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A. Omitted proofs

A.1. Proof of Proposition 1

We begin by giving an informal outline of the idea of the proof.

Consider a partition {Q; };cz of S, for some index set Z. The measures p and v both
induce measures on each set in the partition. We will transport u to v by first moving
mass between sets in this partition, and then moving mass within each set in the partition.
If u(Q;) # v(Q;) for one of the sets Q;, we we need to transport an amount of mass equal
to |u(Q:) — v(Q;)] into or out of @;. In total, we can transport the mass that p assigns
to each set in the partition to its proper set under v for a total cost of

Z [1(Qi) — v(Qi)] diam(S) < Z |(Qi) — v(Q4)],

i€l i€L

where we use the fact that diam(S) < diam(X) < 1 by assumption.

After the first step of the transport plan, u has been transported so that each set in
the partition contains the correct total amount of mass. It therefore suffices in the second
step to properly arrange the mass within each set. Moving the mass within ); cannot
cost more than diam(Q;), so the total cost of arranging the mass within each set is at
most

Z v(Q;) diam(Q;) < max diam(Q;) .

icT
We have obtained a transport of p to v for a total cost of approximately
max diam(Q;) + 2; 1(Qi) = v(Qi)
1€

This “single scale” bound is generally not tight, but a more refined bound can be
obtained by applying the above argument recursively: instead of naively bounding the
cost of moving the mass within @; by the quantity diam(Q);), we can partition @; into
smaller sets and estimate the cost of moving the mass within @; by first moving it
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between the sets of the partition before moving it within each smaller set. Iterating the
argument k* times yields the bound.

We now show how to make the above argument precise. Given two measures p and
v on X, write C(u,v) for the set of couplings between p and v; that is, for the set of
measures on X X X whose projection onto the first and second coordinate correspond to
w1 and v respectively.

Fix a k* > 1. We will define two sequences of measure 7 and p; on X for 1 < k < k*
such that le;l 7w < p and Z:;l pr < v. Given such a sequence, we set p; := p and
v1 := v and write

k—1
== 3
(=1

k—1
Vg =V — E Do
=1

for k < k* + 1.
Note that if v, € C(mg, px) for 1 < k < k* and vg+y1 € C(pg=+1, Vg++1), then

k* 41 k* k*
Z e €EC <Z T + Mk*+17Zpk + Vk*+1> =C(p,v),

k=1 k=1 k=1
therefore
o
WP () < WPk, i) + WE (1t 41, vk 1) -
k=1

For k£ > 1, define

_ _ w(@)) ‘
My 1= Z (1 Nk(Qk)>+Mk|Q§,

QFeg* '
pk(QF)>0
k
pr = Z (1/%(@;)) Vk|Q§~
Qreg? ve(@0) /4
ve(QF)>0

Note that 0 < 7 < pg and 0 < pg, < vy for all k, hence 0 < pup < pand 0 <y, <v
for all k£ as well.

Lemma A.1. IfQ € QF 1, then
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Moreover,

m(S) = pr(S) < D0 (@) —v(QF)].

QFeok

Lemma A.2. If«a and S are two measures on X such that

a(Q) = B(Q)
for all Q € QF~ 1, then
k—1
W2 (o, B) < 6~ DPa(S).
We can now obtain the final bound. By Lemmas A.1 and A.2,
WPk, pr) < 65797 3" |u(@F) — v(QF)|
QFegk
and i i i
WP (15 V1) < 8% Ppge1(S) < 68 Pp(S) <677,
The bound follows.

A.2. Proof of Proposition 2

We prove the inequalities in order. If d < dg (1), then by [1, Proposition 10.3] there exists
a compact set K with positive mass and a rg > 0 such that

p(B(z,r)) <7
for all r < rgand all z € K. (See also the proof of [2, Corollary 12.16].) Let 7 < p(K)/2. If
S is any set with u(S) > 1—7, then u(SNK) > u(K)/2. If N.(S) = N, then in particular
there exists a covering of S N K by at most N balls of radius € whose centers all lie in

K. Indeed, any set of diameter at most € which intersects SN K is contained in a ball of
radius & whose center is in K. If ¢ < 7, then each such ball satisfies u(B(z,7)) < &%, so

N >e4u(K)/2.
We therefore have for all 7 sufficiently small,

lim inf 2BAN=0LT) o
e—0 —loge

Thus d.(p) > d. Since d < dy(p) was arbitrary, we have dp () < d.(u), as desired.
That d.(p) < dj () follows from the simple observation that for all positive o and 7,

liminf d. (p, 7) < liminf d.(p,e%).
e—0 e—0
Finally, if das(p) > 2p, then setting s > dps(p) yields

1imsupd8(,u,5%) <limsupd.(p) = dp(p) < s,
e—0

e—0

so dy(u) < s. Since s > dpr(p) was arbitrary, we obtain dp(u) < dar(). O
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A.3. Proof of Proposition 3

Write Ng := Ny—+1)(Sk), where we recall that by assumption S C S. For 1 < k < k*,
let C* := {CF,...} be a finite covering of S by balls of diameter 3~ (*+1) such that
Cr,.. .,C’J’i,k covers Si. Such a covering can always be found by choosing an optimal
covering of Sy and extending this covering to a covering of all of S. Since N3—++1)(S) <
00, this requires only a finite number of additional balls.

We begin by constructing QF . Let QF := CF", and for 1 < £ < |C*| let

-1
oy =ck\ (U ij) .
n=1
Let Q% :={QF,...}. Note that diam(QF") < diam(CF") = 3=*"+1) < 3=%" that QF
forms a partition of S, and that at most Ny« elements of QF intersect Sj-.
We now show how to construct QF from QF*+! and C*. Let

k
Ql = U Q»
QEQk+1
QNCY#0

and for 1 < ¢ <|C*| let

o= ( U o (Uel).
QEQk+1 n=1
QNCE#D

Let QF := {OF ... }.

The sets in QF clearly form a partition of S, and by construction at most N, elements
of QF intersect Sy Moreover, since diam(CF) < 3=+ for all £ and diam(Q) < 3~(*+1)
for all Q € QFt1, the distance between any two points in Qif is at most 3-3~(F+1) = 3-F
so each element of QF has diameter at most 37%. Finally, since each set in QF is the
union of sets in Q¥ the partition Q¥*! refines QF, as desired. O

A.4. Proof of Proposition 7

The only inequality that does not follow from Proposition 2 is the first. By absolute
continuity, for all 7 > 0 there exists a o > 0 such that any set T for which u(7) >1—17
satisfies H4(T) > o. If H4(T) > o then , then in particular for any covering {B(x;, )}
of T by balls of radius ¢ for ¢ sufficiently small, we must have Y, e? > o /2. Therefore
such a covering contains at least o~ /2 balls, so

log Ne(p,7) , log(0/2)

—loge ~ —loge ’
and taking limits yields that d.(u) > d, as desired. O



Supplement to “Sharp rates of Wasserstein convergence” 5

A.5. Proof of Proposition 11

For all integers k > 0, denote by NNj the smallest positive integer such that Ny is a power
of two and &y, < 27F. Such an integer always exists because the sequence J,, decreases
to 0. We require the following lemma, whose proof is deferred to Section B.

Lemma A.3. The sequence Ni11/Ny is bounded.

Let m be an integer large enough that Ny41/Ni < 2™ for all n. Let Q be the standard
dyadic partition of [0, 1], with QF being a partition of [0, 1]™ consisting of 2¥™ cubes of
side length 2.

Our measure p will satisfy Ny () = Ni_o for all k > 2. We will define a sequence
of measures {ug}52, iteratively and construct p as their limit in the weak topology.

Let po be the uniform distribution on [0, 1/4]™. For each positive integer k, the measure
. will be supported on Ny_s cubes in QF, and will be uniform on its support. We will
call a cube Q; € QF live if uy(Q;) # 0.

Fix an ordering zg,...,zom_1 of the 2™ elements of {0,1}™. To produce p4+1 from
puk, divide each live cube of py, into 2 cubes of side length 2-(*+1) The ordering of
{0,1}™ induces an order on these 2™ subcubes.

Given a live Q € QF, define the restriction yi441|g by requiring that px41(Q) = ux(Q)
and that fix+1|g be uniform on the union of the first Ny /Nj, subcubes of Q. Note that
Ni+1/Ny is an integer because both Ny and Ny are powers of 2, and by assumption
Niy1/N, < 2™, the total number of subcubes of Q. Since QF forms a partition of
[0,1]™, combining the measures 41| for @ € QF yields a probability measure fi511 on
[0,1]™. By Prokhorov’s theorem, this sequence of measures py possesses a subsequence
converging in distribution to some measure .

The following lemma collects necessary properties of u. Its proof appears in Section B.

Lemma A.4. If N, <n < Ng41, then
Now-a(p,1/2) > n
Moreowver,
27F 2 <, <27k
and

27](:74 S n*l/dn S 27]6 .

We can now obtain the lower bound. Let v be any measure supported on at most n
points. If Ny <n < Ngy1, then by Lemma A.4, if X ~ pu, then

P[ min | X —yle <2751 <1/2.
y€Esupp(v)

Markov’s inequality therefore implies for any coupling (X,Y") of u and v that

E[|X ~ Y]/ 2 275 B min X — gl > 2750 2 2750 2 97001
yesupp(v

as claimed. O
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A.6. Proof of Proposition 19

Both claims are standard, and details can be found in [3, Theorem 5.10]. The first follows
follows from the assumption that X is a bounded Polish space. For the second, we use
the fact that the supremum is achieved by an f satisfying

f(x) = yig)f( fy) + D(x,y)P VreX. (1)

Let f be a function achieving the supremum in (4) and satisfying (1). By adding a
constant to f and f¢, we can assume that sup,cx f(x) = 1. Then for all y € X,

fC(y) = Sup f(x) - D(may)p Z 07
reX

and (1) then implies
flx) >0 VexeX,

as claimed. 0

A.7. Proof of Lemma 1

If X ~ v is independent of Z ~ N(0,021), then by considering the coupling (X, X + Z),
we obtain
2
WE (p,v) <E[||Z]7) < o¥(d +2p)"/?,

where we have applied a standard bound for the moments of the x? distribution.
We can couple empirical distributions fi,, and 7, by letting X;,...,X,, ~ v ii.d. and
Ziy.ooy Zy ~ N(0,0?) ii.d. and independent of {X;} and setting

n
. 1
Uy = — E Ox,
n
=1

N
Mn = E ZléXrFZi :
We have for this coupling
NN RS
W2 (i, 20) < = S Z]17,
i=1
and
PN 2
EW) (fin, on) < oP(d + Zp)p/
The triangle for W), then implies

EW;?(% fin) < E(Wp(ﬂa v) + Wp(’/v Un) + Wp(ﬂm on))?
< 3PIEWE (v, D) + 2 3P 1 oP (d + 2p)P/2 .
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B. Additional lemmas

B.1. Proof of Lemma A.1

We first show that for any ¢ < k, if Q € QF, then

(@) = vk(Q) -
Suppose first that Q € QF~!. By definition, Wi = Wg—1 — Tg—1. We obtain

p(Q) = (pr—1 — Te-1)(Q) = min{pr—1(Q), vk-1(Q)},

and likewise
ve(Q) = min{ug—1(Q), ve—1(Q)} -

Since Q is a dyadic partition, any Q € Q° for £ < k can be written as a disjoint union
of Q1,...,Qm € Q1. Hence

(@) =Y m(@i) = Y (@) = wi(Q)
i=1 i=1

as claimed.
Note that this also implies for any ¢ < k, if Q € Q°, then

Th(Q) = 1e(Q) — r41(Q) = vi(Q) — vr11(Q) = p(Q) -
We now prove the bound on 7 (S). By definition,
pr(8)= 3 (@)~ m@))r =5 3 Inel@F) — m(@)].
QreQk QFeQk

We now show that, for any Q € QF~!, there exist scalars ¢, co € [0, 1] depending on
() such that

telQ = ciplq
Vk|Q = CQV|Q .

We proceed by induction on k. By symmetry, it suffices to prove the claim for ux and
p. Since pq = p, it holds for k = 1. Now assume pi_1]/g = c1pt/q. We have

Pkl = pr—1lQ — mk—1]/@ = min {Vk_l@) 1} pe-1lq = il
qu(Q)

where ¢} = min { Z’;:Eg)) , 1} c1. This proves the claim.

Now, given such a Q € Q1 and ¢, ca € [0, 1], we have u(Q) = v(Q), so
ap(Q) =c2v(Q).



Note that v € C(«
S, we have

Summing over the elements of Q% contained in @Q, we obtain

Weed & Bach

v(Q)|

S (@) (@) = Y lean(@F) — e(QF)]
QFCQ QFcQ
< 37 aluw@) - v@)+ Y v@F)ler — o
QFcQ QFcQ
= Y alu(@F) — v(QF)] + e2ln(@) —
QFCQ
< Y (er+ ) (@) — v(@D))
QFCQ
<2 3 (@) - v(@h)
QFCQ

Finally, summing over all Q € Q*~! yields

1

p(S) =5 > (@) — (@I < Y (@) =@,

QFeQ*k QFeQk

as claimed.

B.2. Proof of Lemma A.2

Let

a®f
Y= k=i
Qk—ggk—l a(Qz )
a(QF™1)>0

a(@HB@T U
g @A )

S.U) =
750 NG

QF tegr-1

On the other hand, by assumption, a(Q¥™!) = B(Q¥™1), so

k—1 k—1

B

Q’?*legk—l

— B(U).

,3). Indeed, for any measurable U C S, since Q! is a partition of
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We have
[revraey = Y e [ e yrdese)
Qf’legkﬂa i Q
< > B@EFY)diam(QF P
Qf*legk—l

< a(8)sk=1p

B.3. Proof of Lemma A.3

By assumption, there exist constants ¢ and « such that %na < §, < cn® for all n
sufficiently large. Let M = (2¢2)~/®. Then for n sufficiently large,

Onin < c(Mn)® = LI < 16

Mn = Q=50 = 50
This implies that for k sufficiently large, 6y, < 27F implies that Spn, < 27571 so0
that Nipt1 < MNg. Hence Nii1/N < M for all k sufficiently large, so Nii1/Ny is
bounded. O]

B.4. Proof of Lemma A.4

We first show the key property of p. For any = € [0,1]™ and r > 0, denote by B(z,r)
the open £ ball of radius r around z. We claim that for any = € [0,1]™ and ¢ > 2,

1
B(z,27 1)) < .
1(B( ) < N

It suffices to show this claim for all uy with £ > ¢, and conclude via the fact that p is
the weak limit of a subsequence of the measures. The bound in question certainly holds
when B(z,27¢"1) exactly coincides with one of the cubes in Q°, since each live cube in
O’ has mass exactly 1/N,_5 by construction.

For all other x, note that the restriction of u; to each live cube in Qf is the same
measure. In general, the cube B(x,27¢"1) intersects 2™ cubes cubes in G;, and we can
partition B(z,27¢"!) into 2 pieces which, via translation, exactly cover a cube of QF.
Each piece has mass at most the mass of the corresponding piece in a live cube, hence
the measure is at most the measure of a live cube.

This property immediately implies a bound on the number of balls needed to cover any
set S such that u(S) > 1/2. Since each ball of diameter 27¢ has mass at most 1/Ny_o,
to cover a set of mass 1/2 requires at least Ny_o/2 balls. Therefore for all £ > 2,

No—e(p1;1/2) = Nip—2/2. (2)
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For all k > 0, because Nj1 is a power of 2 greater than one, Nj1/2 is also a power
of 2. The definition of Ny therefore implies that oy, /2 > 2—k=1_ Because Jfogg’g is
nondecreasing and at least 1 for all n > 2, we have for all £ > 0

log Ni1  10g(Ni41/2)  log Ny
—logén,,, ~ —logdn,,,;2  —log(0n,.,/2/2)

and therefore 5Nk,+1 > %5N,€+1/2 > 27%=2 5o that Nit2 > Niy1. Since Ni4o is also a
power of 2, in particular Niio > 2Ny 1. This implies Niy2/2 > n.
Choosing ¢ = k + 4 in (2) yields

Ng—k—4 (,u, 1/2) >n.

This proves the first claim.
We have just noted that dy,,, > 27572, and the definition of N} implies dy, < 27",
If N <n < Ngy1, then the fact that §,, is nonincreasing in n yields

2752 <y, <6, <N, <27F.

This proves the second claim.
To prove the third claim, we first note that the definition of d,, implies that

n—1/dn

is nonincreasing as n increases. We can therefore prove an upper bound on n~'/4 by
. —1/dn
proving an upper bound on N, / k.

Recall that

. log Ny,
dn, = ;ggmax{d>e(u,5p), loge} .
Choosing € = 2~ +2) yields
logy Ny,

}.

dn, < maX{dz2—<k+2> (), i+ 2
To bound the first term, note that if ¢’ € [27¢, 271, then N (1) < No—e(p) = Np_o.

/ —+1 1 log N/ (1) log Ny_»
We also have ¢/ < 2 < 6pn,_,. Therefore d. = —= Tog e’ < TR
logn

The assumption that is nonincreasing therefore implies
—logédn

logNg_Q < logNk <10g2Nk

dso—kt2 <
>2-ke2 () < 2<e<k+2 —logdy, , ~ —logdn, — k

We obtain
logy Ni

de S k )
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so n~1/dn < N};l/de < 9k
To obtain the lower bound, note that if ¢ < 2~ +4) then

logym

dzﬁ(:uagp) > d2*(k+4) (/17 1/2) > k+4 s

where we have used the fact proved above that Ny—wra) (1, 1/2) > n. If ¢ > 274 then

logn logs n
—loge ~ k+4°

Combining these bounds yields

I 1
d, = ir;%max{d>5(u,5”), osn } > 082 1
1 >

—loge k+4’
S0
n—l/dn > 2—(k+4) ,
as claimed. O
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