with {S,T'}. Let {z,} be a bounded
sequence in C' such that lim,,_, ||z, — T2y, || = 0. By Lemma 2.8, we have that for
u e mzozl F(Tn>5
(Tnan, u)
= Hﬂnsxn + (1 - Bn)Tan2 - 2<anxn + (1 - Bn)Txnu Ju> + HUH2
< BnHSaanZ +(1- ﬂn>HTan2 — 2Bn(Sap, u) = 2(1 = Bp)(Tap, u) + HUH2
= Bn(1 = Bn)g(Szn — Tznl))
= Bn¢(sxnu u) + (1 - Bn>¢(Txnu u) - Bn(l - Bn)g(stn - Tan)
S Bn¢(xnu u) + (1 - Bn>¢(xnu u) - Bn(l - Bn)g(stn - Tan)
= ¢(@n, u) — Bn(1 = Bn)g(||Szn — Tnl]),

where g : [0,00) — [0,00) is a continuous, strictly increasing and convex function
with g(0) = 0. So, we have

(3.3) ﬂn(l - Bn)g(stn - Tan) < ¢(xnu u) - ¢(Tnxna u)

Let {||Sxzp, —T'zy, ||} be any subsequence of {||Sx,—Tz,||}. Since {z,, } is bounded,
there exists a subsequence {a:n;} of {zy, } such that

lim ¢(z,,u) = limsup ¢(z,,,u) = a.
J—0o0 J k—o0

Using properties (P2) and (P3) of ¢, we have

(3.4

J

+2Hxn} - Tn;xn/HHJTn;xn; - JUH

J
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Since limy, o0 || —Tnxy|| = 0 and E is uniformly smooth, we have lim,, o || Jx,, —
JThxy,|| = 0. It follows from (3.4) that

a = liminf ¢(x,;,u) < liminf ¢(T,, x,/, u).
J—00 J j—00 J J

On the other hand, since ¢(Tzp, u) < ¢(xy,, u), we have
lim sup ¢(T} x,y , u) < limsup ¢(x,,u) = a.
j-’OO J J ]-’OO J
It follows that
lim ¢(z,,u) = lim ¢(T,y z,,u) = a.
J—00 J j—00 J J

Since liminf,, .o B, (1 — B,) > 0, it follows from (3.3) that
lim g(||Sx,, — Tx,||) = 0.
n—oo J J

By properties of the function g, we have lim;_. HSa:n} - Ta:n}H = 0 and hence
limy, 0 ||S2p, — Ty || = 0. Since

20— Szl < |20 —Toznll +1|Tazn — Son|| = |20 —Town ||+ (1= Bu)l|[Sn— Ty,

we obtain limy, . ||z, — Sz, || = 0. Similarly, we have lim,,, ||z, — T2,|| = 0. B

4. STRONG CONVERGENCE THEOREMS

In this section, we prove a strong convergence theorem for a family of non-self
generalized nonexpansive mappings in a Banach space by using the monotone hybrid
method. Before proving it, we give the following lemma for non-self generalized
nonexpansive mappings in a Banach space.

Lemma 4.1. Let E be a smooth, strictly convex, and reflexive Banach space and let
C be a closed subset of E such that JC' is closed and convex. Let T be a generalized
nonexpansive mapping from C' into E. Then F(T) is closed and JF(T) is closed and
convex.

Proof.  First, let us show that JF(T) is closed. Let {z}} C JF(T') such that
xy, — x* for some x* € E*. Since JC is closed, we have z* € JC. Since E is
smooth, strictly convex and reflexive, J : E — E* is one-to-one and onto. Then, there
exist z € C' and {z,} C F(T) such that z* = Jx and z} = Jz,, for all n € N. Since
T is generalized nonexpansive and z,, € F(T'), we have that

$(Tw, ) = |Ta|* — 2T, Ja) + || Ja|?
= | Tz|? — 2(Tz, z*) + ||2*| 2
= Jlim (|Ta]* = 2T, 25) + ;%)
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lim (HTa:H2 —2(Tx, Jzx,) + HanHQ)
n—oo

lim ¢(Tx,z,)

n—oo

lim ¢(z, z,)
n—oo

Jim (2] = 24, 7) + 1o 1)

I IA

Tim (2] — 2(e,a) + o)
= |l - 2{z, Jz) + [|=[|?
= ¢(z,z) =0.
Thus we have ¢(T'z, x) = 0. Since F is strictly convex, we have x = T'z. This implies
x* = Jx € JF(T). Next, we show that JF(T') is convex. Let 2*,y* € JF(T) and
let o, 6 € (0,1) with a + 8 = 1. Then we have z,y € F(T) such that z* = Jx and
y* = Jy. Since z,y € F(T) and T is generalized nonexpansive, we have that
¢TI (aJz + BJy), I Hadz + BJy))
= |TJ Nz + BJy)||* = 2T T Y adz + BJy), aJz + BJy)
+[l7 @z + BIY) |1 + allz))? + Bllyll* — (allzl* + Blyl?)
= ag(TJ " (aJz + BJy), ) + Be(TT~ (e + BTy), y)
+ladz + BTy|* — (allz® + Bllyl?)
< ag(J 7 (e + BJy), 2) + Be(J " (az + BTy), y)
+ladz + BTy|* — (allz® + Bllyl?)
= o ||aJz + BJy|* — 2(J ez + BJy), Jx) + ||z[|*}
+B{llaJz + BIy|1* = 2(T " (aJz + BJy), Jy) + |lyl*}
+ladz + BJy|* — (allz|® + Bllyl*)
= 2||atz + BJy||* — 2(J Nz + BJy), aJx + BJy)
= 2||aJz 4 BJy||* — 2||atz + BJy||> = 0.
Then we have TJ ! (aJz+BJy) = J *(aJz + BJy) and hence J ! (aJz + BJy) €
F(T). This implies that aJx + SJy € JF(T). Therefore JF(T) is convex. Since

JF(T) is closed and convex, JF(T) is weakly closed. Furthermore, since J is norm
to weak continuous, F'(T') is closed. This completes the proof. ]

Using Lemma 2.4 and Lemma 4.1, we have the following lemma.

Lemma 4.2. Let E be a smooth, strictly convex, and reflexive Banach space and let
C be a closed subset of E such that JC' is closed and convex. Let T be a generalized
nonexpansive mapping from C into E. Then F(T) is a sunny generalized nonexpansive
retract of F.
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Recall that an operator 7' in a Banach space is called closed, if x, — x and
Tz, — vy, then Tx = y.

Theorem 4.3. Let E be a uniformly smooth and uniformly convex Banach space
and let C be a nonempty closed subset of E such that JC' is closed and convex. Let
{T,,} be a countable family of generalized nonexpansive mappings from C' into E and
let T be a family of closed generalized nonexpansive mappings from C' into E such
that (o2, F(Ty,) = F(T) # 0. Suppose that {T,} satisfies the NST-condition with
T. Let {x,,} be the sequence generated by

r1=2€C, Chy=Qy=0C,

Up = Ty + (1 — ap) Than,
Cn=1{2€Ch1NQn-1: ¢(un, 2) < d(xn, 2)},
Qn=1{2€Cr1NQn-1:(x—zpn,Jr, —Jz) > 0},

\ xn+1 = RCannx

for all n € N, where J is the duality mapping on E and {«,} C [0, 1] satisfies
liminf(1 — ay,) > 0. Then, {x,} converges strongly to Rp(ryx, where Rp(r) is the

n—oo
sunny generalized nonexpansive retraction from E onto F(T).

Proof.  We first show that JC,, and J@Q,, are closed and convex for each n € N.
From the definitions of C,, and @, it is obvious that JC,, is closed and JQ), is
closed and convex for each n € N. Next, we prove that JC,, is convex. Since
d(un, 2) < ¢(zy, z) is equivalent to

0 < flanll? = llunl® = 2{an — un, J2),

JC,, is convex. Since J is one-to-one, we have J(C, N Q,) = JC, N JQ, is a
closed and convex for all n € N. By Lemma 2.4, we obtain that C,, N @),, is a sunny
generalized nonexpansive retract of E. It is obvious that F'(7) C C = CyNQo. Next,
we show that F(7) C C,, N Q, for all n € N. Suppose that F(7) C Cx—1 N Qk—1
for some k € N. Let uw € F(7). Since T,, are generalized nonexpansive mappings for
all n € N, we have

d(ug, u) = dlagzry + (1 — ay) Trry, u)
= |k + (1 — o) Thae||* — 2(arzr + (1 — o) Towr, Ju) + ||Ju))?
< gl ]|+ (1= ap) | Tuak | * = 200 (g, Ju) =2(1 = ag) (T, Ju) + ||ul?
= apd(zp, u) + (1 — ar)P(Tpwk, v)
< apg(r, u) + (1 — ar)d(wr, v)
= ¢(xk, u).

This implies that F'(7) C Cj. From =}, = Rc, ,nqQ,_, %, by Lemma 2.3 (i) we have
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(x — xp, Jop, — Jz) >0, Vz € Cr_1 N Qr_1.
Since F(7) C Ci—1 N Qg—1, we have
(x —ap, Jop — Jz) >0,  Vze F(T).

This together with definition of Q) implies that F'(7) C Q) and hence F(7) C
Ck N Qk. By induction, we obtain F(7) C C, N Q, for all n € N. This implies
that {x,} is well defined. From definition of @),, we have z, = Rg,z. From
Tnt1 = Ro,ng,® € Cp, N Qy C @Qp, we have

¢($, [En> < ¢($, xn-l—l)u vn > 0.

Therefore, {¢(z,z,)} is nondecreasing. It follows from Lemma 2.3 (ii) and z,, =
Rg,x that

o(z,zy) = ¢(z, Rg,v) < ¢(z,u) — ¢(Rg,z,u) < ¢(z,u)

for all w € F(T) C Q. Therefore, {¢(z, x,)} is bounded. Moreover, by definition

of ¢, we know that {z,} is bounded. So, the limit of {¢(x,z,)} exists. From

zn, = Rg, x, we have that for any positive integer &

¢(33n7 xn-f-k) = ¢(Ran’ xn—f—k) < ¢($a xn-f—k) - ¢($a Ran> = ¢($a xn-f-k) - ¢($a $n>

This implies that lim ¢(xy,, z,4+k) = 0. Using Lemma 2.7, we have that, for m,n € N
n—oo

with m > n,

9llzn = 2mll) < ¢(Tn, 2m) < O(x, 2m) — G(x, T0),

where g : [0,00) — [0, 00) is a continuous, strictly increasing and convex function with
g(0) = 0. Then the property of the function ¢ yields that {x,} is a Cauchy sequence
in C. So there exists w € C such that x,, — w. In view of x,41 = Rc,ng,* € Cy
and definition of C,,, we also have

¢(unu xn—l—l) S ¢(113n, xn+1)~
It follows that lim ¢(up,xpy1) = lim ¢(xy, zp41) = 0. Since E is uniformly
n—oo n—oo

convex and smooth, we have from Lemma 2.6 that

lim ||z, — Zpy1]] = lim |Ju, — 2p41]] = 0.
n—oo n—oo
So, we have lim ||z, — uy|| = 0. On the other hand, we have
n—oo
[Zn+1 — tnll = |Tns1 — anzn — (1 — an) Ty |

= Han(xn—H - xn) + (1 - an)(xn—f—l - Tnxn>H
- H(l - an)(xn—i—l - Tnxn> - an(xn - xn—f—l)H

> (1= ap)l|lznt1 — Trnll — anl|zn — 2oy |-
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It follows that
1

1—a,
Since lim inf(1 — ay,) > 0, we obtain that lim ||x,4+1 — Tzy| = 0. From
n—oo

n—oo

[#n41 = Tnan| < (Hxn—i—l — Unl|| + an||zn — xn+1H)~

|Zn — Tnznll < |20 — ngall + |Tn41 — Taanl,

we have
lim ||z, — Thxy| = 0.
n—oo

Since {7, } satisfies the NST-condition with 7, we have that
lim ||z, —Tz,|| =0, VI €T.
n—oo

Since x,, — w and T is closed, it follows that w is a fixed point of 7. From Lemma
2.3 (ii), we have

o(z, Rpmyz) < ¢(x, Rpenyx) + ¢(Rp(nyr, w) < d(z, w).
Since zp41 = Re,ng,z and w € F(T) C C,, NQy, we get from Lemma 2.3 (ii) that

o(x, Tn11) < (2, Tnv1) + ¢(@nt1, Rpnyw) < ¢(2, Rper)y).

Since z,, — w, it follows that ¢(z, w) <¢(x, Rp(ryx). Hence ¢(v, w)=d(z, Rp(1yz).
Therefore, it follows from the uniqueness of the Rz that w = Rp(yx. This com-
pletes the proof. ]

5. DEDUCED RESULTS

In this section, using Theorem 4.3, we obtain some new strong convergence theo-
rems for a generalized nonexpansive mapping and two generalized nonexpansive map-
pings in a Banach space.

Theorem 5.1. Let E be a uniformly convex and uniformly smooth Banach space
and let C be a nonempty closed subset of E such that JC' is closed and convex. Let
T be a closed generalized nonexpansive mapping of C' into E such that F(T) # 0.
Let {x,} be the sequence generated by

r1=xz€C, Ch=Qy=0C,

Up = Ty + (1 — ap) Ty,

Crn={2€Cpho1 NQn_1:P(un, 2) < ¢(n, 2)},
Qn=1{2€Cr1NQn-1:(x—zpn,Jr, — Jz) > 0},

\ xn+1 = RCannx

for all n € N, where J is the duality mapping on E and {«,} C [0, 1] satisfies
liminf(1 — ay,) > 0. Then, {z,} converges strongly to Rp )z, where Rp(ry is the
n—oo

sunny generalized nonexpansive retraction from E onto F(T).
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Proof. PutT, =T foralln € N. It obvious that {7, } satisfies the NST-condition
with T'. So, we obtain the desired result from Theorem 4.3. [ |

Theorem 5.2. Let E be a uniformly convex and uniformly smooth Banach space
and let C be a nonempty closed subset of E such that JC' is closed and convex. Let
T be a closed generalized nonexpansive mapping of C' into E such that F(T) # 0.

Let {x,} be the sequence generated by

r1=xz€C, Ch=Qy=0C,

Up = @y + (1 — ap)(Bnxn + (1 — Bn)Txy),
Cn={2€Ch1NQn-1:d(upn, z) < d(xp, 2)},
Qn=1{2€Ch1NQn-1:(x—zpn,Jr, — Jz) > 0},
[ Znt1 = Re,nQ,2

forall n € N, where J is the duality mapping on E and {c,,} and {3, } are sequences
in [0, 1] satisfying liminf(1 — a,,) > 0 and liminf 3,(1 — B,) > 0. Then, {x,}

converges strongly to Rpryx, where Rp(r) is the sunny generalized nonexpansive
retraction from E onto F(T).

Proof.  Define T,z = Bz + (1 — 8,)Tx for all n € N and € C. By Lemma

3.1, we know that {T,,} satisfies the NST-condition with T". So, we obtain the desired

result from Theorem 4.3. ]

Theorem 5.3. Let E be a uniformly convex and uniformly smooth Banach space
and let C' be a nonempty closed subset of E such that JC is closed and convex.

Let S and T be closed generalized nonexpansive mappings of C into E such that
F(S)NFE(T) # 0. Let {x,,} be a sequence generated by

r1=x€C, Ch=CQy=C,

Up, = anTp + (1 = an)(BpSzn + (1 = Bn)Ty),
Cp={2€Cpho1 NQn-1: P(un,2) < ¢(xn, 2)},
Qn=1{2€Ch1NQn-1:(x—zpn,Jr, — Jz) > 0},
[ Znt1 = Re,n,2

for all n € N, where J is the duality mapping on E and {ay,} and {(,} are se-
quences in [0, 1] satisfying liminf(1 — o) > 0 and liminf 5,(1 — 3,,) > 0. Then,
n—oo n—oo

{zn} converges strongly to Rp(s)nr(r)®, where Rp(s)np(r) is the sunny generalized
nonexpansive retraction from E onto F(S) N F(T).

Proof. Define T,x = 3,Sx+ (1 — 3,)Tx for all n € N and z € C. By Lemma
3.2, we know that {7},} satisfies the NST-condition with 7 = {S,T'}. So, we obtain

the desired result from Theorem 4.3. []
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Using our results, we finally get results in Hilbert spaces. In a Hilbert space,
we know that ¢(z,y) = ||z — y||* for all 2,y € H and J = I, where I is an
identity mapping and every nonexpansive mapping with a fixed point is generalized
nonexpansive. As direct consequences of Lemma 3.1 and Lemma 3.2, we get the
following two lemmas obtained by Takahashi, Takeuchi and Kubota [30]

Lemma 5.4. ([30, Lemma 2.1]). Let C be a closed and convex subset of a Hilbert
space H and let T' be a nonexpansive mapping from C into H with F(T) # (. Let
{Bn} C [0, 1] satisfy lim inf Bn(1—=3,) > 0. Forn €N, define the mapping T), of C
into itself by e

Thx = Ppr+ (1 — B,)Tx,

forall x € C. Then, {T,,} is a countable family nonexpansive mappings satisfying the
NST-condition with T.

Lemma 5.5. ([30, Lemma 2.3]). Let C be a closed and convex subset of a
Hilbert space H and let S and T be nonexpansive mappings from C into H with
F(S)NF(T) # 0. Let {8n} C [0,1] satisfying lim inf 3, (1 — 3,) > 0. Forn € N,
define the mapping T, of C into itself by e

Tz = BoSz + (1 — Bo)Tx

for all x € C. Then, {T,,} is a countable family of nonexpansive mappings satisfying
the NST-condition with {S,T'}.

We can also get the following new result for a countable family of nonexpansive
non-self mappings in a Hilbert space by using Theorem 4.3.

Theorem 5.6. Let H be a Hilbert space and let C be a nonempty closed and
convex subset of H. Let {T,,} and T be families of nonexpansive mappings of C' into
H such that (", F(T,,) = F(T) # 0. Suppose that {T} satisfies the NST-condition
with T. Let {x,} be the sequence generated by
[L'l:IL'GC, CO:QO:Ca
Up = Ty + (1 — ay) Ty,

Cn={2€Cr1NQn-1: |z —upll < |[lz —znll},
Qn = {Z S Cn—l N Qn—l : <xn — 2, T — xn> > 0}7

\ xn‘f'l = PCannx

foralln € N, where {c,} C [0, 1] satisfies lim inf(1—ay,) > 0. Then, {z,,} converges
n—oo
strongly to Pp(1yx, where Pr(ty is the metric projection from C onto F(T).
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Proof. In a Hilbert space, we know that ¢(x,y) = ||z —y||? for all z,y € H and

J = I, where [ is an identity mapping and a nonexpansive mapping 7' : C' — H with

a fixed point is also a generalized nonexpansive mapping. By using Theorem 4.3, we

are able to obtain the desired conclusion. ]
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