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Schwarz Lemma at the Boundary for Holomorphic and Pluriharmonic

Mappings Between p-unit Balls

Jianfei Wang

Abstract. We give Schwarz lemma at the boundary for holomorphic mappings between
p-unit ball By C C" and BZJ)V C CV, where p > 2. When p = 2, this result reduces
to that of Liu, Chen and Pan [21] between the Euclidean unit balls, and our method
is new. By generalizing pluriharmonic Schwarz lemma of Chen and Gauthier [5] from
p =2 to p > 2, we obtain the boundary Schwarz lemma for pluriharmonic mappings
between p-unit balls.

1. Introduction

Schwarz lemma is a fundamental result of complex analysis, which plays an important role
in geometric function theory and complex geometry. The description of Schwarz lemma
has attracted many mathematicians’ attention, see [1,4,6,7,14,23]. In recent years, many
scholars have been interested in studying Schwarz lemma at the boundary of a domain.

The following boundary Schwarz lemma in one complex variable is well-known.

Lemma 1.1. [8,15,24] Let U be the unit disk of the complex plane C. Suppose f(z): U —
U is a holomorphic function. If f(z) is holomorphic at z =1 (or more generally, if f is
differentiable at z = 1), f(0) = 0 and f(1) = 1, then f'(1) > 1. Moreover, f'(1) =1 if
and only if f(z) = z.

If the condition f(0) = 0 is removed, applying Lemma to g(z) = 1:%8; %,

then one has the following estimate instead:

, 11— £(0)> _ 1—|f(0)]
(1.1) PO 2 7570 2 15 1£0)]

The boundary Schwarz lemma plays also important role in the classical complex analy-

> 0.

sis. For example, the Bieberbach conjecture and Bloch constant are the two most difficult

Received April 19, 2023; Accepted September 3, 2023.

Communicated by Min Ru.

2020 Mathematics Subject Classification. Primary: 32H02; Secondary: 31A05.

Key words and phrases. boundary Schwarz lemma, holomorphic mapping, pluriharmonic mapping.

This work was supported by the National Natural Science Foundation of China (Nos. 12071161,
11971165, 11971042) and Fujian Key Laboratory of Financial Information Processing (Putian University)
(No. JX(C202303).

125



126 Jianfei Wang

problems in the geometric function theory of one complex variable. Since De Branges
solved the Bieberbach conjecture in 1984, finding the exact value of the Bloch constant
is still pending until now. However, applying to boundary Schwarz lemma, Bonk [3]
improved the lower bound of the Bloch constant.

It is natural to generalize Lemma to several complex variables. Liu et al. 20,
Theorems 3.1 and 3.4] established the following boundary Schwarz lemma for holomorphic
self-mappings defined on the Euclidean unit ball B™ in C", which is a higher dimensional

version of Lemma [T.1]

Theorem 1.2. [20] Let f: B™ — B™ be a holomorphic mapping. If f is holomorphic at
20 € OB™ and f(z9) = wo € OB™, then the following statements hold.

(i) J4(20)To(OB™) C Taro(OB™), and Jy(20) Ty’ (OB™) C Tuy (9B™).

(ii) There is X € R such that Jf(zo)Two = A\zg, where
—T
- 1 — f(0) wo
A =15" Jp(20)20 > e > 0
’ L= O]

and Jf(zo)T is the transpose of conjugate matriz J¢(zo). If f(0) =0, then A > 1.

(iii) For any pj, there exists a; € 0B™ N Tz(ol’o) (0B™) such that
Jf(Zo)Oéj:,ujOéj, |[1,j| S\/X, j:2,...,n.

(iv) |det J;(20)| < A™HD/2 1 tr Jp(20)] < A+ VA(n — 1).
Moreover, these inequalities (ii), (iii) and (iv) are all sharp.

Interestingly, boundary Schwarz lemma plays also an important tool to the study of
geometric function theory in several complex variables, see [9,/11,/13}|16-20]26,27].
Recently, Liu et al. in |21, Theorem 1.1] gave a boundary Schwarz lemma for holomor-

phic mappings between the Euclidean unit balls in any dimensions as follows.

Theorem 1.3. [21] Let f: B® — BY be a holomorphic mapping for n,N > 1. If f is
CY for some a € (0,1) at 29 € OB™ and f(z) = wo € IBY, then we have

(i) J7(20) T2 (OB™) C Toy (OBN), and J;(20)To" (9B™) C T (9BN).

(ii) There exists A € R such that

T
Jp(z0) wo = Az,

[1-F(0) " wl
where A = T roe



Schwarz Lemma at the Boundary Between p-unit Balls 127

Furthermore, the following boundary Schwarz lemma for pluriharmonic mappings be-

tween unit balls was obtained by Liu, Dai and Pan in |22, Theorem 1.2].

Theorem 1.4. [22] Let f: B® — BN be a pluriharmonic mapping for n, N > 1. If f is
CYe for some a € (0,1) at 29 € OB™ and f(z) = wo € IBY, then we have

(1) Df(20)T=(0B") C Toy (OBY).
(ii) There exists X > 0 such that
DJ(zp) wh= Az,

. . 1—||f(0
where z{, and w(, are real version of vector zy and wy respectively, and X\ > 2‘2‘5&)” >

0.

Hamada [10] gave an improvement to A > 17”;(0)” > (0 under the weak condition that
the pluriharmonic mapping f is of C! at zo € OB".

In this paper, we consider Schwarz lemma at the boundary of the p-unit ball B defined
by

By ={(z1,-- ., 20) € C": |zl = (Jal” + - + )P < 1}, p2>2.

It is clear to see that B3 is the Euclidean unit ball of C", always written by B". If
2 < p < oo, the domain B, is a class of important weak psuedoconvex domains in C".
In view of the above results, the motivation for this paper can be summarized in terms

of the following question.

Question 1.5. Let p > 2 and n, N > 1. Suppose that f: B} — B;?V is a holomorphic or
pluriharmonic mapping. If f is of C! class at zg € OBy, f(20) = wo € OBI])V , then what

conclusions can we obtain about D f(zg)?

This paper is devoted to giving an affirmative answer to Question Compared
with the Euclidean unit ball for p = 2, the p-unit ball for p # 2 is not homogeneous.
There appears some difficulty because we can not proceed in analogy with Liu and Pan’s
idea |21] of p = 2. Our way to overcome this obstacle is to introduce the slice holomorphic
function and then apply the general boundary Schwarz lemma of the unit disk (i.e., the
inequality ) to the slice function, see Theorem As a consequence, we generalize
Schwarz lemma at the boundary for holomorphic mappings between p-unit balls from p = 2
to p > 2. Also, our idea is simple and new. Next, by extending pluriharmonic Schwarz
lemma of Chen and Gauthier [5] from p = 2 to p > 2, we then give a Schwarz lemma at
the boundary for pluriharmonic mapping between p-unit balls, which is Theorem [4.3]

The paper is organized as follows. In Section [2] we introduce some notations and
definitions. In Section [3] we introduce some lemmas which will be used to prove the main

results. In Section [d, we prove our main results.
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2. Preliminaries

To proceed further, let us first introduce some notations and definitions. Denote by C"

the n-dimensional complex Hilbert space with the inner product and the norm given by

(z,w) =Y zwy, ||zl = (z,2)"?,

J=1

where z,w € C". As real vectors in R*", z and w are orthogonal if and only if Re(z,w) = 0.
Throughout this paper, we write a point z € C™ as a column vector in n X 1 matrix

form
21

z2

Zn

Let Q2 C C™ be a domain. For a holomorphic mapping f: Q0 — C", we also write f as the

n X 1 matrix form

fi
f2
f= ;
In
where f; is a holomorphic function from @ to C, j = 1,...,n. The derivative of f at a

point z € € is the complex Jacobian matrix of f given by

Jp(z) = (8222))%'

Then J¢(z) is a linear mapping from C™ to C™. The symbol J;(z)? stands for the transpose
of the matrix Jy(z).

A domain means a connected open set in C" (or R") and the symbol J¢(z)7 stands for
the transpose of the matrix J;(z). Denote by C*(Q1,Q2) the set of k-times continuously
differential mappings from Q; C C" into Qs C C®. When k = 0, C°(Q1,Q2) = C(Q1,2)
denotes the set of continuous mappings from €2y into 2s.

The following definition is well-known.

Definition 2.1. A mapping f: 0 — C" is said to be differentiable at z € € if there exists

a bounded real linear map D f such that

NS R) = F(2) = DI

0.
h—0 |2l
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If f is differentiable at each point of €2, then f is said to be differentiable on . In this
case, the mapping
Df:zeQw— Df(2)

is called the derivative (or differential) of f on Q. If f is continuous in a neighborhood of

2z, the mapping f is said to be of class C! at z.
Next, we need to introduce the following two definitions, see [15].

Definition 2.2. Let 29 € 9B} with p > 2. The real tangent space T,,(0B,) to 0B, at
zo is defined by

Ta(0B]) = {0 € C" : Re(a, Vp(z0)) = Re [Vp(z0) o] = 0}.

Definition 2.3. Let 29 € 9B, with p > 2. The complex tangent space 7-2}),0 (0By) to 0By
at zg is defined by

T
7;%)’0(8BZ’}) = {a € C": (a,Vp(z0)) = Vp(z0) a= 0},

where T' denotes the transpose of vectors and matrices.

Definition 2.4. A pluriharmonic mapping f is a continuous mapping and defined on a
domain © C C" such that for fixed z € Q and n € C" with ||n|| = 1, the mapping f(z+£&n)
is harmonic in the complex variable &, such that || is smaller than the distance of z from
09, see [5].

If Q is a simply connected domain in C*, then f: Q — C¥ is pluriharmonic if and
only if f has a representation f = g + h, where g and h are holomorphic mappings from
Q into CN.

3. Some lemmas

In order to prove our main results, we exhibit several basic lemmas as follows. For z € Fg
with p > 2, the p-norm p(z) = ||z]|, of B! is C? class except the origin. Let Vp(z) be a
gradient at a point z # 0. Then we have

_,00(2) _,(9p(x)  Op()\' _(0p  Op  Op . 0p\'
Vp(z) =2 5 —2<821,..., oz = axl—l—zayl,...,axn—i—zayn ,

where z; = z; + iy; for j = 1,...,n. Moreover, if z € C"\ {0}, then we get
1

= —1
(B2

_ 9 \T
(|21]p 221, |zalP 2zn) and [|Vp(2)|lq =1,

Vp(z)

where 1/p+1/q = 1. Further, it is easy to see that p(z) is a C* on the boundary 8B} for
p € [2,00).
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Lemma 3.1. The p-norm p(z) = ||z, of B} satisfies the following properties.
(i) Vp(2) =2%(2) = 2(2(2), ..., 22(2)), Yz € C"\ {0}.
(ii) (Vp(20), 20)
(iii) (Vp(2),2) = 2Re 92(2)z = p(2), V= € C"\ {0}.

(iv) [{(Vp(2),w)| < p(w), Vz € C*\ {0}, w e C".

=1,Vz € 83;}.

Proof. Firstly, the result (i) is clear. Since p(z) = (|21[P 4 -+ + |2n[P) 1/p, we have

1 _ _ T
Vp(z) = 7_1(|Zl‘p 221)"'7|Zn|p 2ZTL) ) Z#O
12117

Also, (ii) and (iii) hold by using the above equality.
By using Holder inequality, we get

1 = 1
[(Vo(2), w)] T Z|Zk|p Zrwg| < p_lz|2k|p Hwg|
I2llp " |zt 12l =

which gives the proof of (iv). O
The following Schwarz lemma is due to Pavlovi¢ [25, Theorem 3.6.1].

Lemma 3.2. [25] Let f: U — U be a harmonic mapping. Then

1—|z]?
1+ z[2

‘f(z) f(0 )‘ %arctan|z\ VzeU.

The following Schwarz lemma is a generalization of [5, Theorem 4] from the Euclidean

unit balls to p-unit balls, which is a high dimensional version of Lemma,

Lemma 3.3. [7| Let p > 2 and let f: By — B;,V be a pluriharmonic mapping. Then

1—2ll;

Hf &)~ T

4
5f(0 )H < ;arctanHsz, Vze By
P

When f(0) =0, it holds
4 n
1f(2)]lp < ;arctan I2llp, V2ze€B,.

The following Harnack inequality can be found in [2,/12]. For the completeness, we

give a self-contained proof.
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Lemma 3.4. [12| Let B" be the real unit ball of R™. If u: B™ — R is a nonnegative

harmonic function, then for any x € B", we have

1 — |||
(1 )

o Al
w0 =D = GO

In particular, when —1 < x1 < 1, it holds

1+ |:L‘1|
(L — |z |)mt

1 — |z

WU(O) < u(r1,0,...,0) <

Proof. Firstly, we suppose that u is harmonic on the closed unit ball B*. According to

Poisson’s equation, we have

— 2
utw) = = [ ) doty)

Wn—1 Jgn-1 ||z — gyl

holds for all x € B". Notice that

L a)® _ 1=l _ 1 —l=|f? 1 /
< < , u(0) = u(y) do(y),
@+ lzlh™ = flz —yl™ — (@ = llz])" wn1 Jgn—1
we get
1 — =] L+ |

i e e

Secondly, for the general case, if u(z) is a nonnegative harmonic function, then we apply

the above result to the dilates function u,(z) = u(rz) (0 < r < 1) and take the limit as
r—17. O

4. Main results

In this section, we prove the main results of this article. Recall the following notations

n 1/p ap 1
o 9 \T
= E |zk|p> and Vp(z) =2-—=(2) = —(|z1|P %20, . |2al? QZn) .
(kl 0z (Bl

Theorem 4.1. Let p > 2 and n,N > 1. Suppose that f: B, — BZJ)V 1s a holomorphic
mapping. If f is C' at 2 € 0By, f(20) = wo € 8B}J,V, then the following two statements
hold:

(1) T (20)Tog (OB}) © Ty (0BY) and Jy(20) T4 (0B}) € T (0BY).

(ii) There exists A > h”;g ng > 0 such that

T5(z0) Vplwo) = AVp(z0), or Vp(wo) Ji(z0) = AVp(z0) -
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In particular, if f(0) =0, then Vp(wo)TJf(zo)Vp(zo) =A>1.

Proof. (i) For any unit vector o € T,,(0B,), we can choose a smooth curve

v: [=1L,1]\ {0} = By

such that

d
—(t = .
dtV( ) t=0 @

Since f is C' at zp, it yields that f(y[-1,1]) C Biév. From p(z) = ||zll, = (Ja1]P + -+ +

|2n|P) 1/p, we have

7(0) = 20,

max p(f(v(t))) = p(f(7(0))) = p(wo) = 1.

te(—1,1)
This implies that
d = 7 n
ap(f(y(t))))tzo — 2Re [Vp(20)] Jf(20)a =0, Va € T:y(0BD).

Hence, J¢(2z0)o € 7;0(83]])\7 ). Notice that J¢(zp) is a C-linear transformation, we get
T ) TA0By) € TA0BY).

The proof of (i) is completed.
(ii) The proof is divided into two steps.
Step 1. We claim that there exists A € R such that WTVp(wo) = AVp(2p). In
fact, suppose
Tr(z0)' Vplwo) = AVp(z0) + B

for some A € R and 3 € T, (0By). In terms of J¢(20) 7z, (0B)) C Tu, (0B} of result (i),
we get,

J5(z0)8 € Tan (0BY).
Namely, Re(J¢(20)8, Vp(wg)) = 0. Hence,

1811 = Re(8, AVp(20) + B) = Re(B, Tr(z0) Vp(z0)) = Re(Jf(20)8, V(o)) = 0.

This shows that § = 0 and Jf(zo)TV,o(wo) = AVp(zp) for some A € R. Consequently,

=T =T
(4.1) Vp(wo) J¢(20) = AVp(z0) -
Step 2. We prove the above real number A > };Il}cg;”i Notice that
o —9__\|T
Vp(wo) = (|w1]p 2’[1)1, ey ]wN\p 2U)N) ‘w:wo'

Let
h(C) = (f(C20), Vp(wo)) = Vplwo) f(Cz0), ¢ €.
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Then h: U — U is holomorphic, and

h(1) = (f(20), Vp(wo)) = (wo, Vp(wo)) = 1.

Applying the equality (1.1]) to h(¢), this implies that

iy — i B =R 1= hO)] _ 1= [Vp(we) F(0)|
R e Ao o

Since ||Vp(wo)|lq = 1, we get
[Volwn)' £0)] < [Vo(wo) ol F O], < 1.
By using Lemma [3.1[(iv), we get
1h(0)] = [{£(0), Vp(20))| < p(f(0)) = [lF ()],
which follows from Holder inequality. Hence,

1O
"2 O,

In terms of the equality (4.1]), we have

A = (20, Jf(zo)TVp(w0)> = (J¢(20)20, Vp(wo))-

By using Lemma [3.1] again, we get

T 1— | f(0)]]
(1) = (J¢(20)20, Vp(wo)) = (20, J¢(20) Vp(wo)) = A > £,
! ! L+ £ )]l
In particular, when f(0) = 0, then A > 1. Hence, this completes the proof. O

Remark 4.2. Theorem [4.1| generalizes the boundary Schwarz lemma [21, Theorem 1.1]
from the Euclidean unit ball of p = 2 to the p-unit ball of p > 2. Moreover, our method

is quite simple.
For pluriharmonic mappings, we have the following boundary Schwarz lemma. Denote
0 9 T 0 d 0 T
071 0z, ox1 0y1 Oxy, OYn

where z; = x; +iy; for j = 1,...,n. For convenience to the following expression, we still

use z standing for the real version of the complex vector z.

Theorem 4.3. Let p > 2 and n, N > 1. Suppose that f: By — B}],V 18 a pluriharmonic
mapping. If f is C! at 2z € OBy, f(20) = wo € GBZJQV, then the following two statements
hold:
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(i) Df(20)T20(0By) C Tuy(0B})).-

i) There exists A > max {2 — || £(0)||,, =2 QYoo 1 o ch, that
T p 2

Df(20) Vp(wo) = A\Vp(z0), or Vp(wo) Df(z0) = AVp(z0) -

In particular, if f(0) =0, then Vp(wo)TDf(zo)Vp(ZQ) =)\>2/7.

Proof. By using the arguments similar to Theorem we have Df(20)T.,(9B}) C
EO(GBZJ,V) and Df(zo)TVp(wo) = AVp(zg) for some A € R. Hence, we need to prove
part (ii).

Firstly, we prove A > 2/m — || f(0)]|,. By some calculations, we get

Lo 15Go)ll = 1o — £ 0(0)

t—0+ t
T
_ tl_i,%lJr p(f(20)) — P(fizo) —tVp(20)) =2Re { (gg(wo)) Jf(z())Vp(zo)}

= Re {Vp(wo) J;(20)Vi(z0) } = AlIV(z0)]|

According to Lemma we have

4 1— |23
< —arct , € B).
IF(2)llp < — arctan [l]l, + 7— Iz H2Hf( Mp, 2 € By

Taking z = 29 — tVp(z0) and letting ¢t — 0", we get

— ll20 = tVp(20)II7

4
[ f(z0 — tVp(20))llp < — arctan [|zo — tVp(20)|lp + 5 1f(0)]]
Por P14z th( 203 P
Then
1 o= 190l
t—0+ t
1—|lz0—tVp(20)|I3
1~ % arctan| 20 — 19(z0) lp — 1 £ £(O)1],
> lim
t—0t t

for t — 07. Consequently,

AIToGo)l? = (2= 150l ) IVl

This shows that

(42) A2 2 O0)]
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Secondly, we prove A > w. Define

h(§) =1 —Re(f(§20), Vp(wo)), €€

Then h is harmonic on U. Notice that

h(§) = 1= Re(f(§20), Vp(wo)) 2 1 = p(f(§20)) = 0

follows from Lemma Applying to Lemma for the harmonic function hA(§) with
n =2, we get

1—r 1+r
h(0) < h(€) <
l—i-r()_ (5)_1—7"

h(0), | =7<1.

Since

h(1) =1 —Re(f(20), Vp(wo)) = 1 — Re{wo, Vp(wo)) = 0,

it yields that
> fim O _ R(O0)
r—1- 1 —+7r 2

lim A Ay A0

r—1- 1—17r r—1-1—17r

By using (i), we get

L R = h(1)

r—1- - T

— Re(Df(20)20, Vp(wo)) = Re(zo, Df(z0) Vp(wo)) = A.

Hence,

B(0) . 1= Re(/(0), Vo(wo))
( |

(4.3) A > > .

Putting (4.2) and (4.3]) together, we get

vz mas {2 o), L RU Ol | .

2
Remark 4.4. When p = 2, Theorem [4.3| reduces to [9] Proposition 1.8] for the case of finite

dimensional Hilbert spaces.
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