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Abstract. From the definition of the Moyal x-product in terms of projective
limits of the ring of polynomials of vector fields, the Moyal configuration space
of Schwartzian functions, equipped with the x-product, is built as a formal
power series ring with elements assimilated to free indeterminates. We then
define the projector on the ideal depending on a fixed indeterminate, which
allows to use the definition of algebraic derivations with respect to any order
of field derivative. As a consequence and in a direct manner, Euler-Lagrange
equations of motion, in the framework of both the noncommutative scalar and
gauge induced Dirac fields, are deduced from the nonlocal Lagrange function.
A connection of this theory to a generalized Ostrogradski’s formalism is also
discussed here.
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§1. Introduction

One of the main features inherent to the noncommutativity in field theories
is the nonlocality, i.e. the existence of an infinite dimensional phase space
[5]. These field theories, where infinite order of time and spatial derivatives
occurs, are referred to as nonlocal field theories ([6] and references therein).
Historically, even if the noncommutative field theory (NCFT) was born in
the early days of quantum mechanics [24, 19], and have evolved through the
years with close entanglement with deformation quantization [1] and advanced
Weyl calculus [11], one must wait the 90’s with the development of the non-
commutative (NC) geometry, first applied to the Yang Mills fields [3, 4], before
observing a real infatuation of the theoretician community for this topic. Still
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more recently, NCFTs became the focus of intense research activities in gen-
eral quantum field theory since the advent of a class of renormalizable NCFT's
hightlighted by Grosse and Wulkenhaar [9][22] with particular translational
broken symmetry features [2].

The most common way to realize a NC spacetime in field theory consists in
defining a x-product on its standard space of functions. Thus, the x-product
appears as a source of the nonlocality of the theory. The nonlocality is itself
a source of additional difficulties in the computation of physical quantities
of the field theory such that the NC momentums and related properties. In
particular, the Hamiltonian formalism is highly affected by the higher order
time derivative dependence in the expressions of the conjugate momentums
and thus, obviously cannot be applied in the usual manner [6][21]. Indeed,
instead of the standard Legendre transformation giving the momentum rela-
tions, one deals here, in the framework of NCFT, with a 6-deformed Legendre
correspondence mapping the tangent bundle into the cotangent one over the
Minkowski manifold. However, one notes that the occurrence of time deriva-
tives of any order in the interaction Hamiltonian is not forbidden in nonlocal
theories, property which is not shared by local theories [6].

In this work, starting from basics, we investigate a new algebraic structure
of the Moyal algebra admitting the definition of formal power series, so that
the x-product remains still defined, and such that functional derivatives are
viewed as algebraic derivations. We deduce, using the definition of the pro-
jective limit algebra of differential operators, some rules which render more
convenient the computation of physical quantities. The Ostrogradski formu-
las for momentums and Euler-Lagrange equations can be computed for this
nonlocal algebraic theory.

The paper is organized as follows. In Section 2, we present the theoret-
ical framework. Starting from the main known properties of the x-product,
we deduce new relevant one, useful for the description of the deformed field
theory in the NC spacetime. Then, the nonlocal operators, induced by the
*-product, are investigated in the framework of the projective limit algebra
of differential operators. In the ring R of such projective limits, we define a
projector iy, on the principal ideal generated by a given indeterminate ap and
the corresponding equivalent class. Then, we derive some interesting proper-
ties, useful for the computation in NCFT. Section 3 provides a conjectured
NC Euler-Lagrange equation from pure Lagrangian formulation. Illustrations
of this claim follow from examples of the derivation of equations of motion in
the case of both the NC scalar and Dirac Lagrangian densities. The compu-
tation of Ostrogradski quantities is also performed. Finally, in Section 4, we
end with some concluding remarks.
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§2. Theory

In this section, we discuss the main properties of the x-algebra and the algebra
of polynomials and series. Then, we define the x-product as a projective limit
and deduce some relevant computational rules.

2.1. Main properties of the x-algebra

The theoretical tools, the target spaces and objects are hereafter developed.

Consider M a differentiable manifold which can be viewed as RY, the set of
N-tuples of real numbers equipped with the Euclidean metric §*¥, or the usual
Minkowski spacetime RV ~1 endowed by the diagonal Lorentz metric n** with
mostly minus signs. It is worth noticing that the following developments can
be generalized to any (pseudo) Riemannian spaces. Throughout the text, the
term function refers to as any C'°° Schwartzian function (roughly speaking,
smooth function with rapid decay) defined on M with complex values. The
Latin letters f, g, h etc..., refer to such functions. Finally, Einstein summation
convention is assumed.

Definition 1. Let f and ¢ be two complex valued functions defined on M.
Then, the x-product of f and g is defined by:

(21)  VzeM, (fxg)(@) = e 000) f(a)g(y) ey,

where 0" is a constant antisymmetric tensor.

The multiplication (2.1) can be expanded as follows:

(2.2)  (fx9)(x) = f(z)xg(z) = f(z)g(w)
Y <*/2jl> Lopv gpmnd, 0, F(2)dy, ... 00, g(x).
n=1

n!

Remark 1. The deformation tensor 0¥ may be chosen as 0e#, where e*”
is the absolute antisymmetric tensor and 6 is a constant real deformation pa-
rameter which can be fixed in order to ensure the convergence of the Moyal
product. In the context of NC symplectic geometry (the spacetime coordi-
nates 2# may be then replaced by phase space conjugate coordinates (¢*, p;)),
the deformation parameter notation is A holding of course reminiscent ideas
of quantum mechanics [1, 11]. In a physical background, the parameter 6 has
a dimension of length square. Clearly, as # — 0, the x-product collapse to the
ordinary multiplication of functions, canceling the NC character of the theory.
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Changing 6 by —6, one obtains the law x'-product. As a formal mathemat-
ical property and excluding any C*-algebra consideration, if we introduce a
complex 6¢ = reV—IA ¢ C, then, the following law is obtained

f*9cg - f*;”cosAg+ \% _1f */rsin/\ 9,

with
’ . S . v—=1,,
f *r(cos<—>sin)/\ g = 2_:0 H(COS A Sln) (n)‘)(T)

WiV pova EnV.
X € € €0 i fOurvs e G-

The usual *x-product is recovered as A — 0 with real deformation parameter
0=r.

Definition 2. The Moyal brackets, also called x-commutator, denoted by [., ]«
are defined by

(2.3) Vig, [f,gls=Ffxg—gxf.
Applying (2.3) to the local coordinates z*, one then finds:

(2.4) @, 2", = V=16

which specifies the noncommutative geometry of the space M, in the sense that
the coordinates do not anymore commute, in opposite to the commutative
theory. The relation (2.4) confirms that 6 has length square dimension. A
relevant identity follows

(2.5) [z, 0, ()]« = V—=10"0,0,(-).
To prove that the x-product is associative we need a technical lemma.

Lemma 1. Consider k*,q",a# € M and the notation kx = k,x". Then, we
have

(2.6) oV —Tkz | V=lgz _ e\/jl(k+q)mef§(k6q)7

with kOq = k,0"q,.

Proof. Since z#* and y” commute in the usual sense ([z#,y"] = 0), we get the
following relations:

v=1\"1 .. o — /=1
(27) <2) m@“” - 9“””@1 . E)ine 71]6373]'1 R 8]'16 —lgz
—1\" o o
—(V51) (VTP 0 (VD 0, ) T

2

_ (?) i((\/—ﬁ)?kaq)”eﬁ@ﬂ)z.
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Now summing over all n, the result follows. There is, of course, an alternative
proof, using the Baker-Campbell-Hausdorf formula. O

The following statement holds.
Proposition 2. The x-product is associative, i.e.
Vi g, h, frgxh=(fxg)xh=[fx(gxh).

Proof. Let us introduce the momentum space by the usual inverse Fourier
transform with a normalized measure:

f(a) = / Nk f(k) eV T

and observe that, with (2.6), the x-product of two functions f and g can be
written as:

28) (o)) = [dEdafE) g e T w e T
= / ANk dNq f(k) jlg) e T KDY TTlba)e,
Keeping in mind (2.8), one has
(2.9) (f % 9) (@) * h(x)
= [ / VKN f(k)g(q)e-@k@weﬁ(kw)w} . [ / p F(p) eﬁpx]
— [ ka1 gla) hip) [T 000 Tk 0] [T

- / ANk dNqdVp F(k) §(q) hip) 7 F00 =7 (5 00m) oV T(ktatp)e

and

(2.10) f(z)*(g*h)(x)

= | [k e ] | [ a¥aap atap@e T e T
= / dVEAN g dVp F(k) §(q) h(p)e 7 KOGt o= Y5 (a0p) oV =T (ktatp)z

The results (2.9) and (2.10) are identical. O

Remark 2. This property leads to the comparison of the x-product with the
product of matrices. Similar properties based on the associativity of matrices
are the same as in M-theory and non-Abelian Yang-Mills gauge theories.
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Proposition 3. The Moyal-brackets [(.), (.)]« are Lie brackets.

Proof. The bilinearity and the antisymmetry property of the x-product are
immediate. The Jacobi identity is a consequence of the associativity of the
*-product. O

Under integral, the behavior of the x-product is now specified.

Proposition 4. The x-product under integral has the following property, for
any f and g,

(2.11) / e (frg)(x) = / e f(2) glx) = / Nz (g% ) (2)
= /dN:B[f,g}*—O.

Proof. The middle integral of the first line is taken over the usual product of
functions. This identity is obtained by integrating (2.8). We have:

/ dVz (frg)(z) = / ANz dVEdN q F(k) §(q) e Y7 00 V=Tt

_ / dVkdq f(k) §(a) 3(k + q)e= 7 *09)
\/j

— / Ak F(k) §(—k) e 000,

where use has been made of [d¥ geV ke — d(k). But 6 is antisymmetric
then kOk = k,0Mk, = k, 0"k, = =k, 0"k, = —k, 0"k, = —kOk, so kOk =
0. This shows that [d¥z (f % g) (z) does not depend on the *-product but
only on the Fourier components of functions. In the same manner, it can be
observed that:

[ t@ @ = [ @k iwa-n = [a¥ag@) @)
which ends the proof. O

Remark 3. This integral property turns out to be crucial in NCFT. Indeed,
when all interaction terms are neglected, the free NC field theory reduces to its
free commutative counterpart. Such a reduction is prohibited when interaction
terms appear at least in cubic x-product factor, for instance in the presence of
the terms A x B x C. The typical examples of the non applicability of such a
reduction concern integral actions involving the interaction terms of the form
#*3 or ¢** in NC scalar field theory [18][2]. Other 'irreducible’ NCFTs count
the models with gauge interactions involving the spinors 9, and a gauge
field A, for instance 1) x y* A, x ¢ and the x-product of [A,, A,], which occur
in the NC electrodynamics model [10][12].
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Proposition 5. Let { fi}i<i<n, n € N, be a set of functions, then, V1 < k < n,

(2.12) /dNﬂf(f]_*f2*...*fk*fk+1*...*fn)(fﬂ)
— [k fa o o ) 0

Proof. A consequence of Proposition 4 is the cyclicity property of a product
of x-factors under the integral in the presence of more than two factors. [

Corollary 1. For any three functions f,g and h,

(2.13) /dNa:{f,g}i**h:/def*{g,h}i,*,

where {A, B}, , = AxB+ BxAand {A,B}_, :=[A, Bl..

Proof. We use (2.12) in order to obtain:

/de {f.9}e xh = /de (fxgEtgxf)xh

= /dNa; (fxgxh+x fxhxg),

which is the expected relation. O

Proposition 6. Let f and g be two complex valued functions, then (fxg)* =
g* x f*. Moreover, if f is real valued f * f is still real valued.

Proof. This can be immediately deduced from the definition of the x-product.
O

Remark 4. Proposition 6 implies that the x-product defines a x-algebra. Note
that to choose 6 as a complex scalar explicitly conflicts with the existence
of such a x-algebra. However, mathematically, a complex 6 leads to new
interesting bi-parametrized (r and A) sub-laws which should be investigated
on their own (See Remark 1).

Proposition 7. For any functions f and g, 0u(f *g) = Ou(f) * g+ f *0u(9).

Proof. The last equality can be obtained by computations from the expansion
of f % g and the usual Leibniz derivation rule on product of functions. O

We consider the Moyal algebra of functions in the following sense.
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Definition 3. The Moyal algebra M of functions over M = RY is a sub-
set of the Schwartz class of complex valued functions of C°°(M), which is an
associative, involutive under complex conjugation, noncommutative algebra
equipped with the x-Moyal product, endowed with a differential calculus sat-
isfying a Leibniz chain rule and an integration calculus in the ordinary sense.

Remark 5. As defined as in Definition 3, the Moyal algebra M is not unital
since nonvanishing constant functions do not belong to the Schwartz space
which entails that the latter space is not large enough to be physically in-
teresting ([26] and references therein). This statement can be improved by
extending, thanks to duality brackets and smoothening and integral proper-
ties of the x-product, the Moyal algebra as an intersection of two tempered
distribution subspaces such that the unit constant function could belong to

M [26].

2.2. Algebra of polynomials and series

In this subsection, we first develop the projective limit of a ring of polynomials,
namely the ring of formal series. The connection to a new structure of the
Moyal field space follows. Within this framework, a new definition of the
*-product in terms of a projective limit as well as the projections onto the
principal ideals of the ring of series are provided.

Let us mention that the following treatment lies in pure algebra where
the notion of convergence and topology do not make obligatory a sense. For
instance, the ring of formal series and projective limits are well defined object
in abstract algebra, however the actual limit and convergence domain of their
elements are never studied from the point of view of topology. We will not
prospect in the direction of the convergence (this actually deserves a deep
study, of course worthy of interest on its own) of the series and quantities
in the subsequent developments, and will adopt the usual algebra formalism.
Finally, the applications of our study concern the notion of algebraic functional
differentiation, and clearly do not need in any case the notion of convergence.

2.2.1. Projective limit of a ring of polynomials
We extend here some of the developments available in Refs.[17][14].

Proposition 8. Let R, = Clx1,X2,...,Xy] be the ring of polynomials in
the indeterminates {X;},;,, with complex coefficients. Then, R, is a graded
ring and Ry, = B, RI, where RY is the additive group of homogeneous
polynomials of degree r in the same indeterminates {xit1<icn-

Proof. See Refs.[17][14]. O
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Adding another indeterminate x,,41 to the set of indeterminates {X;},<;<,,,
we can naturally form the extended ring R,11 = C[x1,X2,...,Xn, Xpt1] Of
polynomials in the indeterminates {X;},;<,,;.- There is a projection 7,1
from R,4+1 onto R, defined by setting x,+1 = 0.

Lemma 9. m,11 is a surjective homomorphism of graded rings, i.e.

(2.14) mpt1 2 Rug1 — Rp 1S a surjective homomorphism of rings

(215) Vr €N, w1 =Ty |rr,,t Ry — Ry, is a group homomorphism.
Moreover, Vr € N, 7] | (2.15) is surjective.

Proof. The canonical injection R,y C Ryt1, ({Xi}i1<jcp C {Xi}icicng1)s 18
naturally graded. The surjectivity (of the group homomorphism 7., and
thus of ring homomorphism 7,1) comes from the fact that any polynomial of
a given degree r, expressed in n indeterminates, is also a polynomial in n + 1
indeterminates of degree r where the indeterminate x,,+; does not occur. So,
there is also a canonical injection R;, C R}, 4. O

Lemma 10. Let p and n be a two nonnegative integers. Then, the mapping
Tntp : Rutp — R, defined by setting x;, = 0, n+1 < k < n-+p, is a surjective
homomorphism of graded rings, i.e.

(2.16) Tpyp : Rptp — Ry is a surjective homomorphism of rings

(217) Vr e N, m 4, =Ty Ry, Ryyy — Ry s a group homomorphism.

Moreover, Vr € N, my ., (2.17) is surjective.

Proof. This is trivial by induction from Lemma 9. 0

By convention, Vr € N,r # 0,R5 = () and Vn > 0,RY = C. As a matter
of notation, any derivative of order k > 0 relatively to the indeterminates is
denoted by 9% in general discussion. The following statements are immediate

+
Vp,qeN, x}, R, CRL,

VkeN, O"R! .= {a’fP, Pe R;;} c Rk,

Definition 4. Let r a nonnegative integer. The projective or inverse limit
of the sequence (R},),cn as n tends to infinity, is the additive group denoted
by R" = lim— Rj, such that: Vf" € R", f" = (f,f3,.... fn,...), where
frn = Tny1(f1) and f € R}. The general term f;, of the sequence is the
partial sum of f". f" thus appears as the limit lim, . f;. Taking the sum

over all degrees, we obtain the graded ring
R=EPR"
r>0

The elements of R are called series. We have, Vf € R, f= Zrzo lim— fr.
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Remark 6. Let us pay attention to the fact that the elements of R are no
longer polynomials as they are expressed in terms of infinite sums. One usually
calls (R}, 7},),,cn @ system. Besides, the ring structure of R is consistent as the
projective limit acts with respect to the ring structure, namely, the addition
and product of series are well defined through the inverse limit by the direct
sum

ffrg =1+ o+, futan---)
and the direct product

ngT:(f{gqln) f§g§7’ 77;.9;7)

of groups. Note that (f" - ¢"), = f; g/ is not an element of R] but belongs
to R2" and the series is still well defined by the homomorphism 7, of graded
ring.

The following proposition is then straightforward from Lemma 10

Proposition 11. Let n be a nonegative integer. Then, the mapping 11, :
R — Ry, defined by setting x, =0, p > n+ 1, is a surjective homomorphism
of graded ring.

2.2.2. Ring of series and phase space

Suppose an infinite dimensional phase space spanned by an infinite many de-
grees of freedom (dofs) generated by a family of complex valued fields (scalar
functions with rapid decay at infinity) {¢;};.; acting on the Minkowski space-
time (R'3 7). This is a conventional choice even though the space manifold
dimension could be D in general, without altering the following results.

The following maps

Vi e I, ¢;: M — R

Viel, V0<u<3, Oudi - M — R

Viel, Y0< uy,pus <3, O Opn i M — R
Viel, Y0< uy,po,. .. pue <3, 0y Oy -+ - O i - M — R

Viel, VO < g figs. o pthsr <3 OOy Oy i M >R

define the suitable dofs of the configuration space. For the sake of simplicity,
let us adopt the following notation. Let a be a scalar field, then

(i) any derivative of order k of a field a with respect to the variables
M xh?, L otk is denoted by Oy, . upu,@ o1 by G[H]ka. Moreover, given
a nonnegative integer k, we write, when confusion does not arise,

(2.18) e RO . = e[ﬂy]ka[ﬂ]ka;
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(ii) da denotes an undetermined derivative of any order of a in general dis-
cussion; otherwise specifications are given;

(iii) D denotes the infinite set of all dofs spanning the field space:

D = {{31}7{‘3#31'}“:0,...,37'-~7{auwzmukai}m,ug,...,ukz 0,...,37"'}
= {a;,0a,...}icr

i€l

Note that each ), a; is regarded both as a dof and a kth order derivative
of a;.

In this section, I is a countable set and |I| denotes the cardinal of . |I| may
be infinite. Following the set of indeterminates D, we can define the following
subsets of D:

DO = {ai}iel:{al,ag,...,an,...},
1
D = {auai}{i €1I; p=0,..3b
k
D - {8'u1#2#kal}{7‘ € I: 12,5 = 0733}

By convention, a derivative of order 0 is the identity. Given n, a nonnegative
integer, we also define the finite subsets D¥ of DF for any 0 < k, by

0o _
Dn = {a17a27"'1an}7
1 _ )
D;, = {aua%}{ogign; 1=0,...,3}°
koo .
Dn = Ouipzemn@ito<i<n: o1 jisn = 0...3}"

Let us organize the sets of indeterminates as follows. Through the section, the
index n is reserved for indexing the fields, namely a,, the coordinate indices
W, v, ... denote the indices of variables relative to the derivations while the
index k displays the order of derivation. For instance, 9y, a, is a kt'-order
derivative taken on a, relatively to the z*’s. Given a nonnegative integer i
such that 1 < i < n, setting the singleton set DY = {a;}, then

D)= |J DY and D°=[]JD).

1<i<n iel
Given k # 0, setting Df = Uogm,MQ,...,ukgs{amuzmukai}a it can be introduced
D= |J Df and DF=|JDf
1<i<n iel

and defined the finite set

(2.19) Dpi = U U DY

1<i<n 0<d<k
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Remark 7. It is noteworthy to point out the close relation between dof spaces
and jet (or prolongation)-spaces in differential geometry language. In the
above formalism, let a; be a field, i.e. a function from R to R, and let n
be a nonegative integer, the n'* jet of a;, say pr"a; (in notations of [20]), is a
vector function mapping a point of R"3 to the vector

(aiv 8uaiv Tt 78u1u2---unai)
(2.20) = (ai, Ooay, 014, ..., 033y, . ..,000..084, 000..0144, - - - ,333...331)

evaluated at that point. Note that the vector (2.20) belongs to the target jet
space

U' € DY x {Xpu=0,123D7 } X - X {Xp uaopn=0,1,2,3D7 }-
Definition 5. Given two positive integers n and k, the polynomial ring

Clai,ag,...,a,,0,4a1,0,89,...,0u8n, Ou o1, Ouype@2, - - - Opypo@ns - - -

8M1M2~~~ukalv 8M1M2--~Mka27 s ’Buwz-nﬂkan ]

where 1, p1, po, . € {0,1,2,3}, is denoted by R, 5. Rpk is a graded com-
mutative unitary ring. We denote also the additive group of homogeneous
polynomials of degree r by R .

Lemma 12. Let r, n and k be three positive integers, and let us denote the
cardinal of the set Dy, ; by | Dy, |. There is a group isomorphism R , = RTD N

leading to a graded ring isomorphism Ry = Rip,, |-

Proof. D, ), is in bijection with {Xl,XQ, . ,X‘Dn’k|}. The independence of
indeterminates requires that each of the 9, pia...;;,8n should correspond to a
unique x;. One can build a well defined one-to-one homomorphism between
the generators of R; , and those of RTDn,k|' O

Let us introduce the definition.
Definition 6. Let n, k and r be nonnegative integers. Then,

(i) the group homomorphism v 41k @ Rpy1x — Ry defined by setting
anp+1 = 0, (and consequently, we have dyant1 = 0, ..., 0u o, . pup@nti
= 0,) is called the (n+ 1, k) vertical projection of degree r or simply the
v-projection when no confusion occurs.

(ii) The group homomorphism by, ki1 2 Ry g1 — Ry, defined by setting

8N1N27---7Mk+1a1 =0, 8M1N27---7Mk+132 =0,... ’8N1M2»---7Nk+lan =0

is called (n,k + 1) horizontal projection of degree r or simply the h-
projection when no confusion occurs.
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T

(iii) The group homomorphism 7} ;.4 :

ting:

Res1k1 — R defined by set-

ant1 =0, Opant1 =0, .., Opypg,@nt1 = 0, Opypio,ppy @1 =0,
Oprpizsevopin 1122 = 05 Opypig,pp iy @n = 0,a0d Oy g iy @1 =0

is called the (n+ 1,k + 1) projection of degree r.

Remark 8. A simple observation of the above defined projections proves that
their definition does not depend on the degree r of their domain R} ,. We can
admit henceforth that the way by which Up > oy and mp act on Ry is the

same as that by which v;?,;p , h;;p and w:l;,p act on Ry ;, for all p € N.

The following Lemma is satisfied.
Lemma 13. Given a positive integer n, the (n + 1,1) v-projection
U£+1,1 : RZ+1,1 - Rz,l
is surjective for all r > 0.

Proof. We have from Lemma 12, R} ;1 = RTDn+1,1| and R, ]

— r
n,l — R|Dn

al
Proposition 14. (i) Given a positive integer n, Yk € N, the (n + 1,k)

v-projection of degree r is surjective for any r > 0.

(ii) Given a positive integer k, ¥Yn € N, the (n,k+ 1) h-projection is surjec-
tive for any r > 0.

(iii) Vk €N, Vn €N, the (n+1,k+1) projection is surjective for any r > 0.

Proof. The proofs of the surjections are immediate by induction on k using
Lemmas 12 and 13. Indeed, consider Lemma 13 for the order £ = 1. (i)
becomes obvious. The points (ii) and (iii) can be shown in a similar way: one
has just to give the analogues of Lemma 13 (for k = 1) for hj ;.\, mn41,1 and

T1,k+1- O]
The following statement holds.

Theorem 1. Let k be a nonnegative integer and
Rop = @R;k =Clai,az,...,a,,0,a1,0,82...,0,8n, ..., Oy o 1,

r>0
8M1M2-~-Mk327 e ’8M1M2---Mkan] )

be the graded ring of polynomials in the indeterminate elements of Dy, over
C. Then, the (n,k + 1) h-projection

(221) hn,k—i—l : Rn,k—i—l - Rn,k
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defined by setting, for 1 < p < n, Oy py.. @ = 0, defines the graded ring
Rn, = @rzo limT Rk of series in the infinite number of indeterminates of

UZO:O Dn,k'

Proof. The projection hy, i1 is a surjection from R, 41 onto R, j as estab-
lished by Proposition 14. It readily defines a system having for projective
limit, a ring of series. O

Remark 9. Of course, projective limits relatively to vertical and diagonal
projections, namely v,41 5 and 7,41 x+1, respectively, could be defined in a
similar way with adapted considerations. However, it turns out that the rele-
vant aspects useful in NCFTs are provided only by horizontal projection.

Lemma 15. Given three positive integers v,k and n, P,.- an element of R",
and Qy, - an element of Ry, ~then,

+ +
(222) VpeN, v N (Priig) = Prg hyt (@) = Qe
Proof. See Lemma 13 and Proposition 11. O

There are two equivalent ways to realize any monomial as a series. This
depends on the ring where the projective limit is built, namely, R ; or R, ..
One has to use the good representation to realize a relevant and easiest anal-
ysis. Given the positive integers m,n, k, the following realizations of J),; a,
are valid

(2.23) G[M]kan = (0, cee ,O, G[M]kan, 8[H]kan, cee ),

where 8[u]kan is at the k" position and the remainder of the terms are constant
and equal to 8[#]kan. This series is used when the projective limit is done with
respect to R,,,.. The second way is denoted by a similar expression but, in this
case, 8[Mkan appears at the n'” position and the remainder of the terms are
constant and equal to 6[u]kan' This series is used when calculations are done

in R_j. Following this realization as series, 8[u]kan belongs to R}L or to Rl o

Besides, a”" = (0,...,0,a”,...) (the first a™ appearing at the n'" position)
is viewed as an element of Ry, while written as (™ ar,...,a" ...), ayis
viewed as an element of R} .

Let us define the double sequence (g;),)nmen of positive integers such that:

Vn,m € N, such that ¢, = 0 for m > n, i.e. explicitly

q =0, ¥Yn>0,
qiEN, q%:O, = 7quL:O,...;
QIEN, QQGN, (J3:0, ,qn:(], e
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@ eEN, geN, ..., ¢ eN ¢, ;=0

In the following, we do not take care of the index 0 in the first term of the
inverse limit. We assume that it is null. The following statement holds.

Lemma 16. Given n,r,k positive integers, P, € R;, and P", € R",. Then,
for any positive integers p and q, we have

+ +
(2'24) n+pP£ € Ranp) ; ag+P fk < Rikq'

Furthermore, for any positive integers m and p

T r4+1 . r+1
(2.25) a[u]manerPn,- € Rner’., 6[M]man » €ER sup(m.k)*

Considering the following element of @ R%?:qun C R.o defined by

n,m >1
n .

D @ ai a3 D 4 _q q;

Pﬂoz (Plo—al, Pgo—all—i-alla;,...,Pn,o: E afaf...ag,...),

if Yo ¢, = qi, Ym €N, i.e. the degree of each monomial term realizes a
partition of q%, then,

~ 1
(2.26) PR, C R
Proof. Given P € Rj , then, for any ¢, let us define Pgi; p = ay +pPr
szp) The direct product of aj} , , (realized as series) by P, lies in st:ip)

Indeed, one gets

T q T q T q T
al, P = (aj,, 700+ Anp P s Bnap P og1ys - )

From Lemma 15, any h-projection h( o) has the same action as the

k+1)

projection h(n+p) (bt 1) We get
rtq q+r _ g a  pr
Mot ) Pt Gy = o) o) @t Py
= al hy (P’ ) = Pq”
n+p'*(n+p),(k+1)\" n,(k+1) n-l—p nk n+p,k

This ends the proof of the Lh.s. relation of (2.24). The proof of the r.h.s
relation can be deduced by a similar procedure. Given P", € R, for any g,
we set

r+q . 4 r+q
Pn_mk = an+p Rn+pk.

We have the direct product

Pf,jq = (0,...,a% . (Pl Py s Pogr )
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= (0,...,agl+pP(Tn+p)’k,agl+pP{n+p+1)’k,...).
Then, for any integer m > 0, applying the v-projection v&il)’k(P&Fil)’k) =0
if (m+1) <n+p, due to P(;in+p),k = 0. Meanwhile, for any positive integer
l B
r+q r+q N o o] q
v(n+p+l+1),kp(n+p+l+l),k - v(n+p+l+1),k(a"+PP{n+p+l+1),k)

which gives, using Lemma 15,

q

r+q _ .4
an+pv(n+p+l+1),k(P (Tn+p+l+1),k) =a,, 1 (Tn—l-p-i-l)yk'
This is simply P(;fpﬂ) = :rj,? if (m=mn+p+1)>n+p. This ends the

proof of (2.24).
The proof of (2.25) is given by the following. The direct product of the
realization of Jj,) an+p (See (2.23)) by the series P € R, can be written

Pty = 0, anepPr = (0,0, 0, anspPr i Oy, BntpPrmis )

9o

with P(:Jrlp)’k € szﬁp),k' The h-projection thus acts as follows:

r+1 r+1 _pr+1 T
h(n+p),(k+1)7j(n+p),(k:+l) - hn——i&_—p,k—i-l(8[M]magz+ppn,k+l)'

Suppose m < k + 1. Using Lemma (15), we obtain

r—+1 r—+1 _ r—+1 T _ T
h(:+p),(k+1) (P(n+p),(k+1)) - 8[u}magz+ph(n+p),(k+1)(Pn,k+1) = O, anp Pk

Now, assume m > k + 1. We get h?;ip),(k+l)7?(7jip)7(k+l) = 0. This ends the

proof of the Lh.s. relation of (2.25). For the r.h.s. relation, given m and k,
let us set kg = max(m, k). The direct product of the series (2.23) by P’ is
defined by

.

+1 _ —
,Pfko — 8[H}manp7:k — (0, oo ,8[M]manP];k, 8[u}manp(p+1)7k, PPN )’
where the general term of the sequence is given by

= +1 +1
Prke =0, Vp<n and P)1" =09 a.Pi, Yp>n.

Then, P;j;; € R;};i. The v-projection acts as follows on Rail),ko:

r+1 r+1 .
Up+1).ko (P(p+1),k0) =0, Vp+1<n

and

r+1 r+1 r+1 T _ T
V1o Pl ) = Ol B0y g (Plpy ) = O, 2P VP 41> .
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This ends the proof of (2.25). The relation (2.26) is a corollary of the first rela-
tion of (2.24) and its proof proceeds from the same manner. The requirement
that any monomial must be of the same degree q%, ie. ¢ +---+q, = q%,

insures the stability of the direct product in the group R +q1 O

Theorem 2. The direct product of series of Ry, (resp.R'}) by series of RfL“
(resp.Rffk) belongs to Rﬁd (resp.Rier). The direct product of series of R, |

(resp.R"}) by series ofRﬁL’. (resp.Rffq) belongs to RZ:;(H m), (resp. Rrjjp(k q)).

Proof. This can be derived from the definition of direct product of series and
from Lemmas 15 and 16, considering that the double sequence P’" forn,k € N
can be viewed as an ordinary sequence when the second index is ﬁxed Indeed,
let By = (Pry,Pro,...,Pry,..) and Qf = (QF 1,Q%5,...,Q%,,...) be,
respectively, two elements of R;, ~and Rd . Then, the direct product of P
by Q¢ , denoted by P is glven by PT+d Pr Q2 that is

+d _ +d -‘rd +d __
PT (Pr 1Qn17 T 2Qn27" 77;,14; - ank)"')'

The projection h;ﬁil R;ﬁil R;ﬁﬂd is defined by setting zero any term of

the form 8[u]k+1a1§n = 0, using Lemma 15. O

2.2.3. Ideals and projectors

Consider the sets of dofs D,, ;, C D. The dofs taken in D,, , are the indetermi-
nates of the polynomial graded ring

Rn,k =C al,az,...,an, 8[#]ka1, 6[H]ka2, v 7{*)[#]kan .

Theorem 1 states the inverse limit R, = @rzolim? R, ) in the infinite
number of indeterminate elements of D. We fix in this section the number
of indeterminates to be n which is no longer displayed. R, . is henceforth
denoted by R for the sake of simplicity. The dofs are taken in the general
form a or b. Let us also mention that the following developments are valid in
general algebra [14].

Proposition 17. Any principal ideal of R, generated by a fized ag € D, can
be written as < ag >= apR.

The form of < ag > is due to the fact that the ring R is commutative.
Given a fixed indeterminate ag € D, the projection ¢, onto the ideal < ag >
can be defined as

iag(P) =P, if P €< ag >,
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(2.27) iag(P) =0, if <P >nN<ag>=0,

< P > being the ideal generated by P, such that i,, has the natural following
properties:

(1) ZE210 = iaO;
(ii) 4a, is linear on R;

(iii) R = Imia,®Ker ia,, where I'm iy, denotes the range of i5, and Ker ia,
its kernel.

Now, we pay attention to more pratical and basic relations useful for com-
putational techniques in NCFT. The following properties are of particular
significance in NCFT.

Proposition 18. Let 1 be the unity of R, and ag be a fixed dof in this space.
Then, the following relations hold, Ya a non constant dof,

(2.28) VA € C\ {0},  iay(AL) =0, iay(0) =0,
(2.29) a#dag, VA €C, iy(a)=0,
(2.30) if3N €C, a=Xay, ia(a)=a.

Proof. The proposition is immediate if one considers that i, is a projection
and any dof is an independent and irreducible element of R. 0

Proposition 19. Given ag a dof, the binary relation =,, in R hereafter called
“to be equal to (modulo ag)” and defined as follows

(2.31) VF,GER, F =a,G < iay(F)=1a,(9),
18 an equivalence relation in R.

Remark 10. The equivalence relation (2.31) has nothing to see with the
usual equivalence relation ‘to be equal to (modulo the ideal < ag >)’. Indeed,
if F = G modulo < ag >, this means that ' — G € agR, in other terms,
F=G+agy- B, for some B € R. This does not imply that F' and G have the
same image under the projector onto < ag >. Besides, in the ring of series,
the derivation with respect to a given indeterminate keeps its ordinary sense
satisfying the Leibniz rule. In symbol, we write

D)= g (1) g+ (o)

aao 0

It is noteworthy that taking the derivative of series with respect to a given ag,
one must implicitly use the projection on the ideal spanned by ag, i.e.

O =2 i) & 2(—imp=o.

aiao Oag 83.0
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Hence, the derivation targets all terms included in f involving the quantity
agp, i.e. the sum of terms being equal to f modulo ag. The remaining terms
cancel under the projector ¢a,.

2.3. x-algebra revisited

In this subsection, we provide the definition of the x-product in terms of pro-
jective limits of space functions. Some relevant calculations in NCFT are also
given.

2.3.1. axb as a projective limit

Let R, be the ring of series defined by inverse limits of sequences of the ring
of polynomials R, in the indeterminates of D,, ;, over C. From the relation
(2.2) and Theorem 1, we aim at constructing a star product ax b in the form
of an inverse limit.

Any partial sum of

s

b = ab
ax a+2

0" 9,20, b + - -

is a homogeneous polynomial of degree » = 2 and is built with two indetermi-
nates which belong to D9 = {a,b}. Then, we set the following sequence

Py = (P5, P31, P39, Pss ..., Py, ..),
k P
1 v—1
2 § : v
p=0

Vk € N, the (2,k + 1) h-projection, defined by vanishing all derivatives of the
form 8[H]k+1a as well as that of the form 8[#}k+1b, has the following action on

the general term P22,k 41

2 2 2
(2-33) h2,k+1(P2,k+1) - P2,k
as expected. This result is summarized in the following

Theorem 3. Let a and b be two dofs of the field space. Then, axb € Ra,
and we have explicitly, axb = P227_ = lim? P227k.

It readily follows the statement
Corollary 2. For any dof a and b :

(2.34) ooy, (axb) eR3,  VpeN, a?eRf.
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For allm € N, consider a multi-index I = (i1,12,...,i,) € N such that p # q,
ip # iq and defining a family of dofs {a;, }i,, and let J = (j1,72,...,Jn) € N”
be another multi-index. Then

J1 J2 .. adn Jitje++jn
(2.35) ag, xag, - -kay € Ry ST

Proof. For a fixed p and by the Leibniz rule, we write
(2.36) du(axb)=0,axb+axd,b.

It is then immediate that (2.36), being a sum of x-products of two x-factors,
belongs to R% Indeed, we give now a prescribed sequence which realizes
the Lh.s. term of (2.36) as an inverse limit (the r.h.s. is treated in the same
manner). The sequence which generates d,a x b by an inverse limit is given
by:

V-1
k d 2
VAR T
Pi=> () 0074 (D,2) Dy, b

2
d=0

Pjy=0, Pj, =0d,ab, Pj,=0,ab+ 0r° 9,,a0,b,

One can see that the projection (2.21) is well defined. The inverse limit in
k is of degree 2 and defines J,a « b. This proves (2.34) for a single index p.
Proceeding by induction, for p a nonnegative integer, we have

p
v v l
(2.37) Ol oy, (axb) =0l " CLopaxdy, b,
1=0
l _

(2.38) C, =p!/(Ip—DY.
This sum of x-products belongs to R% This ends the proof of the first relation
of (2.34).

The proof of (2.35) proceeds from induction on the number n of indeter-
minates. The case n = 2 corresponds to the definition of the Moyal product.
Assume that the relation is true up to the order n. Let us set

J1sJ2sdn _ oJ1 J2 ..., oin Jitj2+-+in
(2.39) T3 =ay xay, xay € Rmax(il,ig,...,in)'

The identity (2.34) proves, by induction on the number of indeterminate n,
that the derivative 9y, T/ /" € Rt

k Zlﬂé,;nﬂn .maz(il,ig,...,én)' .
Now let a;,,, be another indeterminate and j,11 another integer.

J1:925-50n Jn+1
(2.40) T+ 9T % a

11,12,..,%n In41
o0

k
a5k (T ool

11,22, 5%n  In41 2 Mk 11,22,.0050n k" in41
k=1



MOYAL ALGEBRA 75
which is a sum of quantities belonging to the direct product of Rﬁ:ﬁ:lzﬂzn)

and Rf::ll by Lemma 16 and Theorem 2. The remaining equality is obtained

by induction on the number n of indeterminates. O

Remark 11. This definition of the x-product as inverse limit allows to high-
light generalized n-ary laws [13] that one could further investigate. Consider
the generalized product combining n elements defined as a series element of
R, such that

(241) (ala az, ... 7an)*

k
= Z Z @[Nlltz..-un]pa[ul]pl alﬁ[uﬂpz as... 8[#n}pn an,

p=0 pi1+p2+--+pn=p

where ©F1#2:#1ly i some tensor which has to be chosen such that appropriate
properties of the generalized law, namely n-associativity or n-commutativity
is satisfied. The Moyal *-product is a binary law and clearly defines some
restriction of this kind of product.

2.3.2. Some relevant computations

We are interested in such properties of the x-product of polynomials, whatever
the powers, like those which are relevant in NCFT. Concrete examples have
been worked out in Section 3. The x-product of any two dofs a and b is

axb=ab+ <V_1> 0" 9,a0,b + - - + (V_l> lg[w]na[ ] aaM b+--.
2 2 n! Hin n

Thus, each term of this series belongs to different ideals since each partial
derivative is considered as an irreducible generator of the total ring

axbe<ab>® <9,a0,b>®---d <Yy ady, b>d---

Hence, the projection i) onto a fixed ideal generated by either a or da is well
defined. The following proposition is straightforward.

Proposition 20. Let a, b, c,da, 0b, dc be independent irreducible indetermi-
nates chosen among the generators of the commutative ring of series R. Then,

(i) the following basic relations are valid:

(2.42) axb =, ab, b xa =, ab,
(2.43) VP(a,b,c,...) € R, axP(a,b,c,...) =5 aP(a,b,c,...),
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where P(a,b,c,...) is some series which does not contain the dofs a.
Furthermore,

N

"1
9 ) E H[P“]na[p]naa[#]nb.

(2.44) axb =0, b (

(ii) Finally, we have the following relation with polynomial functions: For

Al F,G eR, if inF =0 then FxG =p F xipG.

Proof. These relations are inferred from the expansion of the x-product while
the last property can be deduced as follows

G = Zb(G) + Gy with i,Gog =0
FxG = Fx*ip(G)+FxGy
FxG =y ib(F*ib(G) + F*Go) =b (F*ib(G))

which is the expected relation. O

Remark 12. When 6 — 0, then x-product becomes the usual multiplication
and the projection i) becomes a projection onto the dof ideals, and any
projection onto ideal generated by derivatives da vanishes as expected.

83. Applications

In this section, we give some relevant applications of the previous study in
NCEFT. First, we need to define the classical extension of Lagrange formulation
of field theory for higher order dynamical systems [8, 7]. Such higher order
systems actually lie within the framework of NCFT, dealing with infinite order
of derivative. In particular, we address the issue of defining Euler-Lagrange
equations for NC and nonlocal field systems. Second, we discuss some features
of the Ostrogradski formulation of Hamiltonian dynamics in this context, by
computing the infinite discrete sequence of conjugate momenta recovering, by
the way and in a new manner, that the field phase space in NCFT is infinite
dimensional [5].

A higher order dynamics can be understood, in some simple situation, by
a given classical field system characterized by a dynamical scalar field ¢ and a
Lagrange function £ = L(¢, 0, ..., 9, #), k being the fixed maximal order
of derivation as occurring in the Lagrangian.

The general formula for the Euler-Lagrange equation of motion is obtained
by taking successively integration by part from the action variation. One gets

k

oL
(3.1) (=1)" 0y, =0,
T;) (1] 90y,
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where it is assumed that the sum runs over all different multi-indices [u], #
(1], making hence 9y, & # Oy, b-

In NCFT, the maximal order of differentiation is infinite. The sum (3.2)
now becomes infinite which is understood as an algebraic series of Section 2,
namely

> oL
(3.2) (=1)" o, =0,
Z (] 86[#]71@%)

n=0

the same assumption on [u], as the above mentioned holds. Let us precise
that, here, the algebra of series is built over a singleton set D} = {¢}.
In a more general statement, we introduce the following notation
(33) [)\]k = ()\la)\Qa"' 7)‘k)
= (Xl)Xla'-' s XLy X2y X25+ - -3 X2y« - 7Xanp7"'7Xp)

q1—times q2—times gp—times

where the equivalence is valid under some permutation of the indices of [A].
Note that p < k and Y% _; ¢; = k. The number of nontrivial permutations of
[A]k is well-known to be the hypergeometric number

k!
5:1(%‘)!’
Claim 1. Let Ly = Li(¢, Ou, ..., Oy, b, - - - ) be a NC Lagrange function in a

NC scalar field theory. The NC analogue of Euler-Lagrange equation of motion
of ¢ is expressed by

H([Ag) == H([No) := 1.

Z Lk . oL
(3.4) > U HOR™ O, g5 =

Let us test the validity of such a statement in the particular case of the free
NC scalar field theory described by the NC Lagrangian in a D dimensional
Minkowski spacetime

1 m?
(35) E* — 5 uqb*a“qb - 7@5*@5
The following statement holds

Proposition 21. The Fuler-Lagrange equation of motion of the system de-
scribed by the Lagrangian (3.5) is the ordinary Klein-Gordon equation

> B oL
(3.6) kzzo(_l)k H([Nk) ™ 0py, P06 =0 = (9,0" +m?)¢.
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Proof. Given a multi-index [\];, we have the equalities

(37) 8<¢*¢) _ (ﬁ)k(1+( ) ) G[Aaka gb,

00,0\ 2 i)

(0 x O ) N=n L 1 1)k A ;
3.8 - oYX ,
( ) 88[/\]k¢ ( 2 ) Z HJ 1 q] Z) [‘ﬂkfl(z)

g1 . pxacigxioz | gx104y PX20q1+19X20a1+2 . ., GX20artaz . . .
~
q1—times q2—times
XiTqi+aot+a;_1+1 Xi0. . YXiO. .. . 9XpT.HXpO. . . . )XpO.
griontaz -1t X OX7 ... 9XP7-QXr 0Xv7-

(gi—1)—times gp—times

In order to prove equations (3.7) and (3.8), we consider (2.44)

k
v—1 1
(3.9) % 6 o0 k0 Oy @00, 0, ik = <2> k!
(3.10) Oup x 0" =0, 6 K1 gleolk—1 8[P]k—1#¢ o ol 1¢_
We can now deduce
(¢ *¢) [ (53[} R 90|01 ¢)
311 —_— = K HPU']k aa a k

from which, up to the combinatorial factor k!/([[t_;(¢:)!) = H([N]x) defin-
ing the number of permutations of [A]; which can be reproduced in the sum
0[p"]’f8[p] ¢ and O[p‘ﬂkﬁ[g] @ (keeping in mind that [A]; may have repeated in-
dices), the relation (3.7) is obtained. In a similar manner, (3.8) can be obtained
from (3.10) noting however that one first has to choose a A = x; = p in the
sum H[f)”]k*la[p] @ before computing the overall combinatorial factor.

We show now the identity (3.6). Let us set

o

—_1)k -1 1 .
kZ:O< D* H([\) ama% 2’;
\/jl k—1 - P H[Aa]k 3y i
<o [<2> A+ 1);1—[5 (g — 650)! 8X[U]k1¢]
NS -1 VATV 4+ (D8 e,
2 kZ_()( DY H([Ax)™ ), [( 5 ) 7 )] 0 a[g]k¢]_

The antisymmetry of the deformation tensor implies 9y kG[’\”]kO[U]k = 0, if
k # 0. Furthermore, if k = 0, the quantities g; cancel. Besides, 9)y}, = Oy, \],_,
so that 6Xi[)\]k71G[A”}kflax’[U]Fl =0, if £ # 1. Finally, we get

> _ oL _ v
(3.12) kZO(—l)’“H([A]k) Lo, T =-—mPp+ (—1)"19,, 0%¢
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which achieves the proof. O

Remark 13. The final Klein-Gordon equation was of course expected since
we well know that the free NCFT perfectly coincides with its commutative
counterpart from the action formulation. However here, and for the first time
to our best knowledge of the literature, we can use only the Lagrange formula-
tion to describe the dynamics of the free NC system. Lagrange formulation is
indeed more difficult to handle but this actually can be considered as the first
steps towards a well-defined generalized Hamiltonian formulation according to
Ostrogradski [21].

Now let us consider a new system with an interaction leading to a nontrivial
NCFT, in the sense that the dynamics of this system cannot be reduced to its
commutative analogue.

Consider a NC U(1) induced gauge theory described by the following La-
grangian density in NC Minkowski spacetime in 1 + 1 dimensions, i.e. Rb!:

(3.13) Lp=V—-1¢* (v0, + V—-1er"Aux) .

where the real valued gauge potential is A,, 1 and 1 are the two spinors
describing fermionic particles, e is the gauge constant coupling which is nothing
but the absolute value of the charge of the fermionic particle (electron or
positron), v* are the Dirac matrices generated by the usual Pauli matrices
0i=1,2,3, obeying the Clifford anticommuting algebra:

(3.14) {7 =AY A" =29,
(3.15) =0t = V10?0 = = =0, ¥ =910

Units such that i = 1 = ¢ are considered. We read off the dofs from these
actions: A, 1 and 1. Thenceforth, the algebra of series is built over the set

Dg = {Altv 1% ,&}
Explicitly, the Lagrangian (3.13) is written as:

Lp = V=19 % (9 + V=TeAox) ¥ + V=1 Ty5 x (81 + vV=TeArx) .

From the variation calculus of the actions S = f d?’xz Lp, we can deduce the
following statement.

Proposition 22. The equations of motion of ¥ and v with respect to the NC
Lagrangian Lp defined by (3.13) are

(3.16) gz =0 < 8“1/_17“ — \/—161;*14“’)/# =0,
(3.17) 05 _ 0 & Ao+ v—-ledtA,x¢=0.

55 =
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The equation of motion of A, is the Lagrangian constraint

08

1 _—
(3.18) i

=0 & —eyy*y=0.

Now, let us prove that according to our previous formulation, we can de-
fine rigorous analogues of Euler-Lagrange equations for spin fields from the
Lagrangian.

Proposition 23. The NC Euler-Lagrange equations of ¥, 1 and A, are

(3.19) Y (=1)F H([Nr) " Op, 82[[:}’31!) =0 & It —V—lehx A" =0,
k=0 Alk
= oL

(3.20) Y (=D)F H(INk) ' Oy soe = 0 & 0,0 + V—Tey" Ay x 9 = 0,
par 90N, ¥

(3.21) i(—n’f H([Ni) ™" oy 9> _ o —eqtpx1p = 0.
it k00|, Ay

The proof of Proposition 23 requires a preliminar lemma applying the pro-
jective limit formulation in the current situation.

Lemma 24. For any fields ® and Y with the Grassmann parity ¢(T) =€ =

0,1, for any integer k = 0,1,. .., we obtain

2 TR = R HN 008 - (“;T)kkl,
(3.23) m =k H([Ny) 09, @.

Given a field A

R H([Aw[f’”kémmma[plm@*%_m

where [plg—m denotes the complementary index of [plm, in [plk, namely [plg—m =
(Pmt1, Pmt2; -5 PE)-
Proof. From (2.44),

(3.25) Bx T =, T A0 Dy, T

The equations (3.22) and (3.23) are obtained from (3.25), keeping in mind
that derivatives are left derivatives with respect to the Grassmann parity of
fields. For instance,

) VI
g, 21 =0

6710, .
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The remaining factor is obtained by similar consideration as previously dis-
cussed.

The proof of (3.24) may start with the momentum Fourier space. We have,
with normalized measures

(fxg)(x) = /dedef(k)g(p) oV TkOp Tz | Tk

rs ~ > \/jln v —1px —1lRx
= /dedef(k‘)g(p) Z ( ) gl ]"8[V]neﬁp *G[M]neﬁk

n=0 n
(3.26) = i an,l)n o1ndy,, g(@) Ay, f ().
Then, one readiT; (Z)btains
PxAxYT = dx Z [“””3[1,] T *0),,A
(3.27) = i o 017 i (‘/nj‘l)n 011 9y (D% Dy, YD, ) A-

m=0 n=0
The projection onto the term of k" order derivative of A can be written

(328) PrxAxT :8[>‘]kA

k
Sk g[palm@mm " gl (% ), T)

Ol [l A-
= (k—m)!
Renaming the independent variables such that w1, ..., tg—m a8 Omy1,--.,0k
and vy, ...,Vg—m 48 Pmtl,---, Pk, and using the antisymmetry of 6”7, one

proves that

e[pU]mH[HV}k—ma[p]m ((I) * 8[V]k_mT)a[0']m [,U]k—mA
= (=DM, (@ % g, T)jo, A.

k

Combining the last relation and (3.28), it can be deduced the identity (3.24)
after taking the derivative in Jjy, A onto (3.28). This ends the proof of the
lemma. O

Proof of Propostion 23. The proof is immediate from the addition of different
quantities already computed in the Lemma 24. Using the relation (3.23) and
considering T = v and ® to be 9,1 or v* A, x 1), it comes

> _ 0Lp

ok 1 _
(3.29) k:O( )" H([M) 8[A]k03[x]k¢

= Z(_ 8[)\ (V 1Kk 0[)\ Ma[cr]k,u,qzz) — CRE H[Ao]ka[a]k(’yﬂAH * ¢)> :
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The antisymmetry of 7k cancels any term such that k # 0. It clearly
remains the usual covariant derivative equation of motion of ¥ (3.19). Similar
computations lead to the equation of motion of ¥ (3.20). Let us now derive
the constraint (3.21). We have from (3.24)

> oL
E -1 _Y~D
(3.30) prd Alk) ™ s 90, A
N [PA]k - k mﬁm
= —eZ " Z Ok lolon (¥ V)31, ).
= m=0

Due still to the antisymmetry of 872, it turns out that if m # 0, the sum over
m vanishes. Indeed, assume m > 1, one sees that for any function B,

01NEQ (), B = 012 gPmAm ek, 3B =0

Therefore, we get from (3.30)

> dLp
(3.31) Lo
kzzo MNega . 4 6a[>\]kAﬂ
2 (_1)2k( Tk ~
= —eZ—( ) ;i. ) 0N Oy, (4 % 7By, 10)
k:()

Z WkaM (¥ x 719y, ).
k=0

Furthermore,

k
O, (5 Dy, ) = 6PN O O, kD), ¥
=0

with C! = k!/(1!(k—1)!), the last sum vanishes unless | = k. Finally, we obtain

= - dLp
3.32 —DFH(Nk) " O mn
(3.32) ];)( )FH([Ag)™ O, Ja, A,
62 e[pk]ka[ SO HF A W = —e P x4,
k=0
where the last identity stems from (3.26). O

Remark 14. In NCFTs, most of computations are usually performed under
integral, namely within an action formulation, since the main suitable proper-
ties are satisfied only under the integral (see Section 2). Actually, one should,
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in more general framework of a NC module field theory over Moyal algebra
seen as a Hilbert space, work with the generalized trace class integral action
which involves the same relevant properties [5]. Hence, the integral action
formulation seems to be a way of predilection of the study of NCFTs. How-
ever, we have now shown that the Lagrangian algebraic formulation could also
have a well defined sense with a connection to the action calculus. In partic-
ular, the equation of motion extracted from action variational principle could
correspond to the NC Euler-Lagrange equations. We point out that a clear
Lagrangian and Hamiltonian formulations of the dynamics are still lacking in
NCFTs [6]. The above development shows that the nonlocal character of the
NC theory, manifested by algebraic formal series, can be usefully exploited to
extend the classical Euler-Lagrange equation of motion to the framework of
the NC theory.

As particular application of Lemma 24, let us study the formal NC mo-
mentums obtained by derivation of inverse limit series. We have to define
first the meaning of NC momentums in the sense of nonlocal theories, i.e. NC
analogues of Ostrogradski formulas. The following statement can be found in
[8].

(mn)

Proposition 25. Let L = L(xy,&n,Ty,..., oy ) be a Lagrange function
describing a system with x,(t) as dofs, n =1,2,... and m,, being the mazximal
order of all time derivatives of the coordinate x,, appearing in L.
The quantities pn.qa, (o =0,1,...,my —1) defined by the recurrence rela-
tions
oL
(3.33) Pt ——
oL d ,
(3.34) Pnji,-1 = m - &pn,in, in=12...,my,—1
allow to redefine the Fuler-Lagrange equations of motion as
Mn k
d\"" OL oL d
(3.35) > (=1 () Sy 0=0, n=1,2 ...
= dt (%gﬂn) ox, dt
Proof. See [8]. O

The NC counterpart in field theory of Proposition 25 is now investigated.
From the NC Euler-Lagrange equation (3.4)

oL
" 86[)\]n¢)
oL > oL

— — —1)"! o A A5 O
=3¢+ DO DD HN) T 9, 003 0 ®

o

(3:36) Y (—1)"H(Na) " dy

n=0

n=1
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we can define the initial value

oL
3.37) mon, = YEH([NR) MO S
( ) 0,A\1 — 88 1¢ Z ) Nn-1 aa[ﬂnq)\ﬁb

and the general term of the Ostrogradski formulas, k > 1

or
3.38) m_ = H(\p)™"
(3.38) Tp—1,(Ax ([Ak) D,
or
+ n kH ] ) 16;n_ _—.
n%;l A 0015, 3, @

The NC Euler-Lagrange equation can now be written in a simple way
oL
o

The following proposition is henceforth proved.

(339) - a,\7T07,\ = 0.

Proposition 26. Let L, = Li(¢,0u0, ..., 0/, ¢, ---) be a NC Lagrange func-
tion describing a system with ¢ and 0¢ as dofs.
The quantities my_1 |5, (k=1,2,...) defined by the general term

oL
3.40) = H(\k)™
( ) k—1,[A\]x ([ ] ) aa[/\]k¢
oL
" P H (N Oy, 5
nzkzﬂ A 00,
allow to redefine the FEuler-Lagrange equations of motion as
- oL oL

3.41 ~D)"H(Nn) 'op, 25— =7 -0 =0.
( ) 7;)( ) ([ ]'fl) Aln aa[)\]n¢ a¢ AT\

Remark 15. As a first remark, the classical Ostrogradski quantities py;,
(3.34) are defined recursively with a certain initial value py, ,,, (3.33) defined
by the fixed maximal order of time derivative of the dof x,. According to the
above construction in NCFT, the definition of these quantities actually uses
a different route defining at first the series of the fundamental quantity mg )
from which the general term can be deduced. Secondly, the quantity g »,
as one easily observes, converges to the usual momentum conjugated to the
field ¢ (leading term in (3.37)) in the limit § — 0 and for first order derivative
theories. The classical commutative Euler-Lagrange equation is well recovered
by the identity (3.41). In addition, the Ostrogradski formalism is established
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provided that the derivatives xglk”) of each dof x,, up to the order m,, — 1 are

considered as independent. Here, the construction meets this idea by seeing
the fields and their derivatives as totally free indeterminates. This is a new
reason why the Ostrogradski formalism makes sense in the projective limit
ring. Finally, the quantities 7, [y}, , K = 0,1,. .., explicitly prove the existence
of an infinite dimensional phase space. Indeed, they could be used to define
the canonical conjugate momentums in an extended Ostrogradski Hamiltonian
formulation which has to be properly defined in a forthcoming work.

84. Concluding remarks

In this paper, we have investigated in detail, from the fundamental point of
view of the noncommutativity, new properties which are straightforwardly
involved in the relevant computational aspects of the NCFT, built on the x-
product. In order to avoid cumbersome calculations arising from the nonlocal-
ity of the theory, source of difficulties, different approaches have been proposed
such as the theories of lowest order terms of the Seiberg Witten Map [23] and
“two-time” generalized Ostrogradski formalism [6]. Here we adopt a different
approach where the Moyal algebra of functions is developed as an appropriate
ring of formal series or ring of projective limits of polynomials in the inde-
terminate defined by the fields and their derivatives. Thus, a new definition
of the x-product has been provided, making functional derivations as alge-
braic derivations with respect to a given indeterminate field. The x-product is
regarded as an inverse limit operator. It appears then possible to set appropri-
ate rules operating over nonlocal quantities in the NC spacetime, preserving
all the NC properties of the x-algebra at all levels of computation. Avoiding
the action formulation, we have given concrete examples in any dimensions
by making explicit directly by Lagrange formalism, the NC Euler-Lagrange
equations of the NC free scalar field theory and a U(1) induced gauge theory
coupled to NC Dirac Lagrangian density. Applications of this study allow also
to consider Ostrogradski formulas for higher order theories even if an infinite
dimensional phase space is considered.

In the forthcoming work, we expect to give a new insight to the nonlo-
cal theories induced by infinite series generated by the Moyal product in the
framework of the ring of projective limits of vector fields with a thorough study
of their convergence domain. A second issue which remains to be understood
within the framework of this study concerns the Hamiltonian formulation of
the dynamics in NCFTs.
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