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APPENDIX A: PROOFS OF PREPARATORY PROPOSITIONS

PROOF OF PROPOSITION 7. For any f : [0,1]¢ — R, define M, f :=
237 e f(X0) — fo(Xi)} = 20 {f(Xi) — fo(Xi)}? and Mf = EMy,f =
—n|f — fOH%Q(P). By the definition of f,, we have that > ;" (fn(X;) —

fo(Xi) —€)? < Yoy €2, which implies that M, fn > 0. We therefore have
that for any r > 0,

P({{lfn = foll o) = 73 O {Ilfa = folloo < 6log!/*n})

(]

P( sup (M,, = M) f > n22£—2r2)
/=1 €6 (fo,267,610g/2 n)\G(f0,2¢~1r,6log/? n)

o0 n
1
< ZP< sup a2l - fo)<Xi>‘ > 2%—4”1/27«2)
=1 N€EG(fo,20r,6log'/2n)I VT i
oo
(1) + ZP< sup ‘Gn(f - f0)2‘ > 225_3711/27’2).
/=1 f€G(fo,2¢r,6 logl/2 n)

By a moment inequality for empirical processes (Giné, Latala and Zinn,
2000, Proposition 3.1) and (18) in the main text, we have for all p > 1 that

p] 1/p

i ) — X))
=1

E[ sup
f€G(fo,2¢r,6 log!/2 n)
(2) < Kon(2'7) + 24" + = ?plogn.
For any C' > 0 and 7 > C'Kr,, we have ¢,(2) < 2¢(r/rn)én(r,) <

212, < (C'K)~12n1/2r2. Tt therefore follows from (2) and Lemma 11
that there exist universal constants C,C” > 0 such that for all £ € N and
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r>C'Kry,
1 n
P< Sup 2 Z e f(Xi) — fO(Xi)}‘ > 22£—4n1/2r2>
£E€G(fo,2¢r,61og!/2 )l T i=1
22tp 2
< - .
@ _Cexp< C’logn>

Similarly, by a symmetrisation inequality (cf. van der Vaart and Wellner
(1996, Lemma 2.3.1)), (19) in the main text and the same argument as
above, and by increasing C,C" if necessary, we have that for all £ € N and
r>C'Kry,

(4)

222
P( sup ‘Gn(f - f0)2’ > 2%_3711/27”2) < Cexp(— )
FEG(fo,2¢r,6log!/2 n) Clogn

Substituting (3) and (4) into (1), we obtain that for all » > C'Kry,

P({|lfn = follLocpy = 7} 0 {lIfn = folloo < 6log'/?n})

[e.o]
2262 nr?
< — < —
N;GXP< Clogn)NeXp< Clogn)'

It follows that

E(fn = ol 2ot (1 foloe <6108 /2 )
:/O 2B ({| o~ foll iy = £} O {1 F — folloo < 610g"/2n}) dt

2,2 = t? 2,2

< Ker +/ 2texp| ——=— | dt < K*r
~ " C'Kry, P CTTQL ~ "

as desired, where we have used 72 > n~!logn in the penultimate inequality.

O

PROOF OF PROPOSITION 8. [Upper bound] It is convenient here to work
with the class of block decreasing functions Fy | := {f : [0,1]? > R: —f €
Fa} instead. We write F := {f € F4: f > 0} and ]-"371 ={f € Fay :
f > 0}. By replacing f with —f and decomposing any function f into its
positive and negative parts, it suffices to prove the result with gj(o, r, 1) =
fca N By(r, P) N Boo(1) in place of G(0,7,1). Since Qf(O, r,1) = Qf(O, 1,1)
for » > 1, we may also assume without loss of generality that » < 1. We
handle the cases d = 2 and d > 3 separately.
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 3

Case d = 2. We apply Lemma 7 with n = r/(2n) and Lemma 8 to obtain
E sup

/2 Z g’L
FEFF NBa(r,P)NBoo (1)1 T

r log* n)(log logn)?
Sdimo,Mo n'/?y +log3n/ gds + (log n)(loglogn) < rloghn,
n

nl/2
as desired.
Case d > 3. We assume without loss of generality that n = il for some
n1 € N. We define strips I, := [0,1]% 1 x [, £] for £ = 1,...,n, so that

ni ’ni
[0,1]¢ = Uyt e Our strategy is to analyse the expected supremum of the
symmetrised empirical process when restricted to each strip. To this end,
define Sy := {X1,..., X,} NI, and Ny := |Sy|, and let Qg := {mon'~1//2 <
ming Ny < maxy N; < 2Mn'~1/4}. Then by Hoeffding’s inequality,

P(Q) < Z]P’(’Ng ~ENy| > 2) < 2ny exp(—m2n'"2/7/3).
n

Hence we have

1 n
E . sup ‘W Z é-lf(X
FEF S NBs(r,P)NBoo(1) Py
N1/2
(5) §E< Z 1/2 Ey ]IQO) + Cexp(—min'=%/4/16),
L:Np>1
where
E, :—IE{ sup ‘ 7 Z &f( ‘Nl,...,an}.
FEFS NBy(r,P)NBac(1) Ny~ i xes,

By Lemma 9, for any [ € ]::[i N By(r, P) N Boo(1l) and £ € {1,...,n1}, we
have flz f2dP < 7(Mo/mo)l—'r?log?n =: rfw. Consequently, we have by
Lemma 7 that for any n € [0,7,¢/3),

1/2 ) Hpo(rne)
(6) EZSN/ 77"’/ H[]{g(g)d5+HT7
n Nf

where Hyj (e) := log Njj (e, Ff | (Ie) N Ba(rne, P 1e) N Boo (15 10), || - | Lo (Pi12)) -
Here, the set F/ + (Ig) is the class of non-negative functions on I, that are
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4 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

block decreasing, Boo(1;1y) is the class of functions on I, that are bounded
by 1 and Ba(rye, P;Iy) is the class of measurable functions f on I, with
1l zo(pizyy < 7. Note that any g € F, (1e) N\ Ba(rne, P; Ir) N Boo(1; 1) can

be rescaled into a function f, € ]:d+,¢ N By (n}ﬂ(MO/mo)l/an,g, P) N Bx(1)
via the invertible map fg(z1,...,24-1,2q) == g(x1, ..., 24—1, (xg+{—1)/n1).
Moreover, we have f[o 1]d(fg — fy)2dP > ny(mo/My) fle (9 — ¢')>dP. Thus,
by Lemma 8, for ¢ € [0, 7,4,

Hyj4(e) < log Npj(n'/ 9 (mo /M) e,
]-"L N By (nl/(2d)(Mo/mo)1/2rn,e,P) N Bso(1), | - HLz(P))

. 2(d-1) 2
Sd,mmMo ( 67 ) 10g+ (1/5)'

Substituting the above bound into (6), and choosing n = n‘l/(Qd)rnyg, we
obtain

1/2 2 Tt (. Y =1 10gd2 n
Er Sdmo.Mo N/ n + log? /271/ <"> de + —=—

U € Nel/2
< Ngl/QTI N rf;gl 1Zg0212/2 n 1ogilj2n.
n N,
Hence
Eglay Sdmoe e/ > /4 0g® /2 n 4 n=1/241/C2d) o0
(7) oty e log /2 n,

where in the 1‘2’1nal inequality we used the conditions that d > 3 and r >
n~(1=2/d) 1og(4"=d)/2,  Combining (5) and (7), we have that

E sup
fef; LNBa2(r,P)NBoo(1)

1 n
iz D Gif(X)
i=1

<

ni
Zdimo Mo rnl/2-3/(2d) log(d2+d)/2 n 25—1/2 < rnl/2-1/d log(d2+d)/2 n

/=1

9

which completes the proof.

[Lower bound] Assume without of loss of generality that n = n{ for some
n1 € N. For a multi-index w = (w1,...,wq) € Ly, let Ly, = H;-lzl(wj —
1/n1,wj] and Ny, := {X1,..., X} N Ly|. We define W := {(w1,...,wq) :
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 5

25:1 w; = 1} to be indices of a mutually incomparable collection of cubelets

and define W := {w € W : N, > 1} to be the (random) set of indices of
cubelets in this collection that contain at least one design point. For each
w € W, associate i, := min{i : X; € Ly}. For each realisation of the
Rademacher random variables £ = (&), and design points X = {X;}" ,,
define f¢ x : [0,1] — [—~1,1] to be the function such that

& ifxeLw,wGW
fex(x):=1qr if z € L,, with Z?:l w; > ny

—r otherwise.

For r < 1, we have fg x € FqN Ba(r, P) N By (1). Therefore,

feFaNB2(r,P)NBoo (1) ;_

E sup Z&f(Xi) > EZ&fg,X(Xi)
=1 =1

> E[E{Zgifg,x(x,-) ‘ X1, X {&, cwe W}H
=1

=E ) &, fox(Xi,) = rE[W].
weWw
The desired lower bound follows since E|W| > {1 — (1 — mg/n)"}|W| >

(1 — ™) |[W| Zg.my 7'/, where the final bound follows as in the proof
of Proposition 5. O

PROOF OF PROPOSITION 9. Let 7, := n~1/%log¥ n. We write
(8)
202 212 F 112
Bl foll L= Bl o Ly <rn } FEXall o Lty et )

and control the two terms on the right hand side of (8) separately. For the
first term, we have

E{| fall L Lty oy et} < B sup =3 X
2( n) {”fn”LQ(P),Tn} fe}‘deg(rn,P)ﬂBoo(G1og1/2 n) n ;
1 n
<ri+-E sup Zfifz(Xi)
T e FunBy(rn,P)NBoo(6log!/2 n) |51
10g1/2 n -
Sri+——F sup Z&f(XZ-)
n 1/2 X
feFaNBa(rn,P)NB(6log™/“ n)lj=1
(9) Sd,mo, Mo T?L + rnnfl/d log7n < 7',21,
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6 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

where the second line uses the symmetrisation inequality (cf. van der Vaart
and Wellner, 1996, Lemma 2.3.1), the third inequality follows from Lemma 6
and the penultimate inequality follows from Proposition 8. For the second
term on the right-hand side of (8), we first claim that there exists C/, >
0, depending only on d, mg and My, such that

(10) P(E%) < 2

n?’

,mo,Mo

where

P, f?
Pf? B 1‘ B Ctli,mmMo}‘

To see this, we adopt a peeling argument as follows. Let Fgq, = {f €
J’:dﬁBoo(Glogl/2 n):271r2 < Pf2 < 2%2} and let m be the largest integer
such that 272 < 32logn (so that m =< logn). We have that

2
Buf” 4| <
Pf2 -

E —{ sup
JFEF4NBa(Tn,P)¢NBoo (6log!/2 n)

max {(2%’721)_1 sup ]anQ\}.

sup
‘ nl/2 ¢= L..,m f€Fae

fEF4NBoo (61og!/? n)
I fllLy(py>Tn
By Talagrand’s concentration inequality for empirical processes (Talagrand,
1996), in the form given by Massart (2000, Theorem 3), applied to the class
{f?: f € Fau}, we have that for any s, > 0,

12425, 1
P 5up [G,2) > 26 sup (G0 f?] + 12VE(@slogn) P, + B |
n

fE]'-dg fe d,l

< e *.

Here we have used the fact that supscz,, Varpf? < supscz,, P2 f|2, <
36 - 257“721 log n. Further, by the symmetrisation inequality again, Lemma 6
and Proposition 8, we have that

48 logl/2 n -
2 2 § : . .
Ele;__I;’Jan ’ = 1/2E Zu];e ; 1 Elf n1/2 Ele;‘__g’e g glf(Xl)
Sd.mo, Mo 2£/2rnn1/2 1/d log™ n.

By a union bound, we have that with probability at least 1 —>";"  e™%,

P, f2
Pf?

sup
FEF4NBa(rn,P)°NBoo (6log!/? n)

n1/2=1/d o0 4 5;/2 10g1/2 n  sglogn
22n1 2, 2tnr?

_1‘

Sdymo, My , Max
l=1,....m
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 7

By choosing s; := 2¢logn, we see that on an event of probability at least
L= e >1-372, n~1 >1—2n"2, we have

P, f2
;fz - 1‘ NdmO7MO 17

sup
FEF4NBa(rn,P)eNBeo (6log!/? n)

which verifies (10). Thus

72 logn

I VY P PP T I o1 { VA1 e PP I )

721
(1) < Clangrty + VENFul3 0+
Combining (8), (9) and (11), we obtain

~ 2 ~ 2
EHf”HLg(IP’n) S.zd,mmMO T‘?L + EanHLQ(P)

as desired. 0

PROOF OF PROPOSITION 10. Let 7, := n~Y?log¥ n and observe that
by Lemma 5 and Proposition 8, we have that for r > r,,

n
E sup Z Sd,mo, Mo rplt/2-1/d log™? n.
fEF4NBa(r,P)NBoo (6log/2n)| V'~
On the other hand, by Lemma 6 and Proposition 8, for r > 7,
—1/d
E sup n1/2 Z&]‘Q Sd,mo, Mo /27 ogYe .
FEFaNB2(r,P)NBoo (6log!/? n)

It follows that the conditions of Proposition 7 are satisfied for this choice
of r, with ¢,(r) = rnt/2-1/d]ogVd n and K Sdmo,M, 1. By Lemma 10,
Propositions 9 and 7, we have that

Rn(fm 0) <E||fn||L2 —I—n

-2 2 Fon2 -2
5d7m07M0 n /d 10g Yd n + Ean”LQ(P) dem(LM() n /d

log¥d n,

as desired. 0
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8 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

APPENDIX B: AUXILIARY LEMMAS

We collect here various auxiliary results used in the proofs in the main
document (Han et al., 2018).

The proof of Corollary 1 in the main document requires the following
lemma on Riemann approximation of block increasing functions.

LEMMA 1. Suppose nqy = n? is a positive integer. For any f € Fyq, de-

fine fr(xy,...,zq) = f(nflmlsclj,...,nfanlde) and fy(zi,...,xq) ==
f(ni Tnaz],. .. .ny [niza]). Then

e 10 < aan™

PROOF. For # = (z1,...,24) and 2’ = (2),...,2) in Lg,, we say
x and 2’ are equivalent if and only if z; — 21 = x; —af for j =1,...,d
Let Ly, = Ufy: 1 Pr be the partition of L4, into equivalence classes. Since
each P, has non-empty intersection with a different element of the set
{(x1,...,24) € Lgy : max;x; = 1}, we must have N < dn'~'/¢ There-
fore, we have

B Ry
/[071][71 fr)? Z/Pﬁnl Lo (fu — fr)
%Hf”ooz Z {f(:nl,...,xd)—f(ml—nfl,...,a:d—nfl)}

r=1g=(21,...,xq) T €Ly

2N .
oo (F(L---.1) = £(0,...,0)) < ddn™ VI £,
as desired. 0

IN

IN

The following is a simple generalisation of Jensen’s inequality.
LEMMA 2. Suppose h : [0,00) — (0,00) is a non-decreasing function
satisfying the following:

(i) There exists xog > 0 such that h is concave on [xg, 00).
(i) There exists some x1 > xo such that h(z1) — z1h! (x1) > h(xo), where
! is the right derivative of h.

Then there exists Cy, > 0, depending only on h, such that for any nonnegative
random variable X with EX < oo, we have

Eh(X) < Cph(EX).
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 9

PROOF. Define H : [0,00) — [h(0),00) by

H($) _ h(xl) - l’lhl.t,_(l'l) + l’h/_,'_(flll) ifx e [0,1'1)
h(z) if x € [x1,00).

Then H is a concave majorant of h. Moreover, we have H < (h(z1)/h(0))h.
Hence, by Jensen’s inequality, we have

Eh(X) < EH(X) < H(EX) <

as desired. 0

We need the following lower bound on the metric entropy of M(L3,) N
Bs(1) for the proof of Proposition 2.

LEMMA 3. There exist universal constants ¢ > 0 and 9 > 0 such that
log N (g0, M(Lan) N Ba(1), ]| - [|2) > clog®n.

PROOF. It suffices to prove the equivalent result that there exist universal
constants ¢, e > 0 such that the packing number D (g9, M(LLg,,) N Ba(1), || -
|2) (i-e. the maximum number of disjoint open Euclidean balls of radius &g
that can be fitted into M(ILg,,) N Ba(1)) is at least exp(clog®n). Without
loss of generality, we may also assume that n; := n'/2 = 2/ — 1 for some
£ € N, so that £ <logn. Now, forr=1,...,¢, let I, := nf1{27"_1, S, 2r—1}
and consider the set

_ -1y x 1. -1y X1,
M::{HERLQ’":HIT 196{ T2 ; L2 }}
5 V2rtstllogn V2t logn

c M(LQ,H) N B2(1)7

W_here 17, x1, denotes the all-one vector on I, x I,. Define a bijection 9 :
M = {0,1} by

14
1’[}(9) = <]]_{91r><15:*11r><15/\/W10gn}>T75:1.

Then, for 6,60 € M,

/ 2
H@_e,g:de(e),w(e))l(l ! ) |

log®n 4\~ 212
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10 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

where dy(-,-) denotes the Hamming distance. On the other hand, by the
Gilbert—Varshamov inequality (e.g. Massart, 2007, Lemma 4.7), there exists
a subset Z C {0,1}* such that |Z| > exp(¢2/8) and dy(v,v') > £2/4 for
any distinct v,v" € Z. Then the set 1»~1(Z) C M has cardinality at least
exp(¢2/8) > exp(log® n/32), and each pair of distinct elements have squared

2
/5 distance at least ¢g := k{géii(l - 21%)2 2 1, as desired. O

Lemma 4 below gives a lower bound on the size of the maximal antichain
(with respect to the natural partial ordering on R%) among independent and
identically distributed X, ..., X,,.

LEMMA 4. Letd > 2. Let X4,...,X, id P, where P is a distribution
on [0,1]% with Lebesgue density bounded above by My € [1,00). Then with

probability at least 1 — e—cd ' (Mon)!/log(Mon)

with cardinality at least nl_l/d/(QeMg/d).

, there is an antichain in Gx

Proor. By Dilworth’s Theorem (Dilworth, 1950), for each realisation of
the directed acyclic graph Gx, there exists a covering of V(Gx) by chains
C1,...,Cyr, where M denotes the cardinality of a maximum antichain of
Gx. Thus, it suffices to show that with the given probability, the maximum
chain length of Gx is at most k := [e(Myn)"/*] < 2e(Myn)/¢. By a union
bound, we have that

n!
(n—k)!

n (d 1) k en b k _k(d_l) k
< ENTVYYME < | — - M,
< (ejoome= () (5)

< (Mgn)~*/4 < e=ed ™" (Mom)!/1og(Mon),

P(3 a chain of length k£ in Gx) < P(X1 - 2 Xy)

as desired. n

The following two lemmas control the empirical processes in (18) and (19)
in the main text by the symmetrised empirical process in (20) in the main
text.

LEMMA 5. Let n > 2, and suppose that X1,...,X,,€1,...,€, are inde-
pendent, with X1, ..., X, tdentically distributed on X and éq,...,¢&, iden-
tically distributed, with |é1] stochastically dominated by |e1|. Then for any
countable class F of measurable, real-valued functions defined on X', we have

> Gif(X)
=1

n

Zgif(Xi)

i=1

E sup
feF

< 210g1/2 nE sup
feF
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 11

PROOF. Let ag := 0, and for k = 1,...,n, let ay := E|éy, |, where |€)] <
- < |€()| are the order statistics of {|€1], ..., [€x]}, so that a;, < (21ogn)'/2.
Observe that for any k =1,...,n,

k k n
Esup| Y &f(Xi)| =Esup|> &f(X)+E D &Gf(X
i=1 ferliza i=k+1
Esup E ; Xiyoo o, X b1y,
< JS}elg { ;f ‘ 1 ks &1 fk}
12 <E :
" ey e

We deduce from Han and Wellner (2017, Proposition 5) and (12) that

n

Esup| > & f(X, \<zmz i1k = o kEsupz@
feFli o JeF
<2124 nlE sup Z&l
fer =1
as required. O
LEMMA 6. Let X4,...,X, be random variables taking values in X and

F be a countable class of measurable functions f : X — [—1,1]. Then

Z@ Z@

PRrROOF. By Ledoux and Talagrand (2013, Theorem 4.12), applied to
#i(y) = y?/2 for i = 1,...,n (note that y — y?/2 is a contraction on
[0,1]), we have

E sup < A4E sup

E sup §f2 {Esup‘ & 14X X }
<4E{E5up‘ &f ’Xl,...,X }_4Esup & f
up|) 8if( up|) Sif (X
as required. ]
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12 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

The following is a local maximal inequality for empirical processes un-
der bracketing entropy conditions. This result is well known for n = 0 in
the literature, but we provide a proof for the general case n > 0 for the
convenience of the reader.

LEMMA 7. Let Xq,...,X, P oon X with empirical distribution P,,
and, for some r > 0, let G C Bsy(r,P) N Bso(1) be a countable class of
measurable functions. Then for any n € [0,7/3), we have

Bsup G, f] S '/ + / log}/? Ny (.. || - | a(ry) de
S n

1
+ i log, Nij(r, G, || - |y (p))-

The above inequality also holds if we replace G, f with the symmetrised em-
pirical process n~V23" & f(X;).

PROOF. Writing N, := Nj(r,G, || - || 1,(p)), there exists {(fF, f{) : € =
1,...,N,} that form an r-bracketing set for G in the Ly(P) norm. Letting
Greo={feg:fl<f<flYand G :={feG: fF<f<flI\ULG; for
£=2,...,N,, we see that {Qg}é\[:rl is a partition of G such that the Lo(P)-
diameter of each Gy is at most r. It follows by van der Vaart and Wellner
(1996, Lemma 2.14.3) that for any choice of f; € G, we have that

Esup|Gnf] 2 '/ + / log}/? Niy(e, G, | - ll,(p)) de
€ n

13 E G E
(13) + ZmaxN| nfel + ,max,

=Ly Ny

Gn (;ggz |f — le) ’

=Ly dVp

The third and fourth terms of (13) can be controlled by Bernstein’s inequal-
ity (in the form of (2.5.5) in van der Vaart and Wellner (1996)):

log., N,
Gu(sup |f = fil)| S =255 +r1og!* ..
f€Ge n

E max |Gy,fe|V Ee_rlnax

¢=1,...Ny =1,...,Ny

Since n < r/3, the last term rlogfr/2 N, in the above display can be as-
similated into the entropy integral in (13), which establishes the claim for
Esupseg |Gnfl

We now study the symmetrised empirical process. For f € G, we define
e f:{-1,1} x X - R by (e® f)(t,x) := tf(x), and apply the previous
result to the function class e ® G := {e®@ f : f € G} C By(r,Pe ® P) N
Buo(1), where P; denotes the Rademacher distribution on {—1,1}. Here the
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 13

randomness is induced by the independently and identically distributed pairs
(&, Xi)j,. For any f € G and any e-bracket [f, f] containing f, we have that
lex®f—e_®f, e ®f—e_® f]is an e-bracket for e® f in the Ly(P: ® P)

metric, where e, (t) := max{e(t),0} = max(t,0) and e_(¢) := max(—t,0). It
follows that for every € > 0,

Nyj(e,e ® G, Ly(Pe ® P)) < Npy(e,G, Lo(P)),
which proves the claim for the symmetrised empirical process. O

In the next two lemmas, we assume, as in the main text, that P is a
distribution on [0, 1]% with Lebesgue density bounded above and below by
My € [1,00) and mg € (0, 1] respectively. As in the proof of Proposition 8,
let fca ={f:—f € Fq, f > 0}. The following result is used to control the
bracketing entropy terms that appear in Lemma 7 when we apply it in the
proof of Proposition 8.

LEMMA 8. There exists a constant Cq > 0, depending only on d, such
that for any r,e > 0,

log Nyj(e,F, N Ba(r, P) N Boo (1), || - | Ly(p))

<C (r/€)2%—glog2(%—g)logi(1/a) logi(rlog%(l/a)) ifd=2,
- (r/€)2=D (Mo yd=1 1062 (1 /c) ifd> 3.

PROOF. We first claim that for any n € (0,1/4],

IOgNH(&]:Ii N BQ(Ta P)v ” ’ ||L2(P§[7771]d))

r rlog(1 .

(14) S {(E)Eggllog]\jd?)llogzg/n) logs (W) d=2,

(£)2@=D(2h)d=1 105" (1/n) if d > 3.
By the cone property of ]:;1, it suffices to establish the above claim when r =
1. We denote by vol(.S) the d-dimensional Lebesgue measure of a measurable
set S C [0,1]%. By Gao and Wellner (2007, Theorem 1.1) and a scaling
argument, we have for any §, M > 0 and any hyperrectangle A C [0, 1] that

(15)

6)%log? (v/8) ifd=2
log N1 (8, F+ 0 Bao (M), || - <, 0 + ’
08 V) (6.7, (1 B (M), |- a(ria)) Sa { O ana

where v := M&/2Mv011/2(A). We define m := [logy(1/n)] and set I, :=
[2fn, 2] N [0,1] for each £ = 0,...,m. Then for £1,...,4q € {0,...,m},
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14 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

any f € ]-":[i N By(1, P) is uniformly bounded by {mq 1_[?:1(2@'77)}_1/2 on
the hyperrectangle H?Zl Iy;. Then by (15) we see that for any ¢ > 0,

IOgNH((S v ¢ﬁB2(1 Pl (P14, I, .))

~2(My/my) log? (M0)10g+(1/5) ifd=2,
5 2<d D(Mo/mg)?1 if d >3,

where we have used the fact that log (az) < 2log, (a)log, (z) for any a,z >
0. Note that these bounds do not depend on 7, since the dependence of M
and vol(A) on 7 is such that it cancels in the expression for . Global brackets
for .7-"&/ N Ba(1) on [n,1]? can then be constructed by taking all possible
combinations of local brackets on Iy, x --- x Iy, for ¢1,...,4q € {0,...,m}.
Overall, for any € > 0, setting & = (m + 1)~%?¢ establishes the claim (14)
in the case r = 1.

We conclude that if we fix any ¢ > 0, take n = £2/(4d) A 1/4 and take a
single bracket consisting of the constant functions 0 and 1 on [0, 1]\ [, 1]%,
we have

logN[](Ev}—a N Ba(r, P) N Boo(1), || - ”LQ(P))
< IOgN[ (5/2 .F+ mBQ(T’ P) H . ||L2 P'[T],l]d))

_ (r/5)2M01og( )1og+(1/5)1og+(”’g+f<l/€)) if d =2,
(r/e)2 >(m0)d110g+(1/5) if d >3,

completing the proof. O

For 0 < r < 1, let F; be the envelope function of ]-';l N Ba(r, P) N Bso(1).
The lemma below controls the LQ(P) norm of F, when restricted to strips

of the form I, := [0, 1] x [n ,nl]foré—l
LEMMA 9. For anyr € (0,1] and £ =1,...,n1, we have
F2ap < 7Mor?log? (1/r? )
I, mol

PROOF. By monotonicity and the Ly(P) and Lo, constraints, we have
F2(x1,...,24) < A 1. We first claim that for any d € N,

— mozl XTq

t
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ISOTONIC REGRESSION IN GENERAL DIMENSIONS 15

To see this, we define Sy := {(:L’l,...,l‘d) : H;l:l xj > t} and set ag =
de ﬁ dzq---dzg and by = de dxq - --dzg. By integrating out the last
coordinate, we obtain the following relation

t
(16) bd = / <1 - > d:IZl ce dxd,1 = bd,1 — ad—1-
Sdfl xlxd—l

On the other hand, we have by direct computation that

1 1 t
t

1 Tg—1
(17) < ag_1log(1/t) < -+ < aylog (1/t) = tlog?(1/t).

Combining (16) and (17), we have

t
/[}d<w“>d”“dxd:“d“‘bd
I s

<min{aqg + l,ag+ag1+---+a+1—-0b1}

oodt1
’W} < 5tlogi(1/t);

as claimed, where the final inequality follows by considering the cases t €
[1/e,1], t € [1/4,1/e) and t € [0,1/4) separately. Consequently, for ¢ =
2,...,n1, we have that

M £/nq 2
/ F2dP < 0/ / <T/xd A 1> dzy - - - dag_1dag
I Mo J(e-1)/ny Jo,1)4= \TL " Td—-1

My

£/ny

< Mo / 5(r2 /q) log? ™ (a/r?) dag
mo Je—1)/n1

< min{tlogd(l/t) +1

7Mor? logi_l(l/TQ)
moé

9

M,
< 05,2 logi_l(l/rz) log(¢/(¢—1)) <
mo
as desired. For the remaining case £ = 1, we have

M,
/ FﬁdPgMo/ F2dxy---day < M7’210gfl%(1/7“2),
I [0,1]¢ mo

which is also of the correct form. O

LEMMA 10. For any Borel measurable fo : [0, 114 = [~1,1] and any
a > 2, we have P(|| fn — folloo > a) < ne=(@=2*/2_ Consequently,

E(1fo = foll 27, pojsay) < 7(a® +2+2V2m)e (@272
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16 Q. HAN, T. WANG, S. CHATTERJEE AND R. J. SAMWORTH

PROOF. Recall that we say U C R? is an upper set if whenever z € U and
x < vy, we have y € U; we say, L C R is a lower set if —L is an upper set.
We write U and L respectively for the collections of upper and lower sets in
[0,1]9. The least squares estimator f, over Fy then has a well-known min-
max representation (Robertson, Wright and Dykstra, 1988, Theorem 1.4.4):

f(X;) = min max Y]
FnlXi) LeL,Isx, veuUusx; LY

where Y7~y denotes the average value of the elements of {Y; : X; € LNU}.
Thus we have R A
fnlloo = max [£(X) < max ||

Since Y; = fo(X;) + € and || fo|loo < 1, we have by a union bound that
P(|| o — folloo > t) < nP(ler| >t —2).

The first claim follows using the fact that P(e; > ¢) < %e*’@/ 2 for any t > 0.
Moreover, for any a > 2,

E(an - f0‘|go]l{‘|fn_f0||oo>a}> - /OOO QtP(an - fOHoo > max{a,t}) de
gnﬁMkﬂza—m+n/wmpwﬂzt—ma
a
< n(a®+2+2V2r)e (D2,
as desired. O
LEMMA 11.  IfY is a non-negative random variable such that (EYP)Y/P <

Aip+ Asp'/? + Ag for allp € [1,00) and some Ay, As > 0, As >0, then for
every t > 0,

. t t2
P(Y >t +eAs) < eexp<— mm{zeAl’ M}>

PROOF. Let s := min{t/(2eA;),t?/(2eA2)?}. For values of t such that
s > 1, we have by Markov’s inequality that

A18+A281/2+A3 s _ 1—
PY > Asz) < <e <L s,
(Y>t+e 3)_< T+ eds <ef<e

For values of ¢ such that s < 1, we trivially have P(Y > ¢ + eAs) < P(Y >
t) < el7%, as desired. O

imsart-aos ver. 2012/08/31 file: IsoRegSupp_AoSFinal.tex date: July 21, 2018



ISOTONIC REGRESSION IN GENERAL DIMENSIONS 17

LEMMA 12. Let X be a non-negative random variable satisfying X < b
almost surely. Then

b
-1
EeX < exp{ebEX}.

Proor. We have

o0 o)
E(XT) VIEX EX et —1
X _ — b_
Ee —Z oy §1—|—Z o =1+ 2 ( l)gexp{ 5 EX 5,
r=0 r=1
as required. O
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