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Abstract. The aim of this work is to study regularity of solutions of the initial
value problem for the Schrédinger equations with sub-quadratic potential. More
precisely, we determine the H*® wave front sets of solutions from the behavior
at infinity of the initial data by using the characterization of the H® wave front
set via wave packet transform.
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8§1. Introduction

In this paper, we study regularity of solutions of the initial value problem
for the following Schrédinger equations with time dependent sub-quadratic
potential,

a1 {iatu(t, z)+ Au(t,z) = V(t,2)u(t,z),  (t,2) € R x R",
' u(0,x) = ug(x), x e R",

where i = /=1, u: RxR®” = C, 9, = %, A= Z?:l % and V (t,z) is a real
valued function.

A. Hassell and J. Wunsch [8] and S. Nakamura [17], [18] have studied the
characterization of the wave front sets of solutions to Schrodinger equations in
terms of initial data. In 2009, S. Nakamura [17] has determined the C* wave
front sets of solutions to Schrodinger equations with sub-linear potential. He
has shown that (2,&') ¢ WF(e "Hoygy) if and only if there exists a(z, &) €
C§°(R?™) such that a(a’, &) # 0 and ||a(z + tDy, hDy)ug| = O(h™) as h — 0,
where ug € L*(R™) and Hj is the free Schrodinger operator; that is, the
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18 F. ABE AND K. KATO

propagation of singularities for Schrédinger equations does not include effect
of potential in the case of sub-linear potential. In 2009, S. Nakamura [1§]
has extended the result of [17] to sub-quadratic potential cases. In the case
of sub-quadratic potential, the singularities of the solutions to Schrédinger
equations propagate along the classical flow including effect of potential. In
2014, K. Horie and S. Nakamura [10] have treated the case that p < 3/2
by using Dollard type approximate solutions to the Hamilton-Jacobi equation
and have also introduced an example of linear growth potential. S. Ito and
one of the authors [13] have determined the C* wave front sets of solutions to
Schrodinger equations with time dependent sub-quadratic potential by using
wave packet transform. In this study, we shall determine the H® wave front
sets of solutions to the Schrodinger equations (1.1) with time dependent sub-
quadratic potential. We assume the following on V' (¢, x).

Assumption A. V(t,z) is a real valued function in C*°(R x R™) and there
exists a real constant p satisfying p < 2 such that for all multi-indices «

05V (#,2)| < Co (1+ )"~
for some Co > 0 and for all (t,z) € R x R™.

In order to state our results precisely, we prepare several notations and give
the definition of the H® wave front set and wave packet transform which is
defined by A. Cérdoba and C. Fefferman [1]. We denote f(£) = F[f](¢) =
(2m) /2 Jgn f(z)e" dx by Fourier transform of f and e*A/2 by the evolution
operator of the free Schrédinger equation. For = (x1,...,x,) € R", we write
() = (1 + |z>)Y? with |z|> = 2 + 23 + --- + 22. For & € R™\{0}, a conic
neighborhood T' of &y is a subset in R™ such that £ € T' and o > 0 imply
af €T. Let z(r;t,x, &) and &(7;t,x,£) be the solutions to

. )=, )=
§(r) = =VaV(r,z(r)), &) =¢,
where #(t) and £(t) stand for the derivatives of z(t) and &(t) respectively.

Definition 1.1 (Wave packet transform). Let ¢ € S(R™)\{0}. For f €
S'(R™), the wave packet transform W f(x,§) of f with basic wave packet ¢ is
defined as

Wy f(z,€) —/ oy —z)f(y)e ¥dy, x,&€R™

n

Remark 1.2. If f is in L?(R"),

IWeo £l 2 gomy = 1l gy 12



H® WAVE FRONT SET 19

Proof of Remark 1.2). Since W, f(z,&) = F, ¢ |o(y — ) f(y)|, Plancherel’s
® y—=¢
theorem shows

IWe o ony = |00 = ) W) = Il 2 112, -

L2(Rp xR7)
O

Definition 1.3 (H?® wave front set of f). For f € S'(R"™), WFys(f) a subset
in R™ x (R™\{0}) is said to be H® wave front set if the following condition
holds:
(x0,&0) & WEFys(f) if and only if there exist a function x € C3°(R™) with
X(z0) # 0 and a conic neighborhood T of & in R™\{0} such that (£)® |)€?(§)\ €
L(I).

The following theorem is our main result.

Theorem 1.4. Let u be a solution of (1.1) in C(R; L2(R™)) under Assumption
A. For s > 0, the following statements are equivalent.

(i) (x0,80) ¢ W Fps[u(?)].
(i) There exist a neighborhood K of xoy and a neighborhood U of &y such that

2

d\ < 400

(1.3) /1 " yzstn-t wagfwuo (22(0),6x(0))] )

for all o € S(R")\{0}, where 2x(0) = z(0;2, 2, AE), €A (0) = £(0; 2, @, AS),
gog\t) (z) = e/2p) (x) with py(x) = N/2p(A\0z) and b = min {?, i}

(i1i) There exist ¢ € S(R™)\{0}, a neighborhood K of xo and a neighborhood
U of & such that (1.3) holds, where gog\t) () is the same as in (ii).

Theorem 1.5. Let u be a solution of (1.1) in C(R; L2(R™)) under Assumption
A with p < 1. For s > 0, the following statements are equivalent.

(i) (x0,80) ¢ W Fps[u(?)].
(i) There exist a neighborhood K of xy and a neighborhood U of &y such that

2

d\ < 400

(1.4) / A2sFn—1 HW Couo (z — AEt, Ag)(
1 2\ L2(KxU)

for all ¢ € S(R™)\{0}, where cpE\t)(x) = eMB2p)\(x) with p\(z) =

N®/2(\02) and b = min {k?p, %}
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(1ii) There exist p € S(R™)\{0}, a neighborhood K of x¢ and a neighborhood
U of & such that (1.4) holds, where gog\t) () is the same as in (ii).

Remark 1.6. If there exists a solution of (1.1) in C(R; H"(R™)) with r € R,
Theorem 1.4 and Theorem 1.5 hold for s > r.

Remark 1.7. The assertion of Theorem 1.4 and of Theorem 1.5 is valid if
0SV (t, ) is continuous in R x R™ for |a| <1 with
8s+4n+4 4s+2n+2

2—p 7 1-p ’

which is however far from the best possible.

> max{85+4n+4,o,

In 1970, L. Hérmander has introduced the wave front set (see [9]). The wave
front set characterizes the singularities of generalized function f not only in
which point f is singular but also in which direction f is singular at the point.
He has shown that the wave front sets of the solutions to hyperbolic equation of
principal type propagate along the associate Hamilton flow. R. Lascar [15] has
treated firstly singularities of solutions microlocally for Schrodinger equations.
He has studied propagation of singularities for Schrédinger equations by using
quasi-homogeneous wave front set which he has introduced. C. Parenti and
F. Segala [21] and T. Sakurai [22] have treated the singularities of solutions
to Schrodinger equations in the same way. The singularities of the solutions
to Schrodinger equations immediately go to the infinity if the initial data
decays rapidly at infinity. W. Craig, T. Kappeler and W. Strauss [2] have
treated this type of smoothing property microlocally. This type of microlocal
smoothing property has been studied by several authors, including S. Doi [4],
[5], S. Nakamura [16], T. Okaji [19], [20] and L. Robbiano and C. Zuily [23].
As stated in the beginning of this section, A. Hassell and J. Wunsch [8] have
treated the problem in the framework of scattering metric and S. Nakamura
[18] has treated the problem in semi-classical way. S. Ito and one of the authors
[13] have treated the problem by way of wave packet transform.

The rest of the paper is organized as follows. In Section 2, we introduce
characterization of wave front set via wave packet transfrom. In Section 3, we
introduce transformed equation of (1.1) via wave packet transform according
to [11] and [13], which is used for the proof of Therem 1.4. In Section 4, we
prove Theorem 1.4. In Section 5, we prove Lemma 4.1, which is introduced in
Section 4. In Section 6, we prove Theorem 1.5.

§2. Characterization of wave front set

In this section, we introduce the characterization of the H® wave front set via
wave packet transform due to K. Kato, M. Kobayashi and S. Ito [14], which
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plays an important role for the proof of Theorem 1.4 and Theorem 1.5.

Proposition 2.1 (K. Kato, M. Kobayashi and S. Ito [14] Theorem 1.2). Let
seR, 0<b<1, (x0,&) € R" x (R"\{0}), and u € S'(R™). The following
statements are equivalent.

(i) (z0,%) & WEps(u).
(i) There exist a neighborhood K of xy and a neighborhood U of &y such that

R W (@ 2y < o6

for all ¢ € S(RM\{0}, where py(x) = \"/2p(\0z).

(1ii) There exist p € S(R™)\{0}, a neighborhood K of x¢ and a neighborhood
U of & such that

/1 NP W 0 (12, A6) |2 ) BN < 00,

where oy (x) = N/ 2p(\x).

Remark 2.2. For the C*° wave front set, G. B. Folland has firstly given the
characterization in terms of wave packet transform with a positive symmetric
Schwartz’s function ¢ in [6]. T. Okaji [19] has given the characterization with
the assumption that ¢ satisfies [p, x*p(x)dz # 0 for some multi-index o. In
[14], K. Kato, M. Kobayashi and S. Ito have removed any restriction on basic
wave packet.

Remark 2.3. For the H® wave front set, P. Gérard [7] has shown the equiv-
alence between (i) and (iii) with ¢(z) = e for b = 3 (Proof is also in J.
M. Delort [3]). In [19], T. Okaji has shown that (ii) implies (i) if ¢ satisfies
Jgn (x)dx # 0 for b= % Conversely T. Okagi has shown that (i) with s = sg
implies (i1) with s = so — € for all € > 0 in addition to the condition of .
In [14], K. Kato, M. Kobayashi and S. Ito have shown Proposition 2.1 for

0 < b < 1 without any restriction on basic wave packet.

83. Transformed equation via wave packet transform

In K. Kato and S. Ito [11] and [13], the initial value problem (1.1) is trans-
formed to

(i@t HiE -V — iV, V(ta) - Ve — g2 - x"/(t,g;)) W ult,z,€)
(31) = R@(t)u(t,f]?,g),

W@(O)u(oa z, 6) = chu()(xv 5))
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where V(t,z) = V(t,z) — V,V(t,z) -z

meu(t z,§)

=2 Z /cp(t) —x)

|al= 2@

1
X (/0 XV (t,x+0(y—z)) (1 - 9)d9> (y — 2)%u(t, y)e~¥Edy

and p®(z) = /2 with ¢(x) € S(R™)\{0}. For reader’s convenience, we
briefly give a deduction of (3.1) from (1.1). The first term i0yu(t,-) and the
second term 2 Au(t,-) of (1.1) are transformed to

Ww(t) [i0pu](t, z, &) + W@(t) [1Au] (t,z,§)
—Zat Sa(t)u(t T g) 3t<,0 t)u(t T 5
(32) /A ) zy{} u(t, y)dy

<23t +i§ Vo — |€|2> Wowult,z,6) + Wi, 01 14,0 ults ,)-

By Taylor’s expansion of V(t,y) = V (t,x + (y — x)) with respect to y — =z,
V(t,-)u(t,-) is transformed to

W [Vl (t,z,€)

— [P {Vitn) + TVt (- o)
+2 0,V (t,x +0(y—x)) (1 —0)db
53 st }

u(t,y)e”¥dy
:V(tv x)W@(t)u(ta z, 5) + vav(t’ :U) : Vpr(f)u(tv z, 5)
+ R¢(t)u(t,$,§).

Taking () (z) as the solution to the free Schrodinger equation

{i@tgo(t,w) + %Ago(t,:v) =0,
¢(0,z) = p(z) € S(R")\{0},

we have (3.1) from (3.2) and (3.3).
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Solving (3.1) by the method of characteristics, we have the following integral
equation
Womul(t,z,€)
_ efifot{%|§(T;t,x,§)\2+V(T,x(7;t,x,§))}dTW¢uO ((0:t,z,€),£(0; 1, 2, €))
(34) i / ' ot SH{ 316Gt @ ) P4V (1 a(rista £) fdm
0 X Rymu(r,z(13t,2,€), (758, 2, §)) d,

where x(7;t,2,§) and &(7;t, z,&) are the solutions to (1.2).

84. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. Let tg be a fixed positive number.

Since gog\t_to) satisfies (i0; + 3A)¢p = 0, we have

Ww(t*to)u (t, :E(t, tOv €, Af)? S(t? t[), €, )\5))
A
— o= o {B1E(Tito, 2 AP +V (ra(rito,w.AE)) bdr

(41) X ng—to)uo ($(0,t0,l’,>\§),€(0, tvaa)\g))

t i -
_ / o SR IECrst0 @A) P4V (st 2. AE))
0

X R@(T—io)u (7_> l’(T, to, T, )\5)7 5(7-7 to, x, )‘5)) dr.
A

If we replace the initial condition in (3.1) with W, u(to, -) for t = tg, then the
integral equation (3.4) corresponds to

W@(tft())u (t,z(t;to, x, AE), E(L; o, , AE))
A

:e*i ftto{%|§(T§t0:l”7)\f)‘2+V(T’I(T;t0’z’)\§))}dTWgO)\U(tm €, )\é)

4.2 ¢ .
(42) —i/ ot LI 3 lE(Tist0,2 M) P4V (11,2(715t0,2,06))

to
X R(p(ffto)u (1, x(T5t0, 2, NE), E(T5 L0, , NE)) dT.
A

In the following, we write z, = x(7;t0, 2, X§), & = &(75t0, 2, AE), and ¢, =
T — tg for brevity.

Now we prove Theorem 1.4. In Theorem 1.4, (ii) yields (iii) obviously. So
we show that (i) implies (ii) and that (iii) implies (i). We denote

P(r, o) :

o0
/ )\2T+TL—1 sup
1 te(0,to]

2
d\ < 4o0.

W (t—tg) U (t7 $(ta th Z, )‘5)’ f(tv tDa Z, )‘5))‘ LQ(KXU)

LY




24 F. ABE AND K. KATO

(Proof of Theorem 1.4). First we show that (i) implies (ii). Since Proposition
2.1(i) implies Proposition 2.1(ii), there exist a neighborhood K of zy and a
neighborhood U of &, satisfying

(4.3) /1 B[ (t, 2, AE) B gy A < +00

for all ¢ € S(R™)\{0}. By induction with respect to r, we show that P(r,¢)
holds for all ¢ € S(R™)\{0} and for r < s.
As basis step of induction, we show P(—¢) for fixed € > 0. Putting \{ =7,

we have
2

W, s (s to. 2, 06). (85 to,,30)|

L2(KxU)

2
(44) < HW‘#’(t—tO)u (tv .’I,'(t, th z, )\g)v é(ta t07 z, )\5))’
A LQ(Rngg)

2
= HWgof\t—to)u (t7 x(t; to, z, 77)’ f(t; to, @, 17))‘

L2(R2XRY)

By change of variables X = z(t; o, z,n) and E = £(t; to, z,n), we have

2
AT W sy 82t to,2,m), €t o, 2,m)|
P L2 (R xR7)

_ 2|9 (X,2)| "
4.5 =\"" W - t, X,E ’ dXd=
45) //Rz Rt B TS

2
=)\ HWQP(;_%)u (t, X, :)‘ L2 (@2 .

Here we use the fact that ‘88({:5 ’S))‘ = 1, which is well known (see, for example

Appendix A in K. Kato, M. Kobayashi and S. Ito [12] for the proof). As u(t,z)
is in C'(R; L2(R™)), Remark 1.2 and the conservation of L? norm of solutions
to the free Schrodinger equation show

2
A" H Wt X, E)‘

(4.6) _y-n

L2 (R2n)

(t—to) ||
A L2(R™)

() 2 ey

=27 el ey lluolz2(gn) -
Since (4.4), (4.5) and (4.6) show

00
/ )\—25+n—1 sup
1 te(0,to]

< 1l 10 22 / AL )

< +00,

2
d\
L2(KxU)

W, oot (2t 0,2, 6), (8 to, , AS))|

A

(4.7)
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we have P(—e¢, ) for all ¢ € S(R™)\{0}.

Assuming that P(r, ) holds for all ¢ € S(R™)\{0} with r € [—¢,s — 2b],
we show that P(r + 2b, ) for all ¢ € S(R™)\{0}. This assertion is showed by
the following lemma, which is proven in Section 5.

Lemma 4.1. Assume A and let b = min {%Tp, i} Forr e R, P(r,¢) for all
v € S(RM\{0} implies

/oo /\2(r+2b)+n— 1
1

2
dr| d\ < +o0

to
/ HR (tr)u<T7 xTagT)
0 “x

L2(KxU)
for all p € S(R™)\{0}.

The equation (4.2) shows

2

sup
t€[0,to]

to
<2 (\qu(tm%)\fﬂﬁakw) Jr/0

W eyt (t, 2(t; to, , AE), E(¢; to,az,)\f))‘

A

L2(K xU)

2
d7'> .
L2(KxU)

Multiplying A2("+20)+7=1 to the both sides of (4.8) and integrating the both
sides from 1 to infinity with respect to A, we immediately have from (4.3) and
Lemma 4.1 that P(r + 2b, ¢) holds for all ¢ € S(R™)\{0}.

Next, we show that (iii) implies (i). Let ¢9 € S(R™)\{0}, a neighborhood
K of zg and a neighborhood U of &, satisfy

(49) / )\23+n71
1

(4.8)

R (tT)u(T7 Lr, 57')
P

2

d\ < +o0,
L2(KxU)

Wwé,;())uo (a:((), to, x, /\f),f(o, to, Z, )\f))

where go(()t)/\(:c) = e"B/2[(po))](z). Tt suffices to show that (iii) implies P(s, ¢g).
Since P(—¢, p) is valid for all ¢ € S(R™)\{0}, we show P(s, ¢p) inductively.
The equation (4.1) shows

2

sup ||W -y u (t, x(t; to, x, AE), £(t; to, x, AE))
te0to] Il Pox L2(K xU)
2
(410) <2 HW oyt (20 to, 2, AE), £(0s o, 2, AE))
Yo L2(KxU)

to 2
+/ d7'> .
0 L2(KxU)

Hence Lemma 4.1 and (4.9) yield P(—e + 2b, ¢p), which and Proposition 2.1
yield (zo,&0) ¢ W Fy(—cy20) (u(to,-)). From the argument for the proof that

R (tr)u(7—7 Lr, 57')
P
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(i) implies (ii), we have P(—e + 2b, ¢) for all ¢ € S(R™)\{0}. Hence we have
P(—e+4b, pp) from (4.9), (4.10) and Lemma 4.1. The same argument as above
yields that P(—e+4b, ¢) for all ¢ € S(R™)\{0}. Repeating this argument, we
have P(s, o), which and Proposition 2.1 yield (i). O

§5. Proof of Lemma 4.1

In this section, we prove Lemma 4.1. For an integer L > 2, Taylor’s expansion
of V(7,y) shows that

R (tr)u(Tv Lr, 57')
P

oevV(r, x, T L
= Y ERE e T = ety

2<al<L-1
(1) I B T
+LY a!/(y—wf) Ny — )

|a|=L

1
X (/ 0V (2 +0(y — 7)) (1 - 0)L1d9> u(r, y)e W dy.
0

We denote the first term of the right hand side of (5.1) by Ry (7, z,,&) and
the second term of the right hand side of (5.1) by Ry (7, z7,&7). For the
proof, we prepare the following lemma.

Lemma 5.1. Under Assumption A, there exists a positive constant Ay such
that for all integers N there exist an integer L and a positive constant Cy
satisfying

|Ro, (7,7, &:)| < CvA™Y

for all X > Xo, 0 < |t | <tp,z€e K,E€U.

(Proof of Lemma 5.1). To prove Lemma 5.1, it suffices to show that there
exists a positive constant A\g such that for all integers IV there exist an integer
L and a positive constant Cy satisfying

[a(T, 20, & A)| < CnAY
for A > Ao and |a| = L, where
(52) Ia(T7 Zr, é-T? )\) = /SD()\tT)(y - -:UT) VQ(T’ Tr, y) (y - xT)a’LL(T’ y)e_iy&'dy

and

1
63 Vel = [ 0V (rar 0y —e.) (1- 0/ .
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We may assume that K and U are bounded sets and that inf {|¢| | £ € U} > 0.
We fix o with |a| = L. We show |I,(7, 2+, &, A)| < CyA™ in two cases that
0 < |t <A % and A2 < |t,| < 1.

In the case that 0 < |t,| < A=2, the fact that ze'?/2 = e2/2(z — itd,)
shows

(y — xT)asO(;T)(y — ;)

=(y — z-)*e" A2 (o5 (y — z,)]
(5.4) = A2 (y — zr —it:0,) %) (y — z-)
_ tr
= S G NGy
fty=a
B'<BA <y

where g (x) = x78§<,0(x) and cpg),y \(2) = eith/? [(¢8+),] (). The equality
(5.4), Schwarz’s inequality, the conservation of L? norm of solutions to the
free Schrodinger equation and of (1.1) show

‘Ia(ﬂ 7, &r, /\)’

<C Z |tT||B|>\b('8_|7|)/“pg’f,')y’,)\(y—xT) Vo, xr, y)u(r,y)| dy

fty=a
B'<BA' <y

(55 <At Y /'WU(T,y)’dy

Bty=a
B'<BA <y

<C Z H‘pﬁ’ﬁ’

fty=a
B'<BA <y

1o lluoll 2 A~

In the case that A2 < |t,| < tg, we divide (5.2) into two terms

’IOL(Tv .'137—757—, )‘)|

Ay — 22) Valr2r ) (y — 20)u(r, y>\ dy

<
(5.6) ly—ar|<AI=0tr]

(tr)(

e Ay — o) (y — 20)u(r, y>\ dy

ly—ar|ZA1 0t |

with 0 < § < b. Under the case that \™20 < |t;] < to, there exists a positive
constant Ao such that

d
(5.7) el = ot IA
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for all A > Ao, z € K and £ € U, where dy = inf{|¢| | { € U} (see Appendix
A in K. Kato and S. Ito [13] for the proof of (5.7)). On |y — z,| < A7t
the inequality (5.7) and Assumption A yield

Va(r, 27, y)(y — )| <C (1 + |z +0(y — $T)‘)p_L ly — mT‘L

L
<C(1+ for| = ly = 27 (N1t )
d =L
<C (1 + 7‘/]1&7\/\ — A”\M) (At ExOF

<C(Atr])PAOF.

Hence Schwarz’s inequality, the conservation of L? norm of solutions to the
free Schrédinger equation and of (1.1) show that

|(The first term of the right hand side of (5.6))]
(5.8) <Ot )P A" /
Rn

<C|l¢|l 2 lluoll 2 A7,

oy — zo)ulr,y)| dy

Since ze?/2 = ¢A/2(z — itV,), we have for any integer M

(1+ |2l (2) = ™2 [(1 + |z — it Vo )M pp ()]

(5.9) — (itA/2 Z Cgﬁ(}\bt)m‘)\’b”'(¢5,7)A
' B+r1<2M

= Z CB,W()\bt)‘m)\*bIVISOg,)%,\(ﬂ?)-
[B+vI<2M

Hence we have
|(The second term of the right hand side of (5.6))]
—C (L4 ly -2 )™ (14 fy -2 )Y
ly—ar[>A1 =0t

(tr)

< ey — ) — )l y>' dy

-M
<c / (14 ) Y DA
[y—zr[>A1=0t| L<|B+~|<2M+L

(5.10) X (tf)

Y3 %,\(y — - )u(T, y)' dy
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<C 3 / 1+)\21 5— 2b)> M bearir)

L<|B+vy|<2M+L

% |5\ (y — er)ulr,y)| dy

<c YT ATMOEENE g e luol| e
L<|B+7|<2M+L

Since 1 — 0 —3b > 1 —4b > 0, we have Lemma 5.1 from (5.5), (5.8) and (5.10)
if we take L and M sufficiently large. O

(Proof of Lemma 4.1). By Lemma 5.1, we have

2

(5.11) / A2(r+2b)+n—1 d\ < 400
1

to
/0 1Re (o2 &) 2

for bounded set U with inf {|{] | { € U} > 0 if we take L sufficiently large.
Hence we only have to show that

/oo /\2(r+2b)+n71
1

By (5.4) and the Assumption A, we have

2
d\ < 4o0.

to
/0HRl,L(T7$T,§T)HL2(K><U)dT

|R17L(T,$7—,§7—)|
<c > > 10V ()| [t PIARIA=RD W oor u(r,ar,&r)

! /
2<|a|<L-1 BHy=a 8
B'<BA <y

<C Z Z (14 |a,])P~ Ia\|t ‘Iﬁl)\b 1B]=17])

2<|a|<L-1 B+y=a
B'<BA <y

%74 S(tr) u(r,zr, 60|

B/ /)\

In the case that 0 < |t,| < A™2,

|R1L(T xTaé.T ’ <C Z Z )\_Qb‘ﬁl)\b(lﬁl "7‘) 1%% (t U(T, xT’gT)

ﬁ/ ’ A
2<|a|<L—1 B+y=a
B'<BA <y

<C Z Z )\—Qb

2<|a|<L—1 BHy=a
B'<BA <y

w (tr U(Tv xT)fT) .

ﬁ/ /)\
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The inequality (5.7) yields
’RI,L(Ta T, 57')‘

d7U p—|a] b N
<C > > (14 5 [t A (Jt- A"+ A70)

2<]a|<L-1 B+y=a
B'<BA <y

<C Z Z |t0‘p)\p—(1—b)2

2<|a|<L-1 pH+y=a
B'<BA' <y
for all A > Ao, A2 < |t.| < tg,x € K and € € U, where dyy = inf{|¢| | £ € U}.

Since b = min{%, %}, we have

W(p(tr) U(T, T, §T)

B A A

Ww(tT) U(T7 Tr, g‘l‘)

B A

(512)  |Rin(ran &) <C > >, A
2<|a|<L-1 pH+y=a
B'<BA' <y

for all A > Ao, 0 < |t;| < tg, z € K and £ € U. The inequality (5.12) and the
assumption that P(r,¢) holds for all ¢ € S(R™)\{0} with r € R show that

/oo )\2(r+2b)+n— 1
A

0

W@(tr) u<T7 Tr, €T)

B~ A

2

to
/O |Rucll e ondr|

2D

2<|a|<L-1 BH+y=a

B'<BA <y
2
/oo 2r+n+4b—1 )\—Qb/to 1%7%4 ( g) d d\
A (T, Tr, T
(5.13) 1 0 PH A e L2(K xU)
<< > )
2<|a|<L-1 pH+y=a
B'<B <y
e’} 2
[t s (W) (&) dA
1 reloto] Il 877 A L2(KxU)
< + 0.
By (5.11) and (5.13), we have
% aiabyrn—t| [ ?
5.14 A”*"/RT , Ty, dr| dX\ < )
U gt b A3 <o
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86. Proof of Theorem 1.5

In this section, we prove Theorem 1.5.

(Proof of Theorem 1.5). Since

W [Vl (t, z,€)

=/<p<t>(y—z)
(6.1) x {V(t,x) + ) (ym)a/lagV(t,He(yx))de}
0

x u(t,y)e edy
= V(ta x)W@(t)u(t, €, ‘S) + R(p(t)u(ta €, 5)7
where

R wu(t,,§) = Z/ y—z)(y — x) </ OOV (t,x 4+ 0(y —a:))d9>

jal=1
u(t,y)e dy,

the initial value problem (1.1) is transformed to

(6.2) {(iat +il - Vo — 31617 = V(t,2)) Wowult, =€) = Rymult, ,€),

WLP(())U(O, xz, 5) = W¢U0(JE, 5)3

where ) (z) = e2/2p(z) for all ¢ € S(R™)\{0}. By the same calculations
as in Section 3, we have

W@(;_to)u (t, x + )\f(t — to), )\f)

—e il {%*2\5|2+V<W+W>}dTwwift())uo (z — Aéto, A¢)
t
—i / e PNV et (it MO} R (7, 1 4 Ak, AE) dr
0 Px
where t; =7 — tg, x + N(t — tp) and A\ are the solutions to

{s‘;(r) =&, alto) =
E§r) =0, &(to) = A8,
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for A > 1. For an integer L > 1, Taylor’s expansion of V(7,y) shows that
R oyulT, @+ Agtr, XE)
A
oV (r,x + At, o
= Z ( )/(y_x_/\ft’r)

ol
1<|a|<L—1

x Q) (y — 2 — At )ul(r, y)e ¥ Ndy
(6.3)

+L Y, % /(y — 2= Met)* o\ (y — v — Aety)

|laj=L

1
< ([ v (e gt oy =0 ) (1= 0)an)
0
x u(T,y)e”WAdy.
We denote the first term of the right hand side of (6.3) by Rl,L (T, x4+ AL, NE)
and the second term of the right hand side of (6.3) by R 1,(7, +A¢t-, AE). The

same argument as in the proof of Lemma 4.1 shows the assertion of Lemma
5.1 is valid for Ru. That is, P(r,¢) for all ¢ € S(R™)\{0} implies

2

(6.4) /1 > 2+ tn—1 /0 o R orulr,z + )\gtT,)\f)HB(KXU) dr| d\ < +oo.
In fact, the same argument shows
/ > 20+t +n—1 / Iz LT, @+ At Ag)H dr 2 )\ < o0,
1 0 ’ LA(KxU)

since p < 1. Exactly the same proof as for Ry, is valid for ];?27 - By using
(6.4), we can show Theorem 1.5 in the same procedure as in Section 4. O
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