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Throughout our proofs we will use the notation

ux,s :=
kX

mVdh
−1
x,f (s)

d
and vx,t :=

kY

nVdh
−1
x,g(t)d

.

for x ∈ X and s, t ∈ (0,1). Moreover, since many of our error terms will depend on kX , kY ,
f , g and ϕ (as well as q, in Theorem 5), we adopt the convention, without further comment,
that all of these error bounds hold uniformly over the relevant sets as claimed in the statements
of the results. In addition, when we write a≲ b, we mean that there exists C > 0, depending
only on the parameters d,ϑ and ξ of the problem, such that a ≤ Cb. It will be convenient
throughout to assume that m,n≥ 3.

S1.1. Proof of Proposition 1.

PROOF OF PROPOSITION 1. First, we have that µα(f) ≤ 1 and ∥f∥∞ ≤ Cd,a,b, and it
remains to bound the function Mf,β(·) for each β > 0. Writing g(r) := Cd,a,br

a−1(1 −
r)b−1

1{r≤1}, so that f(x) = g(∥x∥) we may see by induction that

sup
r∈(0,2/3)

r−(a−t−1)|g(t)(r)|<∞ and sup
r∈(1/3,1)

r−(b−t−1)|g(t)(r)|<∞

for any t ∈N. Moreover, for any t ∈N and multi-index α= (α1, . . . , αd) ∈Nd
0 with |α|= t,

we have that

sup
x∈B0(2/3)

∥x∥t−1
∣∣∂α∥x∥∣∣<∞ and sup

x∈B0(1)\B0(1/3)

∣∣∂α∥x∥∣∣<∞.

Using these facts we have that ∣∣∂αf(x)∣∣≲ f(x)

∥x∥t(1− ∥x∥)t

for any t ∈ N. Now, writing β := ⌈β⌉ − 1 and fixing α = (α1, . . . , αd) ∈ Nd
0 with |α| = β,

if y, z ∈Bx

(
∥x∥(1− ∥x∥)/8

)
then we have for any some w on the line segment between x

and y that∣∣∂αf(z)− ∂αf(y)
∣∣≤ d1/2∥z − y∥

∣∣∣∣∣∣∣∣∣f (β+1)(w)
∣∣∣∣∣∣∣∣∣

≲ ∥z − y∥∥w∥a−1−(β+1)(1− ∥w∥)b−1−(β+1)

≲ f(y)∥z − y∥β−β ∥z − y∥β+1−β

∥x∥β+1(1− ∥x∥)β+1
≲
f(y)∥z − y∥β−β

∥x∥β(1− ∥x∥)β
.

1

https://imstat.org/journals-and-publications/annals-of-statistics/
mailto:tom.berrett@warwick.ac.uk
mailto:r.samworth@statslab.cam.ac.uk


2

It follows that Mf,β(x)≲ 1/{∥x∥(1− ∥x∥)}. Therefore, for any λ ∈
(
0, b/(b+ d− 1)

)
, we

have ∫
B0(1)

f(x)

{
Mf,β(x)

d

f(x)

}λ

dx

≲
∫
B0(1)

∥x∥a−1(1− ∥x∥)b−1

{
1

∥x∥a+d−1(1− ∥x∥)b+d−1

}λ

dx

= dVd

∫ 1

0
ra+d−2−λ(a+d−1)(1− r)b−1−λ(b+d−1) dr <∞,

as claimed.

S1.2. Proof of Proposition 6 on asymptotic bias. The following general result on the bias
of the naive estimator T̃m,n yields Proposition 6 as an immediate consequence.

PROPOSITION S1. Fix d ∈N, ϑ= (α,β,λ1, λ2,C) ∈Θ and ξ = (κ1, κ2, β
∗,L) ∈ Ξ. Let

kLX ≤ kUX , k
L
Y ≤ kUY be deterministic sequences of positive integers such that kLX/ logm→∞,

kLY / logn→ ∞, kUX = O(m1−ϵ) and kUY = O(n1−ϵ) for some ϵ > 0. Suppose that ζ < 1.
Then for each i1, i2 ∈

[
⌈d/2⌉ − 1

]
and j1, j2 ∈N0 with j1 + j2 ≤ ⌈(β∗ − 1)/2⌉, we can find

λi1i2j1j2 ≡ λi1i2j1j2(d, f, g,ϕ), with the properties that λ0,0,0,0 = T (f, g),

sup
ϕ∈Φ(ξ)

sup
(f,g)∈Fd,ϑ

|λi1i2j1j2 |<∞,

and that, for every ϵ > 0,

sup
ϕ∈Φ(ξ)

sup
(f,g)∈Fd,ϑ

∣∣∣∣∣Ef,g(T̃m,n)−
⌈d/2⌉−1∑
i1,i2=0

∞∑
j1,j2=0

1{j1+j2≤⌈(β∗−1)/2⌉}
λi1i2j1j2

kj1Xk
j2
Y

(kX
m

) 2i1
d
(kY
n

) 2i2
d

∣∣∣∣∣
=O

(
max

{
k
−β∗/2
X ,

(kX
m

) 2∧β

d
β∗

,
(kX
m

)β/d
,
(kX
m

)λ1(1−ζ)−ϵ
, k

−β∗/2
Y ,

(kY
n

) 2∧β

d
β∗

,
(kY
n

)β/d
,
(kY
n

)λ2(1−ζ)−ϵ
,1/m,1/n

})
,

as m,n→∞, uniformly for kX ∈ {kLX , . . . , kUX} and kY ∈ {kLY , . . . , kUY }.

PROOF. Define

a±m,X := 0∨ kX
m

(
1± 3 log1/2m

k
1/2
X

)
∧ 1, a±n,Y := 0∨ kY

n

(
1± 3 log1/2 n

k
1/2
Y

)
∧ 1,

let Im,X := [a−m,X , a
+
m,X ], In,Y := [a−n,Y , a

+
n,Y ], and set

Xm,n :=

{
x ∈ X :

f(x)

Mβ(x)d
≥ kX logm

m
,
g(x)

Mβ(x)d
≥ kY logn

n

}
.

To begin our bias calculation, we recall the definitions of f̂(kX),i and ĝ(kY ),i from (13). Ob-
serve that, conditionally onX1, we have hX1,f (∥Xj−X1∥)∼ U [0,1] for j ∈ {2, . . . , n}, and
it follows that(

f̂(kX),1, ĝ(kY ),1

) ∣∣X1
d
=

(
kX

mVdh
−1
X1,f

(B1)d
,

kY

nVdh
−1
X1,g

(B2)d

) ∣∣∣∣X1,
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where B1 ∼Beta(kX ,m−kX) and B2 ∼Beta(kY , n+1−kY ) are independent. Moreover,
we may write, for example,

(S1)
ux,s
f(x)

− 1 =
kX
ms

− 1 +
s

Vdf(x)h
−1
x,f (s)

d
− 1 +

(kX
ms

− 1
)( s

Vdf(x)h
−1
x,f (s)

d
− 1
)
,

and use Lemma S4 to expand Vdf(x)h−1
x,f (s)

d/s in powers of s2/d. Since the Beta(k,n− k)

distribution concentrates around its mean at rate k−1/2 in an approximately symmetric way,
we will also see later that for every a ∈R, we have an asymptotic expansion of the form(n

k

)a ∫ 1

0
sa
( k
ns

− 1
)j

Bk,n−k(s)ds= c1k
−⌈j/2⌉ + c2k

−⌈j/2⌉−1 + . . .+O(1/n),

provided that k = kn → ∞ and k/n→ 0 as n→ ∞. These facts mean that for remainder
terms R1, . . . ,R4 to be bounded below and functions ci1i2j1j2(x) to be specified later we may
write

ET̃m,n =

∫
X
f(x)

∫ 1

0

∫ 1

0
ϕ(ux,s, vx,t)BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx

=

∫
Xm,n

f(x)

∫
Im,X

∫
In,Y

ϕ(ux,s, vx,t)BkX ,m−kX
(s)BkY ,n+1−kY

(t)dsdtdx+R1

=

∞∑
ℓ1,ℓ2=0

1{ℓ1+ℓ2≤β∗−1}

ℓ1!ℓ2!

∫
Xm,n

f(x)

∫
Im,X

∫
In,Y

(
ux,s
f(x)

− 1

)ℓ1( vx,t
g(x)

− 1

)ℓ2

f(x)ℓ1g(x)ℓ2

× ϕℓ1ℓ2
(
f(x), g(x)

)
BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx+R1 +R2

(S2)

=

⌈d/2⌉−1∑
i1,i2=0

∞∑
j1,j2=0

1{j1+j2≤β∗−1}

∫
Xm,n

f(x)ci1i2j1j2(x)

∫
Im,X

∫
In,Y

(kX
ms

− 1
)j1(kY

nt
− 1
)j2

× s
2i1
d t

2i2
d BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx+R1 +R2 +R3

=

⌈d/2⌉−1∑
i1,i2=0

∞∑
j1,j2=0

1{j1+j2≤⌈(β∗−1)/2⌉}
λi1i2j1j2

kj1Xk
j2
Y

(kX
m

) 2i1
d
(kY
n

) 2i2
d

+R1 +R2 +R3 +R4.

(S3)

It now remains to bound each of the remainder terms.

To bound R1: Since we are assuming that ζ < 1, we may apply Lemma S9 to see that∫
X
f(x)

∫ 1

0

∫ 1

0

(
1− 1{s∈Im,X}1{t∈In,Y }

)
ϕ(ux,s, vx,t)

×BkX ,m−kX
(s)BkY ,n+1−kY

(t)dsdtdx= o(m−4 + n−4).(S4)

When s ∈ Im,X and kLX ≥ 36 logm, we have by Lemma S8 that ux,s ≤ CkX

ma−
m,X

≤
2C , and, similarly, when t ∈ In,Y and kLY ≥ 36 logn, we have vx,t ≤ 2C . Thus, when
s ∈ Im,X , t ∈ In,Y and min(kLX/ logm,k

L
Y / logn) ≥ 36, we may use the fact that

|uℓ1x,sv
ℓ2
x,tϕℓ1,ℓ2(ux,s, vx,t)| ≤ L(2C)2L+|κ1|+|κ2|uκ1

x,sv
κ2

x,t for all ℓ1, ℓ2 ∈N0 such that ℓ1 + ℓ2 ≤
β∗ − 1.
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In the following we consider the decomposition X c
m,n = X c

m,f ∪ X c
n,g , where Xm,f :=

{x : f(x)Mβ(x)
−d ≥ kX logm/m} and Xn,g := {x : g(x)Mβ(x)

−d ≥ kY logn/n}. Using
Lemma S7 and Lemma S8 we have that∫

X c
m,f

f(x)

∫
Im,X

∫
In,Y

ϕ(ux,s, vx,t)BkX ,m−kX
(s)BkY ,n+1−kY

(t)dsdtdx

≲
∫
X c

m,f

f(x)1−κ−
1 g(x)−κ−

2 Mβ(x)
d(κ−

1 +κ−
2 )(1 + ∥x∥)d(κ

−
1 +κ−

2 ) dx

≤ inf
a>0

(kX logm

m

)a ∫
X
f(x)

Mβ(x)
d(a+κ−

1 +κ−
2 )

f(x)a+κ−
1 g(x)κ

−
2

(1 + ∥x∥)d(κ
−
1 +κ−

2 ) dx

=O

((
kX
m

)λ1(1−ζ)−ϵ)
(S5)

for every ϵ > 0. With a similar bound over X c
n,g we conclude that∫

X c
m,n

f(x)

∫
Im,X

∫
In,Y

ϕ(ux,s, vx,t)BkX ,m−kX
(s)BkY ,n+1−kY

(t)dsdtdx

=O

(
max

{(
kX
m

)λ1(1−ζ)−ϵ

,

(
kY
n

)λ2(1−ζ)−ϵ})
(S6)

for every ϵ > 0. From (S4) and (S6), we deduce that

(S7) R1 =O

(
max

{(
kX
m

)λ1(1−ζ)−ϵ

,

(
kY
n

)λ2(1−ζ)−ϵ

,
1

m4
,
1

n4

})
.

To bound R2: We first observe that, by (S1) and Lemma S4, we have that

ϵm,n := sup
x∈Xm,f

sup
s∈Im,X

∣∣∣ ux,s
f(x)

− 1
∣∣∣∨ sup

x∈Xn,g

sup
t∈In,Y

∣∣∣ vx,t
g(x)

− 1
∣∣∣= o(1).(S8)

Now, for t ∈ [0,1] we have that h(t) := t− log(1+ t)≥ t2/4. Thus, letting B ∼Beta(k,n−
k), whenever 3α1/2 log1/2 n

k1/2 ≤ 1 and k1/2+3α1/2 log1/2 n
n1/2 ≤ 21/2 − 1 we may integrate the Beta

tail bound in Lemma S6 to see that∫ 1

0

∣∣∣ns
k
−1
∣∣∣αBk,n−k(s)ds= α

∫ n/k

0
yα−1P

(∣∣∣B − k

n

∣∣∣≥ ky

n

)
dy

≤ 2αk−α/2

∫ k−1/2n

0
uα−1

{
exp
(
−kh

( n1/2k−1/2u

n1/2 + k1/2 + u

))
+ exp

(
−nh

( u

n1/2 + k1/2 + u

))}
du

≤ 4αk−α/2

∫ 3α1/2 log1/2 n

0
uα−1e−u2/8 du+

4nα

kα
exp
(
−9α logn

8

)
≤ 23(α−1)/2αΓ(α/2)

kα/2
+

4

kα
.(S9)

Next, by Lemma S7, we have for any τ ≥ 0 that(kX
m

)τ ∫
Xm,n

f(x)1−κ−
1 g(x)−κ−

2

{Mβ(x)
d

f(x)

}τ
dx
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≤ inf
a>0

(kX
m

)τ−a
∫
X
f(x)

{Mβ(x)
d

f(x)

}τ+κ−
1 −a{Mβ(x)

d

g(x)

}κ−
2

dx

=O

(
max

{(kX
m

)τ
,
(kX
m

)λ1(1−ζ)−ϵ
})

(S10)

for all ϵ > 0. Analogously,

(S11)
∫
Xm,n

f(x)1−κ−
1 g(x)−κ−

2

{Mβ(x)
d

g(x)

}τ
dx=O

(
max

{
1,
(kY
n

)λ2(1−ζ)−τ−ϵ
})

for any τ ≥ 0 and ϵ > 0. Now, since ϕ ∈ Φ and by (S1), (S8), (S9), (S10), (S11) and Lem-
mas S3(ii) and S4 we have, when m,n are sufficiently large that ϵm,n < 1/2,

|R2|≲ L

∫
Xm,n

f(x)1+κ1g(x)κ2

∫
Im,X

∫
In,Y

{∣∣∣∣ ux,sf(x)
− 1

∣∣∣∣β∗

+

∣∣∣∣ vx,tg(x)
− 1

∣∣∣∣β∗}
×BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx

≲
∫
Xm,n

f(x)1+κ1g(x)κ2

∫
Im,X

∫
In,Y

BkX ,m−kX
(s)BkY ,n+1−kY

(t)

[∣∣∣kX
ms

− 1
∣∣∣β∗

+
∣∣∣kY
nt

− 1
∣∣∣β∗

+
{sMβ(x)

d

f(x)

} 2∧β

d
β∗

+
{ tMβ(x)

d

g(x)

} 2∧β

d
β∗]

dsdtdx

=O

(
max

{
k
−β∗/2
X , k

−β∗/2
Y ,

(kX
m

) 2∧β

d
β∗

,
(kX
m

)λ1(1−ζ)−ϵ
,
(kY
n

) 2∧β

d
β∗(kY

n

)λ2(1−ζ)−ϵ
})

.

(S12)

To bound R3: By (S1) and Lemma S4, when ℓ1 > 0 we have expansions of the form∣∣∣∣( ux,sf(x)
− 1

)ℓ1

−
⌈d/2⌉−1∑

i=0

ℓ1∑
j=0

bi,j(x)s
2i/d
( k

ms
− 1
)j∣∣∣∣≲ {sMβ(x)

d

f(x)

} β

d
∧1
,

with |bi,j(x)| ≲ {Mβ(x)
d/f(x)}2i/d and b0,0 = 0. A similar expansion can also be writ-

ten for (vx,t/g(x) − 1)ℓ2 . Using these two expansions it can be seen that ci1i2j1j2 can be
chosen in (S2) with |ci1i2j1j2(x)|≲ f(x)κ1g(x)κ2{Mβ(x)

d/f(x)}2i1/d{Mβ(x)
d/g(x)}2i2/d,

with c0,0,0,0(x) = ϕ(f(x), g(x)), and, using (S10) and (S11), with

|R3|≲
∫
Xm,n

f(x)1+κ1g(x)κ2

{(kXMβ(x)
d

mf(x)

) β

d
∧1

+
(kYMβ(x)

d

ng(x)

) β

d
∧1
}
dx

=O

(
max

{(kX
m

) β

d
∧1
,
(kX
m

)λ1(1−ζ)−ϵ
,
(kY
n

) β

d
∧1
,
(kY
n

)λ2(1−ζ)−ϵ
})

.

To bound R4: Whenever a ∈R is fixed, we have an asymptotic series of the form

(S13)
Γ(m+ a)

kaXΓ(m)

∫ 1

0
saBkX ,m−kX

(s)ds=
Γ(kX + a)

Γ(kX)kaX
= 1+ c1/kX + c2/k

2
X + . . . .

On the other hand, arguing similarly to (S9), for fixed j ∈N we have the bound( m
kX

)a ∫ 1

0
sa
∣∣∣kX
ms

− 1
∣∣∣jBkX ,m−kX

(s)ds
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≤ 2j−1maΓ(kX + a− j)Γ(m)

kaXΓ(kX)Γ(m+ a− j)

{∣∣∣kX + a− j

m+ a− j
− kX
m

∣∣∣j
+

∫ 1

0

∣∣∣s− kX + a− j

m+ a− j

∣∣∣jBkX+a−j,m−kX
(s)ds

}
=O(k

−j/2
X ).(S14)

Moreover, by Lemma S6, letting B ∼Beta(kX + a− j,m− kX) we have that( m
kX

)a ∫
[0,1]\Im,X

sa
∣∣∣kX
ms

− 1
∣∣∣jBkX ,m−kX

(s)ds

≲
∫
[0,1]\Im,X

∣∣∣ms
kX

− 1
∣∣∣jBkX+a−j,m−kX

(s)ds

≤ P
(∣∣∣mB

kX
− 1
∣∣∣≥ 3 log1/2m

k
1/2
X

)
+
( m
kX

)j
P
(∣∣∣mB

kX
− 1
∣∣∣≥ 1

)
= o(m−4).(S15)

With the similar expression in terms of kY and n, we now conclude from (S13), (S14)
and (S15) that we have an asymptotic expansion of the form∫

Im,X

∫
In,Y

s
2i1
d t

2i2
d

(kX
ms

− 1
)j1(kY

nt
− 1
)j2

BkX ,m−kX
(s)BkY ,n+1−kY

(t)dsdt

=
(kX
m

) 2i1
d
(kY
n

) 2i2
d

{ ∞∑
r=⌈j1/2⌉

crk
−r
X +O(1/m)

}{ ∞∑
r=⌈j2/2⌉

drk
−r
Y +O(1/n)

}
.(S16)

Now for fixed i1, i2 ∈ [⌈d/2⌉− 1] with κ−
1 +2i1/d

λ1
+ κ−

2 +2i2/d
λ2

≥ 1, we have by Lemma S7 that∫
Xm,n

f(x)|ci1i2j1j2(x)|dx≲
∫
Xm,n

f(x)
Mβ(x)

2i1+2i2

f(x)κ
−
1 +2i1/dg(x)κ

−
2 +2i2/d

dx

≤min

{
inf
a>0

(kX
m

)−a
∫
X
f(x)

{Mβ(x)
d

f(x)

}κ−
1 +

2i1
d

−a{Mβ(x)
d

g(x)

}κ−
2 +

2i2
d

dx,

inf
a>0

(kY
n

)−a
∫
X
f(x)

{Mβ(x)
d

f(x)

}κ−
1 +

2i1
d
{Mβ(x)

d

g(x)

}κ−
2 +

2i2
d

−a
dx

}
=O

(
min

{(kX
m

)λ1(1−ζ− 2i2
dλ2

)−2i1/d−ϵ
,
(kY
n

)λ2(1−ζ− 2i1
dλ1

)−2i2/d−ϵ
})

=O

((kX
m

)− 2i1
d
(kY
n

)− 2i2
d

max

{(kX
m

)λ1(1−ζ)−ϵ
,
(kY
n

)λ2(1−ζ)−ϵ
})

,(S17)

for all ϵ > 0, where the final inequality can be established by considering the cases (kX

m )λ1 ≥
(kY

n )λ2 and (kX

m )λ1 < (kY

n )λ2 separately. For such i1, i2 we set λi1i2j1j2 = 0 for all j1, j2.

When, instead, κ−
1 +2i1/d

λ1
+ κ−

2 +2i2/d
λ2

< 1, we again consider these two cases separately,
use the decomposition X c

m,n = (X c
m,f ∩ X c

n,g) ∪ (X c
m,f ∩ Xn,g) ∪ (Xm,f ∩ X c

n,g) and apply
Lemma S7 to write∫

X c
m,n

f(x)|ci1i2j1j2(x)|dx≲
∫
X c

m,f∩X c
n,g

f(x)
Mβ(x)

2i1+2i2

f(x)κ
−
1 +2i1/dg(x)κ

−
2 +2i2/d

dxdx

+O

((kX
m

)− 2i1
d
(kY
n

)− 2i2
d

{(kX
m

)λ1(1−ζ)−ϵ
∨
(kY
n

)λ2(1−ζ)−ϵ
})
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≤min

{
inf
a>0

(kX logm

m

)a ∫
X
f(x)

{Mβ(x)
d

f(x)

}κ−
1 +

2i1
d

+a{Mβ(x)
d

g(x)

}κ−
2 +

2i2
d

dx,

inf
a>0

(kY logn

n

)a ∫
X
f(x)

{Mβ(x)
d

f(x)

}κ−
1 +

2i1
d
{Mβ(x)

d

g(x)

}κ−
2 +

2i2
d

+a
dx

}
+O

((kX
m

)− 2i1
d
(kY
n

)− 2i2
d

{(kX
m

)λ1(1−ζ)−ϵ
∨
(kY
n

)λ2(1−ζ)−ϵ
})

=O

((kX
m

)− 2i1
d
(kY
n

)− 2i2
d

{(kX
m

)λ1(1−ζ)−ϵ
∨
(kY
n

)λ2(1−ζ)−ϵ
})

(S18)

for all ϵ > 0. It follows from (S16), (S17) and (S18) that

R4 =O

(
max

{
k
−⌈(β∗−1)/2⌉−1
X , k

−⌈(β∗−1)/2⌉−1
Y ,

(kX
m

)λ1(1−ζ)−ϵ
,
(kY
n

)λ2(1−ζ)−ϵ
,
1

m
,
1

n

})
,

and this concludes the proof.

S1.3. Proof of Proposition 8 on improved bias bounds.

PROOF OF PROPOSITION 8. From (S2) in the proof of Proposition S1, we may write

ET̃m,n

=

∞∑
ℓ1,ℓ2=0

1{ℓ1+ℓ2≤β∗−1}

ℓ1!ℓ2!

∫
Xm,n

f(x)

∫
Im,X

∫
In,Y

(
ux,s
f(x)

− 1

)ℓ1( vx,t
g(x)

− 1

)ℓ2

f(x)ℓ1g(x)ℓ2

× ϕℓ1ℓ2
(
f(x), g(x)

)
BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx+R1 +R2

where R1 and R2 satisfy the bounds (S7) and (S12) respectively. We may expand
(ux,s/f(x)− 1)ℓ1 using (S1), and also expand and (vx,t/g(x)− 1)ℓ2 analogously. Any term
including s/{Vdf(x)h−1

x,f (s)
d}−1 and t/{Vdg(x)h−1

x,g(t)
d}−1 to a combined power greater

than one can be bounded by

O

(
max

{(kX
m

)2β/d
,
(kX
m

)λ1(1−ζ)−ϵ
,
(kY
n

)2β/d
,
(kY
n

)λ2(1−ζ)−ϵ
})

by Lemma S4, so can absorbed into the error term in (15). The key difference with the proof
of Proposition S1 is that for s ∈ Im,X we now write∫

Xm,n

f(x)2ϕ10
(
f(x), g(x)

){
s− Vdf(x)h

−1
x,f (s)

d
}
dx

=

∫
Xm,n

∫
Xm,n

f(x)2ϕ10
(
f(x), g(x)

)
1{∥x−y∥≤h−1

x,f (s)}{f(y)− f(x)}dy dx+ R̃1(s),

(S19)

where ∫
Im,X

1

s
BkX ,m−kX

(s)|R̃1(s)|ds=O

((kX
m

)λ1(1−ζ)−ϵ
)
.

Moreover, by Fubini’s theorem,∫
Xm,n

∫
Xm,n

f(x)2ϕ10
(
f(x), g(x)

)
1{∥x−y∥≤h−1

x,f (s)}{f(y)− f(x)}dy dx
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=
1

2

∫
Xm,n

∫
Xm,n

[
f(x)2ϕ10

(
f(x), g(x)

)
1{∥x−y∥≤h−1

x,f (s)}{f(y)− f(x)}

+ f(y)2ϕ10
(
f(y), g(y)

)
1{∥x−y∥≤h−1

y,f (s)}{f(x)− f(y)}
]
dy dx

=
1

2

∫
Xm,n

∫
Xm,n

[
1{∥x−y∥≤h−1

x,f (s)}{f(y)− f(x)}
{
f(x)2ϕ10

(
f(x), g(x)

)
− f(y)2ϕ10

(
f(y), g(y)

)}
+ {f(y)− f(x)}f(y)2ϕ10

(
f(y), g(y)

)(
1{∥x−y∥≤h−1

y,f (s)} − 1{∥x−y∥≤h−1
x,f (s)}

)]
dy dx.

(S20)

Using Lemmas S3(i), S5 and S4, and arguing as around (S77), for s ∈ Im,X , x, y ∈ Xm,n

with ∥x− y∥ ≤ h−1
x,f (s) and m,n sufficiently large, we have∣∣∣∣∫

Xm,n

∫
Xm,n

1{∥x−y∥≤h−1
x,f (s)}{f(y)− f(x)}

{
f(x)2ϕ10

(
f(x), g(x)

)
− f(y)2ϕ10

(
f(y), g(y)

)}
dy dx

∣∣∣∣
≲
∫
Xm,n

∫
Xm,n

1{∥x−y∥≤h−1
x,f (s)}f(x)

1+κ1g(x)κ2 |f(y)−f(x)|
{∣∣∣f(y)
f(x)

−1
∣∣∣+∣∣∣g(y)

g(x)
−1
∣∣∣}dy dx

≲
∫
Xm,n

∫
Xm,n

1{∥x−y∥≤h−1
x,f (s)}f(x)

2+κ1g(x)κ2{h−1
x,f (s)Mβ(x)}2β dy dx

≲
∫
Xm,n

f(x)2+κ1g(x)κ2h−1
x,f (s)

d{h−1
x,f (s)Mβ(x)}2β dx

≲ s

∫
Xm,n

f(x)1+κ1g(x)κ2

{
sMβ(x)

d

f(x)

}2β/d

dx.

(S21)

Now, similarly, by Lemma S4 we have

max

{∣∣∣∣Vdf(x)h−1
x,f (s)

d

s
− 1

∣∣∣∣, ∣∣∣∣Vdf(y)h−1
y,f (s)

d

s
− 1

∣∣∣∣}≲

{
sMβ(x)

d

f(x)

}β/d

.

It follows that there exist C,C ′ > 0, depending only on ϑ, such that

Vdf(x)h
−1
y,f (s)

d ≥ f(x)

f(y)

[
s−Cs

{
sMβ(x)

d

f(x)

}β/d]

≥ f(x)

f(y)

[
Vdf(x)h

−1
x,f (s)

d − 2Cs

{
sMβ(x)

d

f(x)

}β/d]

≥ Vdf(x)h
−1
x,f (s)

d − 2C ′s

{
sMβ(x)

d

f(x)

}β/d

,

where the final bound is from Lemma S5. Hence,∣∣∣∣∫
Xm,n

∫
Xm,n

{f(y)−f(x)}f(y)2ϕ10
(
f(y), g(y)

)(
1{∥x−y∥≤h−1

y,f (s)}−1{∥x−y∥≤h−1
x,f (s)}

)
dy dx

∣∣∣∣
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≲
∫
Xm,n

∫
Xm,n

f(x)1+κ1g(x)κ2 |f(y)− f(x)|1{h−1
y,f (s)≤∥x−y∥≤h−1

x,f (s)} dy dx

≲
∫
Xm,n

f(x)2+κ1g(x)κ2Mβ(x)
βh−1

x,f (s)
β s

f(x)

{
sMβ(x)

d

f(x)

}β/d

dx

≲ s

∫
Xm,n

f(x)1+κ1g(x)κ2

{
sMβ(x)

d

f(x)

}2β/d

dx.

(S22)

It now follows from (S19), (S20), (S21) and (S22) that∣∣∣∣∫
Im,X

∫
In,Y

BkX ,m−kX
(s)BkY ,n+1−kY

(t)

∫
Xm,n

f(x)2ϕ10
(
f(x), g(x)

)
{
Vdf(x)h

−1
x,f (s)

d

s
− 1

}
dxdtds

∣∣∣∣
≲
∫
Im,X

∫
In,Y

BkX ,m−kX
(s)BkY ,n+1−kY

(t)

∫
Xm,n

f(x)1+κ1g(x)κ2

{
sMβ(x)

d

f(x)

}2β/d

dxdtds

+

(
kX
m

)λ1(1−ζ)−ϵ

=O

(
max

{(
kX
m

)2β/d

,

(
kX
m

)λ1(1−ζ)−ϵ})
.

The other terms in the expansion can be dealt with in the same way, and we conclude that

ET̃m,n =

∫
Im,X

∫
In,Y

BkX ,m−kX
(s)BkY ,n+1−kY

(t)

×
∫
X

β∗−1∑
ℓ1=0

β∗−1−ℓ1∑
ℓ2=0

f(x)1+ℓ1g(x)ℓ2ϕℓ1ℓ2
(
f(x), g(x)

)
ℓ1!ℓ2!

(
kX
ms

− 1

)ℓ1(kY
nt

− 1

)ℓ2

dxdtds

+O

(
max

{(kX
m

)λ1(1−ζ)−ϵ
,
(kY
n

)λ2(1−ζ)−ϵ
,
(kX
m

)2β/d
,
(kY
n

)2β/d
, k

−β∗
1/2

X , k
−β∗

2/2
Y

})
.

The result therefore follows from (S16).

S1.4. Proof of Proposition 11 on asymptotic variance.

PROOF OF PROPOSITION 11. We initially consider the unweighted estimator T̃m,n, de-
ferring the extension to the weighted estimator T̂wX ,wY

m,n to the end of the proof. We start by
writing

Var(T̃m,n) =
1

m
Var ϕ

(
f̂(kX),1, ĝ(kY ),1

)
+
(
1− 1

m

)
Cov

(
ϕ
(
f̂(kX),1, ĝ(kY ),1

)
, ϕ
(
f̂(kX),2, ĝ(kY ),2

))
.(S23)

Taking Xm,n,Im,X and In,Y as defined in the proof of Proposition S1, and letting S1, S2 and
S3 be error terms, we now write

E
{
ϕ
(
f̂(kX),1, ĝ(kY ),1

)2}



10

=

∫
Xm,n

f(x)

∫
Im,X

∫
In,Y

ϕ(ux,s, vx,t)
2BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx+ S1

=

∫
Xm,n

f(x)

∫
Im,X

∫
In,Y

ϕ
(kXf(x)

ms
,
kY g(x)

nt

)2
×BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx+ S1 + S2

= E
{
(ϕX1

)2
}
+

3∑
j=1

Sj .

We show in Section S1.9 that
3∑

j=1

Sj =O

(
max

{(kX
m

)λ1(1−2ζ)−ϵ
,
(kY
n

)λ2(1−2ζ)−ϵ
,
(kX
m

) 2∧β

d

,
(kY
n

) 2∧β

d

, k
− 1

2

X , k
− 1

2

Y

})
for every ϵ > 0. Using Proposition S1 we can now see that

(S24)
∣∣∣∣ 1mVar ϕ

(
f̂(kX),1, ĝ(kY ),1

)
− Var(ϕX1

)

m

∣∣∣∣= o

(
1

m

)
.

We now turn to the second term in (S23). Let Fm,n,x,y : [0,1]
4 → [0,1] denote the condi-

tional distribution function of(
hx,f (ρ(kX),1,X), hy,f (ρ(kX),2,X), hx,g(ρ(kY ),1,Y ), hy,g(ρ(kY ),2,Y )

)
|X1 = x,X2 = y.

Moreover, for s1, s2, t1, t2 ∈ [0,1] such that s1 + s2 ≤ 1 and t1 + t2 ≤ 1 define

G(1)
m (s1, s2) :=

∫ s1

0

∫ s2

0
BkX ,kX ,m−2kX−1(u1, u2)du1 du2

G(2)
n (t1, t2) :=

∫ t1

0

∫ t2

0
BkY ,kY ,n−2kY +1(v1, v2)dv1 dv2

Gm,n(s1, s2, t1, t2) :=G(1)
m (s1, s2)G

(2)
n (t1, t2),

so that we have Fm,n,x,y(s1, s2, t1, t2) = Gm,n(s1, s2, t1, t2) for s1, s2, t1, t2, x and y such
that ∥x−y∥>max

(
h−1
x,f (s1)+h

−1
y,f (s2), h

−1
x,g(t1)+h

−1
y,g(t2)

)
. We will also use the shorthand

h(s1, s2, t1, t2) := ϕ(ux,s1 , vx,t1)ϕ(uy,s2 , vy,t2) and

H(1)
m (s1, s2) :=G(1)

m (s1, s2)−
∫ s1

0

∫ s2

0
BkX ,m−kX

(u1)BkX ,m−kX
(u2)du1 du2

H(2)
n (t1, t2) :=G(2)

n (t1, t2)−
∫ t1

0

∫ t2

0
BkY ,n+1−kY

(v1)BkY ,n+1−kY
(v2)dv1 dv2

Hm,n(s1, s2, t1, t2) :=H(1)
m (s1, s2)G

(2)
n (t1, t2) +G(1)

m (s1, s2)H
(2)
n (t1, t2)

−H(1)
m (s1, s2)H

(2)
n (t1, t2).

With this newly-defined notation, we now have

Cov
(
ϕ
(
f̂(kX),1, ĝ(kY ),1

)
, ϕ
(
f̂(kX),2, ĝ(kY ),2

))
=

∫
X×X

f(x)f(y)

∫
[0,1]4

h(s1, s2, t1, t2)
{
dFm,n,x,y(s1, s2, t1, t2)

− d(H(1)
m −G(1)

m )(s1, s2)d(H
(2)
n −G(2)

n )(t1, t2)
}
dxdy
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=

∫
X×X

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

h(s1, s2, t1, t2)
{
d(Fm,n,x,y −Gm,n)(s1, s2, t1, t2)

+ dHm,n(s1, s2, t1, t2)
}
dxdy+ o(m−2 + n−2),(S25)

where the bound on the final term follows from the fact that ζ < 1/2, Lemma S9 and Cauchy–
Schwarz. We first study the second term in this expansion. The intuition behind the following
expansion is that, when X1 and X2 do not share nearest neighbours, the dependence between
(f̂(kX),1, ĝ(kY ),1) and (f̂(kX),2, ĝ(kY ),2) is relatively weak, and we may expand the functions
ϕ,h−1

x,f , h
−1
x,g as in the proof of Proposition S1 and approximate integrals. We therefore make

use of the shorthand

h(1)(s1, s2, t1, t2) :=
{
ϕ
(
f(x), vx,t1

)
+
( kX
ms1

− 1
)
f(x)ϕ10

(
f(x), vx,t1

)}
×
{
ϕ
(
f(y), vy,t2

)
+
( kX
ms2

− 1
)
f(y)ϕ10

(
f(y), vy,t2

)}
h(2)(s1, s2, t1, t2) :=

{
ϕ
(
ux,s1 , g(x)

)
+
( kY
nt1

− 1
)
g(x)ϕ01

(
ux,s1 , g(x)

)}
×
{
ϕ
(
uy,s2 , g(y)

)
+
( kY
nt2

− 1
)
g(y)ϕ01

(
uy,t2 , g(y)

)}
for linearised versions of h. We also write, for example,

(hdH(1)
m dG(2)

n )(s1, s2, t1, t2) := h(s1, s2, t1, t2)dH
(1)
m (s1, s2)dG

(1)
n (t1, t2).

Writing T1, T2 and T3 for error terms, we therefore have∫
X 2

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(hdHm,n)(s1, s2, t1, t2)dxdy

=

∫
X 2

m,f

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(hdH(1)
m dG(2)

n )(s1, s2, t1, t2)dxdy+ T1

+

∫
X 2

n,g

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(hd(G(1)
m −H(1)

m )dH(2)
n )(s1, s2, t1, t2)dxdy

=

∫
X 2

m,f

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(h(1) dH(1)
m dG(2)

n )(s1, s2, t1, t2)dxdy+ T1 + T2

+

∫
X 2

n,g

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(h(2)d(G(1)
m −H(1)

m )dH(2)
n )(s1, s2, t1, t2)dxdy

=− 1

m

∫
X 2

m,f

f(x)f(y)

∫
I2
n,Y

{
2f(x)ϕ10

(
f(x), vx,t1

)
ϕ
(
f(y), vy,t2

)
+ f(x)ϕ10

(
f(x), vx,t1

)
f(y)ϕ10

(
f(y), vy,t2

)}
dG(2)

n (t1, t2)dxdy

− 1

n

∫
X 2

n,g

f(x)f(y)

∫
I2
m,X

g(x)ϕ01
(
ux,s1 , g(x)

)
g(y)ϕ01

(
uy,s2 , g(y)

)
× d(G(1)

m −H(1)
m )(s1, s2)dxdy+ T1 + T2 + T3

=− 2

m
E
{
(fϕ10)X1

}
E(ϕX1

)− 1

m

{
E(fϕ10)X1

}2 − 1

n

{
E(gϕ01)X1

}2
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+ T1 + T2 + T3 + o(1/m+ 1/n),
(S26)

where the bound on the final term follows from (S8), Lemma S3(i), Lemma S6 and tail
bounds similar to (S5). We show in Section S1.9 that

3∑
j=1

Tj =O

(
max

{(kX
m

)1+λ1(1−ζ)−ϵ
,
(kY
n

)1+λ2(1−ζ)−ϵ
,
k

1

2
+ 2∧β

d

X

m1+ 2∧β

d

,
k

1

2
+ 2∧β

d

Y

n1+
2∧β

d

,

(kX
m

)1+ 2(2∧β)

d

,
(kY
n

)1+ 2(2∧β)

d

,
logm

mk
1

2

X

,
logn

nk
1

2

Y

})
+ o(1/m+ 1/n).(S27)

We now consider the contribution of the first term in (S25). In Section S1.9, we show that

U0 :=

∫
X×X c

m,n

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

h(s1, s2, t1, t2)

× d(Fm,n,x,y −Gm,n)(s1, s2, t1, t2)dxdy

=O

(
max

{(kX
m

)2λ1(1−ζ)−ϵ
,
(kY
n

)2λ2(1−ζ)−ϵ
})

,(S28)

so that we may restrict attention to x ∈ Xm,n, in which case Fm,n,x,y −Gm,n is only non-
zero when x and y are close and we may approximate f(y) ≈ f(x) and g(y) ≈ g(x). Let
p
(1)
∩ :=

∫
Bx(h

−1
x,f (s1))∩By(h

−1
y,f (s2))

f(w)dw and p
(2)
∩ :=

∫
Bx(h

−1
x,g(t1))∩By(h

−1
y,g(t2))

g(w)dw, and
let

(N
(1)
1 ,N

(1)
2 ,N

(1)
3 ,N

(1)
4 )∼Multi

(
m−2;s1 − p

(1)
∩ ;s2 − p

(1)
∩ , p

(1)
∩ ,1− s1 − s2 + p

(1)
∩ )

(S29)

(N
(2)
1 ,N

(2)
2 ,N

(2)
3 ,N

(2)
4 )∼Multi

(
n; t1 − p

(2)
∩ ; t2 − p

(2)
∩ , p

(2)
∩ ,1− t1 − t2 + p

(2)
∩ ).

Now set

F (1)
m,x,y(s1, s2) := P(N (1)

1 +N
(1)
3 ≥ kX − 1{∥x−y∥≤h−1

x,f (s1)},

N
(1)
2 +N

(1)
3 ≥ kX − 1{∥x−y∥≤h−1

y,f (s2)})

F (2)
n,x,y(t1, t2) := P(N (2)

1 +N
(2)
3 ≥ kY ,N

(2)
2 +N

(2)
3 ≥ kY ),(S30)

so that Fm,n,x,y(s1, s2, t1, t2) = F
(1)
m,x,y(s1, s2)F

(2)
n,x,y(t1, t2). We use the decomposition

Fm,n,x,y −Gm,n = F (1)
m,x,yF

(2)
n,x,y −G(1)

m G(2)
n

= (F (1)
m,x,y−G(1)

m )(F (2)
n,x,y−G(2)

n ) + (F (1)
m,x,y−G(1)

m )G(2)
n +G(1)

m (F (2)
n,x,y−G(2)

n ),(S31)

so that each term is of product form and involves at least one of the marginal errors. We will
see that the first term is asymptotically negligible, while the second and third terms can be
studied through the normal approximation given in Lemma S11. For a general distribution
function F , for a− ≤ a+ and for a smooth h : [a−, a+]2 →R with first partial derivatives h10,
h10 and mixed second partial derivative h11, we will use the formula∫

[a−,a+]2
(hdF )(u, v)−

∫ a+

a−

∫ a+

a−

(h11F (u, v))dudv

=

∫ a+

a−

[
(h10F )(u,a−)− (h10F )(u,a+)

]
du+ (hF )(a−, a−)− (hF )(a+, a−)
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+

∫ a+

a−

[
(h01F )(a−, v)− (h01F )(a+, v)

]
dv+ (hF )(a+, a+)− (hF )(a−, a+).(S32)

We now deal with each of the three terms on the right-hand side of (S31) in turn, starting
with F = F (1)F (2) = (F

(1)
m,x,y −G

(1)
m )(F

(2)
n,x,y −G

(2)
n ). For remainder terms U1, U2 and U3 to

be bounded later, we write∫
X×Xm,n

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(hdF )(s1, s2, t1, t2)dxdy

=

∫
X×Xm,n

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(
h0011 (dF

(1))F (2)
)
(s1, s2, t1, t2)dt1 dt2 dxdy+U1

=

∫
X×Xm,n

f(x)f(y)

∫
I2
n,Y

F (2)(t1, t2)

{∫
I2
m,X

(h1111F
(1))(s1, s2, t1, t2)ds1 ds2

−
∫
Im,X

(h1011F
(1))(s1, a

+
m,X , t1, t2)ds1

−
∫
Im,X

(h0111F
(1))(a+m,X , s2, t1, t2)ds2

}
dt1 dt2 dxdy+U1 +U2

=

3∑
j=1

Uj .

(S33)

We show in Section S1.9 that

(S34)
3∑

j=1

Uj =O

(
max

{
1

m2
,
1

n2
,
log2m

mkX
,
log2 n

nkY

})
.

We next consider F = F (1)F (2) = (F
(1)
m,x,y − G

(1)
m )G

(2)
n , and recall from Lemma S11 that

αz = µd
(
B0(1)∩Bz(1)

)
/Vd, that

Σ=

(
1 αz

αz 1

)
,

and the definitions of the normal distribution functions ΦI2 and ΦΣ. Then, for remainder
terms U4,U5,U6 to be bounded below, we use the change of variables y = x+( kX

mVdf(x)
)1/dz

and the approximation ∂
∂sϕ(ux,s, vx,t)≈ f(x)ϕ10(f(x), g(x))/s to write∫

X×Xm,n

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(hdF )(s1, s2, t1, t2)dxdy

=

∫
X×Xm,n

f(x)f(y)

∫
I2
n,Y

{∫
I2
m,X

(h1100F
(1))(s1, s2, t1, t2)ds1 ds2

−
∫
Im,X

(h1000F
(1))(s1, a

+
m,X , t1, t2)ds1

−
∫
Im,X

(h0100F
(1))(a+m,X , s2, t1, t2)ds2

}
dG(2)

n (t1, t2)dxdy+U4

=
1

mVd

∫
Xm,n

f(x)

∫
Rd

{
(fϕ10)

2
x

∫
R2

(ΦΣ −ΦI2)(u1, u2)du1 du2
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+ 2(fϕ10)xϕx1{∥z∥≤1}

}
dz dx+U4 +U5

=
1

m
E
{
(fϕ10)

2
X1

}
+

2

m
E
{
(fϕ10)X1

ϕX1

}
+

6∑
j=4

Uj .

(S35)

We show in Section S1.9 that
6∑

j=4

Uj =O

(
1

m
max

{
log

5

2 m

k
1/2
X

,
log

1

2 n

k
1/2
Y

, log2m
(kX
m

) 1∧β

d

,
(kX
m

)λ1(1−2ζ)−ϵ
,

(kY
n

)λ2(1−2ζ)−ϵ
,
(kY
n

) 2∧β

d

})
(S36)

for every ϵ > 0. The final term in (S31) can be approximated by writing F = F (1)F (2) =

G
(1)
m (F

(2)
n,x,y − G

(2)
n ), using the changes of variables y = x + ( kY

nVdg(x)
)1/dz, ti = (kY +

kY vi)/n for i = 1,2 and using the approximation ∂
∂tϕ(ux,s, vx,t) ≈ g(x)ϕ01(f(x), g(x))/t

to write ∫
X×Xm,n

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(hdF )(s1, s2, t1, t2)dxdy

=

∫
X×Xm,n

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(h0011 dG
(1)
m F (2))(s1, s2, t1, t2)dt1 dt2 dxdy+U7

=
1

nVd

∫
Xm,n

g(x)(fϕ01)
2
x

∫
Rd

∫
R2

(ΦΣ −ΦI2)(v1, v2)dv1 dv2 dz dx+U7 +U8

=
1

n

∫
Xm,n

g(x)(fϕ01)
2
x dx+U7 +U8.(S37)

Let ϵ0 = ϵ0(λ1, λ2, κ1, κ2,C) ∈ (0, λ1 ∧ λ2) be sufficiently small that

2 + 2κ1 − ϵ/(λ1 ∧ λ2)
1− ϵ0/(λ1 ∧ λ2)

> 2 + 2κ1 − 1/C and
2κ2 − 1

1− ϵ0/(λ1 ∧ λ2)
> 2κ2 − 1− 1/C.

Then, by Hölder’s inequality, we have that

sup
(f,g)∈Fd,ϑ

∫
X
f(x)2+2κ1g(x)2κ2−1

[{Mβ(x)
d

f(x)

}ϵ0
+
{Mβ(x)

d

g(x)

}ϵ0
]
dx

≤ 2 sup
(f,g)∈Fd,ϑ

max
i=1,2

Cϵ0/λi

[∫
X
f(x)

2+2κ1−ϵ0/λi
1−ϵ0/λi g(x)

2κ2−1

1−ϵ0/λi dx

]1−ϵ0/λi

<∞.(S38)

It follows that∫
X c

m,n

g(x)(fϕ01)
2
x dx≲

∫
X c

m,n

f(x)2+2κ1g(x)−1+2κ2 dx

≤
∫
X
f(x)2+2κ1g(x)2κ2−1

[{kX logmMβ(x)
d

mf(x)

}ϵ0
+
{kY lognMβ(x)

d

ng(x)

}ϵ0
]
dx

=O

(
max

{(kX logm

m

)ϵ0
,
(kY logn

n

)ϵ0})
(S39)
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We show in Section S1.9 that

U7 +U8 =O

(
1

n
max

{
log5/2 n

k
1/2
Y

, log2 n
(kY
n

)(1∧β)/d
,
(kY
n

)ϵ0/2
,

log1/2m

k
1/2
X

,
(kX
m

)(2∧β)/d
,
(kX
m

)ϵ0/2})
.(S40)

It now follows from (S23), (S24), (S25), (S26), (S27), (S28), (S33), (S34), (S35), (S36),
(S37), (S39) and (S40) that

Var(T̃m,n) =
1

m

[
Var(ϕX1

)− 2E
{
(fϕ10)X1

}
E(ϕX1

)−
{
E(fϕ10)X1

}2
+E

{
(fϕ10)

2
X1

}
+ 2E

{
(fϕ10ϕ)X1

}]
+

1

n

[
E
{
(fϕ01)

2
Y1

}
−
{
E(gϕ01)X1

}2]
+ o(1/m+ 1/n)

=
v1
m

+
v2
n

+ o(1/m+ 1/n).

For the general, weighted case, we rely on the decomposition

Var(T̂m,n) =

kX∑
jX ,ℓX=1

kY∑
jY ,ℓY =1

wX,jXwX,ℓXwY,jY wY,ℓY

×
{

1

m
Cov

(
ϕ(f̂(jX),1, ĝ(jY ),1), ϕ(f̂(ℓX),1, ĝ(ℓY ),1)

)
+
(
1− 1

m

)
Cov

(
ϕ(f̂(jX),1, ĝ(jY ),1), ϕ(f̂(ℓX),2, ĝ(ℓY ),2)

}
.(S41)

Now, for example, when ℓX > jX , we have(
hx,f (ρ(jX),1,X), hx,f (ρ(ℓX),1,X),1−hx,f (ρ(ℓX),1,X)

)
|X1 = x∼Dir(jX , ℓX − jX ,m− ℓX),

and it may therefore be deduced similarly to the arguments leading to (S24) that

max
jX ,ℓX :wX,jX

,wX,ℓX
̸=0

jY ,ℓY :wY,jY
,wY,ℓY

̸=0

∣∣∣Cov(ϕ(f̂(jX),1, ĝ(jY ),1), ϕ(f̂(ℓX),1,ĝ(ℓY ),1)
)
−Var(ϕX1

)
∣∣∣= o(1).

(S42)

The second term on the right-hand side of (S41) is handled using relatively small modifica-
tions of the arguments used to study the covariance term in (S23). These modifications are
required to account for the fact that the kX that appears twice in the covariance term in (S23)
is now replaced with jX and ℓX (with similar changes to kY ). Thus, for instance, the joint
conditional distribution function of(

hx,f (ρ(jX),1,X), hy,f (ρ(ℓX),2,X),hx,g(ρ(jY ),1,Y ), hy,g(ρ(ℓY ),2,Y )
)
|X1 = x,X2 = y,

is now given by

Fm,n,x,y(s1, s2, t1, t2)

= P
(
N

(1)
1 +N

(1)
3 ≥jX−1{∥x−y∥≤h−1

x,f (s1)},N
(1)
2 +N

(1)
3 ≥ℓX−1{∥x−y∥≤h−1

y,f (s2)}
)

× P(N (2)
1 +N

(2)
3 ≥ jY ,N

(2)
2 +N

(2)
3 ≥ ℓY ).
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Following the arguments through reveals that

max
jX ,ℓX :wX,jX

,wX,ℓX
̸=0

jY ,ℓY :wY,jY
,wY,ℓY

̸=0

∣∣∣Cov(ϕ(f̂(jX),1,ĝ(jY ),1), ϕ(f̂(ℓX),2, ĝ(ℓY ),2)
)
− v1 −Var(ϕX1

)

m
− v2
n

∣∣∣
= o(1/m+ 1/n).(S43)

Finally, then, we can deduce from (S41), (S42) and (S43), and using our hypotheses on
∥wX∥1 and ∥wY ∥1, that

Var(T̂m,n)−
v1
m

− v2
n

= o

(( 1

m
+

1

n

)
∥wX∥21∥wY ∥21

)
= o
( 1

m
+

1

n

)
,

as required.

S1.5. Proofs of Theorems 3 and 5 on asymptotic normality and confidence intervals.
Since the proof of Theorem 3 depends on Proposition 4, we prove Proposition 4 first.

PROOF OF PROPOSITION 4. Where it does not cause confusion, we will supress suffices
to write k instead of kX or kY . For any ℓ≥max(k+ 1, i) we use the shorthand

f̂(k),i,ℓ :=
k

ℓVdρ
d
(k),i,ℓ

,

and we write ϕgx(·) := ϕ
(
·, g(x)

)
. We will first study the difference T (1)

m −T (1),p
m by bounding

its first and second conditional moments givenM . On the event that |m/M−1| ≤ 1/L, when
m≥ (1 + 1/L)(1 + k) log(em), we have that

E{T (1)
m − T (1),p

m |M}

= ET (1)
m − M

m
E(T (1)

M |M) +
M

m
E
{
ϕgX1

(
f̂(k),1,M

)
− ϕgX1

(
M

m
f̂(k),1,M

) ∣∣∣∣M}
+
(M
m

− 1
)∫

X
f(x){ϕx + (fϕ10)x}dx

= (ET (1)
m − T )− M

m
{E(T (1)

M |M)− T}+
(M
m

− 1
)∫

X
f(x)(fϕ10)x dx

+
M

m

∫
X
f(x)

∫ 1

0

{
ϕgx

(m
M
ux,s

)
− ϕgx

(
ux,s

)}
Bk,M−k(s)dsdx

= ET (1)
m −E(T (1)

M |M) +
(M
m

− 1
)∫

X
f(x)(fϕ10)x dx+ o

(
m−1/2 +

∣∣∣M
m

− 1
∣∣∣)

+
M

m

∫
Xm,f

f(x)

∫
Im,X

{
ϕgx

(m
M
ux,s

)
− ϕgx(ux,s)

}
Bk,M−k(s)dsdx

= ET (1)
m −E(T (1)

M |M) +
(M
m

− 1
)∫

X
f(x)(fϕ10)x dx+ o

(
m−1/2 +

∣∣∣M
m

− 1
∣∣∣)

+
(
1− M

m

)∫
Xm,f

f(x)

∫
Im,X

ux,sϕ10
(
ux,s, g(x)

)
Bk,M−k(s)dsdx

= ET (1)
m −E(T (1)

M |M) + o

(
m−1/2 +

∣∣∣M
m

− 1
∣∣∣).
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It now follows from the one-sample (n=∞) version of Proposition S1 and the fact that, for
a > 0, we have (k/m)a− (k/M)a = o(|M/m−1|), that on the event that |m/M −1| ≤ 1/L
we have

E{T (1)
m − T (1),p

m |M}= o

(
m−1/2 +

∣∣∣M
m

− 1
∣∣∣).

We now bound the conditional variance of T (1)
m −T (1),p

m on the eventAm := {|M/m−1| ≤
1/ log(em)}. We first see that, when m≥ (k+ 1) log(em)/{1− 1/ log(em)}, we have

Var

{
1

m

M∑
i=1

ϕgXi

(
M

m
f̂(k),i,M

)
− 1

m

m∑
i=1

ϕgXi

(
M

m
f̂(k),i,M

) ∣∣∣∣M}

=
|M −m|
m2

Var

{
ϕgX1

(
M

m
f̂(k),1,M

) ∣∣∣∣M}
+

|M −m|(|M −m| − 1)

m2
Cov

{
ϕgX1

(
M

m
f̂(k),1,M

)
, ϕgX2

(
M

m
f̂(k),2,M

) ∣∣∣∣M}
=

(M −m)2

m2
Cov(ϕX1

, ϕX2
) +O

(
|M −m|
m2

)
+ o

(
(M −m)2

m2

)
=O

(
|M −m|
m2

)
+ o

(
(M −m)2

m2

)
.

To bound the conditional variance of T (1)
m − T

(1),p
m , it now suffices to bound Var(Dm|M),

where

Dm :=
1

m

m∑
i=1

{
ϕgXi

(
k

mVdρ
d
(k),i,m

)
− ϕgXi

(
k

mVdρ
d
(k),i,M

)}
.

To proceed, we will now use the Efron–Stein inequality; see, for example, Boucheron, Lugosi
and Massart (2013, Theorem 3.1). Given M , the random variable Dm =Dm(X1, . . . ,XM )
is a function of the independent random variables X1, . . . ,XM ; letting X ′

1, . . . ,X
′
M de-

note an independent copy of these random variables, for j = 1, . . . ,M , write D
(j)
m :=

Dm(X1, . . . ,Xj−1,X
′
j ,Xj+1, . . . ,XM ) for the random variable calculated by replacing Xj

in Dm by X ′
j . Similarly define ρ(j)(k),i,ℓ. The Efron–Stein inequality gives that

Var(Dm|M)≤ 1

2

M∑
j=1

E
{
(Dm −D(j)

m )2|M
}
.

For now, we will work on the event {M >m}. Observe that for i= 1, . . . ,m and j =m+

1, . . . ,M we have ρ(j)(k),i,M = ρ(k),i,M unless either Xj is one of the k nearest neighbours of
Xi in the sample X1, . . . ,XM or X ′

j is one of the k nearest neighbours of Xi in the sample
X1, . . . ,Xj−1,X

′
j ,Xj+1, . . . ,XM . For j =m+ 1, . . . ,M we have, by arguments similar to

those in the proof of Proposition 11, using the fact that P(∥Xj − X1∥ ≤ ρ(k),1,M |M) =
k/(M − 1) and splitting up into the cases X1 ∈ Xm,f and X1 ̸∈ Xm,f , that

E{(Dm −D(j)
m )2|M}

≤ 4E
[{

1

m

m∑
i=1

1{∥Xj−Xi∥≤ρ(k),i,M}

(
ϕgXi

(
k

mVdρ
d
(k),i,M

)
− ϕXi

)}2 ∣∣∣∣M]
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= 4(1− 1/m)E
[
1{∥Xj−X1∥≤ρ(k),1,M}1{∥Xj−X2∥≤ρ(k),2,M}

{
ϕgX1

(
k

mVdρ
d
(k),1,M

)
− ϕX1

}

×
{
ϕgX2

(
k

mVdρ
d
(k),2,M

)
− ϕX2

} ∣∣∣∣M]

+
4

m
E
[
1{∥Xj−X1∥≤ρ(k),1,M}

{
ϕgX1

(
k

mVdρ
d
(k),1,M

)
− ϕX1

}2 ∣∣∣∣M]

≲
k

m

(
k

m
+

1

m

)∫
Xm,f

f(x)1+2κ1g(x)2κ2 max

[
(M −m)2

m2
,
logm

k
,

{
kMβ(x)

d

mf(x)

} 2(2∧β)

d
]
dx

+
k

m

{( k
m

)2λ1(1−ζ)−ϵ
+

1

m

( k
m

)λ1(1−ζ)−ϵ
}
+ o(m−2)

=O

(
k

m
max

{
k(M −m)2

m3
,
logm

m
,
( k
m

)1+ 2(2∧β)

d

,
( k
m

)2λ1(1−ζ)−ϵ
})

= o

(
max

{
(M −m)2

m5/2
,

1

m3/2

})
.

Now for j = 1, . . . ,m we have

E{(Dm −D(j)
m )2|M}= E{(Dm −D(1)

m )2|M}

≤ 2E
[{

1

m

m∑
i=2

(
ϕgXi

(
k

mVdρ
d
(k),i,m

)
− ϕgXi

(
k

mVd(ρ
(1)
(k),i,m)d

)

− ϕgXi

(
k

mVdρ
d
(k),i,M

)
+ ϕgXi

(
k

mVd(ρ
(1)
(k),i,M )d

))}2 ∣∣∣∣M]+ o(m−2).

Write ρ(−1)
i for the kth nearest neighbour distance of Xi in the sample X2,X3, . . . ,XM . The

ith term in the above sum is equal to zero unless {Xm+1, . . . ,XM} ∩ BXi
(ρ

(−1)
i ) ̸= ∅ and

either X1 ∈BXi
(ρ

(−1)
i ) or X ′

1 ∈BXi
(ρ

(−1)
i ). Thus, by similar arguments to those used in the

proof of Proposition 11, splitting up into the cases X2 ∈ Xm,f and X2 ̸∈ Xm,f , we have

E{(Dm −D(j)
m )2|M}

≲

∣∣∣∣E[1{∥X2−X1∥≤ρ
(−1)
2 ,∥X3−X1∥≤ρ

(−1)
3 }

{
ϕgX2

(
f̂(k),2,m

)
− ϕgX2

(
M

m
f̂(k),2,M

)}
×
{
ϕgX3

(
f̂(k),3,m

)
− ϕgX3

(
M

m
f̂(k),3,M

)} ∣∣∣∣M]∣∣∣∣
+

1

m
E
[
1{∥X1−X2∥≤ρ

(−1)
2 }

{
ϕgX2

(
f̂(k),2,m

)
− ϕgX2

(
M

m
f̂(k),2,M

)}2 ∣∣∣∣M]+ o(m−2)

≲ |M −m|
{( k

m

)3
+

1

m

( k
m

)2}∫
Xm,f

f(x)1+2κ1g(x)2κ2

×max

{
(M −m)2

m2
,
logm

k
,

(
kMβ(x)

d

mf(x)

) 2(2∧β)

d
}
dx
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+ |M −m|
( k
m

)2{( k
m

)2λ1(1−ζ)−ϵ
+

1

m

( k
m

)λ1(1−ζ)−ϵ
}
+ o(m−2)

≲ |M −m|
( k
m

)2
max

{
k(M −m)2

m3
,
logm

m
,
( k
m

)1+ 2(2∧β)

d

,
( k
m

)2λ1(1−ζ)−ϵ
}
+ o(m−2)

= o

(
max

{
1

m2
,
|M −m|3

m7/2

})
.

It now follows by the Efron–Stein inequality that, on the event Am, we have

Var{T (1)
m − T (1),p

m |M}= o

(
max

{
|M −m|3

m5/2
,
1

m

})
.

We now bound the contribution from the event Ac
m. We will use the fact that for x≥ 0 we

have

P
(∣∣∣M
m

− 1
∣∣∣≥ x

)
≤ 2exp

(
− mx2

2(1 + x)

)
.

It follows from this that

P(Ac
m)≤ 2exp

(
− m

4 log2(em)

)
.

Moreover, we have for any a≥ 1 that

E
[(M
m

)a
1Ac

m

]
≤
∫ ∞

0
P
(∣∣∣M
m

− 1
∣∣∣≥max

{ 1

log(em)
, x1/a − 1

})
dx

≤ 2aP(Ac
m) + 2a

∫ ∞

2
ya−1e−my/8 dy

≤ 2aP(Ac
m) + 2a(a− 1) log(16/a)

∫ ∞

2
e−(m−1/2)y/8 dy

≤ 2a+1 exp
(
− m

4 log2(em)

)
+

2a(a− 1) log(16/a)

m− 1/2
e−

2m−1

8 .

It now follows using Lemma S8 that, when log(em)> 2dκ−1 /α, we have

E{(T (1)
m − T (1),p

m )21Ac
m
}

≤ 3P(Ac
m)E{(T (1)

m )2}+ 3E
(∣∣∣M
m

− 1
∣∣∣1Ac

m

)∣∣∣∣∫
X
f(x){ϕx + (fϕ10)x}dx

∣∣∣∣
+ 3E

{
M

m
ϕgX1

(
k

mVdρ
d
(k),1,M

)2

1Ac
m∩{M≥(k+1) log(em)}

}

≲ E
[
M

m
1Ac

m∩{M≥(k+1) log(em)}

∫
X
f(x)g(x)2κ2

∫ 1

0

{
k

mVdh
−1
x,f (s)

d

}2κ1

Bk,M−k(s)dsdx

]

P(Ac
m) +E

(
M

m
1Ac

m

)
≲ E

[
M

m
1Ac

m

∫
X
f(x)g(x)2κ2 max

{
1 + ∥x∥2dκ

−
1 ,
(M
m

)2κ+
1
}
dx

]
+ P(Ac

m) +E
(
M

m
1Ac

m

)

≲ P(Ac
m) +E

{(
M

m

)1+2κ+
1

1Ac
m

}
= o(1/m).

(S44)
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Hence,

E{(T (1)
m − T (1),p

m )2}= E
[
Var
(
T (1)
m − T (1),p

m 1Am

∣∣M)1Am

+
{
E
(
T (1)
m − T (1),p

m

∣∣M)}21Am

]
+E

{
(T (1)

m − T (1),p
m )21Ac

m

}
= o

(
Emax

{
|M −m|3

m5/2
,
1

m

})
= o(1/m),

as required.
We now turn our attention to T

(2)
n − T

(2),p
n , for which similar arguments apply. We

write ϕfx(·) := ϕ(f(x), ·). We have, on the event |n/N − 1| ≤ 1/L and when n ≥ (1 +
1/L)k log(en), that

E
{
T (2)
n − T (2),p

n |N
}
= EϕfX1

(
k

nVdρ
d
(k),1,n

)
−E

{
ϕfX1

(
k

nVdρ
d
(k),1,N

) ∣∣∣∣N}

+
(N
n

− 1
)∫

X
f(x)(gϕ01)x dx

= E
{
ϕfX1

(
k

NVdρ
d
(k),1,N

)
− ϕfX1

(
k

nVdρ
d
(k),1,N

) ∣∣∣∣N}

+
(N
n

− 1
)∫

X
f(x)(gϕ01)x dx+ o

(
n−1/2 +

∣∣∣N
n

− 1
∣∣∣)

= o

(
n−1/2 +

∣∣∣N
n

− 1
∣∣∣).

To bound the conditional variance of T (2)
n −T

(2),p
n on the event that |N/n− 1| ≤ 1/ log(en),

we again appeal to the Efron–Stein inequality. Similar to before, for ℓ ≥ k and x ∈ X , we
define

ĝ(k),ℓ(x) :=
k

ℓVdρ
d
(k),ℓ(x)

.

We redefine

Dn :=

∫
X
f(x)

{
ϕfx
(
ĝ(k),n(x)

)
− ϕfx

(
N

n
ĝ(k),N (x)

)}
dx.

Similarly to above, letting Y ′
1 , Y

′
2 , . . . be independent copies of Y1, Y2, . . ., for j ∈ [N ] write

D
(j)
n for the value of Dn when it is computed on Y1, . . . , Yj−1, Y

′
j , Yj+1, . . . , YN instead of

Y1, . . . , YN . On the event {N > n}, for j = n+ 1, . . . ,N , splitting up into the cases X1 ∈
Xn,g and X1 ̸∈ Xn,g , we have

E
{
(Dn −D(j)

n )2|N
}
≤ 4E

[{∫
{x:∥Yj−x∥≤ρ(k),N (x)}

f(x)ϕfx

(
N

n
ĝ(k),N (x)

)
dx

}2 ∣∣∣∣N]
= 4E

[
1{∥Yj−X1∥≤ρ(k),N (X1)}ϕ

f
X1

(
N

n
ĝ(k),N (X1)

)
× 1{∥Yj−X2∥≤ρ(k),N (X2)}ϕ

f
X2

(
N

n
ĝ(k),N (X2)

) ∣∣∣∣N]
≲
(k
n

)2 ∫
Xn,g

f(x)2+2κ1g(x)2κ2−1 dx+
(k
n

)1+2λ2(1−ζ)−ϵ
= o
(
n−3/2

)
.
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On the other hand, for j ∈ [n] and on the same event {N > n}, we have

E
{
(Dn −D(j)

n )2|N
}

≤ 4E
[{∫

{x:∥Yj−x∥≤ρ(k),N (x)}
f(x)

(
ϕfx
(
ĝ(k),n(x)

)
− ϕfx

(
N

n
ĝ(k),N (x)

))
dx

}2 ∣∣∣∣N]
≲ (N − n)

(k
n

)3 ∫
Xn,g

f(x)2+2κ1g(x)2κ2−1 dx+ (N − n)
(k
n

)2+2λ2(1−ζ)−ϵ

= o

(
|N − n|
n5/2

)
.

On the event {N < n}, the same final bound holds, and it follows by the Efron–Stein in-
equality that, on the event that |N/n− 1| ≤ 1/ log(en), we have

Var
(
T (2)
n − T (2),p

n

∣∣N)= o

(
|N − n|
n3/2

)
.

Now, similarly to (S44), redefining An := {|N/n− 1| ≤ 1/ log(en)} we have

E
{
(T (2)

n − T (2),p
n )21Ac

n

}
≲ P(Ac

n) +E
{(N

n

)1+2κ+
2

1Ac
n

}
= o(1/n),

and the result follows.

Our second preparatory result provides a convenient partition of (minor modifications of)
Xm,f and Xn,g so that, under the Poisson sampling scheme, the k-nearest neighbour distances
of points in distant pieces are roughly independent.

PROPOSITION S2. Let f ∈ Fd be β := (⌈β⌉ − 1)-times differentiable. Then there exists
n0 = n0(d,β) such that, for all n ≥ n0 and k ∈ [3, n/ logn), we can find a partition {Cj :
j ∈ 1, . . . , Vn} of Xn := {x : f(x)/Mf,β(x)

d ≥ (k/n) log2 n} and points {xj : j = 1, . . . , Vn}
in X̃n := {x : f(x)/Mf,β(x)

d ≥ (k/n) log7/4 n} satisfying the following properties for each
j = 1, . . . , Vn:

(i) we have Cj ⊆Bxj

(
3
( k logn
nVdf(xj)

)1/d);

(ii) we have
∣∣∣{j′ = 1, . . . , Vn :dist(Cj ,Cj′)≤ 4

(
k

nVdf(xj)

)1/d}∣∣∣≤ 22+4d logn.

PROOF OF PROPOSITION S2. Let {xj : j = 1, . . . , Vn} be a Poisson process on X̃n with
intensity function nf(·)/k, and let P denote the corresponding Poisson random measure.
Writing sargmin(S) for the smallest element of an ordered set argmin(S), we may par-
tition Xn into the associated (random) Voronoi cells {Cj : j = 1, . . . , Vn}, where Cj :=
{x ∈ Xn : sargminj′=1,...,Vn

∥x− xj′∥ = j}. We proceed by showing that, for n and k suf-
ficiently large, there is an event of positive probability on which {Cj : j = 1, . . . , Vn} and
{xj : j = 1, . . . , Vn} satisfy (i) and (ii), and we therefore deduce the existence of such a par-
tition. First, let z1, . . . , zN ∈ Xn be such that

∥zi − zj∥ ≥ h−1
zi,f

(k/n) + h−1
zj ,f

(k/n) =: r(zi, zj)

for all i ̸= j, and such that supx∈Xn
minj=1,...,N ∥x − zj∥/r(x, zj) < 1. (We can construct

this set inductively: first, choose z1 ∈ Xn arbitrarily. If the second condition is not satisfied
once z1, . . . , zN have been defined, then there exists x ∈ Xn such that ∥x− zj∥ ≥ r(x, zj) for
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all j = 1, . . . ,N and we can set zN+1 := x.) For all i ̸= j, the intersection Bzi

(
h−1
zi,f

(k/n)
)
∩

Bzj

(
h−1
zj ,f

(k/n)
)

has Lebesgue measure zero and thus

1≥
N∑
j=1

hzj ,f

(
h−1
zj ,f

(k/n)
)
=
Nk

n
.

In particular, N ≤ n/k.
We now show that if x ∈ Xn is such that ∥x−z∥< r(x, z) for some z ∈ {z1, . . . , zN} ⊆ Xn

then f(x) ≈ f(z). Suppose initially that r2 := {Mf,β(z)
d logn}−1/d ≤ ∥x − z∥ < r(x, z).

Then, writing r1 := ∥x− z∥ − r2/2, writing x̄ for the point on the line segment between x
and z such that ∥x̄−z∥= r2 and writing I(s) :=

∫ s
0 B(d+1)/2,1/2(t)dt, we have by Lemma S5

that, for n≥ n0(d,β) sufficiently large,∫
Bx(r1)

f(w)dw ≥
∫
Bx(r1)∩Bz(r2)

f(w)dw ≥ f(z)

2
µd
(
Bx(r1)∩Bz(r2)

)
≥ f(z)

2
µd
(
Bx̄(r2/2)∩Bz(r2)

)
=
Vdf(z)

2

{(r2
2

)d
I(15/16) + rd2I(15/64)

}
≥ Vd

2d+1
I(15/16)

k logn

n
≥ k

n
.

It follows, by Lemma S4 and the fact that z ∈ Xn, that there exists n1 = n1(d,β)≥ n0, such
that for n≥ n1,

∥x− z∥ ≤ r1 + h−1
z,f (k/n)≤ r1 + 2

( k

nVdf(z)

)1/d
≤ r1 +

r2
4

= ∥x− z∥ − r2
4
,

which is a contradiction. Thus, for n ≥ n1 we have that ∥x − z∥ ≤ r2. In particular, by
Lemma S5, for x, z ∈ Xn with ∥x− z∥< r(x, z), and for n≥ n1, we have that

(S45)
∣∣∣f(x)
f(z)

− 1
∣∣∣≤ 2

log(1∧β)/d n
.

To establish (i), first we define the event

Ω0 :=

N⋂
j=1

{
P
{
Bzj

(
h−1
zj ,f

(k logn/n)
)}

≥ 1

}
.

By Lemmas S4 and S5 and very similar arguments to those leading up to (S78), there exists
n2 = n2(d,β)≥ n1 such that Bzj

(
h−1
zj ,f

(k logn/n)
)
⊆ X̃n for all n≥ n2 and j = 1, . . . , Vn.

Then, for n≥ n2 we have that

P(Ωc
0)≤N exp

(
−n
k

k logn

n

)
≤ 1

k
.

Let j ∈ {1, . . . , Vn} be given, and suppose that x ∈ Cj . Let z be in our covering set such
that ∥x− z∥ < r(x, z) and, on the event Ω0, let j′ ∈ {1, . . . , Vn} be such that ∥xj′ − z∥ ≤
h−1
z,f (k logn/n). By (S45), Lemma S4 and Lemma S5, there exists n3 = n3(d,β)≥ n2 such

that, for n≥ n3, we have that h−1
z,f (k logn/n)≤

3
2(

k logn
nVdf(z)

)1/d and hence that

∥xj′ − x∥ ≤ ∥xj′ − z∥+ ∥z − x∥< h−1
z,f (k logn/n) + h−1

z,f (k/n) + h−1
x,f (k/n)

≤ 2
( k logn

nVdf(xj′)

)1/d
.
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If j′ = j then we are done, so suppose instead that ∥x− xj∥ ≤ ∥x− xj′∥. Then

∥xj − xj′∥ ≤ 2∥x− xj′∥ ≤ 4
( k logn

nVdf(xj′)

)1/d
so we can use Lemma S5 to argue that f(xj) ≈ f(xj′). In particular, there exists n4 =
n4(d,β)≥ n3 such that, for n≥ n4 we have that

∥x− xj∥ ≤ ∥x− xj′∥ ≤ 2
( k logn

nVdf(xj′)

)1/d
≤ 3
( k logn

nVdf(xj)

)1/d
.

So, for n≥ n4, we have that (i) holds on Ω0.
Now, by Lemma S5, there exists n5 = n5(d,β) ≥ n4 such that, for n ≥ n5 we have that

n
khzj ,f

(
16( k logn

nVdf(zj)
)1/d

)
≤ 21+4d logn for all j ∈ {1, . . . ,N}, and hence, by Bennett’s in-

equality, that the event

Ω1 :=

N⋂
j=1

{
P
{
Bzj

(
16
( k logn

nVdf(zj)

)1/d)}
≤ 22+4d logn

}
satisfies

P(Ωc
1)≤N exp

(
−(22+4d logn− 21+4d logn)2

23+4d logn

)
≤ n

k
exp(−24d−1 logn)≤ 1

k
.

Now, on Ω0, if dist(Cj ,Cj′)≤ 4
(

k
nVdf(xj)

)1/d then we must have

∥xj − xj′∥ ≤ 4
( k

nVdf(xj)

)1/d
+ 3
( k logn

nVdf(xj)

)1/d
+ 3
( k logn

nVdf(xj′)

)1/d
.(S46)

Using Lemma S4, there exists n6 = n6(d,β)≥ n5 such that ∥xj−xj′∥ ≤ 6h−1
xj ,f

(k logn/n)+

6h−1
xj′ ,f

(k logn/n) for n ≥ n6 and hence, by a very similar argument to that leading up

to (S45), we have that |f(xj′)/f(xj)− 1| ≤ 2 log−(1∧β)/(2d) n for n≥ n6. Thus, writing z∗j
for an element of our covering set with ∥xj−z∗j ∥< r(xj , z

∗
j ), there exists n7 = n7(d,β)≥ n6

such that, on Ω0 ∩Ω1, for all n≥ n7 we have that∣∣∣{j′ ∈ Vn : dist(Cj ,Cj′)≤ 4
( k

nVdf(xj)

)1/d}∣∣∣
≤
∣∣∣{j′ ∈ Vn : ∥xj − xj′∥ ≤ 8

( k logn

nVdf(xj)

)1/d}∣∣∣
≤
∣∣∣{j′ ∈ Vn : ∥z∗j − xj′∥ ≤ 16

( k logn

nVdf(xj)

)1/d}∣∣∣
≤ 22+4d logn

for all j ∈ Vn. This establishes that, for n ≥ n7, with probability at least 1 − 2/k we have
that both (i) and (ii) hold. Thus, since k ≥ 3, there is a positive probability of both (i) and (ii)
holding simultaneously and we can deduce the existence of the required partition.

PROOF OF THEOREM 3. We start by linearising our unweighted estimator. Consider

Em,n :=
1

m

m∑
i=1

{
ϕ
(
f̂(kX),i, ĝ(kY ),i

)
− ϕ
(
f̂(kX),i, g(Xi)

)
− ϕ
(
f(Xi), ĝ(kY ),i

)
+ ϕXi

}

=
1

m

m∑
i=1

ϕ∗
(
f̂(kX),i, ĝ(kY ),i

)
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with ϕ∗(u, v) := ϕ(u, v) − ϕ
(
u, g(x)

)
− ϕ

(
f(x), v

)
+ ϕ

(
f(x), g(x)

)
. This is of the same

form as the estimators we have already considered, and we have ϕ∗(f(x), g(x)) ≡
ϕ∗10(f(x), g(x))≡ ϕ∗01(f(x), g(x))≡ 0. Therefore, by very similar arguments to those used
in the proof of Proposition 11, we have that Var(Em,n) = o(1/m+ 1/n). Further, we have
that

E
[
Var

(
1

m

m∑
i=1

{
ϕ
(
f(Xi), ĝ(kY ),i

)
− ϕXi

} ∣∣∣∣ Y1, . . . , Yn)]
=

1

m
E
[
Var
(
ϕ
(
f(X1), ĝ(kY ),1

)
− ϕX1

∣∣∣ Y1, . . . , Yn)]
≤ 1

m
E
[{
ϕ
(
f(X1), ĝ(kY ),1

)
− ϕX1

}2]
= o(1/m).

Recalling the definitions of T (1)
m and T (2)

n in (12), we therefore have that

Var(T̂m,n − T (1)
m − T (2)

n )≤ 2Var

(
T (2)
n − 1

m

m∑
i=1

{
ϕ
(
f(Xi), ĝ(kY ),i

)
−ϕXi

})
+ 2Var(Em,n)

= 2Var

(
E
{
T (2)
n − 1

m

m∑
i=1

{
ϕ
(
f(Xi), ĝ(kY ),i

)
− ϕXi

} ∣∣∣∣ Y1, . . . , Yn})+ o(1/m+ 1/n)

= o(1/m+ 1/n).

It now follows immediately from Proposition 4 that Var(T̂m,n−T
(1),p
m −T

(2),p
n ) = o(1/m+

1/n). Noting that T (1),p
m depends only on M,X1, . . . ,Xm and T

(2),p
n depends only on

N,Y1, . . . , Yn (so they are independent), we now proceed to establish the asymptotic nor-
mality of these two random variables separately, and then the result will follow.

We start with T (1),p
m , and adopt the notation of Proposition 4. Define the events Ai,m :=

{hXi,f (ρ(k),i,M ) ∈ Im,X} for i= 1, . . . ,M , similarly to in (S72), and define

Xm,f :=

{
x : f(x)Mβ(x)

−d ≥ kX log2m

m

}
.

By separately considering the event that |M/m−1| ≤ 1/kX and its complement we may use
similar arguments to those in Proposition 4 and Lemma S9 to see that P(Ac

1,m) = o(m−4),
and moreover that

E
[
1Ac

1,m
ϕgX1

(
M

m
f̂(kX),1,M

)2]
= o(m−4).

Further,

E
[{

1

m

M∑
i=1

1Ai,m
1{Xi ̸∈Xm,f}ϕ

g
Xi

(
M

m
f̂(kX),i,M

)}2]

=
1

m2
E
[
M(M − 1)1A1,m∩A2,m

1{X1,X2 ̸∈Xm,f}ϕ
g
X1

(
M

m
f̂(kX),1,M

)
ϕgX2

(
M

m
f̂(kX),2,M

)]
+

1

m2

[
M1A1,m

1{X1 ̸∈Xm,f}ϕ
g
X1

(
M

m
f̂(kX),1,M

)]
= o(1/m).

Writing

T̃ (1),p
m :=

1

m

M∑
i=1

1Ai,m
1{Xi∈Xm,f}

{
ϕgXi

(
M

m
f̂(kX),i,M

)
−
∫
X
f(x){ϕx + (fϕ10)x}dx

}
,
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we may now see that Var(T (1),p
m − T̃

(1),p
m ) = o(1/m). Letting {Cj : j ∈ 1, . . . , Vm} denote a

partition of Xm,f as in the statement of Proposition S2, and writing X (j)
m,f := Cj ∩Xm,f , for

j = 1, . . . , Vm define

Wj :=
1

m

M∑
i=1

1Ai,m
1{Xi∈X (j)

m,f}

{
ϕgXi

(
M

m
f̂(kX),i,M

)
−
∫
X
f(x){ϕx + (fϕ10)x}dx

}
so that T̃ (1),p

m =
∑Vm

j=1Wj . For j, j′ = 1, . . . , Vm, write j ∼ j′ if Wj and Wj′ are dependent.
Because we are working on the events Ai,m, the random variable Wj is only a function of
those Xi that lie within distance supx∈X (j)

m,f
h−1
x,f (a

+
m,X) of the set Cj . Hence, by the indepen-

dence properties of Poisson processes, we can only have j ∼ j′ if

dist(Cj ,Cj′)≤ sup
x∈X (j)

m,f

h−1
x,f (a

+
m,X) + sup

x′∈X (j′)
m,f

h−1
x′,f (a

+
m,X).

Hence, by Lemma S5 and property (i) of the partition and arguing as after (S46), there exists
m0 =m0(d,ϑ) such that for m≥m0, we can only have j ∼ j′ if

dist(Cj ,Cj′)≤ sup
x∈X (j)

m,f

(
3kX

2mVdf(x)

)1/d

+ sup
x′∈X (j′)

m,f

(
3kX

2mVdf(x′)

)1/d

≤ 4

(
kX

mVdf(xj)

)1/d

,

where {xj : j = 1, . . . , Vm} are the points associated to our partition given in Proposition S2.
By property (ii) of our partition, then, for each j = 1, . . . , Vm, we have |{j′ : j′ ∼ j}| ≤
22+4d logm. For j = 1, . . . , Vm and p ∈N, we write L(p)

j for the number of connected subsets
of {1, . . . , Vm} (with edge relations defined by ∼) of cardinality at most p containing j. Then

L
(p)
j ≤ 2(p−1)(2+4d) logp−1m

for p= 3,4. Now, by Lemma S5 and property (i) of our partition, for any j = 1, . . . , Vm we
have

(S47) sup
x∈Cj

max

{∣∣∣∣ f(x)f(xj)
− 1

∣∣∣∣, ∣∣∣∣ g(x)g(xj)
− 1

∣∣∣∣}≤ 2× 31∧β

(Vd log
3/4m)(1∧β)/d

.

Moreover, by very similar methods to those used in the proof of Proposition 11, we may see
that

(S48) Var(T̃ (1),p
m ) = Var(T (1)

m ) + o(1/m) =
v1
m

+ o(1/m).

Hence, using (S47), (S48) and the facts that v1 ≥ 1/C and pm,f,(j) := P(X1 ∈ X (j)
m,f ) ≲

9(kX/m) logm, we have that for p= 3,4,

1

Varp/2
(
T̃
(1)
m

) Vm∑
j=1

L
(p)
j E{|Wj −EWj |p}

≲m−p/2 logp−1m

Vm∑
j=1

E
{[ m∑

i=1

1AX
i
1{Xi∈X (j)

m,f}

{∣∣∣∣ϕgXi

(
M

m
f̂(kX),i,M

)∣∣∣∣+ 1

}]p}

≲m−p/2 logp−1m

Vm∑
j=1

f(xj)
pκ1g(xj)

pκ2
{
mpppm,f,(j) +mpm,f,(j)

}
≲
kp−1
X log2p−2m

mp/2−1

∫
X
f(x)1+pκ1g(x)pκ2 dx→ 0.
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It now follows from Theorem 1 of Baldi and Rinott (1989) that

dK

(
L
(m1/2{T̃ (1)

m −ET̃ (1)
m }

v
1/2
1

)
,N(0,1)

)
→ 0.

We now take a similar approach to establish the asymptotic normality of T̃ (2)
n . Letting

{Cj : j = 1, . . . , Vn} denote a partition of Xn,g as in the statement of Proposition S2, we
may write ρ(kY ),Y (x) := ∥Y(kY )(x)−x∥,An :=

{
x : hx,g(ρ(kY ),N (x)) ∈ In,Y

}
,X (j)

n,g :=Cj∩
Xn,g , and

Wj :=

∫
X (j)

n,g∩AY

f(x)ϕfx

( kY
nVdρ(kY ),N (x)d

)
dx− |{i : Yi ∈ X (j)

n,g}|
n

∫
X
f(x)(gϕ01)x dx.

Writing T̃ (2),p
n :=

∑Vn

j=1Wj and arguing as above, we can see that Var(T (2),p
n − T̃

(2),p
n ) =

o(1/n). By properties (i) and (ii) of our partition we again have that L(p)
j ≲ logp−1 n, as

above. Recall the definition of the conditional distribution function F (2)
n,x,y from the proof of

Proposition 11. By similar but simpler arguments to those used in Proposition 11, we have
that

Var(T̃ (2),p
n ) = Var(T (2)

n ) + o(1/n) = Var

(∫
X
f(x)ϕfx

( kY
nVdρ(kY ),n(x)d

)
dx

)
+ o(1/n)

=

∫
X
f(x)f(y)

∫
In,Y

∫
In,Y

ϕ
(
f(x), vx,t1

)
ϕ
(
f(y), vy,t2

)
×
{
dF (2)

n,x,y(t1, t2)−BkY ,n+1−kY
(t1)BkY ,n+1−kY

(t2)dt1 dt2
}
dxdy+ o(1/n)

=
v2
n

+ o(1/n).

(S49)

Now, using an analogous statement to that in (S47), using (S49) and the facts that P(Y1 ∈
X (j)
n,g)≲ (kY /n) logn and that v2 ≥ 1/C , we have for p= 3,4 that

1

Varp/2
(
T̃
(2)
n

) Vn∑
j=1

L
(p)
j E{|Wj −EWj |p}

≲
kp−1
Y log2p−2 n

np/2−1

{∫
Xn,g

f(x)p+pκ1g(x)−(p−1)+pκ2 dx+ 1

}
→ 0.

By Theorem 1 of Baldi and Rinott (1989) we now have that

dK

(
L
(n1/2{T̃ (2)

n −ET̃ (2)
n }

v
1/2
2

)
,N(0,1)

)
→ 0.

For our weighted estimator T̂m,n, we can define weighted analogues T̂ (1)
m and T̂ (2)

n of T̃ (1)
m

and T̃ (2)
n and deduce that

(S50) T̂m,n −E(T̂m,n) = T̂ (1)
m,n −E(T̂ (1)

m,n) + T̂ (2)
m,n −E(T̂ (2)

m,n) + op(m
−1/2 + n−1/2),

where

dK

(
L
(m1/2{T̂ (1)

m −ET̂ (1)
m }

v
1/2
1

)
,N(0,1)

)
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+ dK

(
L
(n1/2{T̂ (2)

n −ET̂ (2)
n }

v
1/2
2

)
,N(0,1)

)
= o(1).(S51)

If W,X,Y,Z are independent random variables it can be seen by simple conditioning
arguments that

(S52) dK
(
L(W +X),L(Y +Z)

)
≤ dK

(
L(W ),L(Y )

)
+ dK

(
L(X),L(Z)

)
.

Thus, by (S50), (S51), (S52) and Corollary 7, we may write

Ẑm,n :=
T̂m,n − T

{v1/m+ v2/n}1/2
= Z∗

m,n +Wm,n,

where dK
(
L(Z∗

m,n),N(0,1)
)
→ 0 and Wm,n = op(1). Thus, for any ϵ > 0,

dK
(
Ẑm,n,N(0,1)

)
≤ sup

x∈R

∣∣P(Ẑm,n ≤ x, |Wm,n| ≤ ϵ
)
−Φ(x)

∣∣+ P(|Wm,n|> ϵ)

≤ sup
x∈R

max
{
P(Z∗

m,n ≤ x+ ϵ)−Φ(x),Φ(x)− P(Z∗
m,n ≤ x− ϵ)

}
+ 2P(|Wm,n|> ϵ)

≤ dK
(
Z∗
m,n,N(0,1)

)
+

ϵ

(2π)1/2
+ 2P(|Wm,n|> ϵ),

so the result follows.

PROOF OF THEOREM 5. The main task is to establish the consistency of V̂ (1)
m,n and V̂ (2)

m,n.
For the first of these, we start by noting that

E
[{
ϕX1

+ (fϕ10)X1

}4]≤ 16L4C8L+4(|κ1|+|κ2|)
∫
X
f(x)1+4κ1g(x)4κ2 dx

≤ 16L4C1+8L+4(|κ1|+|κ2|).(S53)

Using this and Lemmas S3(i), S6 and S7, and writing ϕ̃(u, v) := {ϕ(u, v)+uϕ10(u, v)}2 and
bm,n := logm∧ logn, we have that∣∣∣∣EV̂ (1),1

m,n −
∫
X
f(x){ϕx + (fϕ10)x}2 dx

∣∣∣∣
=

∣∣∣∣∫
X
f(x)

∫ 1

0

∫ 1

0

[
min

{
ϕ̃(ux,s, vx,t), bm,n

}
−min

{
ϕ̃x, bm,n

}]
×BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx

∣∣∣∣+O

(
1

logm∧ logn

)
≤
∫
Xm,n

f(x)

∫
Im,X

∫
In,Y

∣∣ϕ̃(ux,s, vx,t)−ϕ̃x∣∣BkX ,m−kX
(s)BkY ,n+1−kY

(t)dsdtdx

+O

(
bm,nmax

{(kX logm

m

)λ1

,
(kY logn

n

)λ2

,
1

m4
,
1

n4
,

1

b2m,n

})

≲
∫
Xm,n

f(x)1+2κ1g(x)2κ2

{
log

1

2 m

k
1/2
X

+
log

1

2 n

k
1/2
Y

+
(kXMβ(x)

d

mf(x)

) 2∧β

d

+
(kYMβ(x)

d

ng(x)

) 2∧β

d

}
dx

+O

(
bm,nmax

{(kX logm

m

)λ1

,
(kY logn

n

)λ2

,
1

m4
,
1

n4
,

1

b2m,n

})
= o(1).
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Now, for i= 1, . . . ,m, write ξi := min{ϕ̃(f̂(kX),i, ĝ(kY ),i), bm,n}, ξ∗i := min{ϕ̃Xi
, bm,n} and

X̃m,n :=

{
x :

f(x)

Mβ(x)d
≥
k
1/2
X

m1/2
,
g(x)

Mβ(x)d
≥
k
1/2
Y

n1/2

}
.

We now have that

E{(ξ1 − ξ∗1)
2} ≤ E

{
1AX

1 ∩AY
1
1{X1∈X̃m,n}(ξ1 − ξ∗1)

2
}

+O

(
b2m,nmax

{
1

m4
,
1

n4
,
(kX
m

)λ1/2
,
(kY
n

)λ2/2
})

≲
∫
Xm,n

f(x)1+2κ1g(x)2κ2

{
logm

kX
+
logn

kY
+
(kXMβ(x)

d

mf(x)

) 2(2∧β)

d

+
(kYMβ(x)

d

ng(x)

) 2(2∧β)

d

}
dx

+O

(
b2m,nmax

{
1

m4
,
1

n4
,
(kX
m

)λ1/2
,
(kY
n

)λ2/2
})

=O

(
b2m,nmax

{
logm

kX
,
logn

kY
,
(kX
m

) 2∧β

d

,
(kY
n

) 2∧β

d

,
(kX
m

)λ1
2

,
(kY
n

)λ2
2

})
.

It therefore follows by Cauchy–Schwarz that

Var(V̂ (1),1
m,n ) =

1

m
Var(ξ1) + 2

(
1− 1

m

)
Cov(ξ1 − ξ∗1 , ξ

∗
2) +

(
1− 1

m

)
Cov(ξ1 − ξ∗1 , ξ2 − ξ∗2)

≤
b2m,n

m
+ 2bm,n[E{(ξ1 − ξ∗1)

2}]1/2 +E
{
(ξ1 − ξ∗1)

2
}
= o(1)

By very similar arguments to those employed in the proof of Proposition S1 we have that
E(V̂ (1),2

m,n )−
∫
X f(x){ϕx+(fϕ10)x}dx= o(1). By Proposition 11 we have that Var(T̃m,n) =

o(1). Since ζ < 1/2, the summands in V̂ (1),2
m,n − T̃m,n are square integrable and, writing ξi :=

f̂(kX),iϕ10
(
f̂(kX),i, ĝ(kY ),i

)
and ξ∗i := (fϕ10)Xi

, we have by Cauchy–Schwarz again that

Var

(
1

m

m∑
i=1

ξi

)
≤ 1

m
Var(ξ1) + 2Var1/2(ξ2)Var

1/2(ξ1 − ξ∗1) +Var(ξ1 − ξ∗1) = o(1).

Combining our bounds on expectations and variances we have now established that, for any
ϵ > 0,

(S54) sup
ϕ∈Φ(ξ)

sup
(f,g)∈F̃d,ϑ

max
kX∈{kL

X ,...,kU
X}

kY ∈{kL
Y ,...,kU

Y }

P(|V̂ (1)
m,n − v1| ≥ ϵ)→ 0.

Now, we have by Cauchy–Schwarz and Lemma S7 that

sup
(f,g)∈F̃d,ϑ

∫
X
f(x){f(x)1+2κ1g(x)−1+2κ2}3/2 dx

≤ sup
(f,g)∈F̃d,ϑ

{∫
X
g(x)1+4(κ2−1)f(x)4(1+κ1) dx

}1/2{∫
X
f(x)1+2κ1g(x)2κ2 dx

}1/2

<∞.

Hence, by analogous calculations to those carried out earlier in this proof, we have for any
ϵ > 0 that

(S55) sup
ϕ∈Φ(ξ)

sup
(f,g)∈F̃d,ϑ

max
kX∈{kL

X ,...,kU
X}

kY ∈{kL
Y ,...,kU

Y }

P(|V̂ (2)
m,n − v2| ≥ ϵ)→ 0.
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To conclude the proof, given ϵ > 0, we will consider the event Bϵ :=
{
max

(
|V̂ (1)

m,n/v1 −
1|, |V̂ (2)

m,n/v2 − 1|
)
≤ ϵ
}

, and define the shorthand

Ẑ :=
T̂m,n − T

{V̂ (1)
m,n/m+ V̂

(2)
m,n/n}1/2

and Z∗ :=
T̂m,n − T

{v1/m+ v2/n}1/2
.

For all ϵ ∈ (0,1/2) we have that

dK
(
L(Ẑ),N(0,1)

)
≤ sup

z∈R

∣∣P(Ẑ ≤ z)− P(Z∗ ≤ z)
∣∣+ dK

(
L(Z∗),N(0,1)

)
≤ sup

z∈R

{∣∣P(Z∗ ≤ (1 + ϵ)z)− P(Z∗ ≤ z)
∣∣∨ ∣∣P(Z∗ ≤ z)− P(Z∗ ≤ (1− ϵ)z)

∣∣}
+ dK

(
L(Z∗),N(0,1)

)
+ 2P(Bc

ϵ )

= sup
z∈R

∣∣P(Z∗ ≤ (1 + ϵ)z)−P(Z∗ ≤ (1− ϵ)z)
∣∣+ dK

(
L(Z∗),N(0,1)

)
+2P(Bc

ϵ )

≤ 2ϵ sup
z∈R

|z|e−z2/8

(2π)1/2
+ 3dK

(
L(Z∗),N(0,1)

)
+ 2P(Bc

ϵ ).(S56)

The first conclusion of Theorem 5 now follows from (S54), (S55) and (S56). The second
conclusion is an immediate consequence of the first.

S1.6. Proof of Proposition 12.

PROOF OF PROPOSITION 12. Since f vanishes at infinity, there exists x0 > 0 such that
h(x)≥ 0 for all x≤ x0 and h(x)≤ 0 for all x≥ x0. Further, as x→∞, we have by Kara-
mata’s theorem (Bingham, Goldie and Teugels, 1989, Proposition 1.5.10) that

h(x)∼−P ′(x)

∫ x

0
e(1−κ)P (y) dy =−P

′(x)

1− κ

∫ e(1−κ)P (x)

e(1−κ)P (0)

1

P ′
(
P−1

( logu
1−κ

)) du
∼−P

′(x)

1− κ

e(1−κ)P (x)

P ′(x)
=−f(x)

−(1−κ)

1− κ
.(S57)

In particular, since h is continuous, we can now see that supx≥0 h(x) < ∞ and
infx≥0 f(x)h(x) > −∞. Hence, for t ≥ 0 sufficiently small, the function ft : [0,∞) → R
defined by

ft(x) := {1− th(x)}f(x),

is bounded and takes values in [0,∞). Moreover, by Fubini’s theorem,∫ ∞

0
f(x)h(x)dx=

∫ ∞

0
f ′(x)

∫ x

0

{
ψ
(
f(y)

)
−H(f)

}
dy dx

=−
∫ ∞

0
f(y)

{
ψ
(
f(y)

)
−H(f)

}
dy = 0,

so there exists t0 > 0, depending only on κ and f , such that ft is a density function for
t ∈ [0, t0].

Observe that the function h defined in (22) solves the differential equation

(S58)
d

dx

(
h(x)

f(x)

f ′(x)

)
= ψ

(
f(x)

)
−H(f) =: g(x).
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We now derive, for t ∈ [0, t0], the density function of the non-negative random variable
ft(X1) when X1 has density function ft on [0,∞). As x→ 0, we have that

f ′t(x) = f ′(x)− tf ′′(x)

∫ x

0
g(y)dy− tf ′(x)g(x)∼ f ′(x)− txg(0)f ′′(x)− tf ′(x)g(0)

= f ′(x)

[
1− tg(0)

x{P ′′(x)− P ′(x)2}+ P ′(x)

P ′(x)

]
.(S59)

We can also see that as x→∞ we have

f ′′(x)

∫ x

0
g(y)dy+ f ′(x)g(x)∼ f ′′(x)f(x)−(1−κ)

(1− κ)P ′(x)
+ f ′(x)f(x)−(1−κ)

= f(x)κ
{
P ′(x)2 − P ′′(x)

(1− κ)P ′(x)
− P ′(x)

}
∼ f(x)κ

κ

1− κ
P ′(x),(S60)

using the fact that P ′′(x)≪ P ′(x)2 as x→∞ for strictly increasing polynomials P . Finally,
we note that supx∈[a,b] f ′(x) < 0 for every 0 < a < b <∞. This, together with (S59) and
(S60), means that by reducing t0 = t0(κ, f)> 0 if necessary, we may assume that ft is strictly
decreasing on [0,∞) for t ∈ [0, t0]. Thus, for t ∈ [0, t0], we can define the inverse function
f−1
t , and since ft(0) = f(0), see that when X1 ∼ ft, the density of ft(X1) at z ∈ (0, f(0)) is

given by

lim
δ→0

1

δ

∫ ∞

0
ft(x)

(
1{ft(x)≤z+δ} − 1{ft(x)≤z}

)
dx=

z

−f ′t(f
−1
t (z))

=: pt(z).

Our goal now is to show that the family {pt : t ∈ [0, t0]} is differentiable in quadratic
mean at t = 0, with score function g ◦ f−1. For a fixed z ∈ (0, f(0)), let x = f−1(z) and
xt = f−1

t (z). Then we have

0 = ft(xt)− f(x) = f(xt)− f(x)− tf(xt)h(xt) = (xt − x)f ′(x)− tzh(x) + o(t)

as t↘ 0, and hence ∂xt/∂t|t=0 = zh(x)/f ′(x). It now follows from (S58) that

∂

∂t

∣∣∣
t=0

pt(z) =
∂

∂t

∣∣∣
t=0

(
z

−f ′t(xt)

)
= z

∂
∂t |t=0f

′
t(xt)

f ′(x)2

=− z

f ′(x)

{
h(x) +

h′(x)f(x)

f ′(x)
− h(x)f ′′(x)f(x)

f ′(x)2

}
= p0(z)g(x)

= p0(z){ψ(z)−H(f)}.

To prove differentiability in quadratic mean at t= 0 with score function g ◦ f−1, i.e. that

(S61)
∫ f(0)

0

[
pt(z)

1/2 − p0(z)
1/2

t
− 1

2
{ψ(z)−H(f)}p0(z)1/2

]2
dz→ 0

as t↘ 0, it now suffices by the dominated convergence theorem to show that t−2{pt(z)1/2−
p0(z)

1/2}2 can be bounded by an integrable function of z for t ∈ [0, t0]. Define bt := (3t/(1−
κ))1/(1−κ) and at := f−1(bt). Now, by (S57), (S59) and (S60), it follows that there exists
C ′ =C ′(κ, f)> 0 such that for all x≤ at and t ∈ [0, t0], we have

max

{∣∣∣∣ft(x)f(x)
− 1

∣∣∣∣, ∣∣∣∣f ′t(x)f ′(x)
− 1

∣∣∣∣}≤ tmax

{
C ′,

3f(x)−(1−κ)

2(1− κ)

}
≤ 1

2
.

Write ϵt,z := tmax{C ′, 3z
−(1−κ)

2κ(1−κ) } so that for z > 2bt we have ϵt,z ≤ 1/2 and

ft

(
f−1

(
z

1 + ϵt,z

))
≤ z

1 + ϵt,z

[
1 + tmax

{
C ′,

3(z/(1 + ϵt,z))
−(1−κ)

2(1− κ)

}]
≤ z.
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We can similarly establish that ft
(
f−1(z/(1 − ϵt,z))

)
≥ z. Now, there exists x0 ∈ (0,∞),

depending only on f , such that f ′′(x) = {P ′(x)2 − P ′′(x)}f(x)≥ 0 for all x≥ x0. We can
therefore see that, by the convexity of P , for z > 2bt sufficiently small we have

|f−1
t (z)− f−1(z)| ≤ f−1

(
z

1 + ϵt,z

)
− f−1

(
z

1− ϵt,z

)

= P−1

(
log

1 + ϵt,z
z

)
− P−1

(
log

1− ϵt,z
z

)
≤

log 1+ϵt,z
z − log 1−ϵt,z

z

P ′
(
P−1(log 1−ϵt,z

z )
)

=

z
1−ϵt,z

log 1+ϵt,z
1−ϵt,z

−f ′
(
f−1(z/(1− ϵt,z))

) ≤ z
1−ϵt,z

log 1+ϵt,z
1−ϵt,z

−f ′(f−1(z))
≲κ,f

tzκ

−f ′(f−1(z))

=
tz−(1−κ)f−1(z)

f−1(z)P ′(f−1(z))
,(S62)

and f−1(z)P ′(f−1(z)
)
→∞ as z↘ 0. The derivative P ′(x) is bounded away from zero for

x bounded away from zero, so for z bounded away from f(0) and 0, we can also see that
|f−1

t (z)/f−1(z)− 1|≲κ,f t. As x→ 0,

ft(x)

f(x)
= 1+ tP ′(x)

∫ x

0
g(y)dt= 1− txP ′(x)|g(0)|{1 + oκ,f (1)},

uniformly for t ∈ [0, t0]. Thus, similarly to in (S62) and by a Taylor expansion, we can see
that for z close to f(0) we have that

|f−1
t (z)− f−1(z)|≲κ,f

tf−1(z)P ′(f−1(z))

−f ′(f−1(z))
=
tf−1(z)

z
≲κ,f tf

−1(z).

Hence, combining this fact with (S62), uniformly over all z ∈
(
2bt, f(0)

)
, we now have that∣∣∣∣f ′(xt)f ′(x)

− 1

∣∣∣∣= ∣∣∣∣P ′(xt)

P ′(x)

1

1− th(xt)
− 1

∣∣∣∣≲κ,f

∣∣∣∣xtx − 1

∣∣∣∣+ tz−(1−κ) ≲κ,f tz
−(1−κ).

We deduce that there exists c = c(κ, f) ∈ (0, 1−κ
3×21−κ ) such that for t ∈ [0, t0], when

tz−(1−κ) ≤ c we have z > 2bt and

(S63)
∣∣∣∣ pt(z)p0(z)

− 1

∣∣∣∣≤ ∣∣∣∣f ′(f−1(z))

f ′(f−1
t (z))

f ′(f−1
t (z))

f ′t(f
−1
t (z))

− 1

∣∣∣∣≤ tz−(1−κ)

2c
≤ 1

2
.

Now, after reducing t0 = t0(κ, f) > 0 if necessary, for t ∈ [0, t0] and tf(x)−(1−κ) > c, we
have by (S57) that

ft(x)≤ f(x) +
2tf(x)κ

1− κ
≤ tf(x)κ

(
1

c
+

2

1− κ

)
.

Thus, when tz−(1−κ) > c, we have xt = f−1
t (z) ≤ f−1(( z

t(1/c+2/(1−κ)))
1/κ). Moreover, for

z bounded away from f(0), we have that p0(z) = 1/P ′(f−1(z)) is bounded. Hence, when
t ∈ [0, t0] and tz−(1−κ) > c, using (S60) we can see that

pt(z) =
z

−f ′t(f
−1
t (z))

≤ z

t
{
f ′′(xt)

∫ xt

0 g(y)dy+ f ′(xt)g(xt)
} ≤ 2(1− κ)z

κtf(xt)κP ′(xt)

≤
4 + 2(1−κ)

c

κP ′(xt)
,(S64)
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so pt is also bounded uniformly for t ∈ [0, t0] and tz−(1−κ) > c. It now follows from (S63)
and (S64) that for t ∈ [0, t0],

{pt(z)1/2 − p0(z)
1/2}2

t2
≲κ,f 1{t≤cz1−κ}p0(z)z

2κ−2 + 1{t>cz1−κ}t
−2

≤ p0(z)z
2κ−2 + c−2z2κ−2.

Since κ > 1/2, we have∫ f(0)

0
z2κ−2p0(z)dz =

∫ ∞

0
f(x)2κ−1 dx <∞,

and also the second term is integrable. Finally, then, the differentiability in quadratic mean
property (S61) follows from the dominated convergence theorem.

To complete the proof of the first part of Proposition 12, it suffices to study the differentia-
bility properties of the functional H along our path {ft : t ∈ [0, t0]}. To this end, integrating
by parts and using (S57), we may see that

d

dt

∣∣∣
t=0

H(ft) =
d

dt

∣∣∣
t=0

∫ ∞

0
f(x)κ{1− th(x)}κ dx=−κ

∫ ∞

0
f(x)κh(x)dx

=−κ
∫ ∞

0
f(x)κ−1f ′(x)

∫ x

0
g(y)dy dx=−

∫ ∞

0

d

dx
{f(x)κ}

∫ x

0
g(y)dy dx

=

∫ ∞

0
f(x)κg(x)dx=

∫ ∞

0

{
f(x)−(1−κ) −H(f)

}
g(x)f(x)dx

=

∫ f(0)

0

{
z−(1−κ) −H(f)

}
g
(
f−1(z)

)
p0(z)dz.

We therefore conclude that the efficient influence function is given by z 7→
{
z−(1−κ) −

H(f)
}

, and our result now follows from van der Vaart (1998, Theorem 25.21).
We now turn to the second claim of Proposition 12. First, it is clear that ∥ft∥∞ = f(0)<

∞ for all t ∈ [0, t0]. As shown by (S57), we have that ft(x) ≲ f(x)κ uniformly for x ∈
[0,∞) and t ∈ [0, t0], and it follows that, for any α> 0, we have supt∈[0,t0]

∫∞
0 xαft(x)dx <

∞. For the smoothness condition, in the interests of brevity, we will restrict attention here
to β ∈ (0,1]; the arguments extend naturally to any β > 0. For β ∈ (0,1] we claim that
supt∈[0,t0]Mft,β(x)≲κ,f max{1/x,P ′(x)}, so that we have

sup
t∈[0,t0]

∫ ∞

0
ft(x)

{
Mf,β(x)

ft(x)

}λ

dx≲κ,f

∫ ∞

0
f(x)(1−λ)κmax{x−λ, P ′(x)λ}dx <∞

for any λ ∈ (0,1). To establish this claim, we have inft∈[0,t0] infx∈[0,1] ft(x) > 0, and so it
follows from the smoothness of f and h that for t ∈ [0, t0],

sup
x∈(0,1]

sup
y,z∈[0,2x],y ̸=z

|ft(z)− ft(y)|
|z − y|βft(x)

≲ sup
x∈(0,1]

sup
y,z∈[0,2x],y ̸=z

|f(z)− f(y)|+ t0|f(z)h(z)− f(y)h(y)|
|z − y|β

<∞.

It follows that for x ∈ (0,1] we have Mf,β(x) ≲κ,f 1/x. Writing deg(P ) for the degree of
the strictly increasing polynomial P , we have that

0< inf
x∈[1,∞)

P ′(x)

xdeg(P )−1
≤ sup

x∈[1,∞)

P ′(x)

xdeg(P )−1
<∞.



EFFICIENT FUNCTIONAL ESTIMATION 33

Now for x≥ 1 and y such that |y− x| ≤ x∧ {1/P ′(x)} we have that

|P (y)− P (x)|≲f |y− x|max(x, y)deg(P )−1 ≲f |y− x|P ′(x)≤ 1

|P ′(y)− P ′(x)|≲f |y− x|max(x, y)deg(P )∨2−2 ≲f |y− x|P ′(x).(S65)

It therefore follows that

sup
x∈[1,∞)

sup
y,z∈Bx(x∧{1/P ′(x)})

y ̸=z

|f(z)− f(y)|
f(x){P ′(x)|z − y|}β

= sup
x∈[1,∞)

sup
y,z∈Bx(x∧{1/P ′(x)})

y ̸=z

eP (x)−P (y)
∣∣eP (y)−P (z) − 1

∣∣
{P ′(x)|z − y|}β

<∞.

We conclude from (S57) both that supx∈[1,∞) f(x)
1−κP ′(x)|

∫ x
0 g(y)dy| < ∞ and that

infx∈[1,∞) ft(x)/{f(x) + tf(x)κ}> 0. Using (S65) we can now see that for x ∈ [1,∞) and
y, z ∈Bx(x∧ {1/P ′(x)}) we have for t ∈ [0, t0] that
|ft(z)− ft(y)|

ft(x)
≲κ,f

|f(z)− f(y)|
f(x)

+
|f(z)h(z)− f(y)h(y)|

f(x)κ

≲κ,f {P ′(x)|z − y|}β

+
|f ′(z)

∫ z
y g(u)du|+ |

∫ y
0 g(u)du|{f(z)|P

′(z)− P ′(y)|+ P ′(y)|f(z)− f(y)|}
f(x)κ

≲κ,f {P ′(x)|z − y|}β + |z − y||f ′(x)|/f(x) + |z − y|+ |f(z)/f(y)− 1|

≲κ,f {P ′(x)|z − y|}β.
This verifies our claim and the result therefore follows.

S1.7. Proof of Theorem 14 on the local asymptotic minimax lower bound.

PROOF OF THEOREM 14. (i) We check the conditions of, and apply, Theorem 3.11.5 of
van der Vaart and Wellner (1996), and therefore borrow some of their terminology. Define the
Hilbert space H :=R2 with inner product ⟨(t1, t2), (t′1, t′2)⟩H := t1t

′
1v1(f, g) + t2t

′
2v2(f, g).

We first claim that our sequence of experiments is asymptotically normal. That is to say, for
independent normal random variables Z1 ∼ N(0, v1) and Z2 ∼ N(0, v2), if we define the
iso-Gaussian process {∆t = t1Z1 + t2Z2 : t= (t1, t2) ∈H} we claim that

log
dPn,t

dPn,0
=∆n,t −

1

2
∥t∥2H

with ∆n,t
d→∆t for each fixed t ∈H . Since

∫
X f(x)h1(x)

2 <∞, and sinceK(0) =K ′(0) =
K ′′(0) = 1, we have by the dominated convergence theorem that∣∣∣1/c1(t1)− 1− t21

2
v1

∣∣∣
=

∣∣∣∣∫
X
f(x)

{
K(t1h1(x))− 1− t1h1(x)−

t21
2
h1(x)

2
}
dx

∣∣∣∣
≤ 1

6
sup

w∈[−1,1]
|K ′′′(w)|

∫
|t1h1(x)|≤1

f(x)|t1h1(x)|3 dx

+
{
2 sup
w∈R

|K(w)|+ 1+
1

2

}∫
|t1h1(x)|>1

f(x){t1h1(x)}2 dx= o(t21)
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as t1 → 0, with a similar calculation holding for 1/c2(t2) since
∫
gh22 <∞. Therefore, for

each fixed t= (t1, t2) ∈H we have

log
dPn,t

dPn,0
=

m∑
i=1

log
fm−1/2t1(Xi)

f(Xi)
+

n∑
j=1

log
gn−1/2t2(Yj)

g(Yj)

=

m∑
i=1

logK
( t1h1(Xi)

m1/2

)
+m log c1(m

−1/2t1) +

n∑
j=1

logK
( t2h2(Yj)

n1/2

)
+ n log c2(n

−1/2t2)

=
t1

m1/2

m∑
i=1

h1(Xi) +
t2

n1/2

n∑
j=1

h2(Yj)−
1

2
∥t∥2H + op(1)

d→∆t −
1

2
∥t∥2H ,

as claimed.
We will now show that the sequence of parameters defined by κn(t) :=

T (fm−1/2t1 , gn−1/2t2) is regular, in that there exists a continuous linear map κ̇ :H →R and a
sequence (rn) of real numbers such that

rn{κn(t)− κn(0)}→ κ̇(t)

for each t ∈H . Indeed, for any fixed t= (t1, t2) ∈H we have

κn(t)− κn(0) =

∫
X

{
fm−1/2t1(x)ϕ

(
fm−1/2t1(x), gn−1/2t2(x)

)
− f(x)ϕx

}
dx

=

∫
X
f(x)

{
K
( t1h1(x)
m1/2

)
ϕ

(
K
( t1h1(x)
m1/2

)
f(x),K

( t2h2(x)
n1/2

)
g(x)

)
− ϕx

}
dx

+ o(m−1/2 + n−1/2)

=

∫
X
f(x)

[
t1h1(x)

m1/2

{
ϕx + (fϕ10)x

}
+
t2h2(x)

n1/2
(gϕ01)x

]
dx+ o(m−1/2 + n−1/2)

=
t1v1

m1/2
+
t2v2

n1/2
+ o(m−1/2 + n−1/2).

We may therefore take

rn = (v1/m+ v2/n)
−1/2 and κ̇(t1, t2) =

t1v1 +A1/2t2v2

(v1 +Av2)1/2

to conclude that our sequence of parameters κn is regular.
The adjoint κ̇∗ :R→H of κ̇ is given by

κ̇∗(b∗) =
( b∗

(v1 +Av2)1/2
,

A1/2b∗

(v1 +Av2)1/2

)
as this satisfies ⟨κ̇∗(b∗), t⟩H = b∗κ̇(t) for all b∗ ∈R and t ∈H . Since ∥κ̇∗(b∗)∥2H = (b∗)2 for
all b∗ ∈ R, we may therefore take G ∼N(0,1) and apply Theorem 3.11.5 of van der Vaart
and Wellner (1996) to deduce that for any estimator sequence Tm,n,

sup
I∈I

lim inf
n→∞

max
t∈I

EPn,t

{
(Tm,n − T )2

v1/m+ v2/n

}
≥ E(G2) = 1.

This concludes the proof of (i).
(ii) Since k : R → [1/2,3/2] we have that f(x)/3 ≤ ft(x) ≤ 3f(x) and g(x)/3 ≤

gt(x) ≤ 3g(x) for all t ∈ R and x ∈ Rd and, to establish the result, it remains to show that
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max{Mft,β̃
(x),Mgt,β̃

(x)} ≲Mβ(x) for t ≤ 1, say. For ease of presentation, we first prove
this in the case β ∈ (0,1]. When x ∈ X and y, z ∈Bx

(
1/Mβ(x)

)
, we have that

|ft(z)− ft(y)|
ft(x)

=
|K(th1(z))f(z)−K(th1(y))f(y)|

K(th1(x))f(x)

≤ 3

f(x)
|f(z)− f(y)|+ 2f(y)

f(x)
|K(th1(z))−K(th1(y))|

≤ 3{Mβ(x)∥z − y∥}β + 4|K(th1(z))−K(th1(y))|.(S66)

Additionally,

|h1(z)− h1(y)| ≤ |ϕz − ϕy|+ f(z)|(ϕ10)z − (ϕ10)y|+ |(ϕ10)y||f(z)− f(y)|

≤ L
(
1∨ |ϕy + (fϕ10)y|

)(
1 +

f(z)

f(y)

){
3
∣∣∣f(z)
f(y)

− 1
∣∣∣(β∗−1)∧1

+
∣∣∣g(z)
g(y)

− 1
∣∣∣β∗∧1

}
≲ (1 + |h1(y)|){Mβ(x)∥z − y∥}β̃.(S67)

In particular, there exists c = c(d,ϑ, ξ) such that, whenever ∥z − y∥Mβ(x) ≤ c, we have
|h1(z)− h1(y)| ≤max(1, |h1(y)| ∧ |h1(z)|)/2. Writing Lt,y,z for the line segment between
th1(y) and th1(z), and using the fact that supw∈R(1 + |w|)|K ′(w)|<∞, we now have for
z, y such that ∥z − y∥Mβ(x)≤ c that

|K(th1(z))−K(th1(y))| ≤ t|h1(z)− h1(y)| sup
w∈Lt,y,z

|K ′(w)|

≲
(1 + t|h1(y)| ∧ |h1(z)|)

1 + infw∈Lt,y,z
|w|

{Mβ(x)∥z − y∥}β̃ ≲ {Mβ(x)∥z − y∥}β̃.(S68)

From (S66), (S67) and (S68), we deduce that Mft,β̃
(x) ≲Mβ(x). Moreover, when y, z ∈

Bx

(
1/Mβ(x)

)
, we have that

|h2(z)− h2(y)| ≤ f(z)|(ϕ01)z − (ϕ01)y|+ |(ϕ01)y||f(z)− f(y)|

≤ f(z)

f(y)

(
1∨ f(y)|(ϕ01)y|

){∣∣∣f(z)
f(y)

− 1
∣∣∣β∗∧1

+
∣∣∣g(z)
g(y)

− 1
∣∣∣(β∗−1)∧1

}
+ |(ϕ01)y||f(z)− f(y)|

≲ (1 + |h2(y)|){Mβ(x)∥z − y∥}β̃.

It now follows by very similar arguments to those in (S68) that Mgt,β̃
(x)≲Mβ(x).

We now extend these arguments to cover the β > 1 case. For a multi-index α ∈ Nd
0 with

|α| ≤ β̃ := ⌈β̃⌉ − 1, we have that ∂α{K(th1(x))} can be written as a finite sum of terms of
the form

(S69) tr(∂α
(1)

h1) . . . (∂
α(r)

h1)(x)K
(r)
(
th1(x)

)
where r ∈ N0 satisfies r ≤ |α|, and the multi-indices α(1), . . . ,α(r) ∈ Nd

0 satisfy |α(1)| +
. . . + |α(r)| = |α|. Moreover, for any j = 1, . . . , r, we have that ∂α

(j)

h1 is a finite sum of
terms of the form

(S70) (∂β
(1)

f) . . . (∂β
(ℓ1)

f)(∂γ
(1)

g) . . . (∂γ
(ℓ2)

g)(x)ϕℓ1ℓ2(f(x), g(x)),

where ℓ1, ℓ2 ∈ N0 satisfy ℓ1 + ℓ2 ≤ |α(j)| + 1, and where moreover the multi-indices
β(1), . . . ,β(ℓ1),γ(1), . . . ,γ(ℓ2) ∈ Nd

0 satisfy |β(1)| + . . . + |β(ℓ1)| + |γ(1)| + . . . + |γ(ℓ2)| =
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|α(j)|. Using the fact that supw∈R(1+ |w|r)|K(r)(w)|<∞ for any r ∈N and assumption (i)
in the definition of Φ̃, we therefore have the bounds

|∂α(j)

h1(x)|≲Mβ(x)
|α(j)|(1 + |h1(x)|) and |∂α{K(th1(x))}|≲Mβ(x)

|α|.

It follows that, for any multi-index α with |α| ≤ β̃ we have that∣∣∣∂αft(x)
ft(x)

∣∣∣≲Mβ(x)
|α|.

Since, for any multi-index α with |α| ≤ β̃, we have that ∂αh2 is a finite sum of terms of the
form

(∂β
(1)

f) . . . (∂β
(ℓ1+1)

f)(∂γ
(1)

g) . . . (∂γ
(ℓ2−1)

g)(x)ϕℓ1ℓ2(f(x), g(x)),

we deduce by similar arguments that |∂αgt(x)|≲ gt(x)Mβ(x)
|α| for any multi-index α with

|α| ≤ β̃. Now we have for any ℓ1, ℓ2 ∈ N0 with ℓ1 + ℓ2 ≤ β∗ − 1 and y, z ∈ Bx

(
1/Mβ(x)

)
that

|ϕℓ1ℓ2(f(z), g(z))− ϕℓ1ℓ2(f(y), g(y))|

≲ f(y)−ℓ1g(y)−ℓ2(1∨ |h1(y)|)
{∣∣∣f(z)
f(y)

− 1
∣∣∣(β∗−ℓ1)∧1

+
∣∣∣g(z)
g(y)

− 1
∣∣∣(β∗−ℓ2)∧1

}
≲ f(y)−ℓ1g(y)−ℓ2(1∨ |h1(y)|){Mβ(x)∥z − y∥}min{1,β∗−ℓ1,β∗−ℓ2}.

It follows from this, together with the representation (S70) and Lemma S5 that, for any multi-
index α with |α| ≤ β̃, we have that

|∂αh1(z)− ∂αh1(y)|≲Mβ(x)
|α|(1∨ |h1(y)|){Mβ(x)∥z − y∥}min{1,β−β̃,β∗−1−β̃}}

≲Mβ(x)
|α|(1∨ |h1(y)|){Mβ(x)∥z − y∥}β̃−β̃.

By a similar argument to (S68), and using (S69) and the fact that supw∈R(1 +

|w|r)|K(r)(w)|<∞ for any r ∈N, we can now see that, for any multi-index α with |α| ≤ β̃,∣∣∂α{K(th1(z))
}
− ∂α

{
K(th1(y))

}∣∣≲Mβ(x)
|α|{Mβ(x)∥z − y∥}β̃−β̃.

Using Lemma S5 it then follows that, for any multi-index α with |α|= β̃, we have

|∂αft(z)− ∂αft(y)|≲ ft(x)Mβ(x)
β̃{Mβ(x)∥z − y∥}β̃−β̃

and so Mft,β̃
(x) ≲Mβ(x), as required. Similarly, Mgt,β̃

(x) ≲Mβ(x), and this completes
the proof of the first statement in Theorem 14(ii).

It remains to prove the local asymptotic minimax result for T̂m,n under the conditions of
Theorem 2, together with β̃ = β. Observe that

sup
I∈I

limsup
n→∞

max
t=(t1,t2)∈I

nEPn,t

[{
T̂m,n − T (fm−1/2t1 , gn−1/2t2)

}2]
≤ limsup

n→∞
sup

(f̃ ,g̃)∈Fd,ϑ̃

{
nEf̃ ,g̃

[{
T̂m,n − T (f̃ , g̃)

}2]− n

m
v1(f̃ , g̃)− v2(f̃ , g̃)

}

+ sup
I∈I

limsup
n→∞

max
t=(t1,t2)∈I

{
n

m
v1(fm−1/2t1 , gn−1/2t2) + v2(fm−1/2t1 , gn−1/2t2)

}
≤ 1

A
v1(f, g) + v2(f, g),

where, in the second inequality, we have applied Theorem 2 to the first term, and used the
continuity properties of v1 and v2 for the second term. The fact that the inequalities in this
display are attained follows from Theorem 14(i), and this completes the proof.
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S1.8. Auxiliary lemmas.

LEMMA S3. Suppose that ϕ ∈Φ(ξ) for some ξ = (κ1, κ2, β
∗,L) ∈ Ξ. Then

(i) For all ϵ= (ϵ1, ϵ2) ∈ (−1/2,1/2)2 and z= (u, v) ∈ (0,∞)2 we have

max
{
u|ϕ10(z+ ϵ ◦ z)− ϕ10(z)|,v|ϕ01(z+ ϵ ◦ z)− ϕ01(z)|

}
≤ 21+|κ1|+|κ2|+2LL∥ϵ∥uκ1

∧ u
L
∨v

κ2
∧ v

L
∨ .

(ii) For all ϵ= (ϵ1, ϵ2) ∈ (−1/2,1/2)2 and z= (u, v) ∈ (0,∞)2 we have∣∣∣∣ϕ(z+ ϵ ◦ z)−
∞∑

ℓ1,ℓ2=0

1{ℓ1+ℓ2≤β∗−1}
(uϵ1)

ℓ1(vϵ2)
ℓ2

ℓ1!ℓ2!
ϕℓ1ℓ2(z)

∣∣∣∣
≤ 21+|κ1|+|κ2|+2LLuκ1

∧ u
L
∨v

κ2
∧ v

L
∨(|ϵ1| ∨ |ϵ2|)β

∗
.

PROOF OF LEMMA S3. By the definition of the class Φ, for each z ∈ Z , the Hessian
matrix

H(z) :=

(
u2ϕ20(z) uvϕ11(z)
uvϕ11(z) v

2ϕ02(z)

)
satisfies ∥H(z)∥op ≤ 2Luκ1

∧ u
L
∨v

κ2
∧ v

L
∨ . Now, fixing z ∈ Z , the function g : [0,1]→ R given

by g(t) := uϕ10(z+ tϵ ◦z) is differentiable with g′(t) = {H(z+ tϵ ◦z)(ϵ1, ϵ2)T }1. Thus, by
the mean value theorem,

u|ϕ10(z+ ϵ ◦ z)− ϕ10(z)|= |g(1)− g(0)|

≤ 2L(1 + 1/2)2Lmax{(1/2)−κ−
1 −κ−

2 , (1 + 1/2)κ
+
1 +κ+

2 }∥ϵ∥uκ1
∧ u

L
∨v

κ2
∧ v

L
∨ .

A similar calculation with ϕ01 completes the proof of part (i).
To prove part (ii) we use the mean value form of the remainder in Taylor’s theorem. Fixing

z ∈Z and ϵ ∈ (−1/2,1/2)2 define h : [0,1]→R by h(t) = ϕ(z+ tϵ ◦ z). Then we have∣∣∣∣ϕ(z+ ϵ ◦ z)−
∞∑

ℓ1,ℓ2=0

1{ℓ1+ℓ2≤β∗−1}
(uϵ1)

ℓ1(vϵ2)
ℓ2

ℓ1!ℓ2!
ϕℓ1ℓ2(z)

∣∣∣∣= ∣∣∣∣h(1)− β∗−1∑
b=0

1

b!
h(b)(0)

∣∣∣∣
≤ sup

t∈[0,1]

1

β∗!
|h(β∗)(t)|= sup

t∈[0,1]

∣∣∣∣ β
∗∑

ℓ=0

(uϵ1)
ℓ(vϵ2)

β∗−ℓ

ℓ!(β∗ − ℓ)!
ϕℓ,β∗−ℓ(z+ tϵ ◦ z)

∣∣∣∣
≤ L(|ϵ1| ∨ |ϵ2|)β

∗
2|κ1|+|κ2|+2Luκ1

∧ u
L
∨v

κ2
∧ v

L
∨

β∗∑
ℓ=0

1

ℓ!(β∗ − ℓ)!

≤ 21+|κ1|+|κ2|+2LLuκ1
∧ u

L
∨v

κ2
∧ v

L
∨(|ϵ1| ∨ |ϵ2|)β

∗
,

as claimed.

LEMMA S4. Fix f ∈ Fd and β ∈ (0,∞), and let Sn ⊆ (0,1),Xn ⊆Rd be such that

an := sup
s∈Sn

sup
x∈Xn

sMf,β(x)
d

Vdf(x)
→ 0.
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Then there exist n∗ = n∗(d,β, (an)) ∈ N, coefficients bℓ(x) and A=A(d,β, (an)) ∈ (0,∞)
such that, for all n≥ n∗, s ∈ Sn and x ∈ Xn, we have∣∣∣∣Vdf(x)h−1

x,f (s)
d −

⌈β/2⌉−1∑
ℓ=0

bℓ(x)s
1+2ℓ/d

∣∣∣∣≤As
{sMf,β(x)

d

f(x)

}β/d
.

Moreover, b0(x) = 1 and |bℓ(x)| ≤A{Mf,β(x)
d/f(x)}2ℓ/d.

PROOF OF LEMMA S4. By a Taylor expansion, for r ≤ 1/Mf,β(x) we have that

(S71)
∣∣∣∣hx,f (r)− Vdr

df(x)−
⌈β/2⌉−1∑

ℓ=1

rd+2ℓcℓ(x)

∣∣∣∣≲β,d r
df(x){Mf,β(x)r}β

for some coefficients cℓ(·) satisfying |cℓ(x)|≲β,d f(x)Mf,β(x)
2ℓ. In particular,∣∣∣∣ hx,f (r)Vdrdf(x)

− 1

∣∣∣∣≲β,d {Mf,β(x)r}2∧β.

Thus there exists C = C(d,β) > 0 such that we have | hx,f (r)
Vdrdf(x)

− 1| ≤ 1/2 whenever r ≤
1/{CMf,β(x)}. Setting r = { 2s

Vdf(x)
}1/d we have

rCMf,β(x) = 21/dC
{sMf,β(x)

d

Vdf(x)

}1/d
≤ (2an)

1/dC→ 0.

So, for n large enough that (2an)1/dC ≤ 1, we have hx,f ({ 2s
Vdf(x)

}1/d) ≥ s, so h−1
x,f (s) ≤

{ 2s
Vdf(x)

}1/d for all x ∈ Xn and s ∈ Sn. Now, since Mf,β(x)h
−1
x,f (s) ≤ {2sMf,β(x)d

Vdf(x)
}1/d ≤

(2an)
1/d → 0, we may substitute r = h−1

x,f (s) into (S71) to see that∣∣∣∣ s

Vdf(x)h
−1
x,f (s)

d
− 1−

⌈β/2⌉−1∑
ℓ=1

bℓ(x)

Vdf(x)
h−1
x,f (s)

2ℓ

∣∣∣∣≲β,d,(an)

{sMf,β(x)
d

f(x)

}β/d
.

This expansion can be inverted to yield the desired result by substituting this bound into itself
and expanding functions of the form r 7→ r2ℓ/d about r = 1.

LEMMA S5. Fix f ∈ Fd and β ∈ (0,∞), and suppose that max{∥y − x∥,∥z − x∥} ≤
1/{(6d)1/(β−β)Mf,β(x)}. Then, for multi-indices t ∈Nd

0 with |t| ≤ β, we have that∣∣(∂tf)(z)− (∂tf)(y)
∣∣≤ 2Mf,β(x)

min(β,|t|+1)f(x)∥z − y∥min(1,β−|t|).

PROOF. First, if |t|= β then we simply have that∣∣(∂tf)(z)− (∂tf)(y)
∣∣≤ ∥f (β)(z)− f (β)(y)∥ ≤Mf,β(x)

βf(x)∥z − y∥β−β,

and the claim holds. Henceforth assume that |t| ≤ β − 1 and β ≥ 1. Writing |||·||| here for
the largest absolute entry of an array, writing Lyz for the line segment between y and z, and
arguing inductively we have that∣∣∂tf(z)− ∂tf(y)

∣∣≤ ∥z − y∥ sup
w∈Lyz

∥∥∇∂tf(w)∥∥
≤ ∥z − y∥∥f (|t|+1)(x)∥+ d1/2∥z − y∥

{∣∣∣∣∣∣∣∣∣f (|t|+1)(y)− f (|t|+1)(x)
∣∣∣∣∣∣∣∣∣
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+ sup
w∈Lyz

∣∣∣∣∣∣∣∣∣f (|t|+1)(w)− f (|t|+1)(y)
∣∣∣∣∣∣∣∣∣}

≤ ∥z − y∥f(x)
[
Mf,β(x)

|t|+1

+ 2d1/2Mf,β(x)
min(β,|t|+2)

{
∥y− x∥min(1,β−|t|−1) + ∥z − y∥min(1,β−|t|−1)

}]
≤ ∥z − y∥f(x)

{
Mf,β(x)

|t|+1 +Mf,β(x)
min(β,|t|+2)−min(1,β−|t|−1)

}
= 2Mf,β(x)

|t|+1f(x)∥z − y∥,
as required.

The following lemma presents a tail bound for a Beta(a, b − a) random variable that is
convenient to apply in settings where a > 0 is large and a/b is small.

LEMMA S6. Suppose b > a > 0 and B ∼Beta(a, b− a). Writing h(t) := t− log(1 + t)
we have that

P
(∣∣∣B−a

b

∣∣∣≥ a1/2u

b

)
≤ 2exp

(
−ah

( a−1/2b1/2u

b1/2 + a1/2 + u

))
+2exp

(
−bh

( u

b1/2 + a1/2 + u

))
for all u ∈ [0,∞).

PROOF. Our proof relies on concentration inequalities for gamma random variables,
which we establish now. For a > 0, letting Γa ∼ Γ(a,1) we have by a Chernoff bound that
for t≥ 0,

P
(Γa − a

a
≥ t
)
≤ inf

λ∈(0,a)
e−λt−λ

(
1− λ

a

)−a
= e−ah(t).

Similarly, for t ∈ [0,1) we have that

P
(Γa − a

a
≤−t

)
≤ inf

λ>0
eλ−λt

(
1 +

λ

a

)−a
= e−ah(−t) ≤ e−ah(t),

and thus, for all t ≥ 0, we have that P(|Γa − a| ≥ at) ≤ 2e−ah(t). Now, for independent
random variables Γa ∼ Γ(a,1) and Γb−a ∼ Γ(b − a,1) we have that Γa/(Γa + Γb−a) ∼
Beta(a, b), and so for t≥ 0 and ϵ ∈ (0,1) we have that

P
(∣∣∣B − a

b

∣∣∣≥ t
)
= P

(∣∣∣∣ Γa − a

Γa +Γb−a
+
a

b

( b

Γa +Γb−a
− 1
)∣∣∣∣≥ t

)
≤ P

(∣∣∣∣ab( b

Γa +Γb−a
− 1
)∣∣∣∣≥ ϵt

)
+ P
(
|Γa − a|

b
≥ (1− ϵ)t

1 + ϵtb/a

)
≤ P

(
|Γa +Γb−a − b|

b
≥ ϵtb

a+ ϵtb

)
+ P
(
|Γa − a|

a
≥ (1− ϵ)tb

a+ ϵtb

)
.

Choosing ϵ= a1/2/(a1/2 + b1/2) and writing t= a1/2u/b we may now see that

P
(∣∣∣B−a

b

∣∣∣≥ a1/2u

b

)
≤ P

(
|Γa +Γb−a − b|

b
≥ u

a1/2 + b1/2 + u

)
+ P
(
|Γa − a|

a
≥ a−1/2b1/2u

a1/2 + b1/2 + u

)
≤ 2exp

(
−bh

( u

b1/2 + a1/2 + u

))
+ 2exp

(
−ah

( a−1/2b1/2u

b1/2 + a1/2 + u

))
,
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as required.

LEMMA S7. Fix d ∈ N and ϑ= (α,β,λ1, λ2,C) ∈Θ. Suppose that a, b, c ∈ [0,∞) are
such that a

λ1
+ b

λ2
+ c

α ≤ 1. Then

sup
(f,g)∈Fd,ϑ

∫
X
f(x)

{Mβ(x)
d

f(x)

}a{Mβ(x)
d

g(x)

}b
(1 + ∥x∥)c dx <∞.

PROOF. By the generalised Hölder inequality (e.g. Folland, 1999, Chapter 6, Exercise 31),
if X ∼ f we have that∫

X
f(x)

{Mβ(x)
d

f(x)

}a{Mβ(x)
d

g(x)

}b
(1 + ∥x∥)c dx

= E
[{Mβ(X)d

f(X)

}a{Mβ(X)d

g(X)

}b
(1 + ∥X∥)c

]

≤ E
[{Mβ(X)d

f(X)

}λ1

] a

λ1

E
[{Mβ(X)d

g(X)

}λ2

] b

λ2

E
[
(1 + ∥X∥)

c

1− a
λ1

− b
λ2

]1− a

λ1
− b

λ2

≤C
a

λ1
+ b

λ2

[
E
{
(1 + ∥X∥)α

}]1− a

λ1
− b

λ2 ≤C
a

λ1
+ b

λ2 {2α(1 +C)}1−
a

λ1
− b

λ2 ,

as required.

LEMMA S8. Fix f ∈ Fd with max
(
∥f∥∞, µα(f)

)
≤ C and β ∈ (0,∞). Then for all

x ∈ X and s ∈ (0,1),( s

CVd

)1/d
≤ h−1

x,f (s)≤min

{
∥x∥+

( C

1− s

)1/α
,

( 2s

Vdf(x)

)1/d[
1 + (6d)1/(β−β)Mf,β(x)

{
∥x∥+

( C

1− s

)1/α}]}
.

PROOF. The lower bound is immediate on noting that

hx,f (r)≤CVdr
d.

For the upper bound, by Lemma S5, if ∥y − x∥ ≤ 1/{(6d)1/(β−β)Mf,β(x)}, then we have
that ∣∣∣f(y)

f(x)
− 1
∣∣∣≤ 2Mf,β(x)

1∧β∥y− x∥1∧β ≤ 1

2
.

Thus, whenever r ≤ 1/{(6d)1/(β−β)Mf,β(x)} we have that

1

2
Vdr

df(x)≤ hx,f (r)≤
3

2
Vdr

df(x).

Now, by the triangle and Markov’s inequalities, for every s ∈ (0,1),

P
(
∥X1 − x∥> ∥x∥+

( C

1− s

)1/α)
≤ P

(
∥X1∥>

( C

1− s

)1/α)
≤ 1− s,

so that

h−1
x,f (s)≤ ∥x∥+

( C

1− s

)1/α
.
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Hence,

h−1
x,f (s)≤

( 2s

Vdf(x)

)1/d
1{h−1

x,f (s)≤1/{(6d)1/(β−β)Mf,β(x)})}

+
{
∥x∥+

( C

1− s

)1/α}
1{h−1

x,f (s)>1/{(6d)1/(β−β)Mf,β(x)})}

≤
( 2s

Vdf(x)

)1/d[
1 + (6d)1/(β−β)Mf,β(x)

{
∥x∥+

( C

1− s

)1/α}]
,

as required.

The following lemma shows that we may restrict our main attention to the events

(S72) AX
i :=

{
hXi,f (ρ

d
(kX),i,X) ∈ Im,X

}
, AY

i :=
{
hXi,g(ρ

d
(kY ),i,Y ) ∈ In,Y

}
,

for i= 1, . . . , n.

LEMMA S9. Fix d ∈N, ϑ ∈Θ, (κ1, κ2) ∈R2 and suppose that

κ−1
λ1

+
κ−2
λ2

+
d(κ−1 + κ−2 )

α
≤ 1.

Let kLX ≤ kUX , k
L
Y ≤ kUY be deterministic sequences of positive integers such that kLX/ logm→

∞, kLY / logn→∞, kUX/m→ 0 and kUY /n→ 0. Then

max
kX∈{kL

X ,...,kU
X}

kY ∈{kL
Y ,...,kU

Y }

sup
(f,g)∈Fd,ϑ

E
[
max

{
f̂κ1

(kX),1, f̂
L
(kX),1, f(X1)

κ1

}

×max
{
ĝκ2

(kY ),1, ĝ
L
(kY ),1, g(X1)

κ2

}(
1− 1AX

1
1AY

1

)]
= o(m−4 + n−4)

as m,n→∞.

PROOF OF LEMMA S9. Given a >−min(kX , kY ), b >−min(m− kX , n+1− kY ) de-
fine

∆
(1)
a,b :=

∫
[0,1]\Im,X

BkX+a,m−kX+b(s)ds, ∆
(2)
a,b :=

∫
[0,1]\In,Y

BkY +a,n+1−kY +b(t)dt.

By Lemma S6 we have that

max
kX∈{kL

X ,...,kU
X}

kY ∈{kL
Y ,...,kU

Y }

sup
a,b∈[−A,A]

max(∆
(1)
a,b,∆

(2)
a,b) = o(m−9(1−ϵ)/2 + n−9(1−ϵ)/2)

for any fixed A≥ 0 and ϵ > 0. Now, by Lemma S8 and writing κ+i := max(κi,0) for i= 1,2,
we have that

E
[
max

{
f̂κ1

(kX),1, f̂
L
(kX),1, f(X1)

κ1

}
max

{
ĝκ2

(kY ),1, ĝ
L
(kY ),1, g(X1)

κ2

}(
1− 1AX

1
1AY

1

)]
=

∫
X
f(x)

∫ 1

0

∫ 1

0
max

(
uκ1
x,s, u

L
x,s, f(x)

κ1
)
max

(
vκ2

x,t, v
L
x,t, g(x)

κ2
)

×max
(
1{s ̸∈Im,X},1{t̸∈In,Y }

)
BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx

≲
∫
X
f(x)

∫ 1

0

∫ 1

0
max

{(kX
ms

)κ+
1 ∨L

,
(msMβ(x)

d(1 + ∥x∥)d

kXf(x)(1− s)d/α

)κ−
1

, f(x)κ1

}
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×max

{(kY
nt

)κ+
2 ∨L

,
(ntMβ(x)

d(1 + ∥x∥)d

kY g(x)(1− t)d/α

)κ−
2

, g(x)κ2

}
×max

(
1{s ̸∈Im,X},1{t̸∈In,Y }

)
BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx

≲max
(
∆

(1)

−(κ+
1 ∨L),0,∆

(1)
0,0,∆

(1)

κ−
1 ,−dκ−

1 /α
,∆

(2)

−(κ+
2 ∨L),0,∆

(2)
0,0,∆

(2)

κ−
2 ,−dκ−

2 /α

)
×
∫
X
f(x)

(Mβ(x)
d

f(x)

)κ−
1
(Mβ(x)

d

g(x)

)κ−
2

(1 + ∥x∥)d(κ
−
1 +κ−

2 ) dx

≲ (m−17/4 + n−17/4)

∫
X
f(x)

(Mβ(x)
d

f(x)

)κ−
1
(Mβ(x)

d

g(x)

)κ−
2

(1 + ∥x∥)d(κ
−
1 +κ−

2 ) dx.

The conclusion follows immediately on appealing to Lemma S7.

LEMMA S10. Let a, b, c ∈ R be any fixed constants, and let kL ≤ kU be deterministic
sequences of positive integers such that kL →∞ and kU/n→ 0 as n→∞. Then∫ 1

0

∫ 1

0

∣∣∣Bj+a,ℓ+b,n+c−j−ℓ(s, t)−Bj+a,n−j(s)Bℓ+b,n−ℓ(t)
∣∣∣dsdt≤ (jℓ)

1

2

n
{1+o(1)}

as n→∞, uniformly for j, ℓ ∈ {kL, . . . , kU}.

PROOF. In the following bound we make use the standard asymptotic expansions

logΓ(z) = z log z − z − 1

2
log
( z
2π

)
+

1

12z
+O

( 1

z3

)
Ψ(z) = log z − 1

2z
− 1

12z2
+O

( 1

z4

)
as z→∞. Using these expansions, by Lemma S6 and Pinsker’s inequality we have that∫ 1

0

∫ 1

0

∣∣∣Bj+a,ℓ+b,n+c−j−ℓ(s, t)−Bj+a,n−j(s)Bℓ+b,n−ℓ(t)
∣∣∣dsdt

≤
{
2

∫ 1

0

∫ 1−t

0
Bj+a,ℓ+b,n+c−j−ℓ(s, t) log

(
Bj+a,ℓ+b,n+c−j−ℓ(s, t)

Bj+a,n−j(s)Bℓ+b,n−ℓ(t)

)
dsdt

}1/2

= 2
1

2

[
log

(
Γ(n+ a+ b+ c)Γ(n− j)Γ(n− ℓ)

Γ(n+ c− j − ℓ)Γ(n+ a)Γ(n+ b)

)
+(n−c−1)Ψ(n+ a+ b+ c)

− (n− j − 1)Ψ(n+ b+ c− j)− (n− ℓ− 1)Ψ(n+ a+ c− ℓ)

+ (n+ c− j − ℓ− 1)Ψ(n+ c− j − ℓ)

]1/2
=

(jℓ)1/2

n
{1 + o(1)}

as n→∞, uniformly for j, ℓ ∈ {kL, . . . , kU}.

The following lemma provides bounds on the normal approximation to relevant multino-
mial distributions.

LEMMA S11. Fix f ∈ Fd and β ∈ (0,1], and let kL ≤ kU be deterministic sequences
of positive integers satisfying kL/ logn→∞ and (kU/n) logn→ 0. For k ∈ {kL, . . . , kU}
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define Xn := {x : f(x)/Mf,β(x)
d ≥ (k/n) logn}. For j, ℓ ∈N and z ∈Rd define y ≡ y

(j)
x,z :=

x+ ( j
nVdf(x)

)1/dz, αz(r) := µd(B0(1)∩Bz(r))/Vd, and

Σ :=

(
1 (j/ℓ)1/2αz((ℓ/j)

1/d)

(j/ℓ)1/2αz((ℓ/j)
1/d) 1

)
.

For s, t ∈ (0,1), j, ℓ ∈ N and x, z ∈ Rd let p∩ =
∫
Bx(h

−1
x,f (s))∩By(h

−1
y,f (t))

f(w)dw, define
(N1,N2,N3,N4) ∼ Multi(n;s − p∩, t − p∩, p∩,1 − s − t + p∩), let (M1,M2,M3) ∼
Multi(n;s, t,1− s− t), and

F (s, t) := F (j),(ℓ)
n,x,z (s, t) := P(N1 +N3 ≥ j,N2 +N3 ≥ ℓ)

G(s, t) :=G(j),(ℓ)
n (s, t) := P(M1 ≥ j,M2 ≥ ℓ).

Then, given c ∈ (0,1) and writing ΦV for the distribution function of the bivariate normal
distribution with mean zero and covariance matrix V , there exists A=A(d,β, c, (kL), (kU))
such that

max
{∣∣∣F (s, t)−ΦΣ

(ns− j

j1/2
,
nt− ℓ

ℓ1/2

)∣∣∣, ∣∣∣G(s, t)−ΦI2

(ns− j

j1/2
,
nt− ℓ

ℓ1/2

)∣∣∣}
≤Amin

{
1,

1

∥z∥

(
log1/2 n

k1/2
+

(
kMf,β(x)

d

nf(x)

)β/d)}
for all k ∈ {kL, . . . , kU}, for all j, ℓ ∈ N such that ck ≤ j, ℓ ≤ k, for all x ∈ Xn, for all
s, t ∈ (0,1) such that j−1/2|ns − j| ∨ ℓ−1/2|nt − ℓ| ≤ 3 log1/2 n, and for all 0 < ∥z∥ ≤
(nVdf(x)

j )1/d{h−1
x,f (s) + h−1

y,f (t)}.

PROOF. We present here the approximation for F (s, t), the approximation for G(s, t)

being similar but much simpler. Let X1, . . . ,Xn
iid∼ f and for i= 1, . . . , n and k, j, ℓ, x, s, t, z

in the specified ranges, define Yi := (1{∥Xi−x∥≤h−1
x,f (s)},1{∥Xi−y∥≤h−1

y,f (t)})
T ,

V := Cov(Y1) =

(
s(1− s) p∩ − st
p∩ − st t(1− t)

)
and Zi := V −1/2(Yi − (s, t)T ).

Then by the Berry–Esseen theorem of Götze (1991) we have

(S73)
∣∣P(N1 +N3 ≥ j,N2 +N3 ≥ ℓ)−ΦnV

(
ns− j,nt− ℓ

)∣∣≲ n−1/2E(∥Z1∥3).

In order to control the right hand side of this bound, we will require bounds on p∩. Writing
αz for αz((ℓ/j)

1/d), we have∣∣∣np∩
j

− αz

∣∣∣≤ n

j

∣∣∣∣p∩ − f(x)µd
(
Bx(h

−1
x,f (s))∩By(h

−1
y,f (t))

)∣∣∣∣
+

∣∣∣∣nj f(x)µd(Bx(h
−1
x,f (s))∩By(h

−1
y,f (t))

)
− αz

∣∣∣∣
≤ n

j
Mf,β(x)

βf(x)

∫
Bx(h

−1
x,f (s))∩By(h

−1
y,f (t))

∥w− x∥β dw

+

∣∣∣∣ 1Vdµd
(
B0

((
nVdf(x)h

−1
x,f (s)

d

j

) 1

d
)
∩Bz

((
nVdf(x)h

−1
y,f (t)

d

j

) 1

d
)
− αz

∣∣∣∣
≲
n

k
Mf,β(x)

βf(x)h−1
x,f (s)

d+β +

∣∣∣∣nVdf(x)h−1
x,f (s)

d

j
− 1

∣∣∣∣+ ∣∣∣∣nVdf(x)h−1
y,f (t)

d

l
− 1

∣∣∣∣
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≲
{kMf,β(x)

d

nf(x)

}β/d
+

log1/2 n

k1/2
,(S74)

where the final bound follows by Lemma S4 and similar arguments to those in (S76)
and (S77) in the bounds on U0 below. We will also need to bound s + t − 2p∩ below. If
h−1
y,f (t)≥ h−1

x,f (s) then, by the mean value theorem and Lemma S4,

µd
(
By(h

−1
y,f (t))∩Bx(h

−1
x,f (s))

c
)
≥ µd

(
By(h

−1
x,f (s))∩Bx(h

−1
x,f (s))

c
)

= Vdh
−1
x,f (s)

d

∫ 1

(1− ∥x−y∥2

4h
−1
x,f

(s)2
)+

B d+1

2
, 1
2
(ξ)dξ ≳ h−1

x,f (s)
d
∥x− y∥ ∧ h−1

x,f (s)

h−1
x,f (s)

≳
k(∥z∥ ∧ 1)

nf(x)
.

A similar argument applies with (x, s) and (y, t) swapped and so we have

s+ t− 2p∩ =

(∫
By(h

−1
y,f (t))∩Bx(h

−1
x,f (s))

c

+

∫
Bx(h

−1
x,f (s))∩By(h

−1
y,f (t))

c

)
f(w)dw

≳ f(x)
{
µd
(
By(h

−1
y,f (t))∩Bx(h

−1
x,f (s))

c
)
+ µd

(
Bx(h

−1
x,f (s))∩By(h

−1
y,f (t))

c
)}

≳
k(∥z∥ ∧ 1)

n
.

We will also use a lower bound on |V | := det(V ) when ∥z∥ ≥ 1. Note that with e1 =
(1,0, . . . ,0)T ∈Rd, when ∥z∥ ≥ 1 we have that αz = α∥z∥e1 ≤ αe1 . If ℓ/j ≥ (3/2)d then

jα2
z

ℓ
≤
jα2

e1

ℓ
≤ j

ℓ
≤
(2
3

)d/2
< 1.

However if ℓ/j < (3/2)d then

jα2
z

ℓ
≤ α2 < V −2

d µd
(
B0(1)∩Be1((3/2)

1/d)
)2
< 1.

Thus there exists cd ∈ (0,1) such that jα2
z/ℓ ≤ cd whenever ∥z∥ ≥ 1. Thus, by (S74), we

have that

|V |= st(1− s)(1− t)− (p∩ − st)2 ≥ (1− cd)jℓ

n2
{1 + o(1)},

uniformly over ∥z∥ ≥ 1. Similar to (36), (37) and (38) in the supplement of Berrett, Samworth
and Yuan (2019), and splitting up into cases ∥z∥< 1 and ∥z∥ ≥ 1 where necessary, we have
that

p∩

∥∥∥∥V −1/2

(
1− s
1− t

)∥∥∥∥3 ≤ p∩min
{s+ t

|V |
,

1

p∩ − st

}3/2
≲
n1/2

k1/2
,

(1− s− t+ p∩)

∥∥∥∥V −1/2

(
s
t

)∥∥∥∥3 =(1− s− t+ p∩)
{st(s+ t− 2p∩)

|V |

} 3

2

≲
k

3

2

n
3

2

.

Likewise,

(s− p∩)

∥∥∥∥V −1/2

(
1− s
−t

)∥∥∥∥3 ≤ (s− p∩)t
3/2|V |−3/2

= (s− p∩)t
3

2

{
(s+ t− 2p∩)

(
p∩ − st+

(s− p∩)(t− p∩)

s+ t− 2p∩

)}− 3

2

≲
( n

k∥z∥

) 1

2

,
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with a similar bound holding for (t− p∩)

∥∥∥∥V −1/2

(
−s
1− t

)∥∥∥∥3. Thus

n−1/2E∥Z3∥3 ≲ (k∥z∥)−1/2,

which in combination with (S73) provides a bound on the difference between F (s, t) and
ΦnV (ns− j,nt− ℓ). Next, similar to the displayed equation above (39) in the supplement of
Berrett, Samworth and Yuan (2019), we have∣∣ΦnV

(
ns− j,nt− ℓ

)
−ΦΣ

(
j−1/2(ns− j), ℓ−1/2(nt− ℓ)

)∣∣
≤min

{
1,2

∥∥∥∥Σ− 1

2

(
ns(1−s)

j − 1 n(p∩−st)
j1/2ℓ1/2 − j1/2ℓ−1/2αz

n(p∩−st)
j1/2ℓ1/2 − j1/2ℓ−1/2αz

nt(1−t)
ℓ − 1

)
Σ− 1

2

∥∥∥∥}

≲ {1/(1− (j/ℓ)1/2αz) + 1/(1 + (j/ℓ)1/2αz)}
{
log1/2 n

k1/2
+
j1/2

ℓ1/2

∣∣∣np∩
j

− αz

∣∣∣}
≲

1

∥z∥

{
log1/2 n

k1/2
+
(kMf,β(x)

d

nf(x)

)β/d}
as required.

S1.9. Bounds on remainder terms in the proof of Proposition 11. To bound S1: Since
ζ < 1/2 we may apply Lemma S9 to see that

S11 :=

∫
X
f(x)

∫ 1

0

∫ 1

0
max

(
1{s ̸∈Im,X},1{t̸∈In,Y }

)
ϕ(ux,s, vx,t)

2

×BkX ,m−kX
(s)BkY ,n+1−kY

(t)dsdtdx= o(m−4 + n−4).

By Lemma S8 we have that for every ϵ > 0,

|S12| := |S1 − S11|

=

∣∣∣∣∫
X c

m,n

f(x)

∫
Im,X

∫
In,Y

ϕ
(
ux,s, vx,t

)2
BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx

∣∣∣∣
≲
∫
X c

m,n

f(x)1−2κ−
1 g(x)−2κ−

2 Mβ(x)
2d(κ−

1 +κ−
2 )(1 + ∥x∥)2d(κ

−
1 +κ−

2 ) dx

=O

(
max

{(kX
m

)λ1(1−2ζ)−ϵ
,
(kY
n

)λ2(1−2ζ)−ϵ
})

,

where the final bound holds by Lemma S7, as in the bound on R1.

To bound S2: Using Lemma S4 we now have that

|S2|=
∣∣∣∣∫

Xm,n

f(x)

∫
Im,X

∫
In,Y

{
ϕ
(
ux,s, vx,t

)2
− ϕ
(kXf(x)

ms
,
kY g(x)

nt

)2}
BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx

∣∣∣∣
≲
∫
Xm,n

f(x)1+2κ1g(x)2κ2

∫
Im,X

∫
In,Y

BkX ,m−kX
(s)BkY ,n+1−kY

(t)

×
{∣∣∣∣ s

Vdf(x)h
−1
x,f (s)

d
− 1

∣∣∣∣+ ∣∣∣∣ t

Vdg(x)h
−1
x,g(t)d

− 1

∣∣∣∣}dsdtdx
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≲
∫
Xm,n

f(x)1+2κ1g(x)2κ2

{(kXMβ(x)
d

mf(x)

) 2∧β

d

+
(kYMβ(x)

d

ng(x)

) 2∧β

d

}
dx

=O

(
max

{(kX
m

) 2∧β

d

,
(kX
m

)λ1(1−2ζ)−ϵ
,
(kY
n

) 2∧β

d

,
(kY
n

)λ2(1−2ζ)−ϵ
})

for all ϵ > 0, where for the final bound we use Lemma S7 as in (S10) and (S11).

To bound S3: Using Lemma S9 and Lemma S7 we may write

|S3|=
∣∣∣∣∫

Xm,n

f(x)

∫
Im,X

∫
In,Y

ϕ
(kXf(x)

ms
,
kY g(x)

nt

)2
×BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx−

∫
X
f(x)ϕ2x dx

∣∣∣∣
≤
∫
Xm,n

f(x)

∫
Im,X

∫
In,Y

∣∣∣∣ϕ(kXf(x)ms
,
kY g(x)

nt

)2
− ϕ2x

∣∣∣∣
×BkX ,m−kX

(s)BkY ,n+1−kY
(t)dsdtdx+

∫
X c

m,n

f(x)ϕ2x dx+ o(m−4 + n−4)

≲
(
k
− 1

2

X + k
− 1

2

Y

)∫
Xm,n

f(x)1+2κ1g(x)2κ2 dx+

∫
X c

m,n

f(x)1+2κ1g(x)2κ2 dx+ o(m−4 + n−4)

=O

(
max

{
k
−1/2
X , k

−1/2
Y ,

(kX
m

)λ1(1−2ζ)−ϵ
,
(kY
n

)λ2(1−2ζ)−ϵ
})

,

for every ϵ > 0.

To bound T1: We first consider

T11 :=

(∫
X 2

−
∫
X 2

m,f

)∫
I2
m,X

∫
I2
n,Y

(hdH(1)
m dG(2)

n )(s1, s2, t1, t2)dxdy.

By symmetry we may write T11 = T111 + 2T112, where

T111 :=

∫
X c

m,f×X c
m,f

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(hdH(1)
m dG(2)

n )(s1, s2, t1, t2)dxdy

and

T112 :=

∫
Xm,f×X c

m,f

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(hdH(1)
m dG(2)

n )(s1, s2, t1, t2)dxdy.

Using Lemma S7 and Lemma S8 as in the bounds on S1, and using Lemma S10 we have that

|T111|≲
kX
m

{∫
X c

m,f

f(x)1−κ−
1 g(x)−κ−

2 Mβ(x)
d(κ−

1 +κ−
2 )(1 + ∥x∥)d(κ

−
1 +κ−

2 ) dx

}2

=O

((kX
m

)1+2λ1(1−ζ)−ϵ
)

for all ϵ > 0. We now turn to T112, and similarly write

|T112|=
∣∣∣∣∫

Xm,f×X c
m,f

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

(hdH(1)
m dG(2)

n )(s1, s2, t1, t2)dxdy

∣∣∣∣
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≲
kX
m

∫
Xm,f×X c

m,f

f(x)1+κ1g(x)κ2f(y)

f(y)κ
−
1 g(y)κ

−
2

Mβ(y)
d(κ−

1 +κ−
2 )(1 + ∥y∥)d(κ

−
1 +κ−

2 ) dy dx

=O

((kX
m

)1+λ1(1−ζ)−ϵ
)

for all ϵ > 0. Combining our bounds on T111 and T112 we have that

T11 =O

((kX
m

)1+λ1(1−ζ)−ϵ
)

for all ϵ > 0. We can develop analogous bounds on

T12 :=

(∫
X 2

−
∫
X 2

n,g

)∫
I2
m,X

∫
I2
n,Y

(hd(G(1)
m −H(1)

m )dH(2)
n )(s1, s2, t1, t2)dxdy

to conclude that

T1 = T11 + T12 =O

(
max

{(kX
m

)1+λ1(1−ζ)−ϵ
,
(kY
n

)1+λ2(1−ζ)−ϵ
})

for all ϵ > 0.
To bound T2: Here we use the notation

Lf
x(s, t) := ϕ

(
f(x), vx,t

)
+
(kX
ms

− 1
)
f(x)ϕ10

(
f(x), vx,t

)
Rf

x(s, t) := ϕ
(
ux,s, vx,t

)
−Lf

x(s, t)

for a linearised version of ϕ(ux,s, vx,t) and the linearisation error, so that we have
h(1)(s1, s2, t1, t2) = Lf

x(s1, t1)L
f
y(s2, t2). Again we write T2 = T21 + T22, with

T21 :=

∫
X 2

m,f

f(x)

∫
I2
m,X

∫
I2
n,Y

({h− h(1)}dH(1)
m dG(2)

n )(s1, s2, t1, t2)dxdy

=

∫
X 2

m,f

f(x)

∫
I2
m,X

∫
I2
n,Y

{
Rf

x(s1, t1)R
f
y (s2, t2) + 2Lf

x(s1, t1)R
f
y (s2, t2)

}
× dH(1)

m (s1, s2)dG
(2)
n (t1, t2)dxdy

=: T211 + T212

and T22 := T2 − T21 having a similar expression. Now

|T211|≲
kX
m

[∫
Xm,f

f(x)1+κ1

g(x)κ
−
2

Mβ(x)
dκ−

2 (1 + ∥x∥)dκ
−
2

{(
kXMβ(x)

d

mf(x)

) 2∧β

d

+
logm

kX

}
dx

]2
=O

(
kX
m

max

{(kX
m

) 2(2∧β)

d

,
(kX
m

)2λ1(1−ζ)−ϵ
,
log2m

k2X

})
for every ϵ > 0. When bounding T212 we first integrate over s1 using the facts that∫ 1

0
{BkX ,kX ,m−2kX−1(s1, s2)−BkX ,m−kX

(s1)BkX ,m−kX
(s2)}ds1

=
m− 1

m− kX − 1
BkX ,m−kX−1(s2)

(
s2 −

kX
m− 1

)
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and ∫ 1

0

kX
ms1

{
BkX ,kX ,m−2kX−1(s1, s2)−BkX ,m−kX

(s1)BkX ,m−kX
(s2)

}
ds1

=
kX(m− 2)

m(kX − 1)
BkX ,m−kX−2(s2)

{
1− (m− 1)2

(m− kX − 1)(m− kX − 2)
(1− s2)

2

}
=BkX ,m−kX−2(s2)

{
2
( kX
m− 2

− s2

)
+O

(k2X
m2

+
1

m

)}
,

uniformly for s2 ∈ Im,X . Using (S9) and the fact that k3/2X /m→ 0 we can now see that

|T212|≲
k
1/2
X

m

∫
Xm,f

f(y)1+κ1

g(y)κ
−
2

Mβ(y)
dκ−

2 (1 + ∥y∥)dκ
−
2

{(
kXMβ(y)

d

mf(y)

) 2∧β

d

+
logm

kX

}
dy

=O

(
k
1/2
X

m
max

{(kX
m

) 2∧β

d

,
(kX
m

)λ1(1−ζ)−ϵ
,
logm

kX

})
for every ϵ > 0. Combining our bounds on T211 and T212 we therefore have that

|T21|=O

(
max

{(kX
m

)1+λ1(1−ζ)−ϵ
,
logm

mk
1/2
X

,
k
1/2
X

m

(kX
m

) 2∧β

d

,
(kX
m

)1+ 2(2∧β)

d

})
for every ϵ > 0. By analogous arguments we can show that

|T22|=O

(
max

{(kY
n

)1+λ2(1−ζ)−ϵ
,
logn

nk
1/2
Y

,
k
1/2
Y

n

(kY
n

) 2∧β

d

,
(kY
n

)1+ 2(2∧β)

d

})
,

for every ϵ > 0, and this concludes the bound on T2.
To bound T3: Here we integrate out (s1, s2) in the Xm,f term and (t1, t2) in the Xn,g term.

Now∫ 1

0

∫ 1−s1

0
h(1)(s1, s2, t1, t2)dG

(1)
m (s1, s2)

−
∫ 1

0

∫ 1

0
h(1)(s1, s2, t1, t2)BkX ,m−kX

(s1)BkX ,m−kX
(s2)ds1 ds2

= f(x)ϕ10(f(x), vx,t1)f(y)ϕ10(f(y), vy,t2)

×
{∫ 1

0

∫ 1−s1

0

( kX
ms1

− 1
)( kX

ms2
− 1
)
dG(1)

m (s1, s2)

−
∫ 1

0

∫ 1

0

( kX
ms1

− 1
)( kX

ms2
− 1
)
BkX ,m−kX

(s1)BkX ,m−kX
(s2)ds1 ds2

}
+
{
f(x)ϕ10(f(x),vx,t1)ϕ(f(y),vy,t2)+ϕ(f(x),vx,t1)f(y)ϕ10(f(y),vy,t2)

}
×
∫ 1

0

kX
ms

{BkX ,m−kX−1(s)−BkX ,m−kX
(s)}ds

=− kX
(kX−1)m

[{
kX(3m−5)

(kX−1)m
− 2

}
f(x)ϕ10(f(x),vx,t1)f(y)ϕ10(f(y),vy,t2)

+
{
f(x)ϕ10(f(x),vx,t1)ϕ(f(y),vy,t2)+ϕ(f(x),vx,t1)f(y)ϕ10(f(y),vy,t2)

}]
.
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The contribution from the Xn,g term is simpler because the marginals of the BkY ,kY ,n−2kY +1

density are equal to BkY ,n−kY +1, and we have∫ 1

0

∫ 1−t1

0
h(2)(s1, s2, t1, t2)dG

(2)
n (t1, t2)

−
∫ 1

0

∫ 1

0
h(2)(s1, s2, t1, t2)BkY ,n−kY +1(t1)BkY ,n−kY +1(t2)dt1 dt2

= g(x)ϕ01(ux,s1 , g(x))g(y)ϕ01(uy,s2 , g(y))

{∫ 1

0

∫ 1−t1

0

k2Y
n2t1t2

dG(2)
n (t1, t2)

−
∫ 1

0

∫ 1

0

k2Y
n2t1t2

BkY ,n−kY +1(t1)BkY ,n−kY +1(t2)dt1 dt2

}
=−

k2Y
(kY − 1)2n

g(x)ϕ01(ux,s1 , g(x))g(y)ϕ01(uy,s2 , g(y)).

The error T3 is the error in, for example, k2Y (kY − 1)−2/n≈ 1/n, together with the contri-
bution from (s1, s2) ̸∈ I2

m,X and (t1, t2) ̸∈ I2
n,Y , and we can use Lemma S6 to see that

T3 = o(1/m+ 1/n).

To bound U0: We write r
(1)
m,x,y := h−1

x,f (a
+
m,X) + h−1

y,f (a
+
m,X) and r

(2)
n,x,y :=

h−1
x,g(a

+
n,Y ) + h−1

y,g(a
+
n,Y ) as shorthand. For s1, s2 ≤ a+m,X and t1, t2 ≤ a+n,Y we

have Fm,n,x,y(s1, s2, t1, t2) = Gm,n(s1, s2, t1, t2) unless we also have ∥y − x∥ ≤
max

{
r
(1)
m,x,y, r

(2)
n,x,y

}
. Here we will present bounds in the case ∥y − x∥ ≤ r

(1)
m,x,y , but

the other case follows using very similar arguments. First, by using Lemma S7 and
Lemma S8, we have that∫

X c
m,n

f(x) sup
s∈Im,X ,t∈In,Y

|ϕ(ux,s, vx,t)|dx

≲
∫
X c

m,n

f(x)1−κ−
1 g(x)−κ−

2 Mβ(x)
d(κ−

1 +κ−
2 )(1 + ∥x∥)d(κ

−
1 +κ−

2 ) dx

=O

(
max

{(kX
m

)λ1(1−ζ)−ϵ
,
(kY
n

)λ2(1−ζ)−ϵ
})

,(S75)

for every ϵ > 0, and we proceed by showing that, since x and y are close, the contri-
bution from X c

m,n × X behaves similarly to the contribution from X c
m,n × X c

m,n, which
can be bounded by the square of the final bound in (S75). It suffices to consider (x, y) ∈
X c
m,n ×Xm,n, as the contribution from X c

m,n ×X c
m,n is more straightforward.

By a very similar argument to that used to establish (S45) in the proof of Proposition S2,
we have that ∥x − y∥ ≤ {Mβ(y)

d log1/2m}−1/d for m sufficiently large, and hence, by
Lemma S5, that

|f(x)/f(y)− 1| ≤ 2{Mβ(y)∥y− x∥}1∧β ≤ 1/2,

and in particular f(x)≥ f(y)/2. Thus, again using Lemma S5, we have that

(S76) max
t=1,...,β

(
∥f (t)(x)∥
f(x)

)1/t

≤ 4Mβ(y).
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for m sufficiently large. In addition,

sup
w,z∈Bx(1/{2Mβ(y)})

∥f (β)(z)− f (β)(w)∥
∥z −w∥β−βf(w)

≤ sup
w,z∈By(1/Mβ(y))

∥f (β)(z)− f (β)(w)∥
∥z −w∥β−βf(w)

≤Mβ(y)
β,

(S77)

and so we have that Mβ(x) ≤ 4Mβ(y). Using this fact and the previously established fact
that f(x)≥ f(y)/2, we may apply Lemma S4 to see that in fact

∥x− y∥ ≤ r(1)m,x,y ≲
( kX
mf(y)

)1/d
.

Using Lemma S5 we also have that g(x)≥ g(y)/2, and therefore that

(S78) max

{
f(y)Mβ(y)

−d

f(x)Mβ(x)−d
,
g(y)Mβ(y)

−d

g(x)Mβ(x)−d

}
≤ 22d+1.

Since x ∈ X c
m,n, we have now established that

min

{
mf(y)Mβ(y)

−d

kX logm
,
ng(y)Mβ(y)

−d

kY logn

}
≤ 22d+1.

Applying the same bounds as we would for X c
m,n, as in (S75), we can now see that

U0 =O

(
max

{(kX
m

)2λ1(1−ζ)−ϵ
,
(kY
n

)2λ2(1−ζ)−ϵ
})

,

for every ϵ > 0, as claimed.
To bound U1: By Lemma S6 we have that

max
t1∈{a−

n,Y ,a+
n,Y }

sup
t2∈[0,1]

|F (2)
n,x,y−G(2)

n |(t1, t2)∨
max

t2∈{a−
n,Y ,a+

n,Y }
sup

t1∈[0,1]
|F (2)

n,x,y −G(2)
n |(t1, t2) = o(n−4).(S79)

In order to use this to bound U1, corresponding to the right-hand side of (S32), we
must first develop bounds on the derivatives of h. Writing Sx(r) := {y ∈ Rd : ∥x − y∥ =
r} and dVolS for the associated volume element we have by Lemma S5 that for r ≤
1/{(6d)1/(β−β)Mβ(x)},∣∣∣ h′x,f (r)

dVdrd−1f(x)
− 1
∣∣∣= ∣∣∣ 1

dVdrd−1f(x)

∫
Sx(r)

{f(y)− f(x)}dVolS(y)
∣∣∣≲ {rMβ(x)}2∧β,

with a similar bound holding for h′x,g(r). Using Lemma S4, for x ∈ Xm,n, we have
that max{Mβ(x)

dh−1
x,f (a

+
m,X)d,Mβ(x)

dh−1
x,g(a

+
n,Y )

d} ≲ 1/ logm→ 0 and so we have, by
Lemma S3(i), that∣∣∣ ∂

∂s
ϕ(ux,s, vx,t) +

kXf(x)

ms2
ϕ10

(kXf(x)
ms

,
kY g(x)

nt

)∣∣∣
=
∣∣∣− kXdϕ10(ux,s, vx,t)

mVdh
−1
x,f (s)

d+1h′x,f (h
−1
x,f (s))

+
kXf(x)

ms2
ϕ10

(kXf(x)
ms

,
kY g(x)

nt

)∣∣∣
≤ kXd

mVdh
−1
x,f (s)

d+1h′x,f (h
−1
x,f (s))

∣∣∣ϕ10(ux,s, vx,t)− ϕ10

(kXf(x)
ms

,
kY g(x)

nt

)∣∣∣
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+
kXf(x)

ms2

∣∣∣dVdh−1
x,f (s)

d−1f(x)/h′x,f (h
−1
x,f (s))

V 2
d f(x)

2h−1
x,f (s)

2d/s2
− 1
∣∣∣∣∣∣ϕ10(kXf(x)

ms
,
kY g(x)

nt

)∣∣∣
≲

kX
ms2

f(x)κ1g(x)κ2

{(sMβ(x)
d

f(x)

)(2∧β)/d
+
( tMβ(x)

d

g(x)

)(2∧β)/d}
≲ (1/s)f(x)κ1g(x)κ2

{(kXMβ(x)
d

mf(x)

)(2∧β)/d
+
(kYMβ(x)

d

ng(x)

)(2∧β)/d}
,(S80)

uniformly for x ∈ Xm,n, s ∈ Im,X and t ∈ In,Y . In particular, we have that

(S81)
∣∣∣ ∂
∂s
ϕ
(
ux,s, vx,t

)∣∣∣≲ (1/s)f(x)κ1g(x)κ2 ,

uniformly for x ∈ Xm,n, s ∈ Im,X and t ∈ In,Y . Analogous arguments also reveal that
∂
∂tϕ(ux,s, vx,t)≲ (1/t)f(x)κ1g(x)κ2 , uniformly for x ∈ Xm,n, s ∈ Im,X and t ∈ In,Y . More-
over, since x ∈ Xm,n and ∥y − x∥ ≤max

{
r
(1)
m,x,y, r

(2)
n,x,y

}
, we may argue as we did leading

up to (S78) to obtain similar bounds on ∂
∂sϕ(uy,s, vy,t) and ∂

∂tϕ(uy,s, vy,t). Thus, using (S32)
and (S79), we find that U1 = o(n−4).

To bound U2: Again using Lemma S6, we have that

max
{

sup
s1∈[0,1]

|F (1)
m,x,y −G(1)

m |(s1, a−m,X), sup
s2∈[0,1]

|F (1)
m,x,y −G(1)

m |(a−m,X , s2),

|F (1)
m,x,y −G(1)

m |(a+m,X , a
+
m,X)

}
= o(m−4).(S82)

By similar arguments to those used in the bound on U1 we have that∣∣∣∣ ∂2∂s∂t
ϕ(ux,s, vx,t)

∣∣∣∣= kXkY d
2|ϕ11(ux,s, vx,t)|

mnV 2
d h

−1
x,f (s)

d+1h′x,f
(
h−1
x,f (s)

)
h−1
x,g(t)d+1h′x,g

(
h−1
x,g(t)

)
≲ {1/(st)}f(x)κ1g(x)κ2 ,(S83)

uniformly for x ∈ Xm,n, s ∈ Im,X and t ∈ In,Y ; moreover, the same bound also holds
for ∂2

∂s∂tϕ(uy,s, vy,t). We may therefore use (S32), (S80) and (S82) to conclude that U2 =
o(m−4).

To bound U3: By Lemma S6, we have that

F (1)
m,x,y(s1, a

+
m,X)−G(1)

m (s1, a
+
m,X) =

BkX ,m−kX
(s1)

m− 1
1{∥x−y∥≤h−1

x,f (s1)} + o(m−4),(S84)

uniformly for x ∈ Xm,n, ∥y − x∥ ≤ r
(1)
m,x,y and s ∈ Im,X , with an analogous statement

holding for F (1)
m,x,y(a

+
m,X , s2) − G

(1)
m (a+m,X , s2). Now, combining this statement with our

bounds on the derivatives of h in (S81) and (S83), and applying the bounds |F (1)(s1, s2)| ≤
1{∥y−x∥≤r

(1)
m,x,y} and |F (2)(t1, t2)| ≤ 1{∥y−x∥≤r

(2)
n,x,y}, we may write

|U3|≲
∫
X×Xm,n

f(x)1+κ1g(x)κ2f(y)1+κ1g(y)κ21{∥y−x∥≤min{r(1)m,x,y,r
(2)
n,x,y}}

×
(
logm logn

kXkY
+

logn

kXkY
+

log1/2m logn

m2k
1/2
X kY

)
dxdy

≲
logm logn

kXkY

∫
X×Xm,n

f(x)2+2κ1g(x)2κ21{∥y−x∥≤min{r(1)m,x,y,r
(2)
n,x,y}} dxdy

≲
logm logn

kXkY

∫
Xm,n

f(x)2+2κ1g(x)2κ2 min
{ kX
mf(x)

,
kY
ng(x)

}
dx.
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Since min(m,n)≥ 3, if m≥ n, then (1/m) logm≤ (1/n) logn and therefore

|U3|≲
logm logn

kXkY

∫
X

kX
m
f(x)1+2κ1g(x)2κ2 dx≲

log2 n

nkY
.

Similarly, if n≥m then

|U3|≲
logm logn

kXkY

∫
X

kY
n
f(x)2+2κ1g(x)2κ2−1 dx≲

log2m

mkX
.

Putting these two statements together,

U3 =O

(
max

{
log2m

mkX
,
log2 n

nkY

})
,

which establishes (S34).
To bound U4: Using (S32), (S80) and (S82) we have that U4 = o(m−4).
To bound U5: We first bound the contribution to U5 from the discontinuous parts of F (1)

m,x,y ,
arising due to the indicator functions in (S30). Recalling the definition of the multinomial
random vector (N (1)

1 ,N
(1)
2 ,N

(1)
3 ,N

(1)
4 ) in (S29), we have that

0≤ F (1)
m,x,y(s1, s2)− P

(
N

(1)
1 +N

(1)
3 ≥ kX ,N

(1)
2 +N

(1)
3 ≥ kX

)
≤ P

(
N

(1)
1 +N

(1)
3 = kX − 1

)
+ P
(
N

(1)
2 +N

(1)
3 = kX − 1

)
=

(
m− 2

kX − 1

)
skX−1(1− s)m−kX−1 +

(
m− 2

kX − 1

)
tkX−1(1− t)m−kX−1

≤ 2

(2πkX)1/2
{1 + o(1)},

uniformly for x ∈ Xm,n, ∥y − x∥ ≤ r
(1)
m,x,y and (s1, s2) ∈ I2

m,X , and we will see is of no
larger order than the error in the normal approximation for the continuous part. Now, writing
y = x+ { kX

mVdf(x)
}1/dz, define

U51 :=

∫
X×Xm,n

f(x)f(y)

∫
I2
n,Y

dG(2)
n (t1, t2)

×
[∫

I2
m,X

h1100

{
F (1)(s1, s2)−

(
ΦΣ −ΦI2

)(ms1 − kX

k
1/2
X

,
ms2 − kX

k
1/2
X

)}
ds1 ds2

−
∫
Im,X

h1000

{
F (1)(s1, a

+
m,X)−

BkX ,m−kX
(s1)

m− 1
1{∥z∥≤1}

}
ds1

−
∫
Im,X

h0100

{
F (1)(a+m,X , s2)−

BkX ,m−kX
(s2)

m− 1
1{∥z∥≤1}

}
ds2

]
dxdy.

By Lemma S4 we have that∫
X

∫
Im,X

1

ms
BkX ,m−kX

(s)
∣∣∣1{∥y−x∥≤h−1

x,f (s)} − 1{∥z∥≤1}

∣∣∣dsdy
≲

1

kX

∫
Rd

1{( kX
mVdf(x)

)
1
d <∥y−x∥≤h−1

x,f (a
+
m,X)} ∨ 1{h−1

x,f (a
−
m,X)<∥y−x∥≤(

kX
mVdf(x)

)
1
d } dy

≤ Vd
kX

{
h−1
x,f (a

+
m,X)d−h−1

x,f (a
−
m,X)d

}
≲

1

mf(x)

{
log

1

2 m

k
1/2
X

+
(kXMβ(x)

d

mf(x)

) 2∧β

d

}
,
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uniformly for x ∈ Xm,n. Using this bound together with Lemma S11, (S80) and (S84) we
may say that

|U51|≲
∫
Xm,n

f(x)1+2κ1g(x)2κ2

[
1

m

{
log1/2m

k
1/2
X

+

(
kXMβ(x)

d

mf(x)

)(2∧β)/d}

+
kX
m

log2
(a+m,X

a−n,Y

)∫
B0(2)

min

{
1,

1

∥z∥

(
log

1

2 m

k
1/2
X

+

(
kXMβ(x)

d

mf(x)

) 1∧β

d
)}

dz

]
dx

=O

(
1

m
max

{
log5/2m

k
1/2
X

, log2m
(kX
m

)(1∧β)/d
,
(kX
m

)λ1(1−2ζ)−ϵ
})

,

for every ϵ > 0. In bounding U5 it therefore remains to approximate the derivatives of h
using (S80) and to bound the contribution from the tails of the t1, t2, s1, s2 integrals. By
Lemma S6 and standard normal tail bounds the error from these tail contributions is o(m−4),
and so, using (S80),

|U52| := |U5 −U51|≲
1

m

∫
Xm,n

f(x)1+2κ1g(x)2κ2

{
log1/2m

k
1/2
X

+
log1/2 n

k
1/2
Y

+

(
kXMβ(x)

d

mf(x)

) 2∧β

d

+

(
kYMβ(x)

d

ng(x)

) 2∧β

d
}
dx

=O

(
1

m
max

{
log1/2m

k
1/2
X

,
log1/2 n

k
1/2
Y

,
(kX
m

) 2∧β

d

,
(kY
n

) 2∧β

d

,

(kX
m

)λ1(1−2ζ)−ϵ
,
(kY
n

)λ2(1−2ζ)−ϵ
})

,

for every ϵ > 0.
To bound U6: Using Lemma S7 we have that

|U6|≲
1

m

∫
X c

m,n

f(x)1+2κ1g(x)2κ2 dx=O

(
1

m
max

{(kX
m

)λ1(1−2ζ)−ϵ
,
(kY
n

)λ2(1−2ζ)−ϵ})
,

for every ϵ > 0. This establishes (S36).
To bound U7: Analogously to our bounds on U1, we may use (S32), (S79) and (S80) to

show that U7 = o(n−4).
To bound U8: Using Lemma S11, (S32), (S38), (S79) and (S80), and the change of vari-

ables y = x+ ( kY

nVdg(x)
)1/dz, we have that

|U81| :=
∣∣∣∣∫

X×Xm,n

f(x)f(y)

∫
I2
m,X

∫
I2
n,Y

h0011(s1, s2, t1, t2)dG
(1)
m (s1, s2)

×
{
F (2)(t1, t2)− (ΦΣ −ΦI2)

(nt1 − kY

k
1/2
Y

,
nt2 − kY

k
1/2
Y

)}
dt1 dt2 dxdy

∣∣∣∣
≲
kY
n

log2
(a+n,Y
a−n,Y

)∫
Xm,n

f(x)2+2κ1g(x)2κ2−1

×
∫
B0(2)

min

{
1,

1

∥z∥

(
log1/2 n

k
1/2
Y

+

(
kYMβ(x)

d

ng(x)

)(1∧β)/d)}
dz dx
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≲
log2 n

n

∫
Xm,n

f(x)2+2κ1g(x)2κ2−1

{
log1/2 n

k
1/2
Y

+

(
kYMβ(x)

d

ng(x)

)(1∧β)/d}
dx

=O

(
log2 n

n
max

{
log1/2 n

k
1/2
Y

,
(kY
n

)(1∧β)/d
,
(kY
n

)ϵ0})
,

As with U5 we now define U82 := U8−U81 and note that to bound U82 we need to control the
tails of s1, s2, t1, t2 integrals and our approximations to the derivatives of h. By (S38), (S80)
and Lemma S6 we have that

|U82|≲
1

n

∫
Xm,n

f(x)2+2κ1g(x)2κ2−1

{
log1/2m

k
1/2
X

+
log1/2 n

k
1/2
Y

+

(
kXMβ(x)

d

mf(x)

)(2∧β)/d

+

(
kYMβ(x)

d

ng(x)

)(2∧β)/d
+m−2

}
dx

=O

(
1

n
max

{
log1/2 n

k
1/2
Y

,
log1/2m

k
1/2
X

,
(kX
m

)(2∧β)/d
,
(kY
n

)(2∧β)/d
,
(kX
m

)ϵ0
,
(kY
n

)ϵ0
,m−2

})
,

This establishes (S40), and therefore concludes the proof.
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