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ON HYBRID PROXIMAL-TYPE ALGORITHMS
IN BANACH SPACES

L. C. Ceng!, A. Petrusel** and S. Y. Wu?

Abstract. In this paper, we propose new hybrid proximal-type algorithms for
a maximal monotone operator in a Banach spaces and establish some strong
convergence results. An application to the problem of finding a minimizer of
a convex function is given.

1. INTRODUCTION

Let C be a nonempty closed convex subset of a real Banach space E. A mapping
S : C — C'is called nonexpansive if || Sz — Sy|| < ||z —y|| for all z,y € C. Denote
by F(S) the set of fixed points of S; thatis, F(S) = {z € C': Sz = x}. Whenever
F is a Hilbert space, Nakajo and Takahashi [16] proposed the following iterative
algorithm for a single nonexpansive mapping S : C — C

xo € C arbitrarily chosen,
Yn = anZp + (1 — ) Sy,
(1.1) Co = {0 € C: llyn — vl < 2 — oll},
Qn ={veC:(xg—xn,z, —v) >0},

Tpt1 = PCannxm

where Pr denotes the metric projection from F onto a nonempty closed convex
subset K of E and proved that the sequence {x,,} converges strongly to P $)%0-
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In 2006, Martinez-Yanes and Xu [14] introduced one iterative algorithm for a
nonexpansive mapping S : C' — C, with C' a bounded closed convex subset of a
real Hilbert space H

(1.2)

xo € C arbitrarily chosen,
Zn = Bnn + (1 — Bn) Sy,
Yn = oy + (1 — ay)Szn,
Co ={v€C: |lyn —v[* < |20 —v]?
+(1 = an)([|zall® = llzall? + 2(an — 20, 0))},
Qn ={veC:(xg—xn,x, —v) >0},

Tpt1 = PCannUUm

and also defined another iterative algorithm

xo € C arbitrarily chosen,

Yn = anzo + (1 — ap)Sxp,

Cn ={veC: |lyn —vl” < [lzn — v
o ([|lzol|* + 2(an — 0, )},

Qn ={veC:(xy— xp,z, —v) >0},

Tpt1 = PCannUUm

where {a,}7°, and {f,} 2, are sequences in the interval [0,1]. They proved
that both the sequence {x,} generated by algorithm (1.2) and the sequence {z,}
generated by algorithm (1.3), converge strongly to the same point Fr(5)%o.

Very recently, utilizing Nakajo and Takahashi’s idea [16], Qin and Su [20] mod-
ified algorithms (1.2) and (1.3) for relatively nonexpansive mappings in a Banach
space F/. They first introduced one iterative algorithm for a relatively nonexpansive
mapping S : C — C, with C a closed convex subset of a uniformly convex and
uniformly smooth Banach space E

(1.4)

xo € C arbitrarily chosen,

2 = J  (BpJan + (1= Bn)J San),

Yn = J N anJzn + (1 — ay)JSz,),

Cn ={v € C: d(v,yn) < and(v,20) + (1 — an) (v, 20},
Qn ={velC:(x,—v,Jrg— Jx,) >0},

Tpt1 = chanxo,
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where J is the single-valued normalized duality mapping on E, ¢(x,y) = ||z||* —
2(x, Jy) + ||y||? for all z,y € E and Ilc : E — C is a mapping that assigns to
an arbitrary point € E the minimum point of the function ¢(y, z). Second, they
also defined another iterative algorithm

xo € C arbitrarily chosen,

Y = J HanJzo + (1 — an)JSy,),

(1.5) Co = {0 € C = 3(0, ) < and(v,20) + (1 — ) (v, 22},
Qn ={velC:(x, —v,Jrg— Jx,) >0},

Tptl = chanxo.

They proved that under appropriate conditions both the sequence {z,,} generated
by algorithm (1.4) and the sequence {z,,} generated by algorithm (1.5), converge
strongly to the same point 1 (s)zo.

On the other hand, let 7' : H — 2" be a maximal monotone operator in a real
Hilbert space H. The problem of finding an element € H such that 0 € Tz is
very important in the area of optimization and related fields.

Example 1.1. If T = O0f the subdifferential of a proper lower semicontinuous
convex function f : H — (—o0, o0], then T' is a maximal monotone operator and
the inclusion 0 € 9 f(x) is equivalent to f(x) = min{f(z) : z € H}.

Example 1.2. Let C be a nonempty closed convex subsetof H. Let A : C — H
be a monotone and Lipschitz continuous mapping and Ngowv be the normal cone to
CatvedC,ie, Nov={we H: (v—y,w) >0, Vy € C}. Consider the
following variational inequality problem (for short, VI(A, C)): find a T € C such
that

(AZ,y —7) >0 forallyeC.

Define T : H — 2 as follows:
Av+ Nev, ifveC,
Tv =
0, ifvodC.
Then T is maximal monotone and 0 € Tw if and only if v is a solution of the

VI(A, C); see [23].

A method for solving the inclusion 0 € Tz is the proximal point algorithm.
Denote by I the identity operator on H. The proximal point algorithm generates,
for any initial point o = x € H, a sequence {z,,} in H, by the iterative scheme

(1.6) Tppr =T +r,T) 2, n=0,1,2, ...,
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where {r,} is a sequence in the interval (0, c0). Note that (1.6) is equivalent to

1
(1.7) 06Txn+1—|—r—(xn+1—xn), n=20,1,2,..

n

This algorithm was first introduced by Martinet [18] and generally studied by Rock-
afellar [24] in the framework of a Hilbert space. Later many authors studied the
convergence of (1.6) in a Hilbert space or a Banach space. See for instance, [7, 9,
10, 13, 21, 25] and the references therein. Rockafellar [24] proved that if 7710 # ()
and lim inf,, . r, > 0, then the sequence generated by (1.6) converges weakly to
an element of 7710. Further, Rockafellar [24] posed an open question of whether
or not the sequence generated by (1.6) converges strongly to an element of 710.
This question was solved by Giiler [10], who introduced an example for which the
sequence generated by (1.6) converges weakly but not strongly. On the other hand,
Kamimura and Takahashi [11] and Solodov and Svaiter [26] recently modified the
proximal point algorithm to generate a strongly convergent sequence. Solodov and
Svaiter [26] introduced the following algorithm:

xo € H arbitrarily chosen,
1
0 :Un+r_(yn_xn)7 v, € Tyn,
n
(1.8) H, ={ve H: (v—yp,v,) <0},
W, ={veH: (v—mz,,x9—x,) <0},

Tn+1 :PHnﬁan07 n:071727"'7

where Py denotes the metric projection from H onto a nonempty closed convex
subset K of H. They proved that if 7710 # () and liminf,,_,o 7, > 0, then the
sequence generated by algorithm (1.8) converges strongly to Pr—1gxq.

Let E be a real Banach space with the dual £*. A multivalued operator 7" :
E — 2F" with domain D(T) = {z € E : Tz # ()} is called monotone if (x; —
x2,y1 —Yya) > 0 for each z; € D(T') and y; € Tx;, i = 1,2. A monotone operator
T is called maximal if its graph G(T') = {(z,y) : y € Tz} is not properly contained
in the graph of any other monotone operator. Recently, Kamimura and Takahashi
[12] introduced and studied the following proximal-type algorithm in a uniformly
convex and uniformly smooth Banach space F, which is an extension of (1.8):

xo € E arbitrarily chosen,
1
0=u,+ T—(Jyn —Jn), vy € Tyn,
n
(19) HTL = {'U c E <’U - yn7vn> S 0}7
W, ={veE:(v—uay, Jrg— Jr,) <0},

Tn+1 :HHnﬁan07 n:071727"'7
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where {r,} is a sequence in the interval (0, 00) and J is the normalized duality
mapping on E. They derived a strong convergence theorem which extends and
improves Solodov and Svaiter’s result [26].

Let E be a real Banach space with the dual E*. AssumethatT : E — 25" isa
maximal monotone operator and S : £ — FE is a relatively nonexpansive mapping.
The purpose of this paper is to introduce and study two new hybrid proximal-type
algorithms (1.10) and (1.11) in a uniformly convex and uniformly smooth Banach
space E, which combine (1.4) with (1.9) and (1.5) with (1.9), respectively.

Algorithm I.

xo € E arbitrarily chosen,

0 =wv, + %(Jiﬁn —Jxy), v, € TZy,

o = T (BuEn + (1 — ) IS,

Yn = J o JTn + (1 — ) JSzy),

H, ={veE: vy, < anp(v,z,)

+(1 — ap)d(v, z,) and (v — T, vy,) < 0},

Wy, ={veE: (v—uz,Jry— Jr,) <0},

(1.10)

Tn+1 =g, nw,z0, n=0,1,2,..,
where {r,}5° is a sequence in (0, 00) and {ay}22,, {B,}02,, are sequences in
[0, 1].
Algorithm II.
xo € E arbitrarily chosen,
0 =v,+ %(Jiﬁn —Jxy), v, € TZy,
Yn = J_l(a:Jxo + (1 — o) JSTy),
(1.11) H, ={veE:pu,y, < and(v,xo)
+(1 — ap)d(v, Tp) and (v — Ty, v,) < 0},
Wy, ={veFE: (v—uax,Jry— Jr,) <0},

Tn+1 :HHnﬁan07 n:071727"'7
where {r,}5, is a sequence in (0, 00) and {a, }2°, is a sequence in [0, 1].

In this paper, strong convergence results on these two hybrid proximal-type
algorithms are established; that is, under appropriate conditions, both the sequence
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{z,,} generated by algorithm (1.10) and the sequence {x,,} generated by algorithm
(1.11), converge strongly to the same point Il-15np(5yZ0. Moreover, these new
results are applied to the problem of finding a minimizer of a convex function on
a uniformly convex and uniformly smooth Banach space. Our results represent the
improvement, generalization and development of the previously known results in the
literature including Solodov and Svaiter [12], Kamimura and Takahashi [12] and
Qin and Su [20].

Throughout this paper the symbol — stands for weak convergence and — for
strong convergence.

2. PRELIMINARIES

Let E' be a Banach space with the dual E*. We denote by J the normalized
duality mapping from E to 2F" defined by

Jo={f" € B*: (z, f*) = |l = | f*I*},

where (-,-) denotes the generalized duality pairing. It is well known that if E' is
smooth then J is single-valued and if E' is uniformly smooth, then J is uniformly
norm-to-norm continuous on bounded subsets of £/. We shall still denote the single-
valued duality mapping by J.

Recall that if C' is a nonempty closed convex subset of a Hilbert space H and
Po : H — C is the metric projection of H onto C, then Po is nonexpansive.
This fact actually characterizes Hilbert spaces and hence, it is not available in more
general Banach spaces. Nevertheless , Alber [2] recently introduced a generalized
projection operator Il in a Banach space E which is an analogue of the metric
projection in Hilbert spaces.

Next, we assume that E' is a smooth Banach space. Consider the functional
defined as in [1,2] by

(2.1) $w,y) = 2|* = 2z, Jy) + |ly|* forall w,y € E.

It is clear that in a Hilbert space H, (2.1) reduces to ¢(z,y) = ||z —yl||?, Yo,y € H.

The generalized projection Il : E — C'is a mapping that assigns to an arbitrary
point x € E the minimum point of the functional ¢(y, x); that is, IIcx = T, where
T is the solution to the minimization problem

(2.2) (7, z) = miné(y, ).

The existence and uniqueness of the operator I~ follows from the properties of
the functional ¢(z,y) and strict monotonicity of the mapping J (see, e.g., [3]). In
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a Hilbert space, Il = Po. From [2], in uniformly convex and uniformly smooth
Banach spaces, we have

(2.3) Iyl = llz)? < é(y, 2) < (lyll + l|l=])* for all 2,y € E.

Let C be a closed convex subset of £, and let S be a mapping from C into itself.
A point p in C is called an asymptotically fixed point of .S [17] if C' contains
a sequence {x,} which converges weakly to p such that Sz, — x,, — 0. The
set of asymptotical fixed points of S will be denoted by ﬁ(S) A mapping S
from C into itself is called relatively nonexpansive [4-6] if F(S) = F(S) and
o(p, Sz) < ¢(p,x) for all z € C and p € F(S).

A Banach space E is called strictly convex if |Zf2|| < 1 for all 2,y € E
with ||z = |ly]] = 1 and = # y. It is said to be uniformly convex if x, —
yn, — 0 for any two sequences {x,}, {yn} C E such that ||z,| = ||y,|| = 1 and
limy, oo || 22542 || = 1. Let U = {z € E : ||z|| = 1} be a unit sphere of E. Then
the Banach space FE is called smooth if

o+ tyl — o]
t—0 t

exists for each xz,y € U. It is also said to be uniformly smooth if the limit is
attained uniformly for x,y € U. Recall also that if F is uniformly smooth, then J
is uniformly norm-to-norm continuous on bounded subsets of E. A Banach space
is said to have the Kadec-Klee property if for any sequence {z,} C E, whenever
xn — x € E and ||z, || — ||z||, we have x,, — z. It is known that if E is uniformly
convex, then F has the Kadec-Klee property; see [8,19] for more details.

Remark 2.1. [20]. If E is a reflexive, strictly convex and smooth Banach
space, then for any z,y € F, ¢(z,y) = 0 if and only if z = y. It is sufficient
to show that if ¢(x,y) = 0 then z = y. From (2.3), we have ||z|| = ||y||. This
implies that (z, Jy) = ||z||? = ||y||>. From the definition of .J, we have Jz = Jy.
Therefore, we have x = y; see [8,19] for more details.

We need the following lemmas for the proof of our main results.

Lemma 2.1. (Kamimura and Takahashi [12]). Let E be a uniformly convex
and smooth Banach space and let {x,} and {y,} be two sequences of E. If
&(xn, yn) — 0 and either {x,} or {y,} is bounded, then x,, — y, — 0.

Lemma 2.2. (Alber [2]). Let C be a nonempty closed convex subset of a
smooth Banach space E and x € E. Then, xq = llcx if and only if

(z —x9,Jxg— Jz) >0 forall z € C.
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Lemma 2.3. (Alber [2]). Let E be a reflexive, strictly convex and smooth
Banach space, let C' be a nonempty closed convex subset of E and let x € E. Then

o(y, ex) + ¢(Heox, x) < ¢(y,z) for ally € C.

Lemma 2.4. (Matsushita and Takahashi [15]). Let E be a strictly convex
and smooth Banach space, let C' be a closed convex subset of E, and let S be
a relatively nonexpansive mapping from C' into itself. Then F(S) is closed and
convex.

3. MAIN RESULTS

Throughout this section, unless otherwise stated, we assume that 7' : £ — 2E”
is a maximal monotone operator and S : £ — F is a relatively nonexpansive
mapping. In this section, we study the following algorithm in a smooth Banach
space F, which is a combination of (1.4) with (1.9).

xo € E arbitrarily chosen,
0 =wv, + %(Jiﬁn —Jxy), v, € TZy,
on = T (BT + (1 — £)JSTn),
Yn = J NanJZTn + (1 — ay)JS2,),
H, ={veE: oy, < anp(v,z,)
+(1 — ap)d(v, z,) and (v — T, v,) < 0},
Wy, ={veE: (v—u,Jrg— Jr,) <0},

Tn+1 :HHnﬁan07 n:071727"'7

where {r,}5°, is a sequence in (0,00) and {o, }5°,, {Bn}, are sequences in
[0, 1].

First we investigate the condition under which the algorithm (3.1) is well defined.
Rockafellar [23] proved the following result.

Lemma 3.1. [23]. Let FE be a reflexive, strictly convex, and smooth Banach
space, and let T : E — 2F" be a monotone operator. Then T is maximal if and
only if R(J +rT) = E* for all r > 0.

Utilizing this theorem, we can show the following result.



On Hybrid Proximal-Type Algorithms in Banach Spaces 2017

Lemma 3.2. Let F be a reflexive, strictly convex, and smooth Banach space.
If T7Y0N F(S) # 0, then the sequence {x,} generated by algorithm (3.1) is well
defined.

Proof. For each n > 0, define two sets C}, and D,, as follows:
Cn = {'U S ¢('U7 yn) < an¢(v, En) + (1 - Ocn)¢(’u, Zn)}
and D,={veFE:(v—o,v,) <0}

It is obvious that C,, is closed and D,,, W,, are closed convex sets for eachn > 0. Let
us show that C), is convex. For v;,ve € Cy, and t € (0, 1), put v = tvy + (1 —t)vs.
It is sufficient to show that v € C,,. Indeed, observe that

PV, yn) < and(v, Tn) + (1 = an)d(v, zn)
is equivalent to
200 (v, J&n) +2(1 =) (v, J2n) =2(0, Jyn) < | Tl + (L —an) 2l = llyn .
Note that there hold the following
SV, yn) = 0I* = 2(v, Tyn) + llyall®s  &(v,Z0) = [J0]I* = 2(v, JZp) + [|Z]®
and ¢ (v, z,) = ||v]|?> — 2{v, J2,,) + ||zn||?. Thus we have
200, (v, JZ) + 2(1 — ) (v, J2p,) — 2(v, Jyp)
= 20y, (tvg + (1 — t)ve, JT)
+2(1 — o) (tvr + (1 — t)va, Jz) — 2(tvr + (1 — t)ve, Jyn)
= 2tay, (v1, JTn) + 2(1 — )y (ve, JTp) + 2(1 — ap ) t{v1, Jz)
+2(1 — ap) (1 = t)(va, Jzp) — 2t(v1, Jyn) — 2(1 — t){va, Jyn)
< an|Zal? + (1 = an)llzal® = llyal®.

This implies that v € C,,. Therefore, C, is convex and hence H,, = C, N D,, is
closed and convex.

On the other hand, let w € T~10N F(S) be arbitrarily chosen. Then w € T-10
and w € F(S). From (3.1), we have for w € F(5)

d(w, yn) = ¢(w, J (o JTn + (1 — ) JS2,))
= ||lw|® = 2(w, anJF, + (1 — ) JS2) + || JTp + (1 — 0) TS 2|2
< Jlwl|? = 20 (w, JZn) = 2(1 = an)(w, JSz) + an|[Znl|* + (1 — ) [|S 2|
< and(w, ) + (1 — ay)p(w, Szy)
< and(w, ) + (1 — ap)p(w, z,).
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So w € C, for all n > 0. Now, from Lemma 3.1 it follows that there exists
(To,v0) € E x E* such that 0 = vy + %(JBEO — Jxg) and vy € TZ. Since T is
monotone, it follows that

<fo —w, ’U0> Z 0,

which implies that w € Dy and hence w € Hy. Furthermore, it is clear that
w € Wy = E. Then w € HoN Wy, and therefore 1 = Ily,nw,xo is well defined.
Suppose that w € H,,_1 " W,,_1 and x,, is well defined for some n > 1. Again by
Lemma 3.1, we deduce that (Z,, v,) € E x E* such that 0 = v,, + %(J’fn —Jxy,)
and v, € TT,. Then from the monotonicity of T" we conclude that

(T, —w,vp) >0
which implies that w € D,, and hence w € H,,. It follows from Lemma 2.4 that
(w—xp, Jrog — Jon) = (w — Iy, Aw, %0, Jxo — Ju, Aw, o) <0,
which implies that w € W,,. Consequently, w € H, N W,, and so 770N F(S) C

H,, " W,. Therefore x,,11 = Ilg, nw, xo is well defined. Then, by induction, the
sequence {xz,} generated by (3.1) is well defined for each nonnegative integer n.m

Remark 3.1. From the above proof, we obtain
T'0nF(S)c H,NnW,
for each nonnegative integer n.
Now we are in a position to prove the main theorems.
Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach
space. Let {r,}5°  be a sequence in (0,00) and {an}52 o, {8}, be sequences

in [0, 1] such that

liminfr, >0, limsupa, <1 and lim 3, =1.
n—00 N—00 n—00

Let T~'0 N F(S) # 0. If S is uniformly continuous, then the sequence {x,}
generated by algorithm (3.1) converges strongly to Il p-14n F(S)%o-

Proof.  First of all, it follows from the definition of W, that x,, = Ilw, xo.
Since xp4+1 = g, nw,xo € Wy, we have

d(xn, 20) < ¢(xny1,20) for alln > 0.
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Thus {¢(xy, zg)} is nondecreasing. Also from z,, = Iy, z¢p and Lemma 2.3, we
have that

d(n, 20) = ¢(Ilw, 0, 20) < P(w, 20) — (W, T7) < G(w, 0)

for each w € T~10N F(S) C W, and for each n > 0. Consequently, {¢(x,, z0)}
is bounded. Moreover, according to the inequality

(lzall = llzol)? < ¢, x0) < (|2all + llzoll)?,
we conclude that {z,} is bounded. Thus, we have that lim,, o ¢(xy, z¢) exists.
From Lemma 2.3, we derive
¢ (Tnt1,Tn) = ¢(Tnt1, lw, 20)

< ¢(@nt1, o) — ¢(Hw, 20, 20)

S S

(41, m0) — (i, To)

for all n > 0. This implies that ¢(zy41, z,) — 0. So it follows from Lemma 2.1
that 41 — 2, — 0. Since zp4+1 = g, ~w, 20 € Hy, from the definition of H,,
we also have

(3 2) ¢(xn+17 yn) < Oén(b(xn-f—lv ?ETL)
' +(1 — an)d(Tnt1,2n) and  (Tpp1 — Tp,vy) < 0.

Observe that
G(Tnt1520) = O(@ns1, T (BT T + (1= 50) JSTn))
= |lzns1ll* = 2{@nt1, BudTn + (1 = Bn) JSTn)
HBn T T + (1 — Bn) I STy |12
< N @ns1l? = 28n{@nt1, JTn) — 2(1 = Bo)(pt1, JSTn)
0|1 Znll® + (1 = B,) 1%
= Bn®(Tnt1,Tn) + (1 = Bp)d(Tni1, STh).

(3.3)

At the same time,
S(Lp, T, Tn) = 6T, 2n) = |[pr, zal® = 1|Znll? + 2(&n — i, 20, J20)
> 2y, xn — Tp,y JT0) + 2(xy, — g, 20, J,)
= 2(x, — Up, zp, Jx, — JTp).
Since I,z € Hy and vy, = ;- (Jxn — JZ,), it follows that

(T, — U, xp, Jpy — JTp) = 10Ty — g, xp,v,) >0
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and hence that ¢(Ily, xp, x,) > ¢(Zy, z,). Further, from z, 41 € H,, we have
¢(xn+17 xn) > ¢(Hannv xn)a which yields

H(Tnt1, Tn) > O(U g, Tn, Tn) > (T, Tn).

Then it follows from ¢(zy11, x,) — 0 that ¢(z,,, x,,) — 0. Hence it follows from
Lemma 2.1 that z,, — z,, — 0. Since from (3.2) we derive

&1, ) = O(Fns 1)
= l[@nr1l® = 2@nsr, JTa) + |1Z0ll* = (1Z0l® — 2(Fn, Jwn) + 24])
= l[@nt1l® = llznll® = 221, JEn) +2(Tn, J2n)
= |[@nt1|® = llenll® = 2(zns1 — T, Jn — Jp)
—2(Tpy1 — T, JTp) + 2(Tyy, Jyy — JTp,)
= [[@nt1]® = l[@nll® + 2rn(Zn41 — Fn, vn) — 2{Tnt1 — Tn, J20)
+2(Tp, Jrpn — JZy)
< a1l = 2l = 2(zna1 = Fn, Jz0) + 20|l 25 — TZ
< ([znsa [ = lzal) (lznra I+ lznll) +2lzn 1 —Zn llzn | 420 Zn]l[| T2 — 20 |
< lent1 = zoll([2ngall + [[2nl)) + 201zne — 2zull + 20 — Zol)) |24l
we have
(i1, Tn) < G(Tn, 2n) + l2n1 — Zall (lzneall + lzal)
+2([[nt1 = zall + [ln = ZolDll@nll + 2Tl 20 — JZn |-

Thus from ¢(z,,z,) — 0, z, — 2, — 0 and 41 — z, — 0, we know that
¢(zpt1,Tpn) — 0. Consequently from (3.3), ¢(Z, x,) — 0 and G,, — 1 it follows
that

(3.4) d(Tpt1,2n) — 0.
So it follows from (3.2), ¢(zp+1,2Zn) — 0 and ¢(x,11, 2,) — O that
(3.5) ¢(Tn41,Yn) — 0.

Utilizing Lemma 2.1 we obtain

(3.6) lim ||zp11 — ynll = lim ||2p41 — Zp]| = lm ||2p41 — 24| = 0.
n—oo n—oo n—oo

Since J is uniformly norm-to-norm continuous on bounded subsets of £ we have

(3.7a) lim ||Jzpt1 — Jyn|| = lim ||Jzpi — JZ,] = 0.
n—oo n—oo
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On the other hand, we have
[0 = 20l < llen = Znga | + (2011 = 2all-
It follows from z, 1 — 2, — 0 and z,41 — 2, — O that
(3.7b) lim ||z, — z,] = 0.
n—00
Noticing that

[JZnt1 — Jynll = J2ns1 — (nJTn + (1 — an)JS2) ||
= |lan(Jzpt1 — JZn) + (1 — ) (Jxpg1 — JSzn)||
= (1 = an)(Jont1 — JSzn) — an(JTn — Japia)||

> (1= an)[Jap1 — ISzl — anl|JZn — Jons ],

we have

| J2pt1 — JSzn| < ([ J2nt1 = Jynll + anl|JZn — JTpia]]).

1—a,
From (3.7) and lim sup,,_,., an < 1, we obtain

lim ||Jzp41 — JSz,|| = 0.
n—oo

Since J~! is also uniformly norm-to-norm continuous on bounded subsets of E*,
we obtain

(3.7¢) lim ||zp41 — Szp| = 0.
n—oo
Observe that
|2n — S|l < |20 — Tpga || + |Tng1 — Szall + [|Szn — Sz

Since S is uniformly continuous, it follows from (3.7b), (3.7¢) and ;41 — 2, — 0
that x,, — Sz,, — 0.

Finally we prove that , — Tlp-19np(s)To. Indeed, assume that {z,, } is a
subsequence of {x,} such that z,, — Z € E, then © € F(S). Now let us show
that # € T~'0. Since z,, — Z,, — 0, we have that Z,,, — Z. Moreover, since J is
uniformly norm-to-norm continuous on bounded subsets of £ and lim inf,, o, 7, >
0, we obtain

1
Uy, = r_(an — Jz,) — 0.
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It follows from v, € T'Z,, and the monotonicity of T that
(2 —Tp, 2" —wvy) >0
for all z € D(T') and 2’ € T'z. This implies that
(z—7,2'Y >0

for all z € D(T) and 2’ € Tz. Thus from the maximality of 7', we infer that
T € T710. Therefore 7 € T-10N F(S).

Next let us show that £ = Ilp-19np(5)Zo and convergence is strong. Put
T = HT—loﬁF(S)xO- From zp41 =g, nw, 2o and T € T-'on F(S) C H,NW,,
we have ¢(zn41,20) < ¢(T,x0). Now from weakly lower semicontinuity of the
norm, we derive

3(F, x0) = |2 — 2(F, Jao) + ||z
< liminf(|an, > = 2(wn,, Jro) + [l20]%)

= liminf ¢(x,,, 20)
1— 00

< lim sup ¢(zn,, o)
1—00

< (ﬁ(f, xO)'

It follows from the definition of Ily-19np(s)zo that 7 = T and hence
Alim ¢(mnl, 1‘0) = (ﬁ(f, .’L‘Q).
1—00

So we have lim;_. ||zy,|| = ||Z||. Utilizing the Kadec-Klee property of E, we
conclude that {x,,} converges strongly to Ilp-19np(s)zo. Since {zy,} is an arbi-
trarily weakly convergent sequence of {x;, }, we know that {z,,} converges strongly
to IIp-19np(s)%o. This completes the proof. ]

Corollary 3.1. (Kamimura and Takahashi [12, Theorem 8]). Let E be a
uniformly convex and uniformly smooth Banach space. If T =10 # () and {ra}se, C
(0, 00) satisfies liminf,, .o, > 0, then the sequence {x,} generated by the
following algorithm

o € E arbitrarily chosen,

0 =wv,+ %(Jiﬁn —Jxyn), vy € TZy,
(3.8) Hy = {v€E: (v—Fn v <0},
Wy, ={veE: (v—uz,Jry— Jr,) <0},

Tn+1 :HHnﬁan07 n:071727"'7
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converges strongly to Il p-15x.

Proof. In Theorem 3.1, we take a,, = 0 and (5, = 1 for all n, and S = I the
identity mapping of E. Then Z,, = z, = y, for all n, and hence H,, = {v € E :
(v — Zp,vy) < 0}. Thus algorithm (3.1) reduces to algorithm (3.8). By Theorem
3.1 we obtain the desired result. ]

We remark that Theorem 3.1 covers [20, Theorem 2.1] as a special case.

Theorem 3.2. Let E be a uniformly convex and uniformly smooth Banach
space. Let T : E — 2F" be a maximal monotone operator and S : E — FE be
a relatively nonexpansive mapping. Assume that {r ,}>2 , is a sequence in (0, c0)
satisfying liminf,, .o rn, > 0 and that {c,, }2° is a sequence in (0, 1) satisfying
lim,, 0 @, = 0. Define a sequence {x,,} by the following algorithm

xo € E arbitrarily chosen,

0 =uv,+ %(Jiﬁn —Jxy), v, € TZy,
Yn = J_l(a:Jxo + (1 — o) JSTy),
(3.10) H, ={veE:pvy, < and(v,xo)
+(1 — ap)d(v, Tp) and (v — Ty, v,) < 0},
Wy, ={veFE: (v—ux,Jry— Jr,) <0},

Tn+1 :HHnﬁan07 n:071727"'7

where J is the single-valued duality mapping on E. Let T ~'10NF(S) # 0. If S is
uniformly continuous, then {x,} converges strongly to I11-1yn F(S)%0-

Proof. For each n > 0, define two sets C), and D,, as follows:

Cn = {’U S ¢(’U7yn) < an¢(v7x0) + (1 - O‘n)(ﬁ(vv%n)}
and D, ={veFE:(v—1I,, v, <0}

It is obvious that C,, is closed and D,,, W,, are closed convex sets for each n > 0.
Let us show that C), is convex and so H,, = C,,N\D,, is closed and convex. Similarly
to the proof of Lemma 3.2, since

¢(’U7 yn) < an¢(vv .’L‘o) + (1 - O‘n)(ﬁ(vv%n)
is equivalent to

200, (v, Jwo) +2(1 = ) (v, J&n) =2(v, Jyn) < nllzol*+ (1 =) |1 ]|* = Iy,
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we know that C,, is convex and so is H,, = C,, N D,,. Next, let us show that
T10N F(S) c C, for each n > 0. Indeed, we have, for each w € F(S)

d(w,y,) = o(w, J HanJzg + (1 — ) JSTy,))
= |lw|]?— 2{w, anJzo + (1— ) JST,) + ||an Tz + (1— ) J STy ||
< wl|? = 20, (w, Jxo) — 2(1 — o) (w, JST,)
+an|zol|* + (1 — )| S
< and(w, x0) + (1 — an)d(w, SZp)
< and(w, x0) + (1 — an)p(w, Tn).

So w € C,, for all n > 0 and F(S) C Cy,. As in the proof of Lemma 3.2, we can
obtain w € D,, and hence w € H,,. It follows from Lemma 2.4 that

(w—xp, Jrg — Ja,) = (w — U, ~w,_ %0, Jro — JIH, aw,_,20) <0,

which implies that w € W,,. Consequently, w € H,, N W,, and so T~10 N F(S) C
H, N W, for all n > 0. Therefore, the sequence {x,} generated by (3.10) is well
defined. As in the proof of Theorem 3.1, we can obtain ¢(z,+1,2,) — 0. Since
Tn+1 = g, nw, o € Hy, from the definition of H,, we also have

A(Tni1,Yn) < n@d(Tny1, 20) + (1 —an)P(Tny1, Tn) and  (Tpy1—Tn, vp) < 0.

As in the proof of Theorem 3.1, we can deduce not only from ¢(z;, 41, x,) — 0 that
&(Tp, ) — 0 but also from ¢(zp, x,) — 0, z, — Ty, — 0 and x4 — z, — 0
that

(3.11) lim ¢(xp41,Ty) = 0.
n—oo
Since x,,4+1 = g, nw, 20 € Hy, from the definition of H,,, we also have
A(Tnt1,Yn) < @nd(Tnt1, To) + (1 — an)P(Tnt1, Tn)-
It follows from (3.11) and «,, — 0O that
(3.12) lim ¢(xp41,yn) = 0.
n—oo
Utilizing Lemma 2.1 we have
(3.13) lim ||zp41 — ynl = lm ||Zp41 —2zp]] = lim |24 — 2] = 0.
n—oo n—oo n—oo
Since J is uniformly norm-to-norm continuous on bounded subsets of £ we have

(3.14) lim [[Jzps1—Jyn|| = lim ||Jzpi —Jay| = lim ||J2p—JZ,] = 0.
n—oo n—oo n—oo
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Note that

| JSTp — Jynll = ||JSTy, — (anJzo + (1 — ) JSZy) ||
= ap||Jzo — JSZy||.

Therefore, we have
lim ||JSZ, — Jy,|| = 0.
n—oo

Since J~! is also uniformly norm-to-norm continuous on bounded subsets of E*,
we obtain

(3.15) lim ||SZ, — yn|| = 0.
n—oo
It follows that
(3.16) |lzn — Szpll < ll2n —zpia |+ |2n+1 = ynll +[yn — SZull + | STn — Sy |.

Since S is uniformly continuous, it follows from (3.13) and (3.15) that x,,—Sx,, — 0.

Finally, we prove that x,, — Tlp-19np(s)z0. Indeed, assume that {z,,} is a
subsequence of {x,} such that z,, — Z € E, then = € F(S). Now let us show
that z € T-10. Since x,, — Z,, — 0, we have that Zn, — Z. Moreover, since J is
uniformly norm-to-norm continuous on bounded subsets of £ and lim inf,, o, 7, >
0, we obtain that v,, = %(an — JZ,) — 0. It follows from v, € TZ, and the
monotonicity of 7' that (z — &,z — v,) > 0 for all z € D(T) and 2’ € T=.
This implies that (z — Z,2") > 0 for all z € D(T) and 2’ € Tz. Thus from the
maximality of T, we infer that 7 € T'0. Therefore Z € 7710 N F(S). Now,
put T = Hp-19qp(s)T0. From z,11 = Hy,aw,z0 and T € T710N F(S) C
H, "W, we have ¢(zp4+1,x0) < ¢(T,z0). On the other hand, from weak lower
semicontinuity of the norm, we obtain

¢(T, x0) = ||Z]1* — 2(F, Jxo) + [|wo®
< lim inf([|zn, I = 2(zn,, Jxo) + [l %)
= lim inf ¢(y,, 20)
1—00

< lim sup ¢(xp,, o)

1—00
< é(T, 20)-
It follows from the definition of Il 19 ()70 that 7 = T and hence lim; .o ¢(zn,, T0) =
(T, ). So, we have lim;_. ||zp,|| = ||Z||. Utilizing the Kadec-Klee property

of E, we know that {z,,} converges strongly to Ilp-19np(syTo. Since {zp,} is
an arbitrary weakly convergent sequence of {z,}, we know that {x,} converges
strongly to Ilp-19np(s)zo. This completes the proof. ]

We remark that Theorem 3.2 covers [20, Theorem 2.2] as a special case.
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4. APPLICATION

Let f : E — (—o0,00] be a proper convex lower semicontinuous function.
Then the subdifferential 0 f of f is defined by

Of(z) ={veE": fly) > f(z) +{y—2z,v), Vy € E} forall z € FE.

Using Theorems 3.1 and 3.2, we consider the problem of finding a minimizer of
the function f.

Theorem 4.1. Let E be a uniformly convex and uniformly smooth Banach
space. Let f : E — (—o0, 0] be a proper convex lower semicontinuous function
and S : E — E be a relatively nonexpansive mapping. Assume that {r ,}>>, C
(0, 00) satisfies iminf,,_ oo 1, > 0 and that {ap}22 o, {Bn}o2, are sequences in
[0, 1] such thatlim sup,,_, o o, < 1 andlimy,_,o By, = 1. Let {x,} be the sequence
generated by

xo € E arbitrarily chosen,

~ - 1 2 1
T, = argmin,cp{f(2) + %HZH o

(2, Jan)},
0 = v, + %(J'fn _ Jan), v € Of(Fn),
2y = I (Bud T + (1= Bn)JSTn),
Yn = J NanJZTn + (1 — ay)JS2,),
H, ={veE: oy, < anp(v,z,)
+(1 — ap)d(v, z,) and (v — T, v,) < 0},
Wy, ={veE: (v—u,Jrg— Jr,) <0},

Tn+1 :HHnﬁan07 n:071727"'7

where J is the single-valued duality mapping on E. Let (0f) 710N F(S) # 0. If
S is uniformly continuous, then {x,} converges strongly to the minimizer of f.

Proof. Since f : E — (—00,00] is a proper convex lower semicontinuous
function, by Rockafellar [22], the subdifferential 9f of f is a maximal monotone
operator. We also know that

~ . 1 1
T = argmine p{f(2) + 5 —[|2” = — (2, Jan)}
Ty T

n
is equivalent to

1 1
0 € 0f (@n) + —JFn — —Jan.

Tn
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Thus, we have v,, € f(Z,) such that 0 = v,, + %(J’fn — Jzy). By Theorem 3.1
we obtain the desired result.

We remark that Theorem 4.1 covers [12, Theorem 9] as a special case.

Theorem 4.2. Let E be a uniformly convex and uniformly smooth Ba-
nach space. Let [ : E — (—o00,00| be a proper convex lower semicontinuous
function and S : E — E be a relatively nonexpansive mapping. Assume that
{rn}sey C (0, 00) satisfies liminf,, .o 7, > 0 and that {a,}32, C (0, 1) satisfies
lim,, o0 @, = 0. Let {x,} be the sequence generated by

o € E arbitrarily chosen,

~ . 1 2 1
o = sngmincp {12 5= e )
0 :vn—i—r—(JEEn—an), v € Of(Tn),

(43 Yo = I (ando + (1 — ) JST,),
H, ={veE: oy, < anp(v,xp)

+(1 — ap)d(v, Tp) and (v — Ty, vy,) < 0},
Wy, ={veE: (v—uz,Jry— Jr,) <0},

Tn+1 :HHnﬁan07 n:071727"'7

where J is the single-valued duality mapping on E. Let (0f) 10N F(S) # 0. If
S is uniformly continuous, then {x,} converges strongly to the minimizer of f.

Proof. As in the proof of Theorem 4.1, we know that
~ . 1 5 1
Tn = arginep{f(2) + 5 —[l2]" = —(2, Jzn)}
Tn Tn

is equivalent to
~ 1 1
0€af(x,) + r_an — —Jx,.

n rn

Thus, we have v,, € f(Z,) such that 0 = v,, + %(J’fn — Jz,). By Theorem 3.2
we obtain the desired result. []
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