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This is the supplementary material for Cannings, Berrett and Samworth
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1. The relationship between our classes and the margin assump-
tion. Recall from Mammen and Tsybakov (1999) that a distribution P on
R? x {0,1} with marginal Px on R? and regression function 7 satisfies a
margin assumption with parameter o > 0 if there exists C' > 0 such that

Px({z: n(z) —1/2| < s}) < Cs”

for all sufficiently small s > 0. The following lemma clarifies the relationship
between our classes and the margin assumption.

LEMMA 1. Let P € Pyg for some 0 = (eo, Mo, p,l,g9) € ©. Then P
satisfies a margin assumption with parameter o = 1.

PROOF. By the final part of (A.3), we have

Px({z: In() =1/2| < s}) < Px({w : [n(z) = 1/2| < 5} N §%)
(32) + Px ({z : £(f(x)) > 1/s}).

Now, by Proposition 2 in Section 7.2, for x € S, there exists zg € S and
t € (—eo, co) such that & = wo-+17j(xo) /[|i}(0) |- Thus, by a Taylor expansion,

1 1
(@) = 1/2] > [tleoMo — 5 Mot* > 5 [tleo Mo.
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We deduce as in Step 5 of the proof of Theorem 5 that there exists sy =
so(d,0) > 0 such that for all s € (0, so],

Py ({x : In(2) — 1/2] < s}N8©) < Px ()

8s - a1
(33) < EOMO/Sf(xo)dVol (xg) <

where the final bound follows from (28) in the main text. For the second term
in (32), we exploit the fact that since ¢ € L, there exists A = A(d,6) > 0

such that ¢(0) < A§TT5D for all § > 0. Hence, arguing as in (30) in the
main text, we find that

Py({a s 00F(@) > 1/s)) < Py ({o: flo) < (495" })

P

4 < As(1 + M, ‘zf(jfizl) —1 d et
(34) < As(1+ Mo) ) g dey
RE(L + [Jf|?) »

The result follows from (32), (33) and (34). O

2. Example 1 from the main text. Recall that we consider the dis-
tribution P on R? x {0,1} for which f(z) = 2572 (1 — [|2]%)%1 (pep, (o))
and 7(z) = min(||z||?,1). Since f is continuous on all of R?, it is clear that
(A.1) is satisfied.

Now, S = {z € R? : ||z|| = 27/2} and clearly SN {z € R? : f(z) >
0} is non-empty. For all zp € S we have that f(zg) = % < M.
Since €9 < 1/10 we have that S© C By,19(0) \ B3/5(0) and thus f is twice

continuously differentiable on S<. Differentiating f twice on B;(0), we have
that f(z) = —27~4?T(3 4+ d/2)(1 — ||z||*)= and

F(z) = 277920 (3 + d/2){ 2227 — (1 — ||=||})I}.

Thus, for g € S, we have ||f'(x0)||/f(aco) = 25/2 < {(f(x0)). We also have
that, for any z € B1(0),

= _ 6I'(3 4+ d/2)

1f (2)llop = 20203 + d/2)||222” — (1 = |[2]|*)1]|op < —

so that sup,ep, (o) I f(zo + u)|lop/f(z0) < 48 < U(f(wp)) for any zo € S.
Finally for (A.2) we consider the cases z € B1(0) \ Be,(0) and = € B, (0)
separately. If 2 € B1(0)\ B, (0) then, for 7 € (0, ¢g], at least a proportion 27¢
of the ball B,.(z) is closer to the origin than x, and thus has larger density.
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LOCAL NEAREST NEIGHBOUR CLASSIFICATION 3
This gives us that, for such z and 7, p.(z) > 2 %gr¢f(z) > epaqr®f(zx).
When x € B, (0) and r € (0, €g] we instead have that

pr(x) > adrdW(l - 463)2 > aq(l — 46%)27”df($> > eoadrdf(az).

We now turn to condition (A.3). First, for any zp € S we have that
I9(z0)|] = ||2z0]| = 2Y/% > e€Mp. For € S0 we have that ||5(x)|| <
2(2712 4 2¢9) < My and |)ij(2)lop = [|21lop = 2 < M. Since ij is constant
on 8% it is trivially true that

sup [171(2) — 7i(z)|lop < €
x,2€82¢0:||z—x||<g(e)

for any g € G. Now for 2 € R?\ S we have that
In(z) — 1/2] > 212%6) — €§ > €0 > 1/(f()).

Since the support of f is equal to Bi(0), we have that [, [|z||?dPx (z) <
1 < My, so (A.4) is satisfied.

We finally check (A.5) to show that P € Qg2 for A > 67~ 42T'(3+d/2).
First, it is clear that | f|ls < A. Now, for any z,y € R? we have that

1F(y) = @)l < ly =2l sup [f(2)lop < 67 YT (3 + d/2)|ly — |-

z€B1(0)
3. Example 2 from the main text.

PROOF OF CLAIM IN EXAMPLE 2. Fix e > 0 and k € Kg, let

T = (0.1/2) x (1 + ) log(n/k). ),
and for v > 0, let

Biy:= (] Ay <|Xpup(@) -2l <2 — 1}

rz=(x1,22)ETn
Now, for eflogn > 4 and v € [2,elog(n/k)/2),
P(B;,) <P(T>k+1)+P(T' < k),

where T' ~ Bin(n, p3), T" ~ Bin(n, ps),

1 o) 1 /kN\1+e 1 7k 1+e/2
(14+¢€) log(n/k)—~ 2\n 2\n

3431/2 1
Px = / / tl exp tg) dtldtQ > —.
31/2 8
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4 T. I. CANNINGS, T. B. BERRETT AND R. J. SAMWORTH

Therefore, there exists ng € N such that np, — (k+1) > k/2 and k + 1 —
npy > k/2 for all k € Kp, v € [2,elog(n/k)/2) and n > ng. It follows by
Bernstein’s inequality that supyep, SUPye(2,clog(n/k)/2) P(Bi,) = O(n—M)
for every M > 0.

Now, for x = (x1,x2) € Tn, €flogn > 4 and v € [2,x2 — 1), we have that

3 X x /
S MOF@ e Jo TN et diy iy

f T - z1)2}1/
fBW(x) f(t) dt f() f:r:22+{{’72 (ttll xll))Q}}l/Q tre~"2 dty diy

f() t smh {’y — (tl — xl) }1/2) dt1
fo ty sinh({y2 — (t1 — x1)2}1/2) dty
> gsimh(('q/2 —1)1/2) > gsin.h(?)l/g) - }
3 sinh(v) 3 sinh(2) 2

Our next observation is that for v € [0,00) and z(41) € R? such that

d
1 41) —]| = 7, we have that (X (1), Y1), -+, Xy, Yoo )l (X (k1) = Z(41)) =
(X( 1> Y1)+ Xk)s Y()), where the pairs (X1,Y1),..., (X, Ys) are inde-
pendent and identically distributed, and then ()N((l),ff(l)), e (X(k), f/(k)) is
a reordering such that || Xy — z[| < ... < [ X — . Here X1 £ X|(|| X —
x| <v) and P(Y; = 1|X; = z) = n(x). Writing Sy, (z) := %Zle Ly _qy we
therefore have by Hoeffding’s inequality that, for z € 7,, ¢Blogn > 4 and
Z(g1) — 2|l € [2,22 — 1),

1)} =P{Sn(2) < 1/2}
= P{Su(x) — ESu(z) < —(En(X1) —1/2)}

gexp< 2k<§81;111:1§)(1/;) — ;>2> =0(n™M)

P{Sn(z) < 1/2|X(411) =

for all M > 0, uniformly for k € K. Writing P, 1) for the marginal distri-
bution of X (1), we deduce that

= P{S (:L‘) < I/Q‘X(k_,,_l) = :E(k:—&-l)} dP(k+1)(33(k+1)) + O(n_M)
Bzy—1(z)\Bz ()

= O(n™M)
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LOCAL NEAREST NEIGHBOUR CLASSIFICATION 5
for all M > 0, uniformly for £ € K3. We conclude that for every M > 0,
Ry, (C3™) = R, (CP¥)
= | [PU5.@) <172 = 1pyrcaym] Cnla) - (@) do

n

0o 1/2 N
= / / P{Sn(z) > 1/2}(1 — 221 )z1 exp(—z2) dz1 dz2
(1+¢€) log(n/k) /0O

1+e
1 sk 1+€ M
=5ln) o™,
uniformly for £ € K. The claim (4) follows from this together with Theo-
rem 1(ii). O

4. Proof of Theorem 4.

PROOF OF THEOREM 4. For an integer ¢ > 3 and v > 0, define a grid

on R? by
2k + 1 2k3 + 1 2rkqg + 1
G‘LV ::{<717'72+ 2 Y3+ E yeeyYd T d ):

2q 2q 2q

71,...,%6{1,...,[qﬂ},@,...,mde{0,1,...,q—1}}.

Now, for z € R?, let nq(x) be the closest point to z among those in Gy, (if
there are multiple points, pick the one that is smallest in the lexicographic
ordering). Let m := [¢”]%% ! and define closed Euclidean balls X7, ..., X,
in R? of radius 1/(2q), where the Ith ball is centered at the Ith grid point in
the lexicographic ordering.

Writing [z] for the closest integer to z (where we round half-integers to the
nearest even integer), define the ‘saw-tooth’ function 79 : R? — [3/8,5/8],
by no(x) :=3/8 + |1 + 1/4 — [y + 1/4]|/2, for & = (z1,...,xq)". Further,
for z € R?, set u(x) := W(l/él—qQHx—nq(x)HQ){ where ag := 1/27.

For ¢ := (01,...,0m)" € {~1,1}™, we now define the distribution P, on
R?x {0, 1} by setting the regression function to be 7, (z) = no(z) + 3o1u(z),
for x € A, 1 = 1,...,m, and setting n,(z) := no(x), otherwise. To define
the marginal distribution on R? induced by P,, which will be the same
for each o, we first define the boxes By := (0,[¢"] + 3/2)¢ and B, :=
[~7/2 4+ 1/4 —a/16,—71/2 + 1/4 + a/16] x [—a,a]¢"! for r = 1,...,20 and
some a > 0 to be chosen later. We further define a modified bump function
by

0 ifz <0
h(z) := @(%) if x € (0,1)
1 if o> 1,
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6 T. I. CANNINGS, T. B. BERRETT AND R. J. SAMWORTH

where ® denotes the standard normal distribution function. For z € R? we
then set

f(z) == woh(1 — 4dist(z, Bo)) + h(l —16 min_ dist(, Br))

=1,...

for some wy < 1/([q"] + 2)¢ to be specified later. Here, a in the definition
of B, is chosen such that fRd f =1, and we note that

A o vd—1 _ D0 \d
1>20-(2 = —(2
—_— 08( a) 4( a) Y
so a < (4/5)Y4)2.
Let

P = {PU co = (01,...,0m) € {—1, l}m}

We show below that P, € Pgg M Qg2 for all € © and A > 0 satisfying
the conditions of the theorem.

Letting E, denote expectation with respect to P®" and writing [[z1]] :=
x1 — [r1 + 1/4] for 1 € R, we have that, for any classifier C,,,

sup {R(C)) — R(CBayes)} > max {R(C,,) — R(CBayeS)}
PePq,9NQa,2,x PeP,,

= Eo{Lic (o1=0t — Lin (z 2o (z) — 1} dP
max /R (1 (=0} — L (<12 H2no () — 1} dPx ()

m

> w3 [ Bl o — Lz Hlnl + o)} dPx(a)
’ 1=1v"Y

2 QLm ) Z/XZEU{]I{CTL(@0}—1{na(x)<1/2}}{[[901]]+UW($)}dPX(ﬂU)-

oe{~1,1}m I=1

Now let 07, = (01,...,01-1,7,0041,...,0m) for I = 1,...,m, and r €
{-1,0,1}, and define the distribution P, on R? x {0,1} by mr(z) =
no(w) + (1/2)ru(x), for x € A and n,(z) = 0y, (z) = 1.(x) otherwise
(the marginal distribution on RY is again taken to be Px). We write E; , to
denote expectation with respect to Pl@;”

Forl=1,...,m and r € {—1,1} define

| H?:l[}/inl,r(Xi) + (1 - 1/z){l - nl,r(Xi)}]
T T Wi (X0) + (1= Yo) {1 — o (X))
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LOCAL NEAREST NEIGHBOUR CLASSIFICATION 7
By the Radon—Nikodym theorem, we have that
1
5 53 [ Bt - LnwamHlinl) + o)} iPxa)

ce{-1,1}m I=1

ZEW(/ (Lo {1ic,)=0r — Lma(y<1/2y ] {[[21]] + u(@) } dPx ()
# [ Bt — L e = )} dpx (o))
;g {(/ {Licn@=0y = Lima <12y H [[a1]] + u(z) } dPx (2)

+/Xl{11{cn(x):o}—11{m,1(m)<1/2}}{[[w1H—U(w)}dPX(UU))HliH(Ll,hLl,—l)}'

Now fix = = (21,...,24)" € A}, and writing C,, = Cr(x),m1 = m1(x) and
m,—1 = M,—1(x) as shorthand, observe that

(e, =0y = Limy <12y H{[[za]] +u(z) }
+ {Igcn=0y — Lpm_<1/23 H{[[21]] — u(z)}
= 2{ﬂ{cn:o,m,l21/27771,_121/2} - l{cnzl,m,l<1/27m,_1<1/2}}[[xll]
+ {]l{cnzo,m,l21/2,nl,,1<1/2} — ]l{cnzl,m,1<1/2,m,,121/2}}{H»’Ulﬂ + u(x)}
+ {l{cn:(),m,l<1/2,m7_121/2} - l{cn:Lm,lzl/z,m,_l<1/2}}{Hxl“ —u(z)}

= 2{1,comuz1/2m,121/2) = Loumtma<1/2m, 1<1/2) ]

+ L1721 <1/2 [Lcu=op @] + ul@)} = Ly, =y {[[z1]] — u(@)}]

> Ly >1/2., 1 <120 {u(@) — [[lza]]] }-
Here we used the fact that n;1(z) > m,—1(), 50 Ly, | (@)<1/2. 1 (2)>1/2) = 0,
and that the minimum is attained by taking Cp(7) = 13,0} for = € Aj;

it is interesting to note that this remains the optimal classifier even if f is
known. Moreover, whenever [[z1]] > 0, we have 7 1(z) > 1/2, and when
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8 T. I. CANNINGS, T. B. BERRETT AND R. J. SAMWORTH

[[z1]] <0, we have n _1(z) < 1/2. It follows that
sup {R(Cn) — R(CP¥*)}

PPy g
1 m
” 3. {mm(Ll L 1)/]1{?71 2172,y <121 {ul@) = [[lz]][ } dPx( )}
= ZEl,o{miﬂ(Lz,h Li-1)} Ly <12y {u(@) — [[a1]]} dPx ()
=1 XN{[[z1]]>0}
(35)
= monLo{min(Lm, Lljfl)} ﬂ{ﬁ($)<1/2}{ﬂ(l‘) — 1’1} dZL‘,
By (2¢)(0)N{z1>0}
where @(z) := aog ™ (1/0)¢% (g5 — llz[1*)* and 7j(z) := 5{1 + 21 — a(z)}.

Now, observe that
E1o{min(L11,L1,-1)} = 1 —dov (PP, PE™))

and
di (PR, PEM) < dKL(Pi@lnapl(X)fl) *dKL(Pl 1, P11

Moreover, using the fact that log(1 + ) < x for x > 0, we have that
dicr,(Pr1, Pr-1)
_ m(z) 1—mia(w)
= [ mat@)log( o= s | {1l —ma@)Hog| =5 ) dPx ()
R

m,-1(2) 1—m-1(2)
<24 /X u®(x) dPx (z)

= 2o (10 [ (o~ [lel?) s
B o) (0) VA4?

_ 94503aqwog(1/q)°T(1 +d/2) _ ~(a+d)
24461 (9 + d/2)

We now turn to finding a lower bound for the integral in (35). First, we
observe that sgn(@(z) — z1) = sgn(1/2 —7j(z)), and moreover for d = 1 and

0<z < L(l/q) , we have that

_ _ 1 ! apg~'(1/q
i(r1) — 21 = ¢®apg 1(1/Q)<4q2 - l‘%) — T > 212(]2/) — T

aog”'(1/q)

T

imsart-aos ver. 2014/10/16 file: LknnSuppFinal.tex date: May 14, 2019



LOCAL NEAREST NEIGHBOUR CLASSIFICATION 9

Thus
1/(29) a2q-1 2
i g (1/q)
/0 ]l{ﬁ(xl)<1/2}{u(x1) —r1}dry > OQTQAL
Furthermore, for d > 2, writing x_1 := (z2,...,24)7, we have that 7j(z) <

1/2 if and only if
_ 1 4
0> 21— gaog™ (1/) (55 ~ Ial?)

which is satisfied if

1 x 1/4
_gtjayie [ L m NV,
z_q|| < (1— 2714 \/4q2 (q6a09_1<1/q)) 2?2 = t(z1).

Now ¢(x1) is real if 0 < x1 < %{%/‘1). Moreover, t(x1) > 1/(8q) for z1 €

—1
[07 a0g214(§%/q)

when z; € [0, %{%/q)] and [|z_1| < t(x1). Hence

Z @og ((12/q)

]. We also require the observation that a(x) — x; ST

/ Lji@y<1/2p{t(e) — 1} do
B1/(24)(0)N{z1>0}

agg "1/
14,2

> / o / {u(z) —z1} de_y day
0 lle—1ll<t(z1)

agg~1(1/9)
14

-1
aog~ (1/q) 214g2 d—
P g )T

2 —1 2
agg(1/q) —3(d—1)

Z T om g Gd-12 :
We have therefore shown that, for ¢ > 3,

sup {R(Cy) — R(CP¥*)}
PePqy

mwoag1089~ (1/q)* [ [n945aawoadg (1/9)°0 (1L +d/2)
- 228+3(d—1)q3+d 2d+6r(9 + d/2)q4+d ?

where ag := 1. It follows that if we set
4+d

_ q
T 4dtlng=1(1/q)%?’

Wo

imsart-aos ver. 2014/10/16 file: LknnSuppFinal.tex date: May 14, 2019



10 T. I. CANNINGS, T. B. BERRETT AND R. J. SAMWORTH

4+d+v(p+d)
nd ch isfy g = hen
and choose ¢ to satisfy T T(1/q)2 n, the

d+vd 2

Bayes q ad—1%

sup {R(Cy) — R(C V> —

PePys n  928+5d
2d(14v)  Atvp ag 102
_ 1 ” = d—1&q
=g (1/(]) Itdtv(ptd) p~ dtdtv(p+d) W

It remains to show that P, belongs to the desired classes Pgg M Qg2 ) for
each o. First note that

44-d
g L vpra) . 1

YO T 4 g (1 /g2~ aartd (T +2)%

Condition (A.1) is satisfied by f by construction. To verify the minimal
mass assumption, we take e, < 2~ ™2X(45) and observe that when €y € (0, e,],

. 1 _
inf d/ f
ro€(0,e0],x€R: f(2)>0 aqT f(x) Bry(2)
o L[ et
~ roe(0.eo] aarg Jp, ) \16[lz[| (1 — 16[z])

Jasnzdzo

as required. It follows that (A.2) is satisfied for such ¢y € (0, €,] and for any
My > 1.
The main condition to check is (A.3). For x € By (24)(0), consider

i ~ 1 4
N+ (z) = (1/2){1 +z1 + ¢®ayg 1(1/q)(4q2 — ||a:|]2> }
Then
) 1 3
i+ (z) = (1/2,0,...,0)" ¥ 8q6aog_1(1/Q)<4q2 - ||$||2> x,
and
. 1 3
(o) = :F8q6aogl<1/q><4q2 - H:c||2> Taxa
6 -1 1 2 ? T
+ 48¢°apg™ (1/q) 12 Jz]|* ) za”.

From these calculations, we see that each 7, is twice continuously differen-
tiable on §2°, with ||7,(z)|| € (1/4,3/4) for all z € S%® and ||ij,(z)||op < 1.
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LOCAL NEAREST NEIGHBOUR CLASSIFICATION 11
We have that, when ny(z) = ng(x),

(=)~ i) o
<sabaog™ (/0| ~ 1417) (s~ el)
asaaog™ (10|~ 1417) 52— (g 1el?) "
= 8605~ 1/a) (el + I el = el (s 1o17)’
+ (g l17) (e e1?) + (a5 -1el?)
(2 11%) {e=o)—a)"

+a(=a) + (=)} + (el = 118 {55 ol = 1l Jaa”

+48¢%a0g ™ (1/9)

(30)
< Sag7' (1 /)]s — 2.

Hence, using the fact that 7 +— r/g~!(r) is increasing for sufficiently small
r > 0, we have that for sufficiently large g,

sup l7i0 () — Tio (2 )HOp <e
lz—=2[[<g(€),nq(x)=nq(2)

Now consider the case where z € X; and x € Ay with [ # I’, so that
ng(z) # ng(x). Let 2’ denote the closest point in A; to A on the line
segment joining x to z, and similarly let x’ denote the closest point in X}
to A} on the same line segment. Then 7j,(z") = 7y (2") = 0, so, by (36),

%U%»W%U—"(WW+WAU—%@Mp
/)l = Z e - 2']) < M (lz = 2"ll) + g~ (llz = 2"}

o (2

<

[\)‘)—l\_/

We therefore deduce that

sup |lijg () = 7o (2)|lop < €.
le—zl|<a(c)

For the final part of (A.3), we note that

‘>—0.
- 2

[\DM—A

inf
x€(eo+Z/2)xRI—1

No(z) —
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12 T. I. CANNINGS, T. B. BERRETT AND R. J. SAMWORTH

Finally, we check the moment condition in (A.4). First,
[ el 7)o = wo [ e (4(1 — dist(zr By)) ) da
Rd z:dist(z,Bp)<1/4

+/ ||fUth(16(1 — min dist(;v,Bﬁ)) dx
[~10,~1]x[~a—1/16,a+1/16]d~1 r=1,...,20

< wod5 ([¢"] + 2)™ + max(1,2°% ){100% + (d — 1) (a + 1/16)%}
3d+p 5

< S +max(l, 200=2/2£100% + (d — 1)%(a + 1/16)% } =: Mo (p),

say. We conclude that there exists g. = ¢«(d) such that for ¢ > ¢. and
any v > 0, we have P € Pyg for 6 = (eg, Mo, p,¢,g) with any p > 0,
My > max(Moi(p),1), €o € (0, min(2~™2x(d5) 1/(4My))), any £ € £ with
¢>2/ey and any g € G.

Finally, we note that || f|lcc < 1 and

. 2z — 1 2 2 21 1 1
[flleo < 212%?1) ¢<x(1 - m)) {(1 —z)3 23 z(l-a) ((1 —ap ﬂ)}

§210 X 5.

Hence P € Qg2 5 for A > 210 % 5. O
5. Proof of Theorem 5 (continued).

PROOF OF THEOREM 5 — Step 7. To complete the proof of Theorem 5,
it remains to bound the error terms R;, Ro, Rs and Rg.
To bound R1: We have

kL,
B=iY (W@) —n(e) — B{(Xg) — »)T0(x)}

— %E{(X@-) — ) "ij(x) (X — f’f)})

By a Taylor expansion and (A.3), for all € € (0,1), x € 8 and ||z — z|| <
min{g(c), o} = 1,

n(z) —n(a) = (z — 2)"i(x) - %(Z —2)Tij(a)(z — 2)| < el|z — ||
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LOCAL NEAREST NEIGHBOUR CLASSIFICATION 13
Hence
1
2
|Ry| < T > E{|Xq) — =l Ly —ali<ry} + 2P{ Xy — 2l > 7}
=1

+ sup [[0(2)IE{[[ X (ey) — 2l Tgx,, ) —all>r}}
z€8€0

(37) + sup 177 () lop BN X ey — 2P L x4, ) —af>r} }-

Now, by similar arguments to those leading to (17), we have that

kL ; - E ‘i(z) {Hx(kl) ~z||<r} na f(l‘)> d {]- 0(1)}’

uniformly for P € Pyy, k1, € K -, v9 € Sy, and |t| < €,. Moreover, for every
M >0,

(39) P{||X () — 2l > 7} = ¢ (k) = O(n™ ),

uniformly for P € Pgg, ki, € Ks;, x9 € Sy, and |t| < €, by (16) in Step 1.
For the remaining terms, note that

E{ X ) — 2P Lyxy, ) —al>r }

= P — 2l > 1} + [ PIXge) - ol > Ve
(40) k) + [ )

Let tg = to(x) := 52/P(1+2071)2/P (M, + ||pr)2/p. Then, for ¢ > ¢y, we have

p P
EQXT2) +[l)” 1

1—py<(1+2071) e <z

It follows by Bennett’s inequality that for p{n — (n — 1)} > 4,

o
| ety ai
to

< (14207 R2 gy 4 [} T2 / ipln—k)/4 gy
to
4ekLg2/e - .
= m(l +2° 1)2/p{M0 + [P} /Pg—(n—kr)/2
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14 T. I. CANNINGS, T. B. BERRETT AND R. J. SAMWORTH

But, when Blog(n — 1) > (d + 2)/d and n > max{ng, na},

(n — 1)1l My }1/p
nJ

su Tl <€+
bzl {Moﬂdﬂlogd/z(n_

TER,UST

We deduce that for every M > 0,

(0.9)
(41) sup  sup sup / qqf/i(k:L) dt = O(n=M).
PeP4g k€EKp r zeR,UST Jito

Moreover, by Bernstein’s inequality, for every M > 0,
to
@2 sw s swp ()t [ an)dtf = O,
PePy 9 kLEK + xER,USS™ r?

We conclude from (14), (37), (38), (39), (40), (41) and (42), together with
Jensen’s inequality to deal with the third term on the right-hand side of (37),
that (10) holds. With only simple modifications, we have also shown (13),
which bounds Rs.

To bound Rs: Write
Rs 12/8 R5(x0) dVold_l(xO)
:/ /fn (o)l []P’{S’n(:cg) <1/2} — E@(é(xg))} dt dVol?= (zg).
S J —en

Now by a non-uniform version of the Berry—Esseen theorem (Paditz, 1989,
Theorem 1), for every ¢t € (—e€p, €,) and xg € Sy,

o " — o (il 32 1
(43) [P{Sn(p) < 1/21X"} = 2(0(z))| < k(@) 0n (20, X™) 1+ [0(xh)]3

Let
by = b (0) = cmax{kL(xo)—W, ( S;g(;)))” "0(F (o) }
where 4
C .= T
CLd €0

In the following we integrate the bound in (43) over the regions |¢| < ¢, and
|t| € (tn, €n) separately. Define the event

By, = {&n(xg,X") >

1
= W for all X € Sn, t e (—€n,€n)},
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LOCAL NEAREST NEIGHBOUR CLASSIFICATION 15

so that, by very similar arguments to those used to bound IP’(AEL) in Step 2,
we have P(Bj ) = O(n=M) for every M > 0, uniformly for P € Pz and
ki, € Kp ;. It follows by (43) and Step 2 that there exists n4 € N such that
for all n > ny, ki, € K and 29 € Sy,

‘/ IP’{S ) <1/2} — E@(é(xg))} dt'
tn 320t[1p,, 128t2
(44) < /tnE(kL(xg)&n(ig,X”)) dt + 2P(Bg, ) < a7

By Step 1, there exists ns € N such that for n > n5, P € Pgy, k1 € Kp 1,
xo € Sy and |t| € (ty, €),

|pin (26) — 1/2] = |n(x6) — 1/2] = |pn () — n(ap)]

1. _ kr,(zg) \2/d
> 5 1)1 = GCeoo (00 H(Flao)

1
(45) > ZEQM@M.

Thus for n > ns, P € Py, ki, € Kgr, o € S, and [t| € (t,,€,), we have
that

s 1 1/2
P{10(ah)] < qeoMoky*(@o)lt| }
A n 1
< P{ |t (b X™) = pinlah)| > a(ah) = 1/2] = SeoMolt| |

64Var{ i, (zf, X")}
€3 M3t2

X N 1
(46) < P{|jin(ab, X™) = paleh)| > SeoMolt] | <
It follows by (43), (46) and Step 3 that, for n > ns,

/Mt )t[P{Sn(;cg) < 1/2} — B (6(a}))] dt'

2]lBkL 1
< [t/E R " ] 3 323 ) &
[t|€(tn,en) kL(xO)Un(me )1+ 64 € MOkL($O) / ’t’

64Var{jin (e, X))
+/ dt + €. P(Bj, )
(1€ (tnren) g Mg t] ki

IN

192 /Oo U d
U
kL(.T())S/Q o 14 éez&M?’u?’

g2, SuP Var{un(:vo,X”)}log< ) +e IP’(BkL)
0 0 |t|6(tna€n) TL

(47) - O(kL(lxo))

imsart-aos ver. 2014/10/16 file: LknnSuppFinal.tex date: May 14, 2019




16 T. I. CANNINGS, T. B. BERRETT AND R. J. SAMWORTH

uniformly for P € Pgyg, ki, € Kg, and 9 € S,. We conclude from (44)
and (47) that |Rs| = o(y,(kr)), uniformly for P € Pyg and ki, € Kg ;.

To bound Rg: Let 0(x}) := —2ky(xh)"/?{un(2f) — 1/2}. Write
R := /s Rg (o) dVol™ (z9) = Re1 + Reo,
where "
Re1 = /S n / t4b (o) || E® (b)) — @ (0(ab))] dt dVol"™ (o)

and

Reo ;z/ /_ t\|¢(x0)\|[q>(e(xg)) —(I)(é(mo,t))} dt dVol= (zp).

To bound Rg1: We again deal with the regions |t| < ¢, and [t| € (ty,€n)
separately. First let 0(z}) := —2k,(z4)/?{fin (x4, X™) — 1/2}. Writing ¢ for
the standard normal density, and using the facts that |9(m0)| > |0(xt)|, that

f(x!) and §(xh) have the same sign, and that |z¢(x)| < 1, we have

'/ — o (0(ah)] dt‘
< / t |t|E{r <xo>—é<z6>|¢(é<xz>)nAkL+|é(x6>—e<x6>\}dt+t2 (45,)

< [T [E{hh
—tn

T 2 () 2 Vart 2 i X")}] dt + 2P(AT ) = of12)

1
- 1‘
2k, ()26, X) }

uniformly for P € Pqyg, ki, € Kg . and z9 € Sp,. Note that for |t| € (t,,€p)
and zg € S,,, we have when ¢, < ¢y and n > ns that

E{1a,, cm,, [0(8) — 025}
:H-Ak NBy
<FE L L An t XTL — 1y t
< B{ 55 o, X") = )
1

2 (ah, X7) ‘1’}

+ ]lAkLﬂBkL‘H wO Msz )1/2

< 3k, (o) *Var'/ 2 {fi, (zh, X™)}

5
(48) + 2kL($0)1/2Mo!t\E{ﬂAkLmBkL

1
a _ 1’}
S () 2oy X7)
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LOCAL NEAREST NEIGHBOUR CLASSIFICATION 17

Thus by (45), (46), (48) and Step 3, for €, < €y and n > ns,
/ [t][ED(B(xh)) — @(0(h))] dt
Me(tnyﬁn)
) 1
< £y _ g(yt 1 1/2
>~ /|t€(tn’6n) ’ﬂE{:ﬂ.AkLﬁBkL ’9(1:0) 9($0)‘}¢(460M0kL ($0)|t|) dt

128
+P(A;, UBg ) + sup  Var{ji,(z5, X™)}log
0T MG etnen) " ( n)
1
(49) - O(k‘L(QS‘o))

uniformly for P € Pyyg, ki, € Kg and x9 € Sp,.

To bound Rgo: Let

w(x) = un(z) := kp(2)"/? (%)2“.

Given € > 0 small enough that €2 4 ﬁ < 1/2, by Step 1 there exists ng € N
such that for n > ng, P € Pyg, k1, € Kgr, x0 € Sp, and [t| < €p,

|0(2h) — 0(x0,t)| < {|t|kr(20)"? + w(zo)l(f(20)) }-

By decreasing € and increasing ng if necessary, it follows that

| (0(xt)) — D (B(wo,1))] < {|tlkw(0) 2 + u(z0)t(F xo)}¢< (o, >),

for all n > ng, P € Pag, kL € Kgr, z9 € Sy and ¢ E_(—en,en) satisfying
2eu(z0)l(f(z0))|n(zo)|| < |6(zo,t)|. Substituting u = 0(zo,t)/2, it follows
that there exists C* > 0 such that for all n > ng, P € Py and k1, € Kg ;,

| Re2|

2f(350) d—1
/ /u<wxo ooy TGO (o) T (F0) (0] dudVol™ (o)

> 2 f(wo)|u + u(zo)al(zo)| ; 4
/ / oo Phe(ee) L 1M T u@)a(@)

(50)
+ elul }p(u) du dVol™ ! (zg) < C* ey (kr,).

The combination of (49) and (50) yields the desired error bound on |Rg|
n (26), uniformly for P € Pgyg, ki, € Kp -, and therefore completes the
proof. O
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18 T. I. CANNINGS, T. B. BERRETT AND R. J. SAMWORTH

6. Empirical analysis. In this section, we compare the konn and
kssnn classifiers, introduced in Section 4 of the main text, with the stan-
dard knn classifier studied in Section 3 of the main text. We investigate
three settings that reflect the differences between the main results in these
sections.

e Setting 1: Pj is the distribution of d independent N (0, 1) components;
whereas Py is the distribution of d independent N(1,1/4) components.

e Setting 2: Pj is the distribution of d independent t5 components; Py is
the distribution of d independent components, the first [d/2] having
a t5 distribution and the remainder having a N(1,1) distribution.

e Setting 3: P; is the distribution of d independent standard Cauchy
components; Py is the distribution of d independent components, the
first |d/2] being standard Cauchy and the remainder standard normal.

The corresponding marginal distribution Py in Setting 1 satisfies (A.4)
for every p > 0. Hence, for the standard k-nearest neighbour classifier when
d > 5, we are in the setting of Theorem 1(i), while for d < 4, we can only ap-
peal to Theorem 1(ii). On the other hand, for the local-k-nearest neighbour
classifiers, the results of Theorems 2(i) and 3(i) apply for all dimensions,
and we can expect the excess risk to converge to zero at rate O(n~4(4+4),
In Setting 2, (A.4) holds for p < 5, but not for p > 5. Thus, for the stan-
dard k-nearest neighbour classifier, we are in the setting of Theorem 1(ii)
for d < 20, whereas Theorems 2(i) and 3(i) again apply for all dimensions
for the local classifiers. Finally, in Setting 3, (A.4) does not hold for any
p > 1, and only the conditions of Theorems 1(ii), 2(ii) and 3(ii) apply.

For the standard knn classifier, we use 5-fold cross validation to choose k,
based on a sequence of equally-spaced values between 1 and |n/4] of length
at most 40. For the oracle classifier, we set

~

fo(w) := max 1, min[| Bo{ f(z)n/ | Fllac /@ |, /2]

where Bo was again chosen via 5-fold cross validation, but based on a se-
quence of 40 equally-spaced points between n—4/(d+4) (corresponding to
the l-nearest neighbour classifier) and n%/(d+4) " Similarly, for the semi-
supervised classifier, we set

fss () = max 1, min[| Bes{fon (@)n/ |l fn oo}/ /2],
where Bss was chosen analogously to EO, and where fm is the d-dimensional
kernel density estimator constructed using a truncated normal kernel and

bandwidths chosen via the default method in the R package ks (Duong,
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TABLE 1

19

Misclassification rates for Settings 1, 2 and 3. In the final two columns we present the
regret ratios given in (51) (with standard errors calculated via the delta method).

d Bayes risk n  knnrisk  konn risk  kgsnn risk O RR SS RR
Setting 1
1 2267 50 26.850_13 25-910,12 25.980_13 0.780022 0.790,023
200 24.070.06 23.520.06 23.480.05 0.610.030 0.580.020
1000  23.200.04 22.930.04 22.949.04 0.480.048 0.500.048
2 13.30 50  17.700.09 16.960.0s 16.950.08 0.830.015 0.830.015
200 15.090.05 14.690.04 14.740.05 0.770.018  0.800.019
1000 14.040.04 13.780.03 13.800.03 0.650.025 0.670.025
5 3.53 50 9.460.07 8.950.06 8.940.06 0.91p.006 0.91¢.006
200 6.940.03 6.670.03 6.700.03 0.920.006 0.930.007
1000 5.490.02 5.180.02 5.230.02  0.84p.008 0.870.008
Setting 2
1 31.16 50 36.550.14 36.070.14 35.930.14 0.91p.020 0.880.020
200  32.930.08 32.380.07 32.420.07 0.699.031 0.71¢.032
2 31.15 50 37.790.13 38.020.12 37.900.12  1.02p.014 1.01p.015
200 33.640.0s 33.630.07 33.540.07 1.000.028 0.96¢.026
1000  31.830.05 31.810.05 31.800.05 0.970.030 0.950.03s8
5 20.10 50  28.740.12 29.16¢.12 29.13p.11  1.050.011  1.050.011
200  23.600.06 23.750.06 23.930.06 1.040.014 1.090.015
1000 21.86¢.04 21.710.04 21.770.04 0.910.014 0.950.014
Setting 3
1 37.44 50 44.760.10 43.090.12 43.080.12 0.770.013 0.770.013
200 41.86¢.08 40.18¢.09 40.230.09 0.62p.017 0.630.017
1000 38.680.06 37.850.05 37.890.05 0.330.033 0.360.032
2 37.45 50  46.200.09 44.81¢.10 45.240.10 0.840.000  0.890.009
200 43.50()‘07 42.29()‘08 42‘86()‘08 0.800011 0.890,011
1000  40.530.06 39.640.06 39.960.06 0.71p.013 0.82¢.014
5 23.23 50 41.560.11 38.130.11 39.260.12  0.81p.005 0.870.005
200  36.02¢.07 33.340.06 34.680.07 0.790.004 0.900.004
1000 31.46¢.05 29.91¢.05 30.580.05 0.81p.004 0.89¢.004

2015). In practice, we estimated || fim||oo by the maximum value attained on
the unlabelled training set.

In each of the three settings above, we generated a training set of size
n € {50,200,1000} in dimensions d € {1,2,5}, an unlabelled training set
of size 1000, and a test set of size 1000. In Table 1, we present the sample
mean and standard error (in subscript) of the risks computed from 1000
repetitions of each experiment. Further, we present estimates of the regret

ratios, given by

(51)

R( AEonn) o R(cBayes)
R( Aﬁnn) _ R(CBayes)

R(C’ESSHH) _ R(cBayes)
R(C’Enn) _ R(CBayes) ’
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20 T. I. CANNINGS, T. B. BERRETT AND R. J. SAMWORTH

for which the standard errors given are estimated via the delta method.
From Table 1, we saw improvement in performance from the oracle and semi-
supervised classifiers in 22 of the 27 experiments, comparable performance
in three experiments, and there were two where the standard knn classifier
was the best of the three classifiers considered. In those latter two cases,
the theoretical improvement expected for the local classifiers is small; for
instance, when d = 5 in Setting 2, the excess risk for the local classifiers
converges at rate O(n~%/9), while the standard k-nearest neighbour classifier
can attain a rate at least as fast as o(n~/3%¢) for every € > 0. It is therefore
perhaps unsurprising that we require the larger sample size of n = 1000 for
the local classifiers to yield an improvement in this case. The semi-supervised
classifier exhibits similar performance to the oracle classifier in all settings,
though some deterioration is noticeable in higher dimensions, where it is
harder to construct a good estimate of f from the unlabelled training data.

7. An introduction to differential geometry, tubular neighbour-
hoods and integration on manifolds. The purpose of this section is to
give a brief introduction to the ideas from differential geometry, specifically
tubular neighbourhoods and integration on manifolds, which play an impor-
tant role in our analysis of misclassification error rates, but which we expect
are unfamiliar to many statisticians. For further details and several of the
proofs, we refer the reader to the many excellent texts on these topics, e.g.
Guillemin and Pollack (1974), Gray (2004).

7.1. Manifolds and reqular values. Recall that if X is an arbitrary subset
of RM we say ¢ : X — R is differentiable if for each x € X, there
exists an open subset U € RM containing x and a differentiable function
F :U — RY such that F(z) = ¢(z) for z € UNX. If Y is also a subset of
RM wesay ¢ : X — Y is a diffeomorphism if ¢ is bijective and differentiable
and if its inverse ¢! is also differentiable. We then say S C R? is an m-
dimensional manifold if for each x € S, there exist an open subset U, C R™,
a neighbourhood V,, of  in § and a diffeomorphism ¢, : U, — V. Such a
diffeomorphism ¢, is called a local parametrisation of S around z, and we
sometimes suppress the dependence of ¢,, U, and V, on x. It turns out that
the specific choice of local parametrisation is usually not important, and
properties of the manifold are well-defined regardless of the choice made.

Let S € R? be an m-dimensional manifold and let ¢ : U — S be a
local parametrisation of § around x € S, where U is an open subset of R™.
Assume that ¢(0) = = for convenience. The tangent space T(S) to S at
z is defined to be the image of the derivative D¢y : R™ — R? of ¢ at 0.
Thus T,(S) is the m-dimensional subspace of R? whose parallel translate
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LOCAL NEAREST NEIGHBOUR CLASSIFICATION 21

x + T, (S) is the best affine approximation to S through x, and (D¢g)~! is
well-defined as a map from 7,(S) to R™. If f: S — R is differentiable, we
define the derivative D f, : T,(S) — R of f at = by Df, := Dhg o (Dg¢g)~",
where h := f o ¢.

In practice, it is usually rather inefficient to define manifolds through
explicit diffeomorphisms. Instead, we can often obtain them as level sets of
differentiable functions. Suppose that R C R? is a manifold and n : R — R
is differentiable. We say y € R is a regular value for n if image(Dn,) = R
for every x € R for which n(z) = y. If y € R is a regular value of 7, then
n1(y) is a (d — 1)-dimensional submanifold of R (Guillemin and Pollack,
1974, p. 21).

7.2. Tubular neighbourhoods of level sets. For any set S C R? and e > 0,
we call § 4+ ¢B1(0) the e-neighbourhood of S. In circumstances where S is
a (d — 1)-dimensional manifold defined by the level set of a continuously
differentiable function 7 : R — R with non-vanishing derivative on S, the
set S¢ is often called a tubular neighbourhood, and 7(z)*v = 0 for all z € S
and v € T,(S). We therefore have the following useful representation of the
e-neighbourhood of S in terms of points on § and a perturbation in a normal
direction.

PROPOSITION 2. Letn: R? — [0, 1], suppose that S := {x € R? : n(x) =
1/2} is non-empty, and suppose further that n is continuously differentiable
on § + eB1(0) for some € > 0, with n(x) # 0 for all z € S, so that S is a
(d — 1)-dimensional manifold. Then

tn(xo)
[l (o) |

S—l—eBl(O):{xg—l— tx0 €S, |t|<e} =: S

PROOF. For any zp € S and |t| < €, we have zg + t0(xo)/||7(x0)| €
S + €B1(0). On the other hand, suppose that x € S + €B;(0). Since S is
closed, there exists z9 € S such that ||z — zg|| < ||z —y|| for all y € S.
Rearranging this inequality yields that, for y # =g,

— 2T (y — o) .

Let U be an open subset of R“ and ¢ : U — S be a local parametrisation
of § around x(, where without loss of generality we assume ¢(0) = z¢. Let
v € Ty (S) \ {0} be given and let h € R¥~1\ {0} be such that Dgg(h) = v.
Then for ¢ > 0 sufficiently small we have th € U, so by (52),

r{o(th) — 6(0)}
lo(th) — (0)]
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22 T. I. CANNINGS, T. B. BERRETT AND R. J. SAMWORTH

Letting ¢ \, 0 we see that (z — z0)Tv < 0. Since v € T,,(S) \ {0} was
arbitrary and —v € T}, (S) \ {0}, we therefore have that (z — 2¢)"v = 0 for
all v € Ty, (S). Moreover, 77(z¢) v = 0 for all v € T}, (S), so x — xg o 17(x0),
which yields the result. O

In fact, under a slightly stronger condition on 7, we have the following
useful result:

PROPOSITION 3. Let R be a d-dimensional manifold in R, suppose that
n : R — [0,1] satisfies the condition that S := {x € R : n(x) = 1/2}
is non-empty. Suppose further that there exists € > 0 such that n is twice
continuously differentiable on S¢. Assume that n(xo) # 0 for all xg € S.
Define g : S X (—¢,€) — 8¢ by

oo f) e g L1(0)
0= 20 )
If

20€S SUDLe By, (20)NS¢ 17i(2)llop”

then g is injective. In fact g is a diffeomorphism, with

1(zo)

(54) Dgpo 1(v1,v2) = (I +tB) <v1 + ,v2>,

(0t [EEDI
for vy € Ty (S) and v2 € R, where

1 ﬁ(wo)ﬁ(xo)T> .
55 B = — (I — . n(To)-
(%9) aal\" ™ TGz )1
ProoOF.  Assume for a contradiction that there exist distinct points

x1,m9 € S and ty,ty € (—¢,€) with |t1] > |ta| such that

t1n(z1) ., tan(z2)
T TGl =% TGl

Then

2t17) (1) (22 — 1)
(1) |

2t17)(21)" (22 — a1)
(1)

(56) 0 < |lzg —21|* = I
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LOCAL NEAREST NEIGHBOUR CLASSIFICATION 23
By Taylor’s theorem and (56),
0(z1)" (z2 — 21)| = |n(x2) — n(z1) — 0(21)" (32 — 21)|

1 .
5 s [lii(z)llopllzz — 1]®
ZGBQE(m1)03€

(T

. eln(z1)” (xg — 1)
< s () e TR ]
zE€Bae(x1)NS® Hn(@’l)”

contradicting the hypothesis (53).

To show that g is a diffeomorphism, let zp € S be given and let ¢ :
U — S be a local parametrisation around z¢ with ¢(0) = xg. Define ® :
Ux (—€,€) =S x (—€€) by ®(u,t) := (¢p(u),t), and H : U X (—€,€) — S°
by H := g o ®. Finally, define the Gauss map n : S — R? by n(xg) :=
17(20)/||7(x0)||. Then, for h = (b1, ho)T € R x R and s € R\ {0},

lim H(Shl, t+ Shg) — H(O, t)
s—0 S

- nm{ d(sh) = 6(0) , H{n(@(sh1)) — n(#(0))}

s—0 S S

+ hzn(gb(shl))}

= D¢o(h1) + tDng, o Dpg(hy) + han(xo)
= Dg(zo,t) © DP(0,1)(h1, h2),

where Dy 1) @ Ty (S) X R — RY is given in (54).
To show that Dg(m’t) is invertible, note that for vy € Ty, (S) and |¢| < €,

(i)™ i) o
Tieo) HH( Hn IE )”( 01| < )]

where the final inequality follows from (53). Then, since v; + m (I —

[ol] <ol

%)ﬁ(mo)vl and n(wg)vy are orthogonal, it follows that Dg(,, ¢ is

indeed invertible. The inverse function theorem (e.g. Guillemin and Pollack,
1974, p. 13) then gives that ¢ is a local diffeomorphism, and moreover,
by Guillemin and Pollack (1974, Exercise 5, p. 18) and the fact that ¢ is
bijective, we can conclude that ¢ is in fact a diffeomorphism. O

7.3. Forms, pullbacks and integration on manifolds. Let V be a (real)
vector space of dimension m. We say T : VP — R is a p-tensor on V if it is
p-linear, and write FP(V*) for the set of p-tensors on V. If T € FP(V*) and
S € F1(V*), we define their tensor product T @ S € FPt4(V*) by

T &SVl Up, Upgly ey Uptq) = T(V1, ..., 0p)S(Vps1, .-, Upiq)-
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Let S, denote the set of permutations of {1,...,p}. If 7 € S, and T €
FP(V*), we can define T € FP(V*) by T™(v) := T (vx(1); - - - Vn(p)) for v =
(v1,...,vp) € VP. We say T is alternating if T = —T for all transpositions
o:{1,...,p} = {1,...,p}. The set of alternating p-tensors on V', denoted
AP(V*), is a vector space of dimension (7;”) The function Alt : FP(V*) —
AP(V*) is defined by

1 ;
AlY(T) = o > (—1ETT,

" meS,

where sgn(m) denotes the sign of the permutation 7. If T € AP(V*) and
S € A1(V*), we define their wedge product T NS € APTI(V*) by

TAS:=Al(T®8S).

If W is another (real) vector space and A : V' — W is a linear map, we
define the transpose A* : AP(W*) — AP(V*) of A by

AT (v1,...,vp) :=T(Avy,..., Avy).

Let S be a manifold. A p-form w on § is a function which assigns to each
x € S an element w(z) € AP(T(S)*). If w is a p-form on S and 0 is a
g-form on S, we can define their wedge product w A 6 by (w A 0)(x) =
w(z) A 0(z). For j = 1,...,m, let z; : R™ — R denote the coordinate
function x;(y1,...,ym) = y;j. These functions induce 1-forms dz;, given
by dx;(z)(y1,...,Ym) = y;j (so dzj(x) = D(z;), in our previous notation).
Letting 7 := {(i1,...,1p) : 1 <i1 < ... <ip <m}, for I = (i1,...,4p) € T,
we write
dry:=dxy N... Ndg,.

It turns out (Guillemin and Pollack, 1974, p. 163) that any p-form on an
open subset U of R" can be uniquely expressed as

(57) > frday,

IeT

where each f is a real-valued function on U.

Recall that the set of all ordered bases of a vector space V is partitioned
into two equivalence classes, and an orientation of V is simply an assignment
of a positive sign to one equivalence class and a negative sign to the other.
If V and W are oriented vector spaces in the sense that an orientation
has been specified for each of them, then an isomorphism A : V — W
always either preserves orientation in the sense that for any ordered basis
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B of V, the ordered basis A has the same sign as (3, or it reverses it.
We say an m-dimensional manifold X is orientable if for every z € X,
there exist an open subset U of R™, a neighbourhood V of z in X and
a diffefomorphism ¢ : U — V such that D¢, : R™ — T,(X) preserves
orientation for every u € U. A map like ¢ above whose derivative at every
point preserves orientation is called an orientation-preserving map.

If X and Y are manifolds, w is a p-form on ) and ¢ : X — Y is differ-
entiable, we define the pullback 1*w of w by ¥ to be the p-form on X given
by

(@) = (D) w(w(x)).
If V is an p-dimensional vector space and A : V' — V is linear, then A*T =
(det A)T for all T € AP(V') (Guillemin and Pollack, 1974, p. 160).

If w is an m-form on an open subset U of R™, then by (57), we can write
w= fdriA...Ndzy,. If wis an integrable form on U (i.e. f is an integrable
function on U), we can define the integral of w over U by

/w:—/f(xl,...,xm)dxl...d:rm,
U U

where the integral on the right-hand side is a usual Lebesgue integral. Now
let S be an m-dimensional orientable manifold that can be parametrised with
a single chart, in the sense that there exists an open subset U of R” and an
orientation-preserving diffeomorphism ¢ : U — S. Define the support of an
m-form w on § to be the closure of {z € S : w(x) # 0}. If w is compactly
supported, then its pullback ¢*w is a compactly supported m-form on U;
moreover ¢*w is integrable, and we can define the integral over S of w by

(58) Lw—ﬁww

Alternatively, we can suppose that w is non-negative and measurable in the
sense that ¢*w = fdzi A...ANdzy,, say, with f non-negative and measurable
on U. In this case, we can also define the integral of w over S via (58).

More generally, integrals of forms over more complicated manifolds can be
defined via partitions of unity. Recall (Guillemin and Pollack, 1974, p. 52)
that if X' is an arbitrary subset of RM, and {V,, : a € A} is a (relatively)
open cover of X', then there exists a sequence of real-valued, differentiable
functions (p,) on X, called a partition of unity with respect to {V, : « € A},
with the following properties:

1. pp(x) €10,1] for all n € N;
2. Each z € X has a neighbourhood on which all but finitely many
functions p,, are identically zero;
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3. Each p, is identically zero except on some closed set contained in some
Vas
4. 3 pn(z) =1forall z € X.

Now let S € R? be an m-dimensional, orientable manifold, so for each z € S,
there exist an open subset U, of R™, a neighbourhood V, of z in § and an
orientation-preserving diffeomorphism ¢, : U, — V.. If w is a compactly
supported m-form on S and (p,) denotes a partition of unity on S with
respect to {V,, : x € S}, we can define the integral of w over S by

(59) /S Wi i /S oo,

In fact, writing €2 for the compact support of w, we can find a neighbourhood
Wyofz e, zq,...,zn € Q and a finite subset N; of N such that {p, : n ¢
Nj} are identically zero on W, and such that

Thus the integral can be written as a finite sum. Similarly, if w is a non-
negative m-form on S, we can again define the integral of w over S via (59).
Finally, if w is an integrable m-form on &S, the integral can be defined by
taking positive and negative parts in the usual way.

In our work, we are especially interested in integrals of a particular type of
form. Given an m-dimensional, orientable manifold S in R?, the volume form
dVol™ is the unique m-form on S such that at each x € S, the alternating
m-tensor dVol™(x) on T,(S) gives value 1/m! to each positively oriented
orthonormal basis for T5(S). For example, when S = R, we have dVol™ =
dxy A ... A dxy,, provided we consider the standard basis to be positively
oriented. As another example, if R C R? is a d-dimensional manifold and
n: R — R is continuously differentiable with S = {x € R : n(x) = 1/2}
non-empty and 7(z) # 0 for z € S, then S is a (d—1)-dimensional, orientable
manifold (Guillemin and Pollack, 1974, Exercise 18, p. 106). If we say that

an ordered, orthonormal basis ey, ..., e4_1 for T, (S) is positively oriented
whenever det(eq,...,eq—1,7M(xz0)) > 0, we have that
e 13(@0)
dVOldil(.%'(ﬂ = Z(—l)]+d”n,](70)”dl‘1 VANAN dmj_l A da:j+1 VANAN dl‘d(.%'o),
. Mo
Jj=1

where x; denotes the jth coordinate function. We now define an ordered,
orthonormal basis (e1,0),. .., (eq—1,0),(0,1) for T,,(S) X R to be positively
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oriented. Further, we define a (d —1)-form w; and a 1-form ws on S X (—¢, €)
by

wi(xo, t)((vl,wl), ooy (Vg—1, wd_l)) = dVoldil(xo)(vl, ey Vd—1)
w2 (wo, t) (’Ud, wd) = dt(t)(wd) = Wq.
Then, with g defined as in Proposition 3, and under the conditions of that
proposition,

g*(dxl ARRIWA dl’d)(.%'(),t>((€1, O)v SRR (ed—l70)7 (07 1))
=dri AN... N\ dxd(xf))(Dg(Iovt)(el, 0),..., Dg($07t)(ed_1, 0), Dg(xo,t) (0, 1))

1
= — det(I +tB)

1
=~ det(l + tB)dVold™Y(zo)(eq, . .., eq_1)dt(t)(1)
= det(I + tB) (w1 Awa)(wo,t)((e1,0),..., (eq-1,0),(0,1)),
so g*(dz1 AN ... Ndzg)(zo,t) = det(l + tB) (w1 A wa)(xo,t). It follows that

if h : & x (—€€) — R is either compactly supported and integrable, or
non-negative and measurable, then

(60) / hwi Awy = / / h(zxo,t) dt dVol? 1 (x).
SX(—¢e€) SJ—e

We also require the change of variables formula: if X and ) are orientable
manifolds and are of dimension m, and if ¢ : X — ) is an orientation-
preserving diffeomorphism, then

(61) /X rw = /y w

for every compactly supported, integrable m-form on ) (Guillemin and
Pollack, 1974, p. 168). In particular, if f : S¢ — R is either compactly
supported and integrable, or non-negative and measurable, then writing
zh=1z0 + Ht;((;(?))”v we have from (60) and (61) that

f(z)dx = / det(I + tB) f (k) (w1 A w2) (o, 1)
Se SXx(—e€,€)

(62) = /5/6 det(I + tB) f(x}) dt dVold™ (zy).
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