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S1. Proof of the hardness result.

PROOF OF PROPOSITION 1. Fix ϵ ∈ (0,1), and let (Px)x∈Rd be a disintegration of P
into conditional probability measures on [0,1]; see Section S8.1 and Lemma S34. Since A
has finite VC dimension, it follows from the Vapnik–Chervonenkis concentration inequality
(Lemma S36) that there exists a finite set T⊆Rd for which

sup
A∈A

∣∣∣∣ 1|T|∑
t∈T

1{t∈A} − µ(A)

∣∣∣∣≤ ϵ.(S1)

Since T is finite and µ has no atoms, we may choose a radius r > 0 sufficiently small that
µ
(⋃

t∈TBr(t)
)
≤ ϵ. Now define a function ρ : Rd → [0,1] by ρ(x) := 1 ∧

∧
t∈T{(2/r) ·

∥x − t∥∞}, noting that ρ is Lipschitz. Further, define a family of probability distributions
(Qx)x∈Rd on [0,1] by ∫

[0,1]
h(y)dQx(y) =

∫
[0,1]

h
(
ρ(x) · y

)
dPx(y),

for all Borel functions h : [0,1]→ [0,1], and define a probability distribution Q on Rd× [0,1]
by Q(A × B) =

∫
AQx(B)dµ(x). It follows that (Qx)x∈Rd is a disintegration of Q into

conditional probability measures on [0,1]. In addition, taking a random pair (XQ, Y Q)∼Q
we see by (S40) that for µ-almost every x ∈Rd,

ηQ(x) = E
(
Y Q |XQ = x

)
=

∫
[0,1]

y dQx(y) = ρ(x) ·
∫
[0,1]

y dPx(y) = ρ(x) · ηP (x).

Hence, we may extend the definition of ηQ to Rd in such a way that ηQ(·) = ρ(·)ηP (·),
which is a product of Lipschitz functions, so is itself Lipschitz; thus, Q ∈ PLip(µ). Note also
that for every t ∈ T, we have ηQ(t) = ρ(t)ηP (t) = 0 < τ , so T ∩ Xτ (ηQ) = ∅. Moreover,
ηQ(x) ≤ ηP (x) for all x ∈ Rd, so Xτ (ηQ) ⊆ Xτ (ηP ). Hence, since Â controls the Type I
error at the level α over PLip(µ), we have

PQ

{
Â⊆ (Rd \T)∩Xτ (ηP )

}
≥ PQ

{
Â⊆ (Rd \T)∩Xτ (ηQ)

}
= PQ

{
Â⊆Xτ (ηQ)

}
≥ 1− α.(S2)
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Now Qx = Px for x /∈
⋃

t∈TBr(t). Hence

H2(P,Q)≤ 2TV(P,Q)≤ 2µ

(⋃
t∈T

Br(t)

)
≤ 2ϵ,

so

TV2(P⊗n,Q⊗n)≤H2(P⊗n,Q⊗n) = 2

{
1−

n∏
i=1

(
1− H2(P,Q)

2

)}
≤ 2
(
1− (1− ϵ)n

)
.

(S3)

Note that by (S1) if A ∈A satisfies A ∩ T= ∅, then µ(A)≤ ϵ. Hence, by (S2) and (S3), we
have

PP

({
µ(Â)≤ ϵ

}
∩
{
Â⊆Xτ (η)

})
≥ PP

(
Â⊆

(
Rd \T

)
∩Xτ (ηP )

)
≥ 1− α−

√
2
(
1− (1− ϵ)n

)
.

Letting ϵ↘ 0 gives (3). Thus,

Rτ (Â) =Mτ −EP

(
µ(Â) | Â⊆Xτ (η)

)
≥ (1− α) ·Mτ .

Finally, note that for any ξ > 0, we may take Aξ ∈A with µ(Aξ)>Mτ − ξ and Aξ ⊆Xτ (η).
Hence, we may define Ā ∈ Ā that takes the value Aξ with probability α and ∅ otherwise; it
has regret Rτ (Â)< (1− α) ·Mτ + α · ξ. Letting ξ↘ 0 yields the final equality in (4).

S2. Proof of the upper bound in Theorem 2. Recall that Theorem 2(i) will follow from
Lemma 3, together with Propositions 4 and 5.

PROOF OF LEMMA 3. We begin by showing that supx∈B η(x)≤ t := τ+λ ·diam∞(B)β .
Indeed, suppose for a contradiction that there exists some x0 ∈ B with η(x0) > t. Since
B ̸⊆ Xτ (η) there also exists x1 ∈B with η(x1)≤ τ . Since η is continuous there exists x2 on
the line segment between x0 and x1 with η(x2) = τ . Thus, since x0, x2 ∈ Xτ (η) we have,

η(x0)≤ η(x2) + |η(x0)− η(x2)| ≤ τ + λ · ∥x0 − x2∥β∞
≤ τ + λ · ∥x0 − x1∥β∞ ≤ τ + λ · diam∞(B)β = t < η(x0),

a contradiction which proves the claim supx∈B η(x) ≤ t. Now let m := n · µ̂n(B) =∑
i∈[n] 1{Xi∈B}. If m = 0, then p̂n(B) = 1, so we may assume without loss of generality

that m ≥ 1. Let (ij)j∈[m] denote a strictly increasing sequence such that Xij ∈ B for all
j ∈ [m]. For each j ∈ [m] let Zj := Yij so that

E
(
Zj | DX

)
= E

(
Yij | DX

)
= η(Xij )≤ t.

Moreover, (Zj)j∈[m] are conditionally independent given DX . Writing Z̄ :=m−1
∑

j∈[m]Zj ,
we have by construction of p̂n(B) that

P
(
p̂n(B)≤ α | DX

)
= P

[
exp
{
−n · µ̂n(B) · kl

(
η̂n(B), t

)}
≤ α and η̂n(B)> t

∣∣∣DX

]
= P

{
kl
(
Z̄, t
)
≥m−1 · log(1/α) and Z̄ > t

∣∣DX

}
≤ α,

where the final inequality follows from a Chernoff bound, stated for convenience as
Lemma S38.

The proof of Proposition 4 will rely on the following lemma.
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LEMMA S1. Fix β ∈ (0,1], λ ≥ 1 and P ∈ PHöl(β,λ, τ) with η ∈ FHöl

(
β,λ,Xτ (η)

)
.

Then, with (B(ℓ))ℓ∈[L̂], ℓα and m as in Algorithm 1 (and setting ℓα := 0 when L̂ · p̂n(B(1))>

α), we have

P
( ⋃

ℓ∈[ℓα]

B(ℓ) ̸⊆ Xτ (η)

∣∣∣∣DX

)
≤ α.

PROOF. Let N (DX) := {B ∈H(DX) :B ̸⊆ Xτ (η)} and K := |N (DX)|. Note that{ ⋃
ℓ∈[ℓα]

B(ℓ) ̸⊆ Xτ (η)

}⋂
{K = 0} ⊆

{ ⋃
ℓ∈[L̂]

B(ℓ) ̸⊆ Xτ (η)

}⋂
{K = 0}= ∅.

On the other hand, when K ≥ 1, we may write

ℓ̃ := min
{
ℓ ∈ [L̂] : B(ℓ) ∈N (DX)

}
,

so that when L̂ · p̂n(B(1)) ≤ α, we have
⋃

ℓ∈[ℓα]B(ℓ) ̸⊆ Xτ (η) if and only if ℓ̃ ≤ ℓα. When

K ≥ 1, we have by the minimality of ℓ̃ that ℓ̃≤ L̂+ 1−K , so

P
( ⋃

ℓ∈[ℓα]

B(ℓ) ̸⊆ Xτ (η)

∣∣∣∣DX

)

= P
({ ⋃

ℓ∈[ℓα]

B(ℓ) ̸⊆ Xτ (η)

}⋂
{L̂ · p̂n(B(1))≤ α}

∣∣∣∣DX

)
= P

(
{ℓ̃≤ ℓα} ∩ {L̂ · p̂n(B(1))≤ α}

∣∣DX

)
≤ P

({
(L̂+ 1− ℓ̃) · p̂n(B(ℓ̃))≤ α

}
∩ {L̂ · p̂n(B(1))≤ α}

∣∣DX

)
≤ P

(
K · min

B∈N (DX)
p̂n(B)≤ α

∣∣∣∣DX

)
≤

∑
B∈N (DX)

P
(
p̂n(B)≤ α

K

∣∣∣∣DX

)
≤ α,

where we applied Lemma 3 for the final inequality.

PROOF OF PROPOSITION 4. By construction in Algorithm 1, we have ÂOSS(D) ⊆⋃
ℓ∈[ℓα]B(ℓ). Hence the result follows from Lemma S1.

We now turn to the proof of Proposition 5. A key component of this result is the following
proposition, which states that if a set A ∈A may be covered with a finite collection of hyper-
cubes {B1, . . . ,BL} ⊆ H, each with sufficiently large diameter and µ-measure, in such a
way that η is well above the level τ on each Bℓ, then ÂOSS will return a set of µ-measure
comparable with µ(A).

PROPOSITION S2. Take α ∈ (0,1), n ∈ N, δ ∈ (0,1), (β,λ) ∈ (0,1] × (0,∞), P ∈
PHöl(β,λ) and A ⊆ B(Rd) with dimVC(A) <∞ and ∅ ∈ A. Given L ∈ N, suppose that
there exist hyper-cubes {B1, . . . ,BL} ⊆ H such that minq∈[L] µ(Bq) ≥ 8 log(4L/δ)/n,
minq∈[L] diam∞(Bq)≥ 1/n and

min
q∈[L]

{
sup
x∈Bq

η(x)− 2λ · diam∞(Bq)
β −

√
2 log

(
22+dL · n(2 + log2 n)/(α · δ)

)
n · µ(Bq)

}
≥ τ.

(S4)
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Let S† :=
⋃

q∈[L]Bq , and taking the universal constant CVC > 0 from Lemma S36, let

Jn,δ(S
†) := sup

{
µ(A) :A ∈A∩Pow(S†)

}
− 2CVC

√
dimVC(A)

n
−
√

2 log(2/δ)

n
.

Then

P
{
µ
(
ÂOSS(D)

)
< Jn,δ(S

†)
}
≤ δ.

Proposition S2 will be proved through a series of lemmas below.

LEMMA S3. Let P be a distribution on Rd × [0,1] having marginal µ on Rd, and let
δ ∈ (0,1), n ∈N and L ∈N. Suppose further that {B1, . . . ,BL} ⊆H with minq∈[L] µ(Bq)≥
8 log(4L/δ)/n, and define the event

E1,δ :=
{
min
q∈[L]

(
µ̂n(Bq)−

µ(Bq)

2

)
> 0

}
.

Then P(Ec
1,δ)≤ δ/4.

PROOF. By the multiplicative Chernoff bound (Lemma S39), for each q ∈ [L],

P
(
µ̂m(Bq)≤

µ(Bq)

2

)
= P

( m∑
i=1

1{Xi∈Bq} ≤
m

2
· µ(Bq)

)
≤ exp

(
−m

8
· µ(Bq)

)
≤ δ

4L
.

The result therefore follows by a union bound.

LEMMA S4. Let P be a distribution on Rd × [0,1] having regression function η :Rd →
[0,1], and let δ ∈ (0,1), n ∈ N and L ∈ N. Suppose that {B1, . . . ,BL} ⊆ H and define the
event

E2,δ :=
{
max
q∈[L]

(
inf
x∈Bq

η(x)− η̂n(Bq)−

√
log(4L/δ)

2n · µ̂n(Bq)

)
< 0

}
,

where the empirical distribution µ̂n and empirical regression function η̂n are defined in (7)
and (8) respectively. Then P(Ec

2,δ)≤ δ/4.

PROOF. By Hoeffding’s inequality (Lemma S38), for every q ∈ [L], we have

ess sup P
(
η̂n(Bq)≤ inf

x∈Bq

η(x)−

√
log(4L/δ)

2n · µ̂n(Bq)

∣∣∣∣DX

)
≤ δ

4L
.

The result now follows by the law of total expectation, combined with a union bound.

LEMMA S5. Let (β,λ) ∈ (0,1] × [1,∞), P ∈ PHöl(β,λ), δ ∈ (0,1), n ∈ N, L ∈ N
and ξ ∈ (0,1). Suppose that for some {B1, . . . ,BL} ⊆ H we have minq∈[L] µ(Bq) ≥
8 log(8L/δ)/n and

min
q∈[L]

{
sup
x∈Bq

η(x)− 2λ · diam∞(Bq)
β −

√
2 log

(
4L/(ξ · δ)

)
n · µ(Bq)

}
≥ τ.(S5)

Then, recalling the definition of the p-values p̂n from (9), we have

P
(
max
q∈[L]

p̂n(Bq)≥ ξ

)
≤ δ

2
.
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PROOF. By Lemmas S3 and S4, we have P(Ec
1,δ ∪ Ec

2,δ) ≤ δ/2. On E1,δ ∩ E2,δ , we have
for each q ∈ [L] that

η̂n(Bq)> inf
x∈Bq

η(x)−

√
log(4L/δ)

n · µ(Bq)

≥ sup
x∈Bq

η(x)− λ · diam∞(Bq)
β −

√
log(4L/δ)

n · µ(Bq)

≥ τ + λ · diam∞(Bq)
β +

√
log(1/ξ)

n · µ(Bq)
,

where we used the fact that P ∈ PHöl(β,λ), (S5) and the fact that
√

2(a+ b)≥
√
a+

√
b for

all a, b≥ 0. Thus, on E1,δ ∩ E2,δ , we have for every q ∈ [L] that

p̂n(Bq)≤ exp

(
−n · µ(Bq)

2
· kl
{
η̂n(Bq), τ + λ · diam∞(Bq)

β
})

< ξ,

as required, where the final bound uses Pinsker’s inequality.

We can now complete the proof of Proposition S2 before returning to complete the proof
of Proposition 5.

PROOF OF PROPOSITION S2. We begin by defining events

EPV :=

{
max
q∈[L]

p̂n(Bq)<
α

2dn(2 + log2 n)

}
,

EVC :=

{
sup
A∈A

∣∣µ̂n(A)− µ(A)
∣∣≤CVC

√
dimVC(A)

n
+

√
log(2/δ)

2n

}
.

By Lemma S5, with ξ = α/
(
2dn(2 + log2 n)

)
∈ (0,1), and Lemma S36, we have P(Ec

PV ∪
Ec
VC) ≤ δ. On EPV we have each p̂n(Bq) < 1, which implies µ̂n(Bq) > 0, and since

diam∞(B1)≥ 1/n we deduce that Bq ∈H(DX).
Now L̂ = |H(DX)| ≤ 2dn(2 + log2 n), so on the event EPV, for each q ∈ [L], we have

L̂ · p̂n(Bq)≤ α, and hence Bq =B(ℓ(q)) for some ℓ(q)≤ ℓα. Thus, on the event EPV we have
S† ⊆

⋃
ℓ∈[ℓα]B(ℓ). Now take ζ > 0 and chooseA∗

ζ ∈A∩Pow(S†) with µ(A∗
ζ)> sup

{
µ(A) :

A ∈A∩Pow(S†)
}
− ζ . It follows that A∗

ζ ∈A∩Pow
(⋃

ℓ∈[ℓα]B(ℓ)

)
and hence on the event

EPV ∩ EVC that

µ(ÂOSS)≥ µ̂n(ÂOSS)−CVC

√
dimVC(A)

n
−
√

log(2/δ)

2n

≥ µ̂n(A
∗
ζ)−CVC

√
dimVC(A)

n
−
√

log(2/δ)

2n

≥ µ(A∗
ζ)− 2CVC

√
dimVC(A)

n
−
√

2 log(2/δ)

n
≥ Jn,δ(S

†)− ζ.

Letting ζ ↘ 0, we conclude that µ(ÂOSS)≥ Jn,δ(S
†), on the event EPV ∩ EVC, as required.
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PROOF OF PROPOSITION 5. We define ρ := κ(2β + d) + βγ,

θ :=
8λd/β

n
log+

(
4 · 3d · n
α∧ δ

)
,

r∗ := λ−1/βθκ/ρ, ξ := θβγ/ρ and ∆ := 24θβκ/ρ. We initially assume that ∆ ≤ 1, so that
1/n ≤ λ−d/β · θ ≤ r∗ ≤ 2−4. Now choose a maximal subset {x1, . . . , xL} ⊆ Xξ(ω) ∩
Xτ+∆(η) with the property that ∥xq − xq′∥∞ > r∗ for distinct q, q′ ∈ [L]. Then Xξ(ω) ∩
Xτ+∆(η) ⊆

⋃
q∈[L] B̄r∗(xq) and B̄r∗/3(xq) ∩ B̄r∗/3(xq′) = ∅ for distinct q, q′ ∈ [L]. Now,

since ξ ≤ 1,

L≤
L∑

q=1

µ
(
B̄r∗/3(xq)

)
ξ · (r∗/3)d

=
1

ξ · (r∗/3)d
· µ
( L⋃

q=1

B̄r∗/3(xq)

)

≤ (3λ1/β)d

θ(βγ+dκ)/ρ
≤ 3dλd/β

θ
≤ 3dn.

For each q ∈ [L] we can find Bq ∈ H such that B̄r∗(xq) ⊆ Bq and such that r∗ ≤
diam∞(Bq) ≤ 2−⌈log2(

1

2r∗
)⌉+1 ≤ 4r∗, which is possible since r∗ ≤ 1/4. We then have that

for every q ∈ [L],

µ(Bq)≥ µ
(
B̄r∗(xq)

)
≥ ξ · rd∗ ≥

θ

λd/β
≥ 8

n
log(4L/δ).

Hence

min
q∈[L]

{
sup
x∈Bq

η(x)− 2λ · diam∞(Bq)
β −

√
2 log

(
22+dL · n(2 + log2 n)/(α · δ)

)
n · µ(Bq)

}

≥ min
q∈[L]

{
η(xq)− 21+2β · λ · rβ∗ −

√
2 log

(
23+d3dn2 log2(n)/(α · δ)

)
n · ξ · rd∗

}

≥ τ +∆− 23 · λ · rβ∗ −

√
θ

ξ · rd∗ · λd/β
≥ τ,

so (S4) holds. Thus, taking S† :=
⋃

q∈[L]Bq ⊇Xξ(ω)∩Xτ+∆(η), when ∆≤ 1 we may apply
Proposition S2 to see that with probability at least 1− δ, we have

µ(ÂOSS)≥ sup
{
µ(A) :A ∈A∩Pow(S†)

}
− 2CVC

√
dimVC(A)

n
−
√

2 log(2/δ)

n

≥ sup
{
µ(A) :A ∈A∩Pow

(
Xξ(ω)∩Xτ+∆(η)

)}
− 2CVC

√
dimVC(A)

n
−
√

2 log(2/δ)

n

≥Mτ −CApp · (ξκ +∆γ)− 2CVC

√
dimVC(A)

n
−
√

2 log(2/δ)

n

(S6)

=Mτ −CApp · (1 + 25γ) · θβκγ/ρ − 2CVC

√
dimVC(A)

n
−
√

2 log(2/δ)

n

≥Mτ −C

{(
λd/β · log+

(
n/(α∧ δ)

)
n

) βκγ

κ(2β+d)+βγ

+

(
log+(1/δ)

n

)1/2}
,

(S7)
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where C ≥ 1 depends only on d, κ, γ, CApp and dimVC(A). Finally, if ∆ > 1, then (S6)
holds because µ(ÂOSS) ≥ 0, Mτ ≤ 1 and CApp ≥ 1, so (S7) holds too. This completes the
proof of the first claim of the proposition.

For the second claim, observe by Proposition 4 that for α ∈ (0,1/2],

Rτ (ÂOSS)≤
Mτ −Eµ(ÂOSS)

P
(
ÂOSS ⊆Xτ (η)

) ≤ Mτ −Eµ(ÂOSS)

1− α

≤ C̃

{(
λd/β · log+(n/α)

n

) βκγ

κ(2β+d)+βγ

+
1

n1/2

}
,

where the final bound follows by integrating the tail bound in the first part of the proposition.

S3. Proofs of claims in Examples 1, 2 and 3 and a related result. Example 1: The
marginal density ofX is convex on (−∞,−ν−2] and on [ν+2,∞), so writing ϕ for the stan-
dard normal density, we have ω(x) = ϕ(x−ν)+ϕ(x+ν) for |x| ≥ ν+2. Hence there exists
ξ0 ∈

(
0,1/

√
2π
]
, depending only on ν, such that for ξ ∈ (0, ξ0] we have Xξ(ω) = [−xξ, xξ],

where xξ ∈
[
ν +

√
2 log

(
1

(2π)1/2ξ

)
, ν +

√
2 log

(
21/2

π1/2ξ

)]
satisfies ϕ(xξ − ν) +ϕ(xξ + ν) = ξ.

In fact, when ν ≥ 2, we may take ξ0 = 2ϕ(ν). Moreover, η(x) = ϕ(x−ν)
ϕ(x−ν)+ϕ(x+ν) =

1
1+e−2xν ,

so Xτ+∆(η) = [xν,τ,∆,∞), where xν,τ,∆ := 1
2ν log

(
τ+∆

1−(τ+∆)

)
. By reducing ξ0 > 0, depend-

ing only on ν and τ , if necessary, we may assume that −xξ ≤ xν,τ,∆ ≤ xξ for ξ ∈ (0, ξ0] and
∆ ∈

(
0, (1− τ)/2

]
. Writing Φ for the standard normal distribution function, we deduce that

for ξ ∈ (0, ξ0],

sup
{
µ(A) :A ∈Aint ∩Pow

(
Xξ(ω)∩Xτ+∆(η)

)}
= µ
(
[xν,τ,∆, xξ]

)
=

1

2
Φ(xξ − ν)− 1

2
Φ(xν,τ,∆ − ν) +

1

2
Φ(xξ + ν)− 1

2
Φ(xν,τ,∆ + ν).

Using the Mills ratio and the mean value inequality, it follows that for ξ ∈ (0, ξ0],

Mτ − sup
{
µ(A) :A ∈Aint ∩Pow

(
Xξ(ω)∩Xτ+∆(η)

)}
= 1− 1

2
Φ(xξ − ν)− 1

2
Φ(xξ + ν)− 1

2
Φ(xν,τ,0 − ν)− 1

2
Φ(xν,τ,0 + ν)

+
1

2
Φ(xν,τ,∆ − ν) +

1

2
Φ(xν,τ,∆ + ν)

≤
ϕ(xξ − ν)

2(xξ − ν)
+
ϕ(xξ + ν)

2(xξ + ν)
+

∆√
2πντ(1− τ)

≤ ξ

2
√

2 log
(

1
(2π)1/2ξ0

) + ∆√
2πντ(1− τ)

.

On the other hand, when ξ > ξ0, we have

Mτ − sup
{
µ(A) :A ∈Aint ∩Pow

(
Xξ(ω)∩Xτ+∆(η)

)}
≤ 1≤ ξ

ξ0
.

We conclude that P ∈ PApp(Aint, τ, κ, γ, τ,CApp) with κ= γ = 1 when we take

C−1
App =min

{
2

√
2 log

(
1

(2π)1/2ξ0

)
,
√
2πντ(1− τ), ξ0

}
.
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Example 2: Given ϵ0 > 0, choose A0 ∈ Ahpr ∩ Pow
(
Xτ (η) ∩ [0,1]d

)
such that µ(A0) ≥

Mτ − ϵ0. Let ∂A0 and r = (r1, . . . , rd) ∈ [0,1]d denote the boundary and vector of side-
lengths of A0 respectively. Observe that for ∆≤ ϵ · δ1/γ ,

Xτ+∆(η)⊇
{
x ∈ Xτ (η)∩ [0,1]d : dist∞(x,Sτ )≥ (∆/ϵ)γ

}
⊇
{
x ∈A0 : dist∞(x,∂A0)≥ (∆/ϵ)γ

}
.

Moreover, Xξ(ω) = [0,1]d for ξ ≤ 1. For s > 0, let A0(s) :=
{
x ∈A0 : dist∞(x,∂A0)≥ s

}
.

Note that for s≤minj rj/2,

µ(A0)− µ(A0(s))≤
d∏

j=1

rj −
d∏

j=1

(rj − 2s)≤ 1− (1− 2s)d ≤ 2ds.

On the other hand, if s >minj∈[d] rj/2, then

µ(A0)− µ(A0(s))≤
d∏

j=1

rj ≤min
j∈[d]

rj < 2s.

Then, for ξ ∈ [0,1] and any ∆ ∈ (0, ϵ · δ1/γ ],

Mτ − sup
{
µ(A) :A ∈Ahpr ∩Pow

(
Xξ(ω)∩Xτ+∆(η)

)}
≤Mτ − µ

(
A0,(∆/ϵ)γ

)
≤Mτ − µ(A0) + 2d

(∆
ϵ

)γ
≤ ϵ0 + 2d

(∆
ϵ

)γ
.

On the other hand, if ξ > 1 or ∆> ϵ · δ1/γ , then for any κ ∈ (0,∞) and CApp ≥ 1/(ϵγδ), we
have

Mτ − sup
{
µ(A) :A ∈Ahpr ∩Pow

(
Xξ(ω)∩Xτ+∆(η)

)}
≤ 1≤CApp · (ξκ +∆γ).

Since ϵ0 > 0 was arbitrary, the conclusion follows.

Example 3: Writing ωκ := ωµκ,d for the lower-density of µκ, we have for x ∈Rd that

ωκ(x)≥ sup
t∈[∥x∥∞,∞)

gκ(t)

{
Ld

(
B̄1∧t(x)∩ B̄t(0)

)
∧ inf

r∈(0,1∧t)

Ld

(
B̄r(x)∩ B̄t(0)

)
rd

}
≥ sup

t∈[∥x∥∞,∞)
(1∧ td)gκ(t)

≥

{
gκ(∥x∥∞)∧ gκ(1) if κ ∈ (0,2)(

1
2d(κ−1) · gκ(∥x∥∞)

)
∧ gκ

(
1

2(κ−1)1/d

)
if κ ∈ [2,∞).

Now, writing ad,κ := 1
2(κ−1)1/d · 1{κ≥2} + 1{κ<2} and ξd,κ := gκ(ad,κ), we have for ξ ≤ ξd,κ

that Xξ(ωκ)⊇
{
x ∈Rd : ∥x∥∞ ≤Rξ,d,κ

}
, where

Rξ,d,κ :=



(
(κ/(2dξ))1−κ−1

1−κ

)1/d
if κ ∈ (0,1)

log1/d
(

1
2dξ

)
if κ= 1(

1−{2dξ/(κad
d,κ)}κ−1

κ−1

)1/d
if κ ∈ (1,∞).
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We now calculate that

(S8) Mτ ≡Mτ (Pκ,γ ,Ahpr) = µκ
(
[0,∞)×Rd−1

)
= 1/2.

Observe that Xτ+∆(ηγ) = {x = (x1, . . . , xd)
⊤ ∈ Rd : x1 ≥ (∆/λ)γ} for ∆ ∈ (0,1 − τ ].

Hence, for ∆ ∈ (0,1− τ ] and ξ ≤ ξd,κ, we have

sup
{
µκ(A) :A ∈Ahpr ∩Pow

(
Xξ(ωκ)∩Xτ+∆(ηγ)

)}
≥ sup

{
µκ(A) :A ∈Ahpr ∩Pow

(
B̄Rξ,d,κ

(0)∩
(
[(∆/λ)γ ,∞)×Rd−1

))}
= µκ

(
B̄Rξ,d,κ

(0)∩
(
[(∆/λ)γ ,∞)×Rd−1

))
≥ 1

2
µκ
(
B̄Rξ,d,κ

(0)
)
− µκ

(
[0, (∆/λ)γ ]×Rd−1

)
.(S9)

For x= (x1, . . . , xd)
⊤ ∈Rd, let x−1 := (x2, . . . , xd)

⊤ ∈Rd−1. Then

µκ
(
[0, (∆/λ)γ ]×Rd−1

)
=

∫
[0,(∆/λ)γ ]×Rd−1

gκ(∥x∥∞)dx

≤
∫
[0,(∆/λ)γ ]×Rd−1

gκ(∥x−1∥∞)dx= bd,κ ·
(
∆

λ

)γ

,(S10)

where

bd,κ :=

∫
Rd−1

gκ(∥x−1∥∞)dx−1 = (d− 1) · 2d−1

∫ ∞

0
yd−2gκ(y)dy

=


(1−κ)1/dΓ(2−1/d)Γ( 1+(d−1)κ

d(1−κ)
)

2Γ(κ/(1−κ)) if κ ∈ (0,1)

Γ(2− 1/d)/2 if κ= 1
(κ−1)1/dΓ(2−1/d)Γ(2+ 1

κ−1
)

2Γ(2− 1

d
+ 1

1−κ
)

if κ ∈ (1,∞).

Moreover, for ξ ≤ ξd,κ ≤ κ/2d,

(S11) 1− µκ
(
B̄Rξ,d,κ

(0)
)
= d · 2d

∫ ∞

Rξ,d,κ

yd−1gκ(y)dy =

(
2dξ

add,κκ

)κ

.

But for ∆> 1− τ or ξ > ξd,κ, we have

sup
{
µκ(A) :A ∈Ahpr ∩Pow

(
Xξ(ωκ)∩Xτ+∆(ηγ)

)}
≥ 0≥ 1

2
−
(

∆

1− τ

)γ

−
(

ξ

ξd,κ

)κ

.

We deduce from (S8), (S9), (S10) and (S11) that Pκ,γ ∈ PApp(Ahpr, τ, κ, γ, τ,CApp), with

CApp =

(
b
1/γ
d,κ

λ
∨ 1

1− τ

)γ

∨
(

2d

add,κκ
∨ 1

ξd,κ

)κ

.

Given a closed set S ⊆Rd, we define the projection ΠS :Rd → S by

ΠS(x) := sargmin
z∈S

∥x− z∥2,

where sargmin denotes the smallest element of the argmin in the lexicographic ordering.

PROPOSITION S6. Let P be a distribution on Rd × [0,1] with marginal µ on Rd and
continuous regression function η. Suppose that A⊆B(Rd) has the properties that
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• there exists a bounded set A0 ∈A∩Pow
(
Xτ (η)

)
such that µ(A0) =Mτ ;

• writing ∂A0 for the topological boundary ofA0, there exist s0 > 0 andC ′
App > 0 such that

for every s ∈ (0, s0], we can find A0(s) ∈ A with A0(s)⊆ {x ∈ A0 : dist2(x,∂A0)> s},
satisfying

µ(A0)− µ
(
A0(s)

)
≤C ′

App · s.

Suppose that there exist c∗, κ > 0 such that

ω(x)≥ c∗ · s1/κ

for all x ∈ A0(s) and s ∈ (0, s0). Assume further that Sτ := {x ∈ Rd : η(x) = τ} is non-
empty, and that there exists δ0 > 0 such that η is differentiable on Sτ,δ0 := Sτ + δ0B2,1(0).
Let A0,δ0 := A0 + δ0B2,1(0) and assume that ϵ0 := infx∈A0,δ0

∩Sτ,δ0
∥∇η(x)∥2 > 0. Then

∆∗ := infx∈A0\Sτ,δ0
η(x)− τ > 0, and P ∈ PApp(A, τ, κ,1,CApp) for

CApp ≥max

{
C ′
App

max(cκ∗ , ϵ0)
,

1

s0cκ∗
,

1

min(ϵ0δ0,∆∗)

}
.

PROOF. Since η is continuous on the intersection of the closure of A0 with the comple-
ment of Sτ,δ0 , and since this intersection is compact but does not contain any point in Sτ , we
have that ∆∗ > 0. By Cannings, Berrett and Samworth (2020, Proposition 2), we have

(S12) Sτ,δ0 =

{
x0 +

t∇η(x0)
∥∇η(x0)∥2

: x0 ∈ Sτ , |t|< δ0

}
.

Moreover, from the proof of that result, we see that for any x ∈ Sτ,δ1 , we can take x0 =
ΠSτ

(x) in the representation (S12). Now suppose that x ∈ A0 ∩ Sτ,δ0 , so that x = x0 +
t∇η(x0)/∥∇η(x0)∥2 with x0 =ΠSτ

(x) ∈ A0,δ0 ∩ Sτ and |t|= dist2(x,Sτ )< δ0. Since the
line segment joining x0 and x is contained in A0,δ0 ∩ Sτ,δ0 , we have

|η(x)− τ |=
∣∣∣∣η(x0 + t∇η(x0)

∥∇η(x0)∥2

)
− η(x0)

∣∣∣∣≥ |t|ϵ0.(S13)

Now observe that int(A0)∩ Sτ = ∅ because if x0 ∈ int(A0)∩ Sτ , then for sufficiently small
t > 0, the point x0 − t∇η(x0)/∥∇η(x0)∥2 would belong to A0 and Xτ (η)

c, a contradiction.
Hence, for x ∈A0 we have dist2(x,Sτ )≥ dist2(x,∂A0), so for ∆<min(ϵ0δ0,∆∗),

{x ∈A0 : η(x) ∈ [τ, τ +∆)} ⊆A0 ∩ Sτ,∆/ϵ0 ⊆
{
x ∈A0 : dist2(x,∂A0)≤∆/ϵ0

}
.

Then, for any ξ ∈
(
0, c∗s

1/κ
0

)
and ∆ ∈

(
0,min(ϵ0δ0,∆∗)

)
,

Mτ − sup
{
µ(A) :A ∈A∩Pow

(
Xξ(ω)∩Xτ+∆(η)

)}
≤ µ(A0)− µ

(
A0

(ξκ
cκ∗

∧ ∆

ϵ0

))
≤C ′

App ·
(
ξκ

cκ∗
∧ ∆

ϵ0

)
≤CApp · (ξκ +∆).

On the other hand, if ξ ≥ c∗s
1/κ
0 or ∆ ≥ min(ϵ0δ0,∆∗), then provided we take CApp ≥

max
{
1/(s0c

κ
∗),1/min(ϵ0δ0,∆∗)

}
, we have

Mτ − sup
{
µ(A) :A ∈A∩Pow

(
Xξ(ω)∩Xτ+∆(η)

)}
≤ 1≤ 1

s0
·
( ξ
c∗

)κ
+

∆

min(ϵ0δ0,∆∗)

≤CApp · (ξκ +∆).

The result follows.
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S4. Proofs from Section 3.

S4.1. Proofs from Section 3.1. In order to prove Theorem 6, we first establish Proposi-
tion S7 below, which will be useful in the sequel. Recall the definition of ∆n,β,λ from (10).

PROPOSITION S7. Given δ ∈ (0,1) and x0, x1 ∈Rd, we let

EHöl
n,δ (x0, x1) :=

⋂{( |η(x0)− η(x1)| −∆n,β,λ(x0)∨∆n,β,λ(x1)

∥x0 − x1∥β∞

)
≤ λ̂n,β,δ ≤ λ

}
,

where the intersection is over all (β,λ) ∈ (0,1] × [1,∞) for which P ∈ PHöl(β,λ, τ) and
minx∈{x0,x1}{η(x) − ∆n,β,λ(x)} ≥ τ . Here we adopt the convention that an intersection
over an empty set is the entire probability space. Then PP

(
EHöl
n,δ (x0, x1)

)
≥ 1− δ.

The proof of Proposition S7 will make use of the event

Eη,δ :=
⋂

(i,k)∈[n]2

{∣∣∣∣η̂n(B̄ri,k(Xi)
)
−

∑
t∈[n] η(Xt) · 1{Xt∈B̄ri,k

(Xi)}∑
t∈[n] 1{Xt∈B̄ri,k

(Xi)}

∣∣∣∣≤
√

log(4n2/δ)

2k

}
.

PROOF OF PROPOSITION S7. Fix n ∈ N, δ ∈ (0,1), and x0, x1 ∈ Rd. We will assume
without loss of generality that η(x0) ≥ η(x1) and min{ω(x0), ω(x1)} > 0 since otherwise
the index set in the intersection in the definition of EHöl

n,δ (x0, x1) is empty. By Hoeffding’s
lemma and a union bound, we have P

(
Ec
η,δ|DX

)
≤ δ/2. For ℓ ∈ [n] and x ∈ {x0, x1} we let

sℓ(x) :=
(
nω(x)/(2ℓ)

)−1/d and define the event

Eµ,δ(x0, x1) :=
⋂

x∈{x0,x1}

⌊nω(x)/2⌋⋂
ℓ=⌈4 log(4n/δ)⌉

{
|{Xi}i∈[n] ∩ B̄sℓ(x)(x)| ≥ ℓ

}
.

Observe that for x ∈ {x0, x1} and ℓ ∈ {⌈4 log(4n/δ)⌉, . . . , ⌊nω(x)/2⌋} we have sℓ(x) ∈
(0,1] and

µ
(
B̄sℓ(x)(x)

)
≥ ω(x) · sℓ(x)d =

2ℓ

n
.(S14)

Hence, by the multiplicative Chernoff bound (Lemma S39) we have P
(
Eµ,δ(x0, x1)c

)
≤

δ/2. Consequently, to complete the proof it suffices to show that Eη,δ ∩ Eµ,δ(x0, x1) ⊆
EHöl
n,δ (x0, x1). To this end, fix (β,λ) ∈ (0,1] × [1,∞) for which P ∈ PHöl(β,λ, τ) and
η(x) −∆n(x) ≥ τ for x ∈ {x0, x1}. On the event Eη,δ , we have for any (i, k) ∈ [n]2 with
ψ̂n,β,δ(i, k)> λ that∑

t∈[n] η(Xt) · 1{Xt∈B̄ri,k
(Xi)}∑

t∈[n] 1{Xt∈B̄ri,k
(Xi)}

≥ η̂n
(
B̄ri,k(Xi)

)
−
√

log(4n2/δ)

2k
> τ + λ · (2ri,k)β.

Hence, B̄ri,k(Xi) ⊆ Xτ (η), since η ∈ FHöl(β,λ,Xτ (η)). Consequently, on the event Eη,δ ,
given any (i, j, k, ℓ) ∈ [n]4 with min

{
ψ̂n,β,δ(i, k), ψ̂n,β,δ(j, ℓ)

}
> λ, we have

η̂n
(
B̄ri,k(Xi)

)
− η̂n

(
B̄rj,ℓ(Xj)

)
−
√

2 log(4n2/δ)

k ∧ ℓ

≤

∑
t∈[n] η(Xt) · 1{Xt∈B̄ri,k

(Xi)}∑
t∈[n] 1{Xt∈B̄ri,k

(Xi)}
−

∑
t∈[n] η(Xt) · 1{Xt∈B̄rj,ℓ

(Xj)}∑
t∈[n] 1{Xt∈B̄rj,ℓ

(Xj)}

≤ η(Xi) + λ · rβi,k − η(Xj) + λ · rβj,ℓ ≤ λ ·
(
∥Xi −Xj∥β∞ + rβi,k + rβj,ℓ

)
,
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and hence ϕ̂n,β,δ(i, j, k, ℓ)≤ λ. Thus, on the event Eη,δ , we have λ̂n,β,δ ≤ λ.
For the lower bound, assume without loss of generality that ∆n(x0)∨∆n(x1)≤ 1 and let

i0 := sargmini∈[n] ∥Xi − x0∥∞ and i1 := sargmini∈[n] ∥Xi − x1∥∞. For x ∈ {x0, x1}, let

ρn(x) :=
{
∆n(x)/(24λ)

}1/β and kn(x) := ⌊n2 ·ω(x) · ρn(x)
d⌋. Since for each x ∈ {x0, x1},

the fact that ∆n(x)≤ 1 ensures that n
2 · ω(x) · ρn(x)d ≥ 4 log(4n/δ) + 2, we have kn(x) ∈

{⌈4 log(4n/δ)⌉, . . . , n}. Hence, on the event Eµ,δ(x0, x1) we have |{Xi}i∈[n] ∩ B̄ρn(x)(x)| ≥
kn(x)

}
for x ∈ {x0, x1}.

Now fix j ∈ {0,1}, so that ∥Xij − xj∥∞ ≤ ρn(xj) and rij ,kn(xj) ≤ 2 · ρn(xj). Then
η(xj) ≥ τ + ∆n(xj) = τ + 24λρn(xj)

β and η ∈ FHöl(β,λ,Xτ (η)), so B̄rij ,kn(xj)
(Xij ) ⊆

B̄3·ρn(xj)(xj)⊆Xτ (η). Since ∆n(xj)≤ 1, we also have
√

2 log(4n2/δ)/kn(xj)≤∆n(xj)/4.
Hence, on the event Eη,δ ∩ Eµ,δ(x0, x1), we have

η̂n
(
B̄rij ,kn(xj)

(Xij )
)
− τ −

√
log(4n2/δ)

2kn(xj)

≥

∑
t∈[n] η(Xt) · 1{Xt∈B̄rij ,kn(xj)

(Xij
)}∑

t∈[n] 1{Xt∈B̄rij
,kn(xj)

(Xij
)}

− τ −

√
2 log(4n2/δ)

kn(xj)

≥ η(xj)− λ · {3 · ρn(xj)}β − τ −

√
2 log(4n2/δ)

kn(xj)

≥∆n(xj)−
3β

24
·∆n(xj)−

1

4
·∆n(xj)≥

5

8
·∆n(xj)

= 15λ · ρn(xj)β > λ · (2rij ,kn(xj))
β.

Thus, on the event Eη,δ ∩ Eµ,δ(x0, x1), we have ψ̂n,β,δ

(
ij , kn(xj)

)
> λ. Hence, whenever

∆n(x0)∨∆n(x1)≤ 1, we have on the event Eη,δ ∩ Eµ,δ(x0, x1) that

ϕ̂n,β,δ
(
i0, i1, kn(x0), kn(x1)

)
=
η̂n
(
B̄ri0,kn(x0)

(Xi0)
)
− η̂n

(
B̄ri1,kn(x1)

(Xi1)
)
−
√

2 log(4n2/δ)/{kn(x0)∧ kn(x1)}
∥Xi0 −Xi1∥

β
∞ + rβi0,kn(x0)

+ rβi1,kn(x1)

≥
η(x0)− η(x1)− 2λ

{
3
(
ρn(x0)∨ ρn(x1)

)}β − 2
√

2 log(4n2/δ)/{kn(x0)∧ k1(x0)}
∥x0 − x1∥β∞ + 3 ·

{
2 ·
(
ρn(x0)∨ ρn(x1)

)}β
≥
η(x0)− η(x1)− 3

4

(
∆n(x0)∨∆n(x1)

)
∥x0 − x1∥β∞ + 1

4λ

(
∆n(x0)∨∆n(x1)

)
≥
η(x0)− η(x1)− 3

4

(
∆n(x0)∨∆n(x1)

)
∥x0 − x1∥β∞

− ∆n(x0)∨∆n(x1)

4λ
· η(x0)− η(x1)

∥x0 − x1∥2β∞

≥ η(x0)− η(x1)−∆n(x0)∨∆n(x1)

∥x0 − x1∥β∞
.

Thus, whenever ∆n(x0)∨∆n(x1)≤ 1, we have on the event Eη,δ ∩ Eµ,δ(x0, x1) that

λ̂n,β,δ ≥min
{
ψ̂n,β,δ

(
i0, kn(x0)

)
, ψ̂n,β,δ

(
i1, kn(x1)

)
, ϕ̂n,β,δ

(
i0, i1, kn(x0), kn(x1)

)}
≥min

{
η(x0)− η(x1)−∆n(x0)∨∆n(x1)

∥x0 − x1∥β∞
, λ

}



OPTIMAL SUBGROUP SELECTION 13

≥min

{
η(x0)− η(x1)−∆n(x0)∨∆n(x1)

∥x0 − x1∥β∞
,
η(x0)− η(x1)

∥x0 − x1∥β∞

}
=
η(x0)− η(x1)−∆n(x0)∨∆n(x1)

∥x0 − x1∥β∞
,

as required.

PROOF OF THEOREM 6. Theorem 6 is an immediate consequence of Proposition S7 com-
bined with the continuity of probability from below.

The following four lemmas are used in the proof of Corollary 7.

LEMMA S8. Let µ be a Borel probability distribution on Rd with lower density ω. Then
µ
(
{x ∈Rd : ω(x) = 0}

)
= 0. Hence supp(µ) = cl

(
{x ∈Rd : ω(x)> 0}

)
.

PROOF. Let Z := {x ∈ Rd : ω(x) = 0} and fix ϵ ∈ (0,1). By the monotone convergence
theorem we may choose R > 0 sufficiently large that µ

(
Z \ B̄R(0)

)
< ϵ/2 and let ξ :=

ϵ/
(
2 · {5(R+ 1)}d

)
. By Reeve, Cannings and Samworth (2021, Lemma S4),

µ
(
Z ∩ B̄R(0)

)
≤ µ
({
x ∈ B̄R(0) : ω(x)< ξ

})
≤ {5(R+ 1)}d · ξ = ϵ

2
.

Hence µ(Z) = 0, so µ
(
{x ∈Rd : ω(x)> 0}

)
= 1, and consequently supp(µ)⊆ cl

(
{x ∈Rd :

ω(x) > 0}
)
. Moreover, if z ∈ cl

(
{x ∈ Rd : ω(x) > 0}

)
then every neighbourhood of z has

positive µ-measure, so z ∈ supp(µ). The second conclusion therefore follows.

Recall the definitions of λβ(P ) and PReg(τ) from Section 3.1.

LEMMA S9. Given any distribution P ∈ PReg(τ), we have λβ(P ) = λβ,♭(P ) where

λβ,♭(P ) := sup

{
|η(x0)− η(x1)|
∥x0 − x1∥β∞

: x0 ̸= x1, η(x0)∧ η(x1)> τ,ω(x0)∧ ω(x1)> 0

}
∨ 1.

PROOF. First note that if η(x)> τ then x ∈ Xτ (η) and if ω(x)> 0 then x ∈ supp(µ), so
λβ,♭(P )≤ λβ(P ).

Since P ∈ PReg(τ), it has a continuous regression function η such that η−1([τ, τ + ε))⊆
supp(µ) for some ε > 0. Now take distinct points x0, x1 ∈ supp(µ) ∩ Xτ (η), and suppose
initially that η(x0)∧ η(x1)> τ . Given ϵ′ > 0, it follows from Lemma S8 that we may choose
x′0, x

′
1 ∈Rd with η(x′0)∧ η(x′1)> τ and ω(x′0)∧ ω(x′1)> 0 such that

max
{
∥x0 − x′0∥∞,∥x1 − x′1∥∞, |η(x0)− η(x′0)|, |η(x1)− η(x′1)|

}
≤ ϵ′.

Consequently, we have

|η(x0)− η(x1)| ≤ |η(x′0)− η(x′1)|+ 2ϵ′ ≤ λβ,♭(P ) · ∥x′0 − x′1∥β∞ + 2ϵ′

≤ λβ,♭(P ) ·
(
∥x0 − x1∥∞ + 2ϵ′

)β
+ 2ϵ′.(S15)

Since ϵ′ > 0 was arbitrary, we deduce that |η(x0) − η(x1)| ≤ λβ,♭(P ) · ∥x0 − x1∥β∞ for
all distinct x0, x1 ∈ supp(µ) ∩ η−1

(
(τ,1]

)
. Now consider x0, x1 ∈ Xτ (η) ∩ supp(µ) with

η(x0) = τ and η(x1)> τ . Given ϵ′ ∈
(
0,min{ε, η(x1)− τ}

)
, by the intermediate value the-

orem we may choose x2 on the line segment between x0 and x1 with η(x2) = τ + ϵ′. It then
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follows that x2 ∈ η−1
(
[τ, τ + ε)

)
⊆ supp(µ). By the consequence of (S15), we deduce that

|η(x2)− η(x1)| ≤ λβ,♭(P ) · ∥x2 − x1∥β∞, and hence

|η(x0)− η(x1)| ≤ |η(x0)− η(x2)|+ |η(x2)− η(x1)|

≤ ϵ′ + λβ,♭(P ) · ∥x2 − x1∥β∞ ≤ ϵ′ + λβ,♭(P ) · ∥x0 − x1∥β∞.

Again, since ϵ′ ∈
(
0,min{ε, η(x1) − τ}

)
can be taken arbitrarily small, we deduce that

|η(x0)− η(x1)| ≤ λβ,♭(P ) · ∥x0 − x1∥β∞ for all x0, x1 ∈ Xτ (η) ∩ supp(µ) with η(x1) > τ .
Finally, when η(x0) = η(x1) = τ , the inequality |η(x0) − η(x1)| ≤ λβ,♭(P ) · ∥x0 − x1∥β∞
is immediate. Thus, we have |η(x0) − η(x1)| ≤ λβ,♭(P ) · ∥x0 − x1∥β∞ for all x0, x1 ∈
Xτ (η)∩ supp(µ), so λβ(P )≤ λβ,♭(P ), as required.

Our next lemma adapts ideas from McShane (1934).

LEMMA S10. Given P ∈ PReg(τ) with λβ(P )<∞, we have P ∈ PHöl

(
β,λβ(P ), τ

)
.

PROOF. Since P ∈ PReg(τ), it has a continuous regression function η0 such that
η−1
0

(
[τ, τ + ε)

)
⊆ supp(µ) for some ε > 0. We construct a regression function η1 : Rd →

[0,1] by

η1(x) :=

{
1∧ inf

{
η0(z) + λβ(P ) · ∥z − x∥β∞ : z ∈ supp(µ)∩Xτ (η0)

}
if x ∈ Xτ (η0)

η0(x) otherwise.

First note that Xτ (η0) =Xτ (η1). We claim that |η1(x)− η1(x
′)| ≤ λβ(P ) · ∥x− x′∥β∞ for all

x, x′ ∈ Xτ (η0). Indeed, if supp(µ)∩Xτ (η0) = ∅, then η1(x) = η1(x
′), and if z ∈ supp(µ)∩

Xτ (η0), then

η0(z) + λβ(P ) · ∥z − x∥β∞ ≤ η0(z) + λβ(P ) · ∥z − x′∥β∞ + λβ(P ) · ∥x− x′∥β∞,

and taking an infimum over z ∈ supp(µ) ∩ Xτ (η0) yields η1(x) − η1(x
′) ≤ λβ(P ) · ∥x −

x′∥β∞. By interchanging the roles of x and x′, the claim follows. Our second claim is that
η1(x) = η0(x) for all x ∈ supp(µ)∩Xτ (η0). To see this, first observe that η1(x)≤ η0(x) for
all x ∈ supp(µ)∩Xτ (η0) by definition of η1. On the other hand, by definition of λβ(P ), we
have for any z ∈ supp(µ)∩Xτ (η0) that

η0(x)≤ η0(z) + λβ(P ) · ∥z − x∥β∞,

so taking an infimum over z ∈ supp(µ) ∩Xτ (η0) yields η0(x)≤ η1(x). In particular, it now
follows that η0(x) = η1(x) for all x ∈ supp(µ). To show that η1 ∈ FHöl

(
β,λβ(P ),Xτ (η1)

)
,

we must also verify that η1 is continuous. To this end, let x ∈Rd. If η0(x)> τ , then since η0
is continuous, we have for all sufficiently small ϵ′ > 0 and z ∈ B̄ϵ′(x) that η0(z)> τ . Hence
|η1(x)− η1(z)| ≤ λβ(P ) · ∥x− z∥β∞ by our first claim, so η1 is continuous on η−1

0

(
(τ,1]

)
.

On the other hand, if η0(x) < τ + ε then, again, since η0 is continuous, for all sufficiently
small ϵ′ > 0 and z ∈ B̄ϵ′(x) we also have have η0(z)< τ + ε, so x, z ∈ supp(µ) ∩ Xτ (η0).
We deduce from our second claim that η1(x) = η0(x) and η1(z) = η0(z), so again, η1 is
continuous at x. We conclude that η1 ∈ FHöl

(
β,λβ(P ),Xτ (η1)

)
. Moreover, since η0 is a

regression function for P , and η0(x) = η1(x) for all x ∈ supp(µ), we have that η1 is also a
regression function for P , and hence P ∈ PHöl

(
β,λβ(P ), τ

)
.

Recall the definition of the classes P+
Höl(β,λ, τ,ϵ) from Section 3.1.
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LEMMA S11. Fix β ∈ (0,1] and λ≥ 1. Then

PReg(τ)∩PHöl(β,λ, τ)⊆
⋃

ϵ∈(0,∞)3

P+
Höl(β,λ, τ,ϵ).

PROOF. Let P ∈ PReg(τ) ∩ PHöl(β,λ, τ). Then λβ(P ) ≤ λ < ∞. Moreover, since
P ∈ PReg(τ), we have by Lemma S9 that P ∈ P+

Höl(β,λ, τ,ϵ) for sufficiently small ϵ =
(ϵ0, ϵ1, ϵ2) ∈ (0,1]3.

Finally, we are in a position to prove Corollary 7.

PROOF OF COROLLARY 7. First, since P ∈ P+
Höl(β,λ, τ,ϵ) we may choose x0, x1 ∈

Xτ+ϵ0(η) with ∥x0 − x1∥∞ ≥ ϵ1, as well as min{ω(x0), ω(x1)} ≥ ϵ2 and

|η(x0)− η(x1)| ≥
3

4
· λβ(P ) · ∥x0 − x1∥β∞ · 1{λβ(P )>1}.

Writing λ= λβ(P ), we have by Lemma S10 that P ∈ PHöl(β,λ, τ). Define

∆ := 192 · λd/(2β+d) ·
(

log(2n/δ)

n{ω(x0)∧ ω(x1)}

)β/(2β+d)

≤ 192 · λd/(2β+d) ·
(
log(2n/δ)

n · ϵ2

)β/(2β+d)

.

Observe that when n ∈ N and δ ∈ (0,1) satisfy (11), we have ∆ ≤ min{ϵ0, λϵβ1/4}. By
Theorem 6 we have PP (E)≥ 1− δ, where

E :=

{
|η(x0)− η(x1)| −∆

∥x0 − x1∥β∞
≤ λ̂n,β,δ ≤ λ

}
.

Note that on the event E , we have 2λ̂n,β,δ ≤ 2λ, and if λ= 1, then λ≤ 2λ̂n,β,δ is immediate.
On the other hand, if λ > 1 then on the event E , we have

|η(x0)− η(x1)| −∆

∥x0 − x1∥β∞
≥ 3

4
· λ− λ · ϵβ1

4 · ∥x0 − x1∥β∞
≥ λ

2
,

as required.

PROOF OF THEOREM 8. First, for λ′ ∈ [1,∞), let Sλ′ denote the union
⋃

ℓ∈[ℓαn ]
B(ℓ) ap-

pearing in line 6 of Algorithm 1 when it is applied with αn = (α/2) ∧ (1/n) in place of
α and λ′ in place of λ, and let Âλ′ denote the corresponding output set in A. Observe that
if λ′0 ≤ λ′1 then Sλ′

1
⊆ Sλ′

0
, since the p-values in (9) satisfy p̂n,β,λ′

0
(·) ≤ p̂n,β,λ′

1
(·). Conse-

quently, µ̂n(Âλ′
1
)≤ µ̂n(Âλ′

0
) by line 6 in Algorithm 1.

(i) Let P ∈ PReg(τ) ∩ P+
Höl(β,λ, τ,ϵ). By Lemma S10 we have P ∈ PHöl

(
β,λβ(P ), τ

)
.

Hence, by Lemma S1 and Corollary 7 we have

PP

(
Â′

OSS(D)⊈Xτ (η)
)
≤ PP

(
S2λ̂n,β,αn

⊈Xτ (η)
)

≤ PP

(
Sλβ(P ) ⊈Xτ (η)

)
+ PP

(
S2λ̂n,β,αn

⊈ Sλβ(P )

)
≤ PP

(
Sλβ(P ) ⊈Xτ (η)

)
+ PP

(
2λ̂n,β,αn

< λβ(P )
)
≤ 2αn ≤ α.(S16)
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(ii) Now suppose that P ∈ PReg(τ) ∩ P+
Höl(β,λ, τ,ϵ) ∩ PApp(A, κ, γ, τ,CApp). On the

event {2λ̂n,β,αn
≤ 2λβ(P )}, we have µ̂n(Â′

OSS) = µ̂n(Â2λ̂n,β,αn
)≥ µ̂n(Â2λβ(P )). Hence, by

Lemma S36, we have

EP

{
µ(Â2λβ(P ))− µ(Â′

OSS)
}
= EP

{
µ(Â2λβ(P ))− µ̂n(Â2λβ(P ))

+ µ̂n(Â2λβ(P ))− µ̂n(Â
′
OSS) + µ̂n(Â

′
OSS)− µ(Â′

OSS)
}

≤ 2CVC

√
dimVC(A)

n
=: ϵVC

n .(S17)

By Lemmas S10 and S1 we have PP

(
Â2λβ(P ) ⊈ Xτ (η)

)
≤ PP

(
S2λβ(P ) ⊈ Xτ (η)

)
≤ αn. It

follows by (S16) and (S17) that

EP

{(
Mτ − µ(Â′

OSS)
)
· 1{Â′

OSS⊆Xτ (η)}
}
≤ EP

{
Mτ − µ

(
Â′

OSS

)}
+ PP

(
Â′

OSS(D)⊈Xτ (η)
)

≤ EP

{
Mτ − µ

(
Â2λβ(P )

)}
+ ϵVC

n + 2αn

≤ EP

{(
Mτ − µ(Â2λβ(P ))

)
· 1{Â2λβ(P )⊆Xτ (η)}

}
+ PP

(
Â2λβ(P ) ⊈Xτ (η)

)
+ ϵVC

n + 2αn

≤ EP

(
Mτ − µ(Â2λβ(P ))

∣∣ Â2λβ(P ) ⊆Xτ (η)
)
+ 3αn + ϵVC

n

=Rτ (Â2λβ(P )) + 3αn + ϵVC
n

≤C ′
{((

2λβ(P )
)d/β

n
· log+

( n

(α/2)∧ (1/n)

)) βκγ

κ(2β+d)+βγ

+
1

n1/2

}
+ 3αn + ϵVC

n ,

where we have used Proposition 5 with C ′ in place of C for the final inequality. The regret
bound on Â′

OSS follows by once again using PP

(
Â′

OSS(D)⊆Xτ (η)
)
≥ 1− αn ≥ 1/2.

S4.2. Proofs from Section 3.2. Recall the definition of the event Eη,δ from Section S4.1.

LEMMA S12. Let P be a distribution with regression function η ∈ FHöl(β,λ,Rd). On
the event Eη,δ , we have v ≥ β · u− logλ for all (u, v) ∈ Γ̂†

n,δ .

PROOF. If (u, v) ∈ Γ̂†
n,δ , then we can find (i, j, k, ℓ) ∈ [n]4 with φ̂†

n,β,δ(i, j, k, ℓ)<∞ such

that u= ε̂†n,β,δ(i, j, k, ℓ) and v = φ̂†
n,β,δ(i, j, k, ℓ). Thus, on the event Eη,δ , we have

v ≥− log

(∣∣∣∣∣
∑n

t=1 η(Xt) · 1{Xt∈B̄ri,k
(Xi)}∑n

t=1 1{Xt∈B̄ri,k
(Xi)}

−

∑n
t=1 η(Xt) · 1{Xt∈B̄rj,ℓ

(Xj)}∑n
t=1 1{Xt∈B̄rj,ℓ

(Xj)}

∣∣∣∣∣
)

≥− log
(
λ(∥Xi −Xj∥∞ + ri,k + rj,ℓ)

β
)
= β · u− logλ,

where we have applied η ∈ FHöl(β,λ,Rd) in the final inequality.

Now for x ∈Rd and s > 0 we define the event Eµ(x, s) :=
{
µ̂n
(
B̄s(x)

)
≥ 1

2 · µ
(
B̄s(x)

)}
.

LEMMA S13. Let P be a distribution with regression function η ∈ FHöl(β,λ,Rd). Sup-
pose that x0, x1 ∈R◦(µ, c0) and s ∈ (0,1] satisfy

|η(x0)− η(x1)| ≥ 4

√
log(4n2/δ)

c0nsd
+ 6λsβ.
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Then, on the event Eη,δ ∩ Eµ(x0, s)∩ Eµ(x1, s), there exists (u, v) ∈ Γ̂†
n,δ with

u≥− log
(
∥x0 − x1∥∞ + 6s

)
v ≤− log

(
|η(x0)− η(x1)| − 4

√
log(4n2/δ)

c0nsd
− 6λsβ

)
.

PROOF. Suppose that the event Eη,δ ∩ Eµ(x0, s)∩ Eµ(x1, s) holds. Then in particular,

min
{
µ̂n
(
B̄s(x0)

)
, µ̂n
(
B̄s(x1)

)}
≥ 1

2
· c0 · sd > 0.(S18)

As such, we may choose Xi ∈ B̄s(x0) and Xj ∈ B̄s(x1). Moreover, letting k = ℓ = ⌈n2 ·
c0 · sd⌉, it follows from (S18) that max(ri,k, rj,ℓ) ≤ 2s. Now take u = ε̂†n,β,δ(i, j, k, ℓ) and

v = φ̂†
n,β,δ(i, j, k, ℓ) so that (u, v) ∈ Γ̂†

n,δ . The lower bound on u follows. The upper bound
on v then follows from our event combined with the facts that B̄ri,k(Xi) ⊆ B̄3s(x0) and
B̄rj,k(Xj)⊆ B̄3s(x1).

LEMMA S14. Let P ∈ P†
Höl(β,λ,λ0, c0, r0) with λ0 ≤ λ and 0 < r ≤ r′ ≤ r0 ≤ 1. Let

E†
δ (r, r

′) denote the event that there exist (u, v), (u′, v′) ∈ Γ̂†
n,δ with u ≥ − log(7r), u′ ≥

− log(7r′), v ≤− log
(
(1/2)λ0r

β
)

and v′ ≤− log
(
(1/2)λ0(r

′)β
)
. Then provided that

n

log(4n2/δ)
≥
(
16λ/λ0

)d/β
c0

·max

{
210

λ20 · r2β+d
,
8

rd

}
,(S19)

we have P
(
Eη,δ ∩ E†

δ (r, r
′)
)
≥ 1− δ.

PROOF. Since P ∈ P†
Höl(β,λ,λ0, c0, r0), there exist x0, x1, x′0, x

′
1 ∈R◦(µ, c0) with ∥x0−

x1∥∞ ≤ r, ∥x′0 − x′1∥∞ ≤ r′, |η(x0)− η(x1)| ≥ λ0 · rβ and |η(x′0)− η(x′1)| ≥ λ0 · r′β . Now
let s := {λ0/(16λ)}1/β · r ∈ (0,1] and introduce the event

Ẽδ(r, r′) := Eη,δ ∩
⋂

z∈{x0,x1,x′
0,x

′
1}

Eµ(z, s).

When (S19) holds, we have

4

√
log(4n2/δ)

c0nsd
+ 6λsβ = 4

√
(16λ/λ0)d/β log(4n2/δ)

c0nrd
+

3

8
· λ0rβ ≤ 1

2
· λ0rβ.

Hence, by Lemma S13, on the event Ẽδ(r, r′) and when (S19) holds, there exist pairs
(u, v), (u′, v′) ∈ Γ̂†

n,δ with u ≥ − log(7r), u′ ≥ − log(7r′), v ≤ − log
(
(1/2)λ0r

β
)

and v′ ≤
− log

(
(1/2)λ0(r

′)β
)
. Thus, when (S19) holds, we have

P
(
Eη,δ ∩ E†

δ (r, r
′)
)
≥ P

(
Ẽδ(r, r′)

)
≥ 1− δ

by Hoeffding’s inequality (Lemma S38) and the multiplicative Chernoff bound (Lemma S39).

We are now in a position to prove Theorem 9.
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PROOF OF THEOREM 9. First, for n ∈N satisfying (13), let

rn :=

{
210
(
16λ/λ0

)d/β
c0 · λ20

· log(4n
2/δ)

n

}1/(2β+d)

.

and r′n := n−1/(7+2d). The sample size condition (13) ensures that (S19) holds and that rn ≤
r′n ≤ r0, so we may apply Lemma S14 to obtain P

(
Eη,δ ∩ E†

δ (rn, r
′
n)
)
≥ 1− δ.

Next, we show that on the event Eη,δ ∩ E†
δ (rn, r

′
n) we have β̂n,δ ≤ β. Indeed, suppose

that Eη,δ ∩ E†
δ (rn, r

′
n) ∩ {β̂n,δ > 0} holds and let (u0, v0) ∈ Γ̂†

n,δ be such that u0 ≤ logn
6+2d . By

Lemma S12 we have v0 ≥ β · u0 − logλ. Since E†
δ (rn, r

′
n) holds, there exists (u1, v1) ∈ Γ̂†

n,δ

with u1 ≥− log(7rn) and v1 ≤− log
(
(1/2)λ0r

β
n

)
≤ βu1 + log(14/λ0). Moreover, by (13)

we have u1 ≥ logn
3+d ≥ 2u0. Hence,

β̂n,δ ≤
v1 − v0 − log f(n)

u1 − u0
≤ β +

log(14λ/λ0)− log f(n)

u1 − u0
≤ β,

where we have again applied (13) to ensure that f(n)≥ 14λ/λ0.
Finally, we show that on the event Eη,δ ∩ E†

δ (rn, r
′
n) we have β̂n,δ ≥ β − 2(7+2d) log f(n)

logn .

Indeed, on E†
δ (rn, r

′
n) ∩ {β̂n,δ < β}, there exists (u0, v0) ∈ Γ̂†

n,δ with u0 ≥ − log(7r′n) and

v0 ≤ − log
(
(1/2)λ0(r

′
n)

β
)
≤ β · u0 + log

(
14/λ0

)
. Now fix any (u1, v1) ∈ Γ̂†

n,δ satisfying
u1 ≥ 2u0. By Lemma S12 we have v1 ≥ β · u1 − logλ and consequently,

β̂n,δ ≥
v1 − v0 − log f(n)

u1 − u0
≥ β − log(14λ/λ0) + log f(n)

u1 − u0
≥ β − 2(7 + 2d) log f(n)

logn
,

as required.

The following lemma is analogous to Corollary 7 but with an estimated Hölder exponent.

LEMMA S15. Fix β ∈ (0,1], d ∈ N, λ ∈ [1,∞), λ0 ∈ (0, λ], c0, r0 ∈ (0,1] and ϵ =

(ϵ0, ϵ1, ϵ2) ∈ (0,1]3 and take P ∈ PReg(τ) ∩ P+
Höl(β,λ, τ,ϵ) ∩ P†

Höl(β,λ,λ0, c0, r0). Let

n ∈ N and δ ∈ (0,1) be such that 14λ/λ0 ≤ f(n) ≤ n
log(9/7)

2(7+2d) log(1/ϵ2) the sample size condi-
tion (13) holds and

(S20)
n

log(2n/δ)
≥ 1

ϵ2
·
{
f(n)2(7+2d) ·

(
192 ·max

{ λ
ϵ0
,
12

ϵ1

})2+d
}1/β

.

Then

PP

({
β − 2(7 + 2d) log f(n)

logn
≤ β̂n,δ ≤ β

}
∩
{
λβ(P )

2
≤ λ̂n,β̂n,δ,δ

≤ λβ(P )

})
≥ 1− 2δ.

PROOF OF LEMMA S15. For brevity we write λβ = λβ(P ). Since P ∈ P+
Höl(β,λ, τ,ϵ),

we may choose x0, x1 ∈ Xτ+ϵ0(η) with ∥x0−x1∥∞ ≥ ϵ1, as well as min{ω(x0), ω(x1)} ≥ ϵ2
and

|η(x0)− η(x1)| ≥
3

4
· λβ · ∥x0 − x1∥β∞ · 1{λβ>1}.

By Lemma S10, we have P ∈ PHöl(β,λβ, τ). Hence, on the event {β̂n,δ ≤ β} we have
P ∈ PHöl(β̂n,δ, λβ, τ). Letting β♭n := max{β− 2(7+ 2d) log f(n)/ logn,0}, it follows from
Theorem 9, combined with the sample size condition (13) and the lower bound on f(n), that
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P
(
β♭n ≤ β̂n,δ ≤ β

)
≥ 1− δ. In addition, define ∆̂n := ∆n,β̂n,δ,λβ

(x0)∨∆n,β̂n,δ,λβ
(x1), so that

provided β̂n,δ ≥ β♭n we have

∆̂n = 192 · λd/(2β̂n,δ+d)
β ·

(
log(2n/δ)

n{ω(x0)∧ ω(x1)}

)β̂n,δ/(2β̂n,δ+d)

≤ 192 · λβ ·
(
log(2n/δ)

n · ϵ2

)β♭
n/(2+d)

≤min
{
ϵ0,

λβϵ1

12

}
,

where we have applied the sample size condition (S20) in both inequalities. In particular, we
have minx∈{x0,x1}{η(x)−∆n,β,λ(x)} ≥ τ on the event

{
β♭n ≤ β̂n,δ

}
and under our sample

size conditions. Consequently, if we let Ẽβ,λβ ,δ
denote the event

Ẽβ,λβ ,δ
:=
{
β♭n ≤ β̂n,δ ≤ β

}
∩
{
|η(x0)− η(x1)| − ∆̂n

∥x0 − x1∥β̂n,δ
∞

≤ λ̂n,β̂n,δ,δ
≤ λβ

}
,

then it follows from Proposition S7 that P
(
Ẽβ,λβ ,δ

)
≥ 1− 2δ. Thus, to complete the proof it

suffices to show that on the event Ẽβ,λβ ,δ
we have λβ ≤ 2λ̂n,β̂n,δ,δ

. If λβ = 1, then the required

bound is immediate. On the other hand, if λβ > 1, then on the event Ẽβ,λβ ,δ
, we have

λ̂n,β̂n,δ,δ
≥ |η(x0)− η(x1)| − ∆̂n

∥x0 − x1∥β̂n,δ
∞

≥ 3

4
· λβ · ϵ

β−β♭
n

1 − 1

12
· λβ · ϵ

1−β
1 ≥

λβ
2
,

since ϵβ−β♭
n

1 ≥ 7/9 by the upper bound on f(n). The result follows.

We conclude this section by applying Lemma S15 to prove Theorem 10.

PROOF OF THEOREM 10. We proceed similarly to the proof of Theorem 8. For β′ ∈
(0,1], λ′ ∈ [1,∞) we let S◦

β′,λ′ denote the union
⋃

ℓ∈[ℓα̃n ]
B(ℓ) appearing in line 6 of Al-

gorithm 1 when it is applied with α̃n in place of α, β′ in place of β and λ′ in place of λ.
Furthermore, we let Â◦

β′,λ′ denote the corresponding output set in A. If β′0 ≤ β′1 and λ′0 ≥ λ′1,
then the p-values in (9) satisfy p̂n,β′

1,λ
′
1
(·)≤ p̂n,β′

0,λ
′
0
(·), and so S◦

β′
0,λ

′
0
⊆ S◦

β′
1,λ

′
1
. Consequently,

µ̂n(Â
◦
β′
0,λ

′
0
)≤ µ̂n(Â

◦
β′
1,λ

′
1
) by line 6 in Algorithm 1.

(i) Suppose that P ∈ PReg(τ) ∩ P+
Höl(β,λ, τ,ϵ) ∩ P†

Höl(β,λ,λ0, c0, r0). Then by Lem-
mas S1, S10 and S15, we have

PP

(
Â′′

OSS(D)⊈Xτ (η)
)
≤ PP

(
S◦
β̂n,α̃n ,2λ̂n,β̂n,α̃n

,α̃n

⊈Xτ (η)
)

≤ PP

(
S◦
β,λβ

⊈Xτ (η)
)
+ PP

(
S◦
β̂n,α̃n ,2λ̂n,β̂n,α̃n

,α̃n

⊈ S◦
β,λβ

)
≤ PP

(
S◦
β,λβ

⊈Xτ (η)
)
+ PP

(
β̂n,α̃n

> β
)
+ PP

(
2λ̂n,β̂n,α̃n ,α̃n

< λβ
)

≤ 3α̃n ≤ α,

as required.
(ii) Now suppose further that P ∈ PReg(τ) ∩ P+

Höl(β,λ, τ,ϵ) ∩ P†
Höl(β,λ,λ0, c0, r0) ∩

PApp(A, κ, γ, τ,CApp) so that by Theorem 9 we have PP

(
{β̂n,α̃n

< β♭n} ∪ {λ̂n,β̂n,α̃n ,α̃n
>

λβ}
)
≤ 2α̃n, where β♭n is defined as in the proof of Lemma S15. Moreover, on the event

{β̂n,α̃n
≥ β♭n} ∩ {λ̂n,β̂n,α̃n ,α̃n

≤ λβ}, we have

µ̂n(Â
′′
OSS) = µ̂n(Â

◦
β̂n,α̃n ,2λ̂n,β̂n,α̃n

,α̃n

)≥ µ̂n(Â
◦
β♭
n,2λβ

).
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Hence by Lemma S36,

EP

{
µ(Â◦

β♭
n,2λβ

)− µ(Â′′
OSS)

}
≤ 2CVC

√
dimVC(A)

n
=: ϵVC

n .

By Lemma S1, we have PP

(
Â◦

β♭
n,2λβ

⊈ Xτ (η)
)
≤ PP

(
S◦
β♭
n,2λβ

⊈ Xτ (η)
)
≤ α̃n. Observe that

we may assume without loss of generality that (2λβ)
d/β ≤ n, because otherwise the regret

bound is vacuous. Thus, combining with the derivation in (i), we have

EP

{(
Mτ − µ(Â′′

OSS)
)
· 1{Â′′

OSS⊆Xτ (η)}
}
≤ EP

{
Mτ − µ

(
Â′′

OSS

)}
+ PP

(
Â′′

OSS(D)⊈Xτ (η)
)

≤ EP

{
Mτ − µ

(
Â◦

β♭
n,2λβ

)}
+ ϵVC

n + 3α̃n

≤ EP

{(
Mτ − µ(Â◦

β♭
n,2λβ

)
)
· 1{Â◦

β♭
n,2λβ

⊆Xτ (η)}
}
+ PP

(
Â◦

β♭
n,2λβ

⊈Xτ (η)
)
+ ϵVC

n + 3α̃n

≤ EP

(
Mτ − µ(Â◦

β♭
n,2λβ

)
∣∣ Â◦

β♭
n,2λβ

⊆Xτ (η)
)
+ 4α̃n + ϵVC

n

=Rτ (Â
◦
β♭
n,2λβ

) + 4α̃n + ϵVC
n

≤C ′
{(

(2λβ)
d/β♭

n

n
· log+

( n
α̃n

)) β♭
nκγ

κ(2β♭
n+d)+β♭

nγ

+
1

n1/2

}
+ 4α̃n + ϵVC

n

≤C ′
{
n

2(β−β♭
n)κγ

κ(2β♭
n+d)+β♭

nγ

(
(2λβ)

d/β

n
log+

(3n2
α

)) βκγ

κ(2β+d)+βγ

+
1

n1/2

}
+ 4α̃n + ϵVC

n

≤C ′
{
f(n)

4γ(7+2d)

d

(
(2λβ)

d/β

n
log+

(3n2
α

)) βκγ

κ(2β+d)+βγ

+
1

n1/2

}
+ 4α̃n + ϵVC

n ,

where in the third to last inequality we applied Proposition 5 with C ′ in place of C by noting
that P ∈ PHöl(β,λβ, τ)⊆ PHöl(β

♭
n,2λβ, τ). The regret bound on Â′′

OSS follows by using (i)
once again.

S5. Proof of the upper bound in Theorem 11. Recall that the upper bound in Theo-
rem 11 will follow from Proposition 13. First we state the following consequence of Hoeffd-
ing’s inequality.

LEMMA S16. Fix (β,λ) ∈ (0,∞)× [1,∞) and let P ∈ PHöl(β,λ). Suppose that D =(
(Xi, Yi)

)
i∈[n] ∼ P⊗n and let DX = (Xi)i∈[n]. Given x ∈Rd, h ∈ [0,1], and α ∈ (0,1) define

∆̂x,h(α) :=


√
e⊤0
(
Qβ

x,h

)−1
e0 ·
(
λ · hβ|Nx,h|1/2 +

√
log(1/α)

2

)
if Qβ

x,h is invertible,

1 otherwise.

Then

max
{
P
(
η̂(x)− η(x)≥ ∆̂x,h(α)

∣∣DX

)
,P
(
η(x)− η̂(x)≥ ∆̂x,h(α)

∣∣DX

)}
≤ α.

PROOF. Fix a realisation of DX = (Xi)i∈[n]. It suffices to restrict our attention to the case
where Qβ

x,h is invertible. Writing ui :=
〈
e0,
(
Qβ

x,h

)−1
Φβ
x,h(Xi)

〉
for i ∈ [n], we have∑

i∈Nx,h

ui · ⟨wβ
x,h,Φ

β
x,h(Xi)⟩= e⊤0

(
Qβ

x,h

)−1
∑

i∈Nx,h

Φβ
x,h(Xi)(w

β
x,h)

⊤Φβ
x,h(Xi) = e⊤0 w

β
x,h

= η(x).



OPTIMAL SUBGROUP SELECTION 21

Hence,

⟨e0, ŵβ
x,h⟩= e⊤0

(
Qβ

x,h

)−1
V β
x,h =

∑
i∈Nx,h

Yi · e⊤0
(
Qβ

x,h

)−1
Φβ
x,h(Xi)

=
∑

i∈Nx,h

ui ·
({
Yi − η(Xi)

}
+
{
η(Xi)−T β

x [η](Xi)
}
+
〈
wβ
x,h,Φ

β
x,h(Xi)

〉)
=
∑

i∈Nx,h

ui ·
({
Yi − η(Xi)

}
+
{
η(Xi)−T β

x [η](Xi)
})

+ η(x).(S21)

Note also that∑
i∈Nx,h

u2i =
∑

i∈Nx,h

e⊤0
(
Qβ

x,h

)−1
Φβ
x,h(Xi)Φ

β
x,h(Xi)

⊤(Qβ
x,h

)−1
e0 = e⊤0

(
Qβ

x,h

)−1
e0.(S22)

In addition, since P ∈ PHöl(β,λ), for each i ∈Nx,h, we have

(S23) |η(Xi)−T β
x [η](Xi)| ≤ λ · ∥Xi − x∥β∞ ≤ λ · hβ,

and so by (S23), the Cauchy–Schwarz inequality and (S22), we have∣∣∣∣ ∑
i∈Nx,h

ui ·
{
η(Xi)−T β

x [η](Xi)
}∣∣∣∣≤ λ · hβ ·

∑
i∈Nx,h

|ui|

≤ λ · hβ ·
√

|Nx,h| · e⊤0
(
Qβ

x,h

)−1
e0.(S24)

We conclude, by the definition of η̂(x), (S21), (S22), (S24) and Hoeffding’s inequality, that

P
(
η̂(x)− η(x)≥ ∆̂x,h(α)

)
= P

( ∑
i∈Nx,h

ui ·
{
Yi − η(Xi)

}
≥

√√√√ log(1/α)

2

∑
i∈Nx,h

u2i

)
≤ α.

The other inequality follows similarly.

LEMMA S17. Fix (β,λ) ∈ (0,∞)× [1,∞) and let P ∈ PHöl(β,λ). Suppose that D =(
(Xi, Yi)

)
i∈[n] ∼ P⊗n and let DX = (Xi)i∈[n]. Then for any closed hyper-cube B ⊆Rd with

diam∞(B)≤ 1 and infx′∈B η(x
′)≤ τ , and any α ∈ (0,1), we have

P
(
p̂+n (B)≤ α | DX

)
≤ α.

PROOF. Recall that x ∈ Rd and r ∈ [0,1/2] denote the centre and ℓ∞-radius of B, and
that h= (2r)1∧

1

β ∈ [0,1]. Again, it restrict our attention to the case where Qβ
x,h is invertible.

Since infx′∈B η(x
′) ≤ τ and P ∈ PHöl(β,λ), we have η(x) ≤ τ + λ · rβ∧1, and hence the

lemma follows from Lemma S16.

PROOF OF PROPOSITION 12. This follows from Lemma S17 in the same way as Propo-
sition 4 followed from Lemma 3.

We now turn to the proof of Proposition S2, which will rely on several lemmas. For a > 0,
let K(a) denote the set of measurable sets K ⊆ B̄1(0) with Ld(K)≥ a.

LEMMA S18. Given d ∈N, β ∈ (0,∞) and a ∈ (0,1), we have

cmin(d,β, a) := 1∧ inf
K∈K(a)

{
λmin

(∫
K
Φβ
0,1(z)Φ

β
0,1(z)

⊤ dLd(z)

)}
> 0.
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PROOF. Suppose, for a contradiction, that cmin(d,β, a) = 0. Then we can find a sequence
(K(ℓ))ℓ∈N in K(a), along with a sequence (w(ℓ))ℓ∈N with w(ℓ) ∈RV(β), ∥w(ℓ)∥2 = 1 and

lim
ℓ→∞

∫
K(ℓ)

〈
w(ℓ),Φβ

0,1(z)
〉2
dLd(z) = lim

ℓ→∞

(
w(ℓ)

)⊤(∫
K(ℓ)

Φβ
0,1(z)Φ

β
0,1(z)

⊤ dLd(z)

)
w(ℓ)

= 0.(S25)

By moving to a subsequence if necessary, we may assume that limℓ→∞w(ℓ) = w∗ for
some w∗ ∈ RV(β) with ∥w∗∥2 = 1. Now since z 7→ ⟨w∗,Φβ

0,1(z)⟩ is a non-zero polyno-

mial, the zero-set Zw∗ :=
{
z ∈ B̄1(0) : ⟨w∗,Φβ

0,1(z)⟩ = 0
}

satisfies Ld(Zw∗) = 0 (e.g.

Okamoto, 1973, Lemma 1). In addition, by the continuity of z 7→ ⟨w∗,Φβ
0,1(z)⟩, the set Zw∗

is closed. By countable additivity of the finite measure Ld|B̄1(0), there exists ϵa > 0 such
that Ld

(
Zϵa
w∗

)
≤ a/2 where Zϵa

w∗ :=
⋃

z∈Zϵa
w∗
Bϵ(z) = Zw∗ + Bϵa(z). By continuity again,

δa := infz∈B̄1(0)\Zϵa
w∗

∣∣〈w∗,Φβ
0,1(z)

〉∣∣> 0. Now choose ℓ0 ∈N sufficiently large that

sup
ℓ≥ℓ0

∥∥w(ℓ) −w∗∥∥
2
≤ δa

2
√

|V(β)|
,

so that, by Cauchy–Schwarz,∣∣⟨w(ℓ),Φβ
0,1(z)⟩

∣∣≥ ∣∣⟨w∗,Φβ
0,1(z)⟩

∣∣− ∣∣⟨w(ℓ) −w∗,Φβ
0,1(z)⟩

∣∣≥ δa −
δa

2
√

|V(β)|
·
∥∥Φβ

0,1(z)
∥∥
2

≥ δa
2

for all ℓ≥ ℓ0 and z ∈ B̄1(0) \ Zϵa
w∗ . Hence, for all ℓ≥ ℓ0,∫

K(ℓ)

〈
w(ℓ),Φβ

0,1(z)
〉2
dLd(z)≥

∫
K(ℓ)\Zϵa

w∗

〈
w(ℓ),Φβ

0,1(z)
〉2
dLd(z)≥

a · δ2a
8

> 0,

which contradicts (S25), and completes the proof of the lemma.

LEMMA S19. Suppose that υ ∈ (0,1), ξ ∈ (0,∞), β ∈ (0,∞), x ∈ Rd and r ∈ (0,1/2]
satisfy B̄r(x) ∩ Rυ(µ) ∩ Xξ(fµ) ̸= ∅. Given any h ∈ [2r,1], we have µ

(
B̄h(x)

)
≥ υ · ξ ·

(h/2)d. In addition, if either β ∈ (0,1] or 3r ≤ υh, then

λmin

(∫
B̄h(x)

Φβ
x,h(z)Φ

β
x,h(z)

⊤ dµ(z)

)
≥ 2−(3d+1) · υ · c0min · µ

(
B̄h(x)

)
,(S26)

where c0min ≡ cmin(d,β,2
−(d+1)υ) ∈ (0,1] is taken from Lemma S18.

PROOF. First choose x0 ∈ B̄r(x)∩Rυ(µ)∩Xξ(fµ), noting that B̄h/2(x0)⊆ B̄h−r(x0)⊆
B̄h(x). Hence, since x0 ∈Rυ(µ)∩Xξ(fµ), we deduce

µ
(
B̄h(x)

)
≥ µ
(
B̄h−r(x0)

)
≥ µ
(
B̄h/2(x0)

)
≥ υ ·

(
h

2

)d

· ξ.

For β ∈ (0,1], we have Φβ
x,h(·) ≡ 1, so (S26) is immediate. Suppose now that 3r ≤ υh,

so that B(1+υ)(h−r)(x0) ⊇ B̄h+r(x0) ⊇ B̄h(x). Thus, since x0 ∈ Rυ(µ), we infer that with
Mx,h := supx′∈B̄h(x) fµ(x

′),

µ
(
B̄h(x)

)
≥ µ
(
Bh−r(x0)

)
≥ υ(h− r)d · sup

x′∈B(1+υ)(h−r)(x0)
fµ(x

′)≥ υ ·
(
h

2

)d

·Mx,h.

(S27)



OPTIMAL SUBGROUP SELECTION 23

Moreover, if we take Jx,h :=
{
x′ ∈ B̄h(x) : fµ(x

′)≥ 2−(2d+1) · υ ·Mx,h

}
, then

µ
(
B̄h(x)

)
≤Ld(Jx,h) ·Mx,h +Ld

(
B̄h(x) \ Jx,h

)
· 2−(2d+1) · υ ·Mx,h

≤Ld(Jx,h) ·Mx,h +
υ

2
·
(
h

2

)d

·Mx,h,

so by (S27) we have Ld(Jx,h)≥ 2−(d+1) ·υ ·hd. TakingKx,h := h−1 ·(Jx,h−x)⊆ B̄1(0), we
have Ld(Kx,h)≥ 2−(d+1) · υ. Given any w ∈ RV(β) with ∥w∥2 = 1, it follows from Lemma
S18 that∫

B̄h(x)

〈
w,Φβ

x,h(z)
〉2
dµ(z)≥ 2−(2d+1) · υ ·Mx,h ·

∫
Jx,h

〈
w,Φβ

x,h(z)
〉2
dLd(z)

≥ 2−(2d+1) · υ ·Mx,h · hd ·
∫
Kx,h

〈
w,Φβ

0,1(z
′)
〉2
dLd(z

′)

≥ 2−(3d+1) · υ · c0min · µ
(
B̄h(x)

)
.

The result follows.

LEMMA S20. Suppose that υ ∈ (0,1), ξ ∈ (0,∞), β ∈ (0,∞), x ∈ Rd, r ∈ (0,1/2] and
h ∈ [2r,1] satisfy B̄r(x)∩Rυ(µ)∩Xξ(fµ) ̸= ∅, and choose δ ∈ (0,1). Suppose also that

h≥
{
24(d+1) · |V(β)|
c0min · υ2 · ξ · n

· log
(
2|V(β)|

δ

)}1/d

,(S28)

and that either β ∈ (0,1] or 3r ≤ υh. Then

P
({

|Nx,h| ≤ 2n · µ
(
B̄h(x)

)}
∩
{
λmin

(
Qβ

x,h

)
≥ 2−(3d+2) · n · c0min · υ·µ

(
B̄h(x)

)})
≥ 1− δ.

PROOF. By Lemma S19 and (S28), we have µ
(
B̄h(x)

)
≥ υ ·ξ ·(h/2)d ≥ (8/3) log(2/δ)/n.

Hence, by the multiplicative Chernoff bound (Lemma S39),

P
{
|Nx,h|> 2n · µ

(
B̄h(x)

)}
≤ δ

2
.(S29)

In addition, if either β ∈ (0,1] or 3r ≤ υh, then by Lemma S19 again,

λmin

(∫
B̄h(x)

Φβ
x,h(z)Φ

β
x,h(z)

⊤ dµ(z)

)
≥ 2−(3d+1) · υ · c0min · µ

(
B̄h(x)

)
≥ 2−(4d+1) · υ2 · c0min · ξ · hd

≥ 8|V(β)|
n

· log
(
2|V(β)|

δ

)
.

Note also that λmax

(
Φβ
x,h(X1)Φ

β
x,h(X1)

⊤ · 1{X1∈B̄h(x)}
)
≤ |V(β)|. Hence, by a matrix mul-

tiplicative Chernoff bound (Lemma S40) applied with m = n, Zi = Φβ
x,h(Xi)Φ

β
x,h(Xi)

⊤ ·
1{Xi∈B̄h(x)} and q = |V(β)|, we have

P
{
λmin

(
Qβ

x,h

)
< 2−(3d+2) · n · c0min · υ · µ

(
B̄h(x)

)}
≤ P

{
λmin

(
Qβ

x,h

)
<
n

2
· λmin

(∫
B̄h(x)

Φβ
x,h(z)Φ

β
x,h(z)

⊤dµ(z)

)}
≤ δ

2
.(S30)

The result now follows by combining (S29) and (S30) with a union bound.
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LEMMA S21. Suppose that α ∈ (0,1), β > 0, λ≥ 1, κ,γ > 0, υ ∈ (0,1), CApp ≥ 1, take

P ∈ PHöl(β,λ) ∩ P+
App(A, τ, κ, γ, υ, τ,CApp) and let Cpv := 22d+5 ·

(
υ ·
√
c0min

)−1. Sup-

pose further that ξ,∆ ∈ (0,∞), x ∈ Rd and r ∈ (0,1/2] satisfy B̄r(x) ∩Rυ(µ) ∩ Xξ(fµ) ∩
Xτ+∆(η) ̸= ∅, where µ is the marginal distribution of P on Rd, and η : Rd → [0,1] is the
regression function. Given any δ ∈ (0,1) with

r ≥
{
C2
pv · |V(β)|
ξ · n

· log
(
4|V(β)|

δ

)} β

d(β∧1)

, ∆≥Cpv

(
λrβ∧1 +

√
log
(
2/(α∧ δ)

)
ξ · n · rd(β∧1)/β

)
,

and either β ∈ (0,1] or r ≤ {2(υ/3)β}
1

β−1 , we have P
{
p̂+n
(
B̄r(x)

)
≤ α

}
≥ 1− δ.

PROOF. First recall that in the construction of our p-values p̂+n (·) in (19) we take h =

(2r)1∧
1

β . To prove the lemma we define events

Eη
δ :=

{
η̂(x)> η(x)−

√
e⊤0
(
Qβ

x,h

)+
e0 ·
(
λ · hβ · |Nx,h|1/2 +

√
log(2/δ)

2

)}
,

Eµ
δ :=

{
λmin

(
Qβ

x,h

)
≥ 2−(3d+2) · c0min · υ2 ·max

{
ξ · n ·

(
h

2

)d

,
|Nx,h|
2υ

}}
.

Note that since P ∈ PHöl(β,λ) and B̄r(x)∩Xτ+∆(η) ̸= ∅, we have η(x)≥ τ +∆−λ · rβ∧1.
Hence, on the event Eη

δ ∩ Eµ
δ we have

η̂(x)− τ − λ
(
1 + 2

√
e⊤0
(
Qβ

x,h

)−1
e0 · |Nx,h|

)
rβ∧1

> η(x)− τ − λ
(
1 + 4

√
e⊤0
(
Qβ

x,h

)−1
e0 · |Nx,h|

)
rβ∧1 −

√
1

2
· e⊤0
(
Qβ

x,h

)−1
e0 · log(2/δ)

>∆− 2λ
(
1 + 2

√
e⊤0
(
Qβ

x,h

)−1
e0 · |Nx,h|

)
rβ∧1 −

√
1

2
· e⊤0
(
Qβ

x,h

)−1
e0 · log(2/δ)

≥∆− 2λ

(
1 +

√
23d+5

c0min · υ

)
rβ∧1 −

√
24d+1 · log(2/δ)

c0min · υ2 · ξ · n · rd(β∧1)/β

≥

√
24d+1 · log(2/α)

c0min · υ2 · ξ · n · rd(β∧1)/β
≥
√

1

2
· e⊤0
(
Qβ

x,h

)−1
e0 · log(1/α).

Hence, on the event Eη
δ ∩ Eµ

δ we have p̂+n
(
B̄r(x)

)
≤ α. Now by Lemma S16 we have

P
(
(Eη

δ )
c∩Eµ

δ

)
≤ δ/2. Moreover, by Lemma S19 we have µ

(
B̄h(x)

)
≥ υ · ξ · (h/2)d. Hence,

by Lemma S20 we have P
(
(Eµ

δ )
c
)
≤ δ/2. Thus P

(
(Eη

δ )
c ∪ (Eµ

δ )
c
)
≤ δ, and the conclusion

follows.

Given any υ ∈ (0,1), ξ, ∆ ∈ (0,∞), r ∈ (0,1/2], we let

H′
υ(ξ,∆, r) :=

{
B ∈H+ : diam∞(B) = 2r and B ∩Rυ(µ)∩Xξ(fµ)∩Xτ+∆(η) ̸= ∅

}
.

LEMMA S22. We have |H′
υ(ξ,∆, r)| ≤ (2/r)d · (υ · ξ)−1 for every υ ∈ (0,1), ξ, ∆ ∈

(0,∞) and r ∈ (0,1/2].

PROOF. GivenB = 2r
∏

j∈[d][aj , aj+1] ∈H′
υ(ξ,∆, r), for some (aj)j∈[d] ∈ Zd, we write

ϕ(B) := (aj mod 2)j∈[d] ∈ {0,1}d and ψ(B) := r
∏

j∈[d][2aj − 1,2aj + 3]. Note that if
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ϕ(B0) = ϕ(B1) for distinct B0, B1 ∈ H′
υ(ξ,∆, r) then µ

(
ψ(B0) ∩ ψ(B1)

)
= 0, since µ is

absolutely continuous with respect to Lebesgue measure on Rd. Moreover, by Lemma S19
we have µ

(
ψ(B)

)
≥ υ · ξ · rd, so

|H′
υ(ξ,∆, r)| · υξrd ≤

∑
B∈H′

υ(ξ,∆,r)

µ
(
ψ(B)

)
=

∑
z∈{0,1}d

∑
B∈H′

υ(ξ,∆,r)∩ϕ−1{z}

µ
(
ψ(B)

)
≤ 2d,

as required.

PROOF OF PROPOSITION 13. Let

ρ := κ(2β + d) + βγ, θ :=
λd/β

n
log+

(
8n

β

β∧1 |V(β)| log2 n
α∧ δ

)
,

ξ := θβγ/ρ, r∗ := 2−
⌊

1

β∧1
{ βκ

ρ
log2(1/θ)+log2 λ}

⌋
,

and, recalling the definition of Cpv := 22d+5 ·
(
υ ·
√
c0min

)−1 from Lemma S21, define

A0 :=

{
2∨Cpv|V(β)|1/2 ∨ 2

β−2

β−1 (3/υ)
β

β−1 if β > 1

2β ∨Cpv|V(β)|1/2 if β ≤ 1.

Then for θβ ≤A
− ρ

κ

0 we have(
C2
pv · |V(β)|

ξ
· θλ−d/β

) β

d(β∧1)

≤ r∗ ≤
1

2
,

and r∗ ≤ {2(υ/3)β}
1

β−1 if β > 1. Now let

∆ :=Cpv

(
λrβ∧1∗ +

√
log
(
2/(α∧ δ)

)
ξ · n · rd(β∧1)/β∗

)
,

so that ∆≤ 3 ·Cpvθ
βκ

ρ when θ ≤A
− ρ

βκ

0 . By Lemma S22, we have |H′
υ(ξ,∆, r∗)| ≤ (2/r∗)

d ·
(υ · ξ)−1 ≤ (λdθ−β)

1

β∧1 ≤ n
β

β∧1 when θ ≤ A
− ρ

βκ

0 . Hence we may apply a union bound and
Lemma S21 with δ/(2n

β

β∧1 ) in place of δ and α/(n log2 n) in place of α to deduce that

whenever θ ≤A
− ρ

βκ

0 , we have

P
( ⋃

B∈H′
υ(ξ,∆,r∗)

{
p̂+n (B)>

α

|H+(DX)|

})
≤

∑
B∈H′

υ(ξ,∆,r∗)

P
(
p̂+n (B)>

α

n log2 n

)
≤ δ

2
.

Hence, whenever θ ≤A
− ρ

βκ

0 , we have

Rυ(µ)∩Xξ(fµ)∩Xτ+∆(η)⊆
⋃

B∈H′
υ(ξ,∆,r∗)

B ⊆
⋃

ℓ∈[ℓα]

B(ℓ),

with probability at least 1− δ/2. Thus, with probability at least 1− δ/2,

Mτ − sup

{
µ(A) :A ∈A∩Pow

( ⋃
ℓ∈[ℓα]

B(ℓ)

)}

≤Mτ − sup
{
µ(A) :A ∈A∩Pow

(
Rυ(µ)∩Xξ(fµ)∩Xτ+∆(η)

)}
≤CApp · (ξκ +∆γ)1

{θ≤A
− ρ

βκ
0 }

+ 1
{θ>A

− ρ
βκ

0 }

≤CApp ·
{
1 + (3Cpv)

γ +Aγ
0

}
· θβκγ/ρ.(S31)
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Finally, since Â+
OSS is chosen from A∩Pow

(⋃
ℓ∈[ℓα]B(ℓ)

)
with maximal empirical measure,

it follows from Lemma S36 as in the proof of Proposition S2 that with probability at least
1− δ,

Mτ − µ(Â+
OSS)≤CApp

{
1 + (3Cpv)

γ +Aγ
0

}
· θβκγ/ρ

+ 2CVC

√
dimVC(A)

n
+

√
2 log(2/δ)

n
.

The second part of Proposition 13 follows integrating the tail bound and applying Proposi-
tion 12, as at the end of the proof of Theorem 5.

S6. Proofs of the lower bounds in Theorems 2 and 11. Recall the construction of
the probability distributions {P ℓ

L,r,w,s,θ : ℓ ∈ [L]} on Rd × {0,1} from Section 5, with cor-
responding regression functions {ηℓL,r,w,s,θ : ℓ ∈ [L]} and common marginal distribution
µL,r,w on Rd. Recall also the definition of Rυ(·) from (15). Our initial goal is to prove that
{P ℓ

L,r,w,s,θ : ℓ ∈ [L]} is a subset of PHöl(β,λ) (see Lemma S28) and PApp(A, κ, γ, τ,CApp)∩
P+
App(A, τ, κ, γ, υ, τ,CApp) (see Lemma S30) for suitable L, r, w, s and θ. The first of these

lemmas will rely on several auxiliary results,
Given two multi-indices ν = (ν1, . . . , νd)

⊤, ν ′ = (ν ′1, . . . , ν
′
d)

⊤ ∈ Nd
0, we write ν ≺ ν ′ if

either ∥ν∥1 < ∥ν ′∥1 or both ∥ν∥1 = ∥ν ′∥1 and there exists j ∈ {0,1, . . . , d − 1} such that
ν1 = ν ′1, . . . , νj = ν ′j and νj+1 < ν ′j+1. Now, given m ∈N and j ∈ [m], we write

Qj(ν,m)

:=

{
(k1, . . . , kj , ℓ1, . . . , ℓj) ∈Nj × (Nd

0)
j : 0≺ℓ1≺. . .≺ℓj ,

j∑
q=1

kq =m,

j∑
q=1

kqℓq = ν

}
.

In addition, for multi-indices ν = (ν1, . . . , νd)
⊤ ∈Nd

0, we let ν! :=
∏∥ν∥1

m=1 νj !. The following
lemma is a version of the Faà di Bruno formula.

LEMMA S23 (Corollary 2.10 of Constantine and Savits (1996)). Let x ∈ Rd and ν =
(ν1, . . . , νd)

⊤ ∈ Nd
0. Suppose that all partial derivative of order ∥ν∥1 of f : Rd → R exist

and are continuous in a neighbourhood of x, and that g :R→R is ∥ν∥1-times continuously
differentiable in a neighbourhood of f(x). Then

∂νx(g ◦ f) = ν! ·
∥ν∥1∑
m=1

g(m)
(
f(x)

) ∥ν∥1∑
j=1

∑
(k1,...,kj ,ℓ1,...,ℓj)

∈Qj(ν,m)

j∏
q=1

{∂ℓqx (f)}kq

kq! · (ℓq!)kq
.

LEMMA S24. Given ν = (ν1, . . . , νd)
⊤ ∈Nd

0, we have sup∥x∥2≥1 |∂νx(∥ · ∥2)|<∞.

PROOF. For t ∈ [d], write et = (0, . . . ,0,1,0, . . . ,0)⊤ ∈Rd for the tth standard basis vec-
tor in Rd. By Lemma S23 with f(x) = ∥x∥22 and g(z) =

√
z, we have for x= (x1, . . . , xd)

⊤ ∈
Rd that

∂νx(∥ · ∥2)

= ν!

∥ν∥1∑
m=1

(−1)m+1(2m−3)!!

2m∥x∥2m−1
2

∥ν∥1∑
j=1

∑
(k1,...,kj ,ℓ1,...,ℓj)

∈Qj(ν,m)

j∏
q=1

2kq
{∑d

t=1(xt1{ℓq=et}+1{ℓq=2et})
}kq

kq! · (ℓq!)kq
.
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It follows that for all x ∈Rd with ∥x∥2 ≥ 1 we have

|∂νx(∥ · ∥2)| ≤ ν!

∥ν∥1∑
m=1

(2m−3)!!

∥x∥2m−1
2

∥ν∥1∑
j=1

∑
(k1,...,kj ,ℓ1,...,ℓj)

∈Qj(ν,m)

j∏
q=1

∥x∥kq

2

kq! · (ℓq!)kq

≤ ν!

∥ν∥1∑
m=1

(2m−3)!! ·
∥ν∥1∑
j=1

∑
(k1,...,kj ,ℓ1,...,ℓj)

∈Qj(ν,m)

j∏
q=1

1

kq! · (ℓq!)kq
<∞,

as required.

LEMMA S25. For each m,d ∈ N, there exists Cm,d > 0, depending only on m and d,
such that for any infinitely differentiable function g : [0,∞)→ [0,∞) with g′(z) = 0 for all
z ∈ [0,1], and any ν = (ν1, . . . , νd)

⊤ ∈Nd
0 with ∥ν∥1 =m, we have∣∣∂νx(g ◦ ∥ · ∥2)∣∣≤Cm,d · max

k∈[m]
sup

z∈[0,∞)
|g(k)(z)|

for all x ∈Rd.

PROOF. The lemma follows from combining Lemmas S23 and S24, and by considering
the cases ∥x∥2 < 1 and ∥x∥2 ≥ 1 separately.

LEMMA S26. Let L,d ∈ N, r ∈ (0,∞), s ∈ (0,1 ∧ (r/2)], w ∈
(
0, (2r)−d ∧ 1

)
and θ ∈

(0, ϵ0/2]. Then for ℓ ∈ [L], ν = (ν1, . . . , νd)
⊤ ∈Nd

0 with ∥ν∥1 =m and x ∈Rd, we have∣∣∂νx(ηℓL,r,w,s,θ)
∣∣≤ 2AmCm,d ·

θ

sm
,(S32)

where Am is taken from (21) and Cm,d is taken from Lemma S25. Hence, given any ξ ∈ [0,1]
and x, x′ ∈Rd, we have∣∣∂νx(ηℓL,r,w,s,θ)− ∂νx′(ηℓL,r,w,s,θ)

∣∣≤ 2Am+1(2Cm,d ∨ dCm+1,d) ·
θ

sm+ξ
· ∥x− x′∥ξ∞.(S33)

PROOF. To prove (S32), we construct an open cover of Rd by {U1, . . . ,UL+1} where
Uℓ′ :=Br♯(w)(zℓ′) for ℓ′ ∈ [L] and UL+1 :=Rd \

⋃
ℓ′∈[L] B̄2d1/2r(zℓ′). First suppose that ℓ′ ∈

[L]\{ℓ} and consider the function g0 : [0,∞)→ [0,∞) defined by

g0(t) :=



τ − θ if t≤ 1

τ + θ− 2θ · h
(
t−1

)
if 1< t≤ 2

τ + θ if 2< t≤ d1/2r
s

τ − θ+ 2θ · h
(

s·t
d1/2r−1

)
if d1/2r

s < t < 2d1/2r
s

τ − θ otherwise.

By Lemma S25, together with s≤ r/2≤ d1/2r, we have

sup
x∈Rd

∣∣∂νx(g0 ◦ ∥ · ∥2)∣∣≤Cm,d · max
k∈[m]

sup
z∈[0,∞)

|g(k)0 (z)| ≤ 2AmCm,dθ.

Moreover, for all x ∈ Uℓ′ we have ηℓL,r,w,s,θ(x) = g0(∥s−1 ·(x−zℓ′)∥2). Hence, for all x ∈ Uℓ′

we have
∣∣∂νx(ηℓL,r,w,s,θ)

∣∣≤ 2AmCm,dθs
−m since ∥ν∥1 =m. Next, consider the open set Uℓ
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and define a function g1 : [0,∞)→ [0,∞) by

g1(t) :=


τ + θ if t≤ 1

τ − θ+ 2θ · h
(
t−1

)
if 1< t < 2

τ − θ otherwise.

By applying Lemma S25 again, we have
∣∣∂νx(g1 ◦ ∥ · ∥2)

∣∣ ≤ 2AmCm,dθ for all x ∈ Rd.
Moreover, for x ∈ Uℓ we have ηℓL,r,w,s,θ(x) = g1(∥(d1/2r)−1 · (x − zℓ)∥2). Hence, for all
x ∈ Uℓ, we have

∣∣∂νx(ηℓL,r,w,s,θ)
∣∣≤ 2AmCm,dθ(d

1/2r)−m ≤ 2AmCm,dθs
−m. Finally we note

that ηℓL,r,w,s,θ

∣∣
UL+1

≡ τ − θ, so supx∈UL+1

∣∣∂νx(ηℓL,r,w,s,θ)
∣∣= 0≤ 2AmCm,dθs

−m. The claim
(S32) follows.

To prove (S33), we first consider the case where ∥x− x′∥∞ ≤ s, in which case, we may
apply the mean value theorem combined with (S32) and Hölder’s inequality to obtain∣∣∂νx(ηL,r,w,s,θ)− ∂νx′(ηL,r,w,s,θ)

∣∣≤ dAm+1Cm+1,d ·
θ

sm+1
· ∥x− x′∥∞

≤ dAm+1Cm+1,d ·
θ

sm+ξ
· ∥x− x′∥ξ∞.

Moreover, when ∥x − x′∥∞ > s, (S33) follows immediately from (S32) and the triangle
inequality.

LEMMA S27. Take β > 0, Cf > 0 and let f : Rd → R be a ⌈β⌉-times differentiable
function such that for all ν = (ν1, . . . , νd)

⊤ ∈Nd
0 with ∥ν∥1 = ⌈β⌉− 1 =:m, and x, x′ ∈Rd,

we have ∣∣∂νx′(f)− ∂νx(f)
∣∣≤Cf · ∥x′ − x∥β−m

∞ .

Then for all x,x′ ∈Rd we have∣∣f(x′)−T β
x [f ](x′)

∣∣≤Cf ·
(
m+ d− 1

d− 1

)
· ∥x′ − x∥β∞.

PROOF. By Taylor’s theorem, there exists t ∈ (0,1) such that

f(x′) =
∑

ν∈Nd
0 :∥ν∥1<m

(x′ − x)ν

ν!
· ∂νx(f) +

∑
ν∈Nd

0 :∥ν∥1=m

(x′ − x)ν

ν!
· ∂νx+t·(x′−x)(f).

Hence, ∣∣f(x′)−T β
x [f ](x′)

∣∣= ∣∣∣∣ ∑
ν∈Nd

0 :∥ν∥1=m

(x′ − x)ν

ν!
·
(
∂νx+t·(x′−x)(f)− ∂νx(f)

)∣∣∣∣
≤Cf ·

(
m+ d− 1

d− 1

)
· ∥x′ − x∥β∞,

as required.

LEMMA S28. Let β > 0, λ > 1,L,d ∈N, r ∈ (0,∞), s ∈ (0,1∧(r/2)],w ∈
(
0, (2r)−d∧

1
)

and θ ∈ (0, ϵ0/2]. There exists c♭β,d > 0, depending only on β and d, such that whenever
θ ≤ c♭β,d · λ · sβ , we have that for each ℓ ∈ [L], the function ηℓL,r,w,s,θ is (β,λ)-Hölder on Rd;
i.e. P ℓ

L,r,w,s,θ ∈ PHöl(β,λ).
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PROOF. By taking

c♭β,d := min
q∈N0:q≤⌈β⌉−1

{
2Aq+1(2Cq,d ∨ dCq+1,d) ·

(
q+ d− 1

d− 1

)}−1

,

the result follows from Lemmas S26 and S27.

Lemma S30 also requires one auxiliary lemma.

LEMMA S29. Given L,d ∈ N, r > 0 and w ∈
(
0, (2r)−d ∧ 1

)
, we have ωµL,r,w,d(x) ≥

w
L·(4d1/2)d for all x ∈

⋃
ℓ∈[L]K

0
r (ℓ). Moreover,

⋃
ℓ∈[L]K

0
r (ℓ) ⊆ Rυ(µL,r,w) for every υ ≤

(4d1/2)−d.

PROOF. Let ℓ ∈ [L], let x ∈K0
r (ℓ) = B̄r(zℓ) and let r̃ ∈ (0,1). If r̃ ∈ (0,2r], then B̄r̃(x)∩

K0
r (ℓ) contains a hyper-cube of radius r̃/2, so µL,r,w

(
B̄r̃(x)

)
≥ w ·L−1 · r̃d. Consequently,

when r̃ ∈
(
0,8d1/2r

]
, we have

µL,r,w
(
B̄r̃(x)

)
≥ µL,r,w

(
B̄r̃/(4d1/2)(x)

)
≥ w

L · (4d1/2)d
· r̃d.

Note also that since x ∈K0
r (ℓ) ⊆ B̄2d1/2r(zℓ) there exists σx ∈ {−1,1}d and x̃ = zℓ + σx ·

2d1/2r ∈ Rd with ∥x̃ − x∥∞ ≤ 2d1/2r. Hence, if r̃ ∈ (4d1/2r, r♯(w)], then B̄r̃/4(zℓ + σx ·
(2d1/2r + r̃/4))⊆ B̄r̃(x) ∩K1

r (ℓ). Thus, we have µL,r,w
(
B̄r̃(x)

)
≥ (w/L) · (r̃/2)d for r̃ ∈

(4d1/2r, r♯(w)], and consequently, µL,r,w
(
B̄r̃(x)

)
≥ (w/L) · (r̃/4)d for r̃ ∈ (8d1/2r,2r♯(w)].

Finally, if r̃ ∈ (2r♯(w),1), then K0
r (ℓ) ∪K1

r (ℓ) ⊆ B̄r♯(w)(zℓ) ⊆ B̄r̃(x) so µL,r,w
(
B̄r̃(x)

)
≥

1/L > (w/L) · r̃d. The first conclusion of the lemma therefore follows. The second part then
follows from the fact that the Lebesgue density of µL,r,w is at most w/L on Rd.

LEMMA S30. Let β > 0, λ > 1,L,d ∈N, r ∈ (0,∞), s ∈ (0,1∧(r/2)],w ∈
(
0, (2r)−d∧

1
)

and θ ∈ (0, ϵ0/2], ℓ ∈ [L], υ ≤ (4d1/2)−d and let η = ηℓL,r,w,s,θ , µ = µL,r,w and P =

P ℓ
L,r,w,s,θ . Suppose also that Ahpr ⊆ A ⊆ Aconv. Given any A ∈ A ∩ Pow

(
Xτ (η)

)
and

ℓ′ ∈ [L] with A∩K0
r (ℓ

′) ̸= ∅ and zℓ′ /∈A for some ℓ′ ∈ [L], we have µ(A)≤ (w/L) · (2r)d/2.
In particular, µ(A) ≤ (w/L) · (2r)d/2 whenever A ∩ K0

r (ℓ
′) ̸= ∅ for some A ∈ A ∩

Pow
(
Xτ (η)

)
and ℓ′ ∈ [L] \ {ℓ}. Moreover, Mτ (P,A) = µ

(
K0

r (ℓ)
)
= (w/L) · (2r)d. Finally,

if (w/L) · (2r)d ≤CApp ·min
{
(w/{(4d1/2)d ·L})κ, θγ

}
, then P ∈ PApp(A, κ, γ, τ,CApp)∩

P+
App(A, τ, κ, γ, υ, τ,CApp).

PROOF. First take A ∈ A ∩ Pow
(
Xτ (η)

)
and ℓ′ ∈ [L] with A ∩K0

r (ℓ
′) ̸= ∅ and zℓ′ /∈ A.

Since η(x) = τ−θ for all x ∈K1
r (ℓ

′), we must haveA∩
(
K1

r (ℓ
′)∪{zℓ′}

)
= ∅. Moreover,A is

convex with A∩K0
r (ℓ

′) ̸= ∅, and it follows that A⊆ {x ∈Rd : ∥x− zℓ′∥∞ < 2d1/2r}. Thus
A∩supp(µ) =A∩{x ∈Rd : ∥x−zℓ′∥∞ < 2d1/2r}∩supp(µ) =A∩K0

r (ℓ
′) is the intersec-

tion of two axis-aligned hyper-rectangles, so is itself an axis-aligned hyper-rectangle. Since
A ∩ supp(µ) ⊆K0

r (ℓ
′) \ {zℓ′} = B̄r(zℓ′) \ {zℓ′}, we deduce that µ(A) ≤ (w/L) · (2r)d/2.

In particular, if ℓ′ ∈ [L] \ {ℓ}, then η(zℓ′) = τ − θ, so zℓ′ /∈ Xτ (η) and the conclusion
µ(A)≤ (w/L) · (2r)d/2 holds.

For the next part, note that K0
r (ℓ) = B̄r(zℓ) ∈ Ahpr ∩ Pow

(
Xτ (η)

)
⊆ A ∩ Pow

(
Xτ (η)

)
since η(x) = τ + θ for all x ∈K0

r (ℓ). Hence, Mτ (P,A) ≥ µ
(
K0

r (ℓ)
)
= (w/L) · (2r)d. On

the other hand, given A ∈A∩Pow
(
Xτ (η)

)
, we have either A∩ supp(µ)⊆K0

r (ℓ), in which
case µ(A) ≤ µ

(
K0

r (ℓ)
)
= (w/L) · (2r)d, or A ∩ supp(µ) ∩K0

r (ℓ
′) ̸= ∅ for some ℓ′ ∈ [L] \
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{ℓ}, since supp(µ)∩Xτ (η)⊆
⋃

ℓ∈[L]K
0
r (ℓ), in which case µ(A)≤ (w/L) · (2r)d/2. Hence

Mτ (P,A) = (w/L) · (2r)d.
For the final part, assume that (w/L) ·(2r)d ≤CApp ·min

{
{w/(4dd1/2 ·L)}κ, θγ

}
, and fix

(ξ,∆) ∈ (0,∞)2. We consider two cases: first suppose that ξ ≤w/{L · (4d1/2)d} and ∆≤ θ.
By Lemma S29, we have K0

r (ℓ) ⊆ Xξ(ωµ,d). Moreover, it follows from the construction
of η that K0

r (ℓ) ⊆ Xτ+θ(η) ⊆ Xτ+∆(η). Thus, with Aξ,∆ =K0
r (ℓ) ∈ A ∩ Pow

(
Xξ(ωµ,d) ∩

Xτ+∆(η)
)
, we have

µ(Aξ,∆) =
w

L
· (2r)d ≥ w

L
· (2r)d −CApp · (ξκ +∆γ) =Mτ −CApp · (ξκ +∆γ).

On the other hand, if ξ > w/{L · (4d1/2)d} or ∆ > θ, then with Aξ,∆ = ∅ ∈ A ∩
Pow

(
Xξ(ωµ,d)∩Xτ+∆(η)

)
, we have

µ(Aξ,∆) = 0≥ w

L
· (2r)d −CApp ·min

{(
w

(4d1/2)d ·L

)κ

, θγ
}
≥Mτ −CApp · (ξκ +∆γ).

We conclude that P ∈ PApp(A, κ, γ, τ,CApp). To prove P ∈ P+
App(A, τ, κ, γ, υ, τ,CApp),

we proceed similarly using the facts that K0
r (ℓ) ⊆ Rυ(µ) by Lemma S29 and that µ has

Lebesgue density at least w/L on K0
r (ℓ).

Lemma S31 below bounds the χ2-divergence between pairs of distributions in our class
{P ℓ

L,r,w,s,θ : ℓ ∈ [L]}.

LEMMA S31. Suppose that ϵ0 ∈ (0,1/2), τ ∈ [ϵ0,1 − ϵ0], L,d ∈ N, r ∈ (0,∞), s ∈
(0,1∧ (r/2)], w ∈

(
0, (2r)−d ∧ 1

)
and θ ∈ (0, ϵ0/2]. Then

χ2
(
P ℓ
L,r,w,s,θ, P

ℓ′

L,r,w,s,θ

)
≤ 25+2d ·w · θ2 · sd

ϵ0 ·L
for all ℓ, ℓ′ ∈ [L].

PROOF. Let QL,r,w := µL,r,w ×mct where mct denotes the counting measure on {0,1}.
Note that P ℓ

L,r,w,s,θ is absolutely continuous with respect to QL,r,w, for all ℓ ∈ [L]. Given
ℓ ∈ [L], define pℓ :Rd × {0,1}→R by

pℓ(x, y) : =
dP ℓ

L,r,w,s,θ

dQL,r,w
(x, y) = (1− y) ·

(
1− ηℓL,r,θ(x)

)
+ y · ηℓL,r,θ(x).

Take ℓ, ℓ′ ∈ [L] with ℓ ̸= ℓ′ and observe that ηℓL,r,w,s,θ(x) = ηℓ
′

L,r,w,s,θ(x) for all x ∈ JL,r,w \(
B̄2s(zℓ)∪ B̄2s(zℓ′)

)
. Note also that µL,r,w

(
B̄2s(zℓ)∪ B̄2s(zℓ′)

)
= (2w/L) ·(4s)d; moreover,

ηℓL,r,θ(x) ∈ [τ − θ, τ + θ]⊆ [ϵ0/2,1− ϵ0/2] for all x ∈ JL,r,w and ℓ ∈ [L]. Hence,

χ2(P ℓ
L,r,w,s,θ, P

ℓ′

L,r,w,s,θ)

=

∫
Rd×{0,1}

(
dP ℓ

L,r,w,s,θ

dP ℓ′
L,r,θ

− 1

)2

dP ℓ′

L,r,θ

=

∫
Rd×{0,1}

(
pℓ(x, y)

pℓ′(x, y)
− 1

)2

pℓ′(x, y)dQL,r,w(x, y)

=

∫
Rd×{0,1}

{pℓ(x, y)− pℓ′(x, y)}2

pℓ′(x, y)
dQL,r,w(x, y)
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=

∫
Rd

({ηℓL,r,w,s,θ(x)− ηℓ
′

L,r,w,s,θ(x)}2

1− ηℓ
′

L,r,w,s,θ(x)
+

{ηℓL,r,w,s,θ(x)− ηℓ
′

L,r,w,s,θ(x)}2

ηℓ
′

L,r,w,s,θ(x)

)
dµL,r,w(x)

≤ 4

ϵ0

∫
B̄2s(zℓ)∪B̄2s(zℓ′ )

{
ηℓL,r,w,s,θ(x)− ηℓ

′

L,r,w,s,θ(x)
}2
dµL,r,w(x)

≤ 4

ϵ0
· (2θ)2 · µL,r,w

(
B̄2s(zℓ)∪ B̄2s(zℓ′)

)
=

25+2d ·w · θ2 · sd

ϵ0 ·L
,

as required.

We are now in a position to state the crucial proposition for the proof of Proposition 14.

PROPOSITION S32. Assume that Ahpr ⊆A⊆Aconv. Fix (β,γ,κ,λ,CApp) ∈ (0,∞)3 ×
[1,∞)2 with βγ(κ− 1)< dκ, ϵ0 ∈ (0,1/2), τ ∈ [ϵ0,1− ϵ0], υ ≤ (4d1/2)−d and ζ > 0. There
exist C0 ≥ 1, c0, c1 > 0, depending only on d, β, γ, κ, CApp and ϵ0, such that for any

n≥C0λ
d/β log(1+ ζ) there exists a family of L≥

{
c0
(
n/{λd/β log(1 + ζ)}

) βγ(κ∧1)

κ(2β+d)+βγ
}
∨4

distributions

{P1, . . . , PL} ⊆ P†(A, τ, β,κ, γ, υ,λ,CApp)

with regression functions η1, . . . , ηL and common marginal distribution µ on Rd, such that

(a) χ2
(
P⊗n
ℓ , P⊗n

ℓ′

)
≤ ζ for all ℓ, ℓ′ ∈ [L];

(b) if A ∈A∩Pow
(
Xτ (ηℓ)∩Xτ (ηℓ′)

)
for some ℓ,ℓ′ ∈ [L] with ℓ ̸= ℓ′, then

Mτ

(
Pℓ,A

)
− µ(A)≥ c1 ·

(
λd/β · log(1 + ζ)

n

) βγκ

κ(2β+d)+βγ

.(S34)

PROOF. We first define some quantities for our construction. Let ρ := κ(2β + d) + βγ,

ξn,ζ,λ :=
ϵ0 · (c♭β,d)d/β

25+4ddd/2
· λ

d/β · log(1 + ζ)

n
, θ := ξ

κβ/ρ
n,ζ,λ, r :=C

1/d
App · (8d

1/2)−1 · θ
γ(κ−1)

dκ ,

L :=
⌊
(8d1/2)−1θ−γ/κ

{
(2r)−d ∧ 1

}⌋
, w := (4d1/2)d ·L · θγ/κ and s :=

( θ

c♭β,dλ

)1/β
.

Finally, let C0 :=C0
0 · (C1

0 ∨C2
0 ∨C3

0 ∨C4
0 ∨C5

0 ), where

C0
0 :=

ϵ0 · (c♭β,d)d/β

25+4d · dd/2
, C1

0 :=

(
16d1/2

(c♭β,d)
1/β ·C1/d

App

) dρ

dκ−βγ(κ−1)

, C2
0 :=

1

(c♭β,d)
ρ/(κβ)

,

C3
0 :=

( 2

ϵ0

) ρ

κβ

, C4
0 :=

(
CApp

22d−5d(d−1)/2

) ρ

κβγ

and C5
0 := (32d1/2)

ρ

βγ .

Observe that when n≥C0 ·λd/β · log(1+ ζ), we have ξn,ζ,λ ≤ 1/(C1
0 ∨C2

0 ∨C3
0 ∨C4

0 ∨C5
0 ).

Hence, the choice of C1
0 ensures that s ≤ r/2, the choice of C2

0 guarantees that s ≤ 1, the
choice of C3

0 ensures that θ ≤ ϵ0/2, and C4
0 and C5

0 are chosen to guarantee that

L=

⌊
4 ·min

{(
n

C0
0C

4
0 · λd/β · log(1 + ζ)

) βγκ

ρ

,

(
n

C0
0C

5
0 · λd/β · log(1 + ζ)

) βγ

ρ
}⌋

≥
{
c0 ·
(

n

λd/β · log(1 + ζ)

) βγ(κ∧1)

κ(2β+d)+βγ
}
∨ 4,
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where c0 := 2min
{
(C0

0C
4
0 )

− βγκ

ρ , (C0
0C

5
0 )

− βγ

ρ

}
. Note also that w ≤ 1

2

{
(2r)−d ∧ 1

}
. We may

therefore apply the construction following (22) to define distributions Pℓ := P ℓ
L,r,w,s,θ for

ℓ ∈ [L] when n ≥ C0 · λd/β · log(1 + ζ). We write µ = µL,r,w and ηℓ = ηℓL,r,w,s,θ in this
construction.

Our choice of s ensures that θ = c♭β,d · λ · sβ , so we may apply Lemma S28 to de-
duce that Pℓ ∈ PHöl(β,λ) for all ℓ ∈ [L]. Moreover, our choice of w and r guarantee that
(w/L) · (2r)d ≤CApp ·min

{
(w/{(4d1/2)d ·L})κ, θγ

}
, so we may apply Lemma S30 to con-

clude that Pℓ ∈ PApp(A, κ, γ, τ,CApp)∩P+
App(A, τ, κ, γ, υ, τ,CApp) for all ℓ ∈ [L]. Next, by

Lemma S31, for each ℓ, ℓ′ ∈ [L],

χ2
(
Pℓ, Pℓ′

)
≤ 25+2d ·w · θ2 · sd

ϵ0 ·L
=

log(1 + ζ)

n
,

by our choice of w, θ and s, so

χ2(P⊗n
ℓ , P⊗n

ℓ′ )≤
{
1 + χ2

(
Pℓ, Pℓ′

)}n − 1≤
(
1 +

log(1 + ζ)

n

)n

− 1≤ ζ.

This proves (a). To prove (b), we take ℓ,ℓ′ ∈ [L] with ℓ ̸= ℓ′ and A ∈ A ∩ Pow
(
Xτ (ηℓ) ∩

Xτ (ηℓ′)
)
. By Lemma S30, we have Mτ (Pℓ,A) = µ

(
K0

r (ℓ)
)
= (w/L) · (2r)d. On the other

hand, if µ(A) > 0, then since supp(µ) =
⋃

(ℓ′′,j)∈[L]×{0,1}K
j
r (ℓ′′) and

⋃
ℓ′′∈[L]K

1
r (ℓ

′′) ⊆
Rd \ Xτ (ηℓ′′), we must have A ∩K0

r (ℓ̃) ̸= ∅ for some ℓ̃ ∈ [L]. Since at least one of ℓ̃ ̸= ℓ or
ℓ̃ ̸= ℓ′ must hold, it follows from Lemma S30 that µ(A)≤ (w/L) · (2r)d/2. Hence

Mτ

(
Pℓ,A

)
−µ(A)≥ w

L
·2d−1 ·rd =

CApp

2
·θγ =

CApp

2

(
C0
0 · λd/β · log(1 + ζ)

n

) βγκ

κ(2β+d)+βγ

,

so (S34) holds with c1 :=
CApp

2 · (C0
0 )

βκγ

ρ .

PROOF OF PROPOSITION 14. Part (i): We initially assume that n≥C0λ
d/β log

(
1/(4α)

)
.

By Proposition S32, with ζ = 1/(4α) − 1 > 0, there exists a pair of distributions P1,
P2 ∈ P†(A, τ, β,κ, γ, υ,λ,CApp) with common marginal distribution µ on Rd and corre-
sponding regression functions η1,η2 such that χ2

(
P⊗n
2 , P⊗n

1

)
+ 1 ≤ 1/(4α) and if A ∈

A∩Pow
(
Xτ (η1)∩Xτ (η2)

)
, then

Mτ

(
P2,A

)
− µ(A)≥ c1 ·

(
λd/β · log

(
1/(4α)

)
n

) βγκ

κ(2β+d)+βγ

.(S35)

We now define a test φ : (Rd × [0,1])n →{1,2} by

φ(D) :=

{
1 if Â(D)⊆Xτ (η1)

2 otherwise.

Since Â controls the Type I error at level α over P†(A, τ, β,κ, γ, υ,λ,CApp), we have

P⊗n
1

(
{D ∈ (Rd × [0,1])n : φ(D) = 2}

)
= PP1

(
Â(D)⊈Xτ (η1)

)
≤ α.

Hence, by an immediate consequence of Brown and Low (1996, Theorem 1), which we
restate as Lemma S41 for convenience, with ϵ=

√
α we have

PP2

(
Â(D)⊆Xτ (η1)

)
= P⊗n

2

(
{D ∈ (Rd × [0,1])n : φ(D) = 1}

)
≥
{
1− ϵ

√
χ2
(
P⊗n
2 , P⊗n

1

)
+ 1
}2

≥ 1

4
.
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Thus, by (S35) we have

EP2

[{
Mτ

(
P,A

)
− µ(Â)

}
· 1{Â⊆Xτ (η2)}

]
≥ PP2

({
Â(D)⊆Xτ (η1)

}
∩
{
Â(D)⊆Xτ (η2)

})
· c1
(
λd/β log

(
1/(4α)

)
n

) βγκ

κ(2β+d)+βγ

≥
{
PP2

(
Â(D)⊆Xτ (η1)

)
− PP2

(
Â(D)⊈Xτ (η2)

)}
· c1
(
λd/β log

(
1/(4α)

)
n

) βγκ

κ(2β+d)+βγ

≥
(
1

4
− α

)
· c1
(
log
(
1/(4α)

)
n

) βγκ

κ(2β+d)+βγ

≥ c1
8
·
(
λd/β · log

(
1/(4α)

)
n

) βγκ

κ(2β+d)+βγ

,

(S36)

as required. Moreover, if 1≤ n <C0 ·λd/β · log
(
1/(4α)

)
, then by (S36) with n=

⌈
C0 ·λd/β ·

log
(
1/(4α)

)⌉
, we have

EP2

[{
Mτ

(
P,A

)
− µ(Â)

}
· 1{Â⊆Xτ (η2)}

]
≥ c1

8
·C

− βγκ

κ(2β+d)+βγ

0 ,

again. This completes the proof of Part (i).

Part (ii): Fix ρ := κ(2β + d) + βγ and let C0 ≥ 1 and c0, c1 > 0 be as in Proposition S32. Let
C1 ≡ C1(d,β, γ,κ,CApp, ϵ0)≥ e

2ρ

βγ − 1 be large enough that for all n/λd/β ≥ C1, we have

both n/λd/β ≥C0 log
(
1 + (n/λd/β)

βγ(κ∧1}
2ρ

)
and

c0ϵ
2
0

(
(n/λd/β)

log
(
1 + (n/λd/β)

βγ(κ∧1)

2ρ

)) βγ(κ∧1)

ρ

≥ 25(n/λd/β)
βγ(κ∧1)

2ρ .

Next, for n≥ C1, we apply Proposition S32 with ζ = (n/λd/β)
βγ(κ∧1)

2ρ to obtain a family of

L ≥ c0
{
(n/λd/β)/log

(
1 + (n/λd/β)

βγ(κ∧1)

2ρ

)} βγ(κ∧1)

ρ ≥ 25(n/λd/β)
βγ(κ∧1)

2ρ /ϵ20 distributions
{P1, . . . , PL} ⊆ PHöl(β,λ) ∩ PApp(A, κ, γ, τ,CApp) ∩ P+

App(A, τ, κ, γ, υ, τ,CApp) with
common marginal distribution µ on Rd and corresponding regression functions η1, . . . , ηL,
such that

(a) χ2
(
P⊗n
ℓ , P⊗n

ℓ′

)
≤ (n/λd/β)

βγ(κ∧1)

2ρ ≤ (ϵ0/4)
2 · (L− 1) for all ℓ, ℓ′ ∈ [L];

(b) if A ∈A∩Pow
(
Xτ (ηℓ)∩Xτ (ηℓ′)

)
for some ℓ,ℓ′ ∈ [L] with ℓ ̸= ℓ′, then

Mτ

(
Pℓ,A

)
− µ(A)≥ c1 ·

(
λd/β log{1 + (n/λd/β)

βγ(κ∧1)

2ρ }
n

)βγκ/ρ

.(S37)

Now define a test function φ : (Rd × [0,1])n → [L] by

φ(D) :=

{
min{ℓ ∈ [L] : Â(D)⊆Xτ (ηℓ)

}
if Â(D)⊆Xτ (ηℓ) for some ℓ ∈ [L]

L otherwise.

By Lemma S42, we have

max
ℓ∈[L]

P⊗n
ℓ

({
D ∈(Rd × [0,1])n : φ(D) ̸= ℓ

})
≥ 1

L− 1

L∑
ℓ=2

P⊗n
ℓ

({
D ∈ (Rd × [0,1])n : φ(D) ̸= ℓ

})
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≥ 1− 1

L− 1
−

√√√√ 1

L− 1

L∑
ℓ=2

χ2(P⊗n
ℓ , P⊗n

1 ) · 1

L− 1

(
1− 1

L− 1

)

≥ 1−
(ϵ0
4

)2
− ϵ0

4
≥ 1− ϵ0

2
.(S38)

Now choose ℓ0 ∈ [L] with P⊗n
ℓ0

({
D ∈ (Rd× [0,1])n : φ(D) ̸= ℓ0

})
≥ 1− ϵ0/2, and observe

that if φ(D) ̸= ℓ0 and Â(D) ⊆ Xτ (ηℓ0) then we must also have Â(D) ⊆ Xτ (ηℓ1) for some
ℓ1 ∈ [ℓ0 − 1]. It follows from this and (S38) that

PPℓ0

({
Â(D)⊆Xτ (ηℓ0)

}
∩

ℓ0−1⋃
ℓ1=1

{
Â(D)⊆Xτ (ηℓ1)

})
≥ PPℓ0

({
Â(D)⊆Xτ (ηℓ0)

}
∩
{
φ(D) ̸= ℓ0

})
≥ P⊗n

ℓ0

({
D ∈ (Rd×[0,1])n : φ(D) ̸= ℓ0

})
− α≥ ϵ0

2
.

Thus, by (S37), we have for all n≥C1 · λd/β ≥ e
2ρ

βγ − 1 that

EPℓ0

[{
Mτ

(
Pℓ0 ,A

)
− µ(Â)

}
· 1{Â⊆Xτ (ηℓ0

)}
]

≥ PPℓ0

({
Â(D)⊆Xτ (ηℓ0)

}
∩

ℓ0−1⋃
ℓ1=1

{
Â(D)⊆Xτ (ηℓ1)

})

· c1 ·
(
λd/β log{1 + (n/λd/β)

βγ(κ∧1)

2ρ }
n

)βγκ/ρ

≥ c1ϵ0
2

·
(
βγ(κ∧ 1) · λd/β · log+(n/λd/β)

2ρn

)βγκ/ρ

.

We extend the bound to n <C1 · λd/β by monotonicity as at the end of the proof of Proposi-
tion 14(i), with

c2 :=
c1ϵ0
2

·
(
βγ(κ∧ 1) log+⌈C1⌉

2ρ⌈C1⌉

)βγκ/ρ

,

which completes the proof.

Finally, we prove the parametric lower bounds in Theorems 2 and 11. Some care is re-
quired here to show that our constructed distributions belong to the relevant distributional
classes.

PROOF OF PROPOSITION 15. Observe that there exists cH ≡ cH(β) ∈ (0,1] such that
when θ ≤ cH ·λ · sβ , we have that η is (β,λ)-Hölder, so {P ℓ

ζ }ℓ∈{−1,1} ⊆PHöl(β,λ). In addi-
tion, supp(µℓζ)∩Xτ (η) =A−1∪A1 for ℓ ∈ {−1,1}. Since A⊆Aconv and A0 ⊆Rd \Xτ (η),
it follows that for ℓ ∈ {−1,1},

Mτ (P
ℓ
ζ ,A) = max

j∈{−1,1}
µℓζ(Aj) =

sd

(2t)d + 2sd
+ ζ.

Observe also that for any ℓ ∈ {−1,1}, x ∈Aℓ and r ∈ (0,4s], we have

µℓζ
(
B̄r(x)

)
≥
(

1

(2t)d + 2sd
+
ζ

sd

)
· Ld

(
B̄r/4(x)∩Aℓ

)
≥
(

1

(2t)d + 2sd
+
ζ

sd

)
·
(
r

4

)d

.
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Moreover, for any ℓ ∈ {−1,1}, x ∈Aℓ and r ∈ (4s,1], we have

µℓζ
(
B̄r(x)

)
≥

Ld

(
B̄r(x)∩A0

)
(2t)d + 2sd

≥ rd−1 · (r− 2s)

(2t)d + 2sd

≥ rd

2{(2t)d + 2sd}
≥
(

1

(2t)d + 2sd
+
ζ

sd

)
· r

d

3
.

Hence, ωµℓ
ζ ,d

(x)≥ {(8t)d+2(4s)d}−1 for all x ∈Aℓ, and moreover Aℓ ⊆Rυ(µ
ℓ
ζ). Thus, for

any (ξ,∆) ∈
(
0,{(8t)d + 2(4s)d}−1

]
× (0, θ], we have

sup
{
µℓζ(A) :A ∈A∩Pow

(
Xξ(ωµℓ

ζ ,d
)∩Xτ+∆(η)

)}
= µℓζ(Aℓ) =Mτ (P

ℓ
ζ ,A),

and similarly,

sup
{
µℓζ(A) :A ∈A∩Pow

(
Rυ(µ

ℓ
ζ)∩Xξ(fµℓ

ζ
)∩Xτ+∆(η)

)}
= µℓζ(Aℓ) =Mτ (P

ℓ
ζ ,A).

On the other hand, if either ξ > {(8t)d + 2(4s)d}−1 or ∆ > θ, then provided that
3sd

2{(2t)d+2sd} ≤CApp ·
[
{(8t)d + 2(4s)d}−κ ∧ θγ

]
, we have

sup
{
µℓζ(A) :A ∈A∩Pow

(
Rυ(µ

ℓ
ζ)∩Xξ(fµℓ

ζ
)∩Xτ+∆(η)

)}
∧ sup

{
µℓζ(A) :A ∈A∩Pow

(
Xξ(ωµℓ

ζ ,d
)∩Xτ+∆(η)

)}
≥ 0≥Mτ (P

ℓ
ζ ,A)−CApp · (ξκ +∆γ).

It follows that {P ℓ
ζ }ℓ∈{−1,1} ⊆ P†(A, τ, β,κ, γ, υ,λ,CApp) whenever 3sd

2{(2t)d+2sd} ≤ CApp ·[
{(8t)d + 2(4s)d}−κ ∧ θγ

]
.

In addition, recalling that mct denotes the counting measure, we have

KL
(
P−1
ζ , P 1

ζ

)
≤ χ2

(
P−1
ζ , P 1

ζ

)
=

∫
Rd×{0,1}

{
fµ−1

ζ
(x)− fµ1

ζ
(x)
}2
η(x)y{1− η(x)}1−y

fµ1
ζ
(x)

d(Ld ×mct)(x, y)

=
(2ζ/sd)2

1
(2t)d+2sd − ζ

sd

+
(2ζ/sd)2

1
(2t)d+2sd + ζ

sd

≤ 32

3
· (2t)

d + 2sd

s2d
· ζ2.

We deduce by Pinsker’s inequality that

TV
(
(P−1

ζ )⊗n, (P 1
ζ )

⊗n
)
≤
√

KL
(
(P−1

ζ )⊗n, (P+1
ζ )⊗n

)
/2≤ 4ζ

√
n ·
√

(2t)d + 2sd

3s2d

= 2a · ζ
√
n,

where a≡ ad,s,t := 2 ·
√

(2t)d+2sd

3s2d . Thus,

1 = (P 1
ζ )

⊗n
(
{D ∈ (Rd × {0,1})n :A1 ∩ Â(D) = ∅}

)
+ (P 1

ζ )
⊗n
(
{D ∈ (Rd × {0,1})n :A1 ∩ Â(D) ̸= ∅}

)
≤ (P 1

ζ )
⊗n
(
{D :A1 ∩ Â(D) = ∅}

)
+ (P−1

ζ )⊗n
(
{D :A1 ∩ Â(D) ̸= ∅}

)
+ 2a · ζ

√
n.
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Hence, since at most one of A−1 and A1 can have non-empty intersection with Â whenever
Â⊆Xτ (η), we have

max
ℓ∈{−1,1}

(P ℓ
ζ )

⊗n
(
{D :Aℓ ∩ Â(D) = ∅} ∩

{
D : Â(D)⊆Xτ (η)

})
≥ 1

2
− a · ζ

√
n− α

≥ ϵ0 − a · ζ
√
n.

We conclude that

max
ℓ∈{−1,1}

EP ℓ
ζ

[{
Mτ

(
P ℓ
ζ ,A

)
− µℓζ(Â)

}
· 1{Â⊆Xτ (η)}

]
≥ 2ζ

(
ϵ0 − a · ζ

√
n
)
.

Taking t :=
{(

2κ(3d+1) ∨ (cH · λ)γ
)
/CApp

} βγ

d(dκ−βγ(κ−1)) ∨ 1, s := t−
dκ

βγ and θ := cH · λ · sβ

ensures that the conditions 3sd

2{(2t)d+2sd} ≤ CApp ·
[
{(8t)d + 2(4s)d}−κ ∧

(
cH · λ · sβ

)γ] and
θ ≤ cH · λ · sβ hold. Hence, taking ζ := ϵ0/(2a

√
n) yields the required lower bound.

PROOF OF THEOREMS 2(ii) AND 11(ii). In light of the remarks following Proposi-
tion 14, these results follow from Propositions 14 and 15.

S7. Parameter constraints. The following lemma reveals natural constraints satisfied
by the parameters β, κ and γ.

LEMMA S33. Take τ ∈ (0,1), (β,γ,κ, υ,λ,CApp) ∈ (0,1]× (0,∞)2× (0,1)× [1,∞)2.
Let P ∈ PHöl(β,λ) ∩ PApp(Ahpr, τ, κ, γ, τ,CApp) be a distribution on Rd × [0,1] with re-
gression function η : Rd → [0,1] and with a Lebesgue absolutely continuous marginal µ on
Rd with continuous density fµ. Suppose that Xτ (η) ⊆ Rυ(µ), that µ

(
η−1((τ,1])

)
> 0 and

that η−1({τ}) ̸= ∅. Then βγ(κ− 1)≤ dκ.

PROOF. Note that since µ
(
η−1((τ,1])

)
> 0 and η is continuous, we must have Mτ > 0.

Take ∆ ∈
(
0,{Mτ/(2CApp)}1/γ

)
, and write ω := ωµ,d for the lower density of µ. Since

P ∈ PApp(Ahpr, τ, κ, γ, τ,CApp), we may take A∆ ∈ Ahpr ∩ Pow
(
X∆γ/κ(ω) ∩ Xτ+∆(η)

)
with µ(A∆) ≥Mτ − 2CApp ·∆γ > 0. Now A∆ is a non-empty, compact subset of Rd and
η−1({τ}) is a non-empty closed subset of Rd, so we may choose x0 ∈ η−1({τ}) and z0 ∈A∆

such that

∥x0 − z0∥∞ = inf
x∈η−1({τ})

inf
z∈A∆

∥x− z∥∞.

Let A♯
∆ := {x ∈ Rd : ∥x − z∥∞ ≤ ∥x0 − z0∥∞ for some z ∈ A∆}, and note that A♯

∆ ∈
Ahpr ∩ Pow

(
Xτ (η)

)
, so µ(A♯

∆) ≤Mτ and µ(A♯
∆ \ A∆) ≤ 2CApp ·∆γ . In addition, since

P ∈ PHöl(β,λ), we have ∥x0 − z0∥∞ ≥ (∆/λ)1/β =: 3r∆. Hence, if we take

w0 := z0 +

(
1 +

υ

2

)
· r∆ · x0 − z0

∥x0 − z0∥∞
,

we have B̄r∆(w0) ⊆ Xτ (η) ∩ (A♯
∆ \ A∆) and z0 ∈ B(1+υ)·r∆(w0). Thus, as fµ(z0) ≥ 2−d ·

ω(z0)≥ 2−d ·∆γ/κ and w0 ∈ Xτ (η)⊆Rυ(µ) and r∆ ∈ (0,1), we have

2CApp ·∆γ ≥ µ(A♯
∆ \A∆)≥ µ

(
B̄r∆(w0)

)
≥ υ · rd∆ · sup

x′∈B(1+υ)r∆
(w0)

fµ(x
′)

≥ υ · rd∆ · fµ(z0)≥
υ

6d
·
(
∆

λ

)d/β

·∆γ/κ.

Letting ∆↘ 0 we deduce that βγ(κ− 1)≤ dκ.
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S8. Auxiliary results.

S8.1. Disintegration and measure-theoretic preliminaries. Suppose we have a pair of
measurable spaces (X ,GX) and (Y,GY ) along with a probability distribution P on the prod-
uct space (X × Y,GX ⊗ GY ). Let µ denote the marginal distribution of P on (X ,GX). We
say that (Px)x∈X is a disintegration of P into conditional distributions on Y if

(a) Px is a probability measure on (Y,GY ), for each x ∈ X ;
(b) x 7→ Px(B) is a GX -measurable function, for every B ∈ GY ;
(c) P (A×B) =

∫
APx(B)dµ(x) for all A ∈ GX and B ∈ GY .

We will make use of the following existence result: recall that a topological space (X ,TX) is
said to be Polish if there exists a metric dX on X that induces the topology TX and for which
(X , dX) is a complete, separable metric space.

LEMMA S34. Suppose that (X ,GX) and (Y,GY ) are Polish spaces with their corre-
sponding Borel σ-algebras. Let P be a probability distribution on (X ×Y,GX ⊗ GY ), with
µ denoting the marginal distribution of P on (X ,GX). Then there exists a disintegration
(Px)x∈X of P into conditional distributions on Y with the property that∫

X×Y
g(x, y)dP (x, y) =

∫
X

(∫
Y
g(x, y)dPx(y)

)
dµ(x),(S39)

for every P -integrable function g :X ×Y →R. Moreover, the disintegration (Px)x∈X of P is
unique in the sense that if there exists another disintegration (P̃x)x∈X of P into conditional
distributions on Y , then P̃x = Px for µ-almost every x ∈ X .

PROOF. This follows by combining Theorems 10.2.1 and 10.2.2 of Dudley (2018).

A disintegration has the following useful interpretation. Suppose we have a pair of ran-
dom variables (X,Y ) taking values in X ×Y with joint distribution P on GX × GY , where
(X ,GX) and (Y,GY ) are Polish spaces with their corresponding Borel σ-algebras. Let µ be
the marginal on X and (Px)x∈X be a disintegration of P into conditional distributions. Then
for all P -integrable functions g :X ×Y →R we have

E
(
g(X,Y ) |X = x

)
=

∫
Y
g(x, y)dPx(y),(S40)

for µ almost every x ∈ X . Indeed, by Lemma S34 we see that x 7→
∫
Y g(x, y)dPx(y) is a

µ-integrable function, and hence GX -measurable. Moreover, given any A ∈ GX , we have∫
A

(∫
Y
g(x, y)dPx(y)

)
dµ(x) =

∫
X

(∫
Y
1A(x) · g(x, y)dPx(y)

)
dµ(x)

=

∫
X×Y

1A(x) · g(x, y)dP (x, y) =
∫
A×Y

g(x, y)dP (x, y),

where the second equality follows from (S39) with 1A(x) · g(x, y) in place of g(x, y).
Recall that for Borel subsetsB0,B1 ⊆Rd and a Borel measure µ on Rd, we writeB0 ⊆B1

if µ(B0 \B1) = 0 and B0 ̸⊆B1 if µ(B0 \B1)> 0.

LEMMA S35. Suppose that η0 and η1 : Rd → [0,1] are regression functions for a Borel
probability distribution P on Rd × [0,1] with marginal probability distribution µ. Then,
µ({x ∈ Rd : η0(x) ̸= η1(x)}) = 0. Hence, given A ∈ B(Rd), we have A ⊆ Xτ (η0) if and
only if A⊆Xτ (η1).
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PROOF. Given ϵ > 0, let Bϵ := {x ∈Rd : η0(x)≥ η1(x) + ϵ}. Then,

ϵ · µ(Bϵ)≤
∫
Bϵ

{η0(x)− η1(x)}dµ=

∫
Bϵ×[0,1]

y dP (x, y)−
∫
Bϵ×[0,1]

y dP (x, y) = 0,

so µ(Bϵ) = 0. By taking a countable union we see that µ
(
{x ∈ Rd : η0(x) > η1(x)}

)
= 0,

so by symmetry we have µ({x ∈Rd : η0(x) ̸= η1(x)}) = 0. Thus, given A ∈ B(Rd) we have
µ(A \ Xτ (η0)) = µ(A \ Xτ (η1)), so A⊆Xτ (η0) if and only if A⊆Xτ (η1).

S8.2. Concentration results. We will require the following classic result that gives a
uniform concentration inequality over classes of finite Vapnik–Chervonenkis dimension; we
state it for distributions on Rd for simplicity.

LEMMA S36 (Vapnik–Chervonenkis concentration). Let µ be a probability distribution
on Rd, and let X1, . . . ,Xn

iid∼ µ, with corresponding empirical distribution µ̂n. There ex-
ists a universal constant CVC > 0 such that for any collection of sets S ⊆ B(Rd) with
1≤ dimVC(S)<∞, we have

E
(
sup
S∈S

∣∣µ̂n(S)− µ(S)
∣∣)≤CVC

√
dimVC(S)

n
.

Moreover, for all δ ∈ (0,1) we have

P
(
sup
S∈S

∣∣µ̂n(S)− µ(S)
∣∣>CVC

√
dimVC(S)

n
+

√
log(1/δ)

2n

)
≤ δ.

PROOF. For the expectation bound, see Vershynin (2018, Theorem 8.3.23). The high-
probability bound follows by McDiarmid’s inequality (Vershynin, 2018, Theorem 2.9.1).

The following lemma is used in the proof of Lemma S38.

LEMMA S37 (Garivier and Cappé (2011)). Let (Zj)j∈[m] be independent random vari-
ables taking values in [0,1] with maxj∈[m]E[Zj ] ≤ t for some t ∈ (0,1). Writing Z̄ :=

m−1
∑

j∈[m]Zj , we have for κ ∈ (t,1) that

P(Z̄ ≥ κ)≤ e−m·kl(κ,t).

PROOF. By Jensen’s inequality, for θ > 0 and j ∈ [m],

E(eθ·Zj )≤ 1−E(Zj) + eθ ·E(Zj)≤ 1 + t(eθ − 1).

Hence, by Markov’s inequality,

P(Z̄ ≥ κ)≤ e−mθκ
m∏
j=1

E(eθ·Zj )≤
[
e−θκ

{
1 + t(eθ − 1)

}]m
.

The lemma follows on taking θ = log
(κ(1−t)
t(1−κ)

)
> 0.

LEMMA S38. Let (Zj)j∈[m] be independent random variables taking values in [0,1] with
maxj∈[m]E(Zj)≤ t for some t ∈ (0,1). Let Z̄ :=m−1

∑
j∈[m]Zj . Then for every α ∈ (0,1),

we have

P
(
Z̄ ≥ t+

√
log(1/α)

2m

)
≤ P

({
kl(Z̄, t)≥ log(1/α)

m

}⋂
{Z̄ > t}

)
≤ α.
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PROOF. The first inequality follows from the fact that

2(Z̄ − t)2 = 2TV2
(
Bern(Z̄),Bern(t)

)
≤ kl(Z̄, t),

by Pinsker’s inequality. To prove the second inequality we begin by noting that w 7→ kl(w, t)
is continuous and strictly increasing on the interval [t,1], and consider two cases. If α ∈(
0, e−m·kl(1,t)) and Z̄ > t, then

kl(Z̄, t)≤ kl(1, t)<
log(1/α)

m
.

On the other hand, if α ∈
[
e−m·kl(1,t),1

)
, then by the intermediate value theorem we can find

κα ∈ [t,1] such that kl(κα, t) =m−1 · log(1/α). Then by Lemma S37,

P
({

kl(Z̄, t)≥ log(1/α)

m

}⋂
{Z̄ > t}

)
= P

(
Z̄ ≥ κα

)
≤ e−m·kl(κα,t) = α,

as required.

In addition we shall make use of the following Chernoff bounds.

LEMMA S39 (Multiplicative Chernoff — Theorem 2.3(b,c) of McDiarmid (1998)). Let
(Zj)j∈[m] be a sequence of independent random variables taking values in [0,1]. Then given
any θ > 0,

P
( m∑

j=1

Zj ≤ (1− θ) ·
m∑
j=1

E(Zj)

)
≤ exp

(
−θ

2

2
·

m∑
j=1

E(Zj)

)

P
( m∑

j=1

Zj ≥ (1 + θ) ·
m∑
j=1

E(Zj)

)
≤ exp

(
− θ2

2(1 + θ/3)
·

m∑
j=1

E(Zj)

)
.

LEMMA S40 (Multiplicative matrix Chernoff – Theorem 1.1 of Tropp (2012)). Let
(Zj)j∈[m] be independent, non-negative definite q × q matrices with λmax(Zj) ≤ amax al-
most surely, for every j ∈ [m]. Then, writing amin :=m−1 · λmin

(∑
j∈[m]EZj

)
, we have for

every θ ∈ [0,1] that

P
{
λmin

( m∑
j=1

Zj

)
≤m(1− θ)amin

}
≤ q ·

(
e−θ

(1− θ)1−θ

)mamin/amax

≤ q · e−
θ2mamin
2amax .

S8.3. Useful lemmas for the lower bounds. We shall make use of the following result
from Brown and Low (1996).

LEMMA S41 (Brown–Low constrained risk inequality). Let Q1, Q2 be probability mea-
sures on a measurable space (Ω,F) such that Q2 is absolutely continuous with respect to
Q1, and assume that

I := χ2(Q2,Q1) + 1<∞.

Let ϵ ∈
(
0, I−1/2

)
and let Z : Ω→{1,2} be a F -measurable random variable with Q1(Z =

2)≤ ϵ2. Then Q2(Z = 1)≥
(
1− ϵ

√
I
)2.

The following version of Fano’s lemma is a minor variant of Gerchinovitz, Ménard and
Stoltz (2020, Lemma 4.3).
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LEMMA S42 (Fano’s lemma for χ2 divergences). Let P1, . . . ,PM ,Q1, . . . ,QM denote
probability measures on (Ω,F), and let A1, . . . ,AM ∈ A. Write p̄ :=M−1

∑M
j=1 Pj(Aj)

and q̄ :=M−1
∑M

j=1Qj(Aj). If q̄ ∈ (0,1), then

p̄≤ q̄+

√√√√ 1

M

M∑
j=1

χ2(Pj ,Qj) · q̄(1− q̄).

In particular, if M ≥ 2 and A1, . . . ,AM form a partition of Ω, then

1

M

M∑
j=1

Pj(Aj)≤
1

M
+

√√√√ inf
Q∈Q

1

M

M∑
j=1

χ2(Pj ,Q) · 1

M

(
1− 1

M

)
,

where Q denotes the set of all probability distributions on Ω.

PROOF. By the joint convexity of χ2 divergence, together with the data processing in-
equality (e.g. Gerchinovitz, Ménard and Stoltz, 2020, Lemma 2.1), we have

(p̄− q̄)2

q̄(1− q̄)
= χ2

(
Bern(p̄),Bern(q̄)

)
≤ 1

M

M∑
j=1

χ2
(
Pj(Aj),Qj(Aj)

)
≤ 1

M

M∑
j=1

χ2(Pj ,Qj).

The first result follows on rearranging this inequality, and the second follows by taking Q1 =
· · ·=QM =Q and then taking an infimum over Q ∈Q.
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