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Appendix. This is the supplementary material to Berrett, Samworth
and Yuan (2017), hereafter referred to as the main text.

A.1. Proofs of auxiliary results.

Proof of Proposition 9 in the main text. Fix τ ∈
(

d
α+d , 1

]
. We

first claim that given any ε > 0, there exists Aε > 0 such that a(δ) ≤ Aεδ−ε
for all δ ∈ (0, γ]. To see this, observe that there exists δ0 ∈ (0, γ] such that
a(δ) ≤ δ−ε for δ ≤ δ0. But then

sup
δ∈(0,γ]

δεa(δ) ≤ max
{

1, γεa(δ0)
}
≤ γεδ−ε0 ,

which establishes the claim, with Aε := γεδ−ε0 . Now choose ε = 1
3

(
τ − d

α+d

)
and let τ ′ := τ

3 + 2d
3(α+d) ∈

(
d

α+d , 1
)
. Then, by Hölder’s inequality, and since

ατ ′/(1− τ ′) > d,

sup
f∈Fd,θ

∫
{x:f(x)<δ}

a
(
f(x)

)
f(x)τ dx ≤ Aεδε sup

f∈Fd,θ

∫
{x:f(x)<δ}

f(x)τ
′
dx

≤ Aεδε(1 + ν)τ
′
{∫

Rd
(1 + ‖x‖α)

− τ ′
1−τ ′ dx

}1−τ ′

→ 0

as δ ↘ 0, as required.
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2 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

For the second part, fix ρ > 0, set ε := 1
2

(
τ − d

α+d

)
and τ ′ := τ

2 + d
2(α+d) ∈(

d
α+d , 1

)
. Then, by Hölder’s inequality again,

sup
f∈Fd,θ

∫
X
a
(
f(x)

)ρ
f(x)τ dx ≤ Aε/ρ sup

f∈Fd,θ

∫
X
f(x)τ

′
dx

≤ Aε/ρ(1 + ν)τ
′
{∫

Rd
(1 + ‖x‖α)

− τ ′
1−τ ′ dx

}1−τ ′

<∞,

as required.

Proof of Lemma 10. (i) The lower bound is immediate from the fact
that hx(r) ≤ Vd‖f‖∞rd for any r > 0. For the upper bound, observe that
by Markov’s inequality, for any r > 0,

hx(‖x‖+ r) =

∫
Bx(‖x‖+r)

f(y) dy ≥
∫
B0(r)

f(y) dy ≥ 1− µα(f)

rα
.

The result follows on substituting r =
(µα(f)

1−s
)1/α

for s ∈ (0, 1).
(ii) We first prove this result in the case β ∈ (2, 4], giving the stated form

of b1(·). Let C := 4dV
−β/d
d /(d+ β), and let y := Ca(f(x))β/2s{s/f(x)}β/d.

Now, by the mean value theorem, we have for r ≤ ra(x) that∣∣∣∣hx(r)− Vdrdf(x)− Vd
2(d+ 2)

rd+2∆f(x)

∣∣∣∣ ≤ a(f(x))f(x)
dVd

2(d+ β)
rd+β.

It is convenient to write

sx,y := s− s1+2/d∆f(x)

2(d+ 2)V
2/d
d f(x)1+2/d

+ y.

Then, provided sx,y ∈ (0, Vdr
d
a(x)f(x)], we have

hx

(
s

1/d
x,y

{Vdf(x)}1/d

)
≥ sx,y +

V
−2/d
d ∆f(x)

2(d+ 2)f(x)1+2/d
s1+2/d
x,y −

a(f(x))dV
−β/d
d

2(d+ β)f(x)β/d
s1+β/d
x,y .

Now, by our hypothesis, we know that

sup
f∈Fd,θ

sup
s∈Sn

sup
x∈Xn

max

{
V
−2/d
d s2/d|∆f(x)|

2(d+ 2)f(x)1+2/d
,
y

s

}

≤ max

{
d1/2V

−2/d
d C

2/d
n

2(d+ 2)
, CCβ/dn

}
→ 0
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EFFICIENT ENTROPY ESTIMATION 3

as n→∞. Hence there exists n1 = n1(d, θ) ∈ N such that for all n ≥ n1, all
f ∈ Fd,θ, s ∈ Sn and x ∈ Xn, we have

1

2(d+ 2)
(s1+2/d
x,y − s1+2/d) ≥ −s

1+2/d

2d

{
d1/2V

−2/d
d a(f(x))s2/d

2(d+ 2)f(x)2/d
+
y

s

}
.

Moreover, there exists n2 = n2(d, θ) ∈ N such that for all n ≥ n2, all s ∈ Sn,
x ∈ Xn and f ∈ Fd,θ we have

|sx,y|1+β/d ≤ 2s1+β/d.

Finally, we can choose n3 = n3(d, θ) ∈ N such that

max

{
C

(4−β)/d
n

4(d+ 2)V
(4−β)/d
d

,
2d1/2C

2/d
n

(d+ β)V
2/d
d

,
d3/2C

2/d
n

2(d+ 2)(d+ β)V
2/d
d

}
≤ d

d+ β

and such that Cn ≤ (8d1/2)−dVd/2 for n ≥ n3. It follows that for n ≥
max(n1, n2, n3) =: n∗, for f ∈ Fd,θ, s ∈ Sn and for x ∈ Xn, we have that
sx,y ∈ (0, Vdr

d
a(x)f(x)] and

hx

(
s

1/d
x,y

{Vdf(x)}1/d

)
− s

≥ y − a(f(x))s1+2/d

2d1/2V
2/d
d f(x)2/d

{
d1/2V

−2/d
d a(f(x))s2/d

2(d+ 2)f(x)2/d
+
y

s

}
− da(f(x))s1+β/d

(d+ β)V
β
d
d f(x)

β
d

≥ a(f(x))β/2s1+β/d

f(x)β/d

[
C − a(f(x))2−β/2

4(d+ 2)V
4/d
d

{
s

f(x)

}(4−β)/d

− Ca(f(x))

2d1/2V
2/d
d

{
s

f(x)

}2/d

−
dV
−β/d
d

d+ β

]
≥ 0.

The lower bound is proved by very similar calculations, and the result for
the case β ∈ (2, 4] follows. The general case can be proved using very similar
arguments, and is omitted for brevity.

A.2. Auxiliary results for the proof of Theorem 2 in the main text. Recall
the definition of V (f) given in the statement of Theorem 1.

Lemma 1. For each d ∈ N and θ ∈ Θ and m ∈ N, we have

(i) supf∈Fd,θ
∫
X f(x)| logm f(x)| dx <∞;

(ii) inff∈Fd,θ V (f) > 0;
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4 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

Proof of Lemma 1. Fix d ∈ N and θ = (α, β, γ, ν, a) ∈ Θ.
(i) For ε ∈ (0, 1) and t ∈ (0, 1], we have

log
1

t
≤ 1

ε
t−ε.

Let ε = α
m(α+2d) , so that α(1−mε)

mε = 2d. Then, by Hölder’s inequality, for any
f ∈ Fd,θ,∫
X
f(x)| logm f(x)| dx ≤ 2m−1

∫
X
f(x) logm

(‖f‖∞
f(x)

)
dx+ 2m−1| logm ‖f‖∞|

≤ 2m−1‖f‖mε∞
εm

∫
X
f(x)1−mε dx+ 2m−1| logm ‖f‖∞|

≤ 2m−1γmε

εm
(1 + ν)1−mε

{∫
X

(1 + ‖x‖α)−
1−mε
mε dx

}mε
+ 2m−1 max

{
logm γ ,

1

αm
logm

(
V α
d ν

d(α+ d)α+d

ααdd

)}
,

where the bound on
∣∣logm ‖f‖∞

∣∣ comes from (13) in the main text.
(ii) Now define

Ad,θ := max

{
sup
f∈Fd,θ

|H(f)| , −1

2
log inf

f∈Fd,θ
‖f‖∞ , 1

}
and the set Sd,θ := {x ∈ X : e−4Ad,θ ≤ f(x) ≤ e−2Ad,θ}. For f ∈ Fd,θ, x ∈
Sd,θ and y ∈ Bx({8d1/2a(e−4Ad,θ)}−1/(β∧1)) we have by Lemma 2 below that

(1) |f(y)− f(x)| ≤ 15d1/2

7
a(e−4Ad,θ)e−2Ad,θ‖y − x‖β∧1.

By the continuity of f , there exists x0 ∈ Sd,θ such that f(x0) = 1
2e
−2Ad,θ(1+

e−2Ad,θ). Thus, by (1), we have that Bx0(rd,θ) ⊆ Sd,θ, where

rd,θ :=
{ 7(1− e−2Ad,θ)

30d1/2a(e−4Ad,θ)

}1/(β∧1)
∧ 1

{8d1/2a(e−4Ad,θ)}1/(β∧1)
.

Hence

V (f) = Ef [{log f(X1) +H(f)}2] ≥ A2
d,θPf (X1 ∈ Sd,θ) ≥ A2

d,θe
−4Ad,θVdr

d
d,θ,

as required.

The following auxiliary result provides control on deviations of the density
arising from the smoothness condition of our Fd,θ classes.
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EFFICIENT ENTROPY ESTIMATION 5

Lemma 2. For θ = (α, β, γ, ν, a) ∈ Θ, m := dβe − 1, f ∈ Fd,θ and
y ∈ Bx

(
ra(x)

)
, we have, for multi-indices t with |t| ≤ m, that

∣∣∣∂f t
∂xt

(y)− ∂f t

∂xt
(x)
∣∣∣ ≤ 15d1/2

7
a
(
f(x)

)
f(x)‖y − x‖min(β−|t|,1).

Proof. If |t| = m then the result follows immediately from the definition
of Fd,θ. Henceforth, therefore, assume that m ≥ 1 and |t| ≤ m− 1. Writing
|||·||| here for the largest absolute entry of an array, we have for y ∈ Bx

(
ra(x)

)
that∣∣∣∂f t
∂xt

(y)− ∂f t

∂xt
(x)
∣∣∣ ≤ ‖y − x‖ sup

z∈Bx(‖y−x‖)

∥∥∥∇∂f t
∂xt

(z)
∥∥∥

≤ ‖y − x‖‖f (|t|+1)(x)‖+ d1/2‖y − x‖ sup
z∈Bx(‖y−x‖)

∣∣∣∣∣∣∣∣∣f (|t|+1)(z)− f (|t|+1)(x)
∣∣∣∣∣∣∣∣∣

≤
m−|t|∑
`=1

d(`−1)/2‖y − x‖`‖f (|t|+`)(x)‖

+ d(m−|t|)/2‖y − x‖m−|t| sup
z∈Bx(‖y−x‖)

∣∣∣∣∣∣∣∣∣f (m)(z)− f (m)(x)
∣∣∣∣∣∣∣∣∣

≤ a(f(x))f(x)‖y − x‖
{

1

1− d1/2‖y − x‖
+ d(β−|t|)/2‖y − x‖β−|t|−1

}
≤ 15d1/2

7
a(f(x))f(x)‖y − x‖,

as required.

Lemma 3. Under the conditions of Theorem 1 in the main text, we have
that

sup
k∈{k∗0 ,...,k∗1}

sup
f∈Fd,θ

Ef [{Ṽ w
n − V (f)}2]→ 0.

Proof. For w = (w1, . . . , wk)
T ∈ W(k), write supp(w) := {j : wj 6= 0}.

Then

|Ef Ṽ w
n − V (f)|

≤
∣∣∣∣ k∑
j=1

wjEf log2 ξ(j),1 −
∫
X
f log2 f

∣∣∣∣+
∣∣Ef{(Ĥw

n )2} −H(f)2
∣∣

≤ ‖w‖1 max
j∈supp(w)

∣∣∣∣Ef log2 ξ(j),1−
∫
X
f log2 f

∣∣∣∣+ Varf Ĥ
w
n + |(Ef Ĥw

n )2−H(f)2|.
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6 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

Thus, by Theorem 1 in the main text, (18) in the proof of that result and
Lemma 1(i), we have that supk∈{k∗0 ,...,k∗1} supf∈Fd,θ |Ef Ṽ

w
n −V (f)| → 0. Now,

Varf Ṽ
w
n ≤

‖w‖21
n

max
j∈supp(w)

Varf log2 ξ(j),1

+ ‖w‖21 max
j,`∈supp(w)

∣∣Covf (log2 ξ(j),1, log2 ξ(`),2)
∣∣.(2)

Let a−n,j := (j − 3j1/2 log1/2 n) ∨ 0 and a+
n,j := (j + 3j1/2 log1/2 n) ∧ (n− 1).

Mimicking arguments in the proof of Theorem 1, for any m ∈ N, j ∈ supp(w)
and ε > 0,

Ef
{

logm(ξ(j),1f(X1))
}

=

∫
X
f(x)

∫ ∞
0

logm
(
Vd(n− 1)f(x)h−1

x (s)d

eΨ(j)

)
Bj,n−j(s) ds dx

=

∫ a+
n,j
n−1

a−
n,j
n−1

logm
(

(n− 1)s

eΨ(j)

)
Bj,n−j(s) ds

+O

(
max

{
kβ/d

nβ/d
logm−1 n ,

k
α
α+d
−ε

n
α
α+d
−ε

})
→ 0,

uniformly for j ∈ supp(w), k ∈ {k∗0, . . . , k∗1} and f ∈ Fd,θ. Moreover, by
Cauchy–Schwarz, we can now show, for example, that

Ef log4 ξ(j),1 = Ef [{log(ξ(j),1f(X1))− log f(X1)}4]→ Ef log4 f(X1)

uniformly for j ∈ supp(w), k ∈ {k∗0, . . . , k∗1} and f ∈ Fd,θ. The result follows
upon noting that we may use a similar approach for the covariance term
in (2) to see that supk∈{k∗0 ,...,k∗1} supf∈Fd,θ Var Ṽ w

n → 0.

A.3. Proof of Proposition 5 in the main text.

Proof of Proposition 5 in the main text. In each of the three ex-
amples, we provide θ = (α, β, γ, ν, a) ∈ Θ such that f ∈ Fd,θ. In fact, β > 0
may be chosen arbitrarily in each case.

(i) We may choose any α > 0, and then set ν = 2α/2Γ
(
α
2 + d

2

)
/Γ(d/2).

We may also set γ = (2π)−d/2. It remains to find a ∈ A such that (6) in the
main text holds. Write Hr(y) := (−1)rey

2/2 dr

dyr e
−y2/2 for the rth Hermite

polynomial, and note that |Hr(y)| ≤ pr(|y|), where pr is a polynomial of de-
gree r with non-negative coefficients. Using multi-index notation for partial
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EFFICIENT ENTROPY ESTIMATION 7

derivatives, if t = (t1, . . . , td) ∈ {0, 1, . . . , }d with |t| := t1 + . . .+ td, we have∣∣∣∣∂f t(x)

∂xt

∣∣∣∣ = f(x)

d∏
j=1

|Htj (xj)| ≤ f(x)

d∏
j=1

ptj (‖x‖) ≤ f(x)q|t|(‖x‖),

for some polynomial qr of degree r, with non-negative coefficients. It follows
that if y ∈ B◦x(1), then for any β > 0 with m = dβe − 1,

‖f (m)(x)− f (m)(y)‖
f(x)‖y − x‖β−m

≤ dm/2

f(x)‖y − x‖β−m
max
t:|t|=m

∣∣∣∣∂f t(x)

∂xt
− ∂f t(y)

∂xt

∣∣∣∣
≤ d(m+1)/2

f(x)
max

t:|t|=m+1
sup

w∈B0(1)

∣∣∣∣∂f t(x+ w)

∂xt

∣∣∣∣
≤ d(m+1)/2 sup

w∈B0(1)

f(x+ w)qm+1(‖x+ w‖)
f(x)

≤ d(m+1)/2e‖x‖qm+1(‖x‖+ 1).

Similarly,

max
r=1,...,m

‖f (r)(x)‖
f(x)

≤ dm/2 max
r=1,...,m

qr(‖x‖).

Write g(δ) :=
{
−2 log

(
δ(2π)d/2

)}1/2
and define a ∈ A by setting a(δ) :=

max{1, ã(δ)}, where

ã(δ) := dm/2 sup
x:‖x‖≤g(δ)

max

{
max

r=1,...,m
qr(‖x‖) , d1/2e‖x‖qm+1(‖x‖+ 1)

}
= dm/2 max

{
max

r=1,...,m
qr
(
g(δ)

)
, d1/2eg(δ)qm+1

(
g(δ) + 1

)}
.

Then supx:f(x)≥δMf,a,β(x) ≤ a(δ) and a(δ) = o(δ−ε) for every ε > 0, so (6)
in the main text holds.

(ii) We may choose any α < ρ, and set

ν = 2α/2
Γ
(
α
2 + d

2

)
Γ
(
d
2

) (ρ/2)α/2Γ
(ρ−α

2

)
Γ
(ρ

2

) .

We may also set γ =
Γ
(
ρ
2

+ d
2

)
Γ(ρ/2)ρd/2πd/2

. To verify (6) in the main text for suitable

a ∈ A, we note by induction, that if t = (t1, . . . , td) ∈ {0, 1, . . . , }d with
|t| := t1 + . . .+ td, then ∣∣∣∣∂f t(x)

∂xt

∣∣∣∣ ≤ f(x)q|t|(‖x‖)
(1 + ‖x‖2/ρ)|t|

,
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8 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

where qr is a polynomial of degree r with non-negative coefficients. Thus,
similarly to the Gaussian example, for any β > 0 with m = dβe − 1,

sup
x∈Rd

sup
y∈B◦x(1)

‖f (m)(x)− f (m)(y)‖
f(x)‖y − x‖β−m

≤ d(m+1)/2 sup
x∈Rd

sup
w∈B0(1)

f(x+ w)qm+1(‖x+ w‖)
f(x)(1 + ‖x‖2/ρ)m+1

=: A
(1)
d,m,ρ,

say, where A
(1)
d,m,ρ ∈ [0,∞). Similarly,

sup
x∈Rd

max
r=1,...,m

‖f (r)(x)‖
f(x)

≤ dm/2 sup
x∈Rd

max
r=1,...,m

qr(‖x‖)
(1 + ‖x‖2/ρ)r

=: A
(2)
d,m,ρ,

say, where A
(2)
d,m,ρ ∈ [0,∞). Now defining a ∈ A to be the constant function

a(δ) := max{1, A(1)
d,m,ρ, A

(2)
d,m,ρ},

we again have that supx:f(x)≥δMf,a,β(x) ≤ a(δ), so (6) in the main text
holds.

(iii) We may take any α > 0 and ν = 1, γ = 3. To verify (6) in the main
text, fix β > 0, set m := dβe − 1, and define a ∈ A by

a(δ) := Am max

{
1 , log2(m+1)

(1

δ

)}
,

for some Am ≥ 1 depending only on m. Then, by induction, we find that for
some constants A′m, B

′
m > 0 depending only on m, and x ∈ (−1, 1)

Mf,a,β(x) ≤ max

{
max

r=1,...,m

A′r
(1− x2)2r

, sup
y:0<|y−x|≤ra(x)

A′m+1f(y)

(1− y2)2(m+1)f(x)

}
≤

B′m+1

(1− x2)2(m+1)
≤ a

(
f(x)

)
,

provided Am in the definition of a is chosen sufficiently large. Hence (6) in
the main text again holds.

A.4. Proof of Proposition 6 in the main text.

Proof of Proposition 6 in the main text. To deal with the inte-
grals over X cn, we first observe that by (13) in the main text there exists a
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EFFICIENT ENTROPY ESTIMATION 9

constant Cd,f > 0, depending only on d and f , such that∫
X cn
f(x)

∫ 1

0
Bk,n−k(s) log ux,s ds dx

≤ Cd,f
∫
X cn
f(x)

{
log n+ log

(
1 +

‖x‖
µ

1/α
α (f)

)}
dx = O

(
max{qn log n, q1−ε

n }
)
,

(3)

for every ε > 0. Moreover,

(4)

∣∣∣∣∫
X cn
f(x) log f(x) dx

∣∣∣∣ = O(q1−ε
n ),

for every ε > 0. Now, a slightly simpler argument than that used in the
proof of Lemma 10(ii) in the main text gives that for r ∈ (0, rx], we have

|hx(r)− Vdf(x)rd| ≤ dVd

d+ β̃
Cn,β̃(x)rd+β̃.

We deduce, again using a slightly simplified version of the argument in
Lemma 10(ii) in the main text, that there exists n0 ∈ N such that for
n ≥ n0, s ∈ [0, an

n−1 ] and x ∈ Xn, we have

(5)
∣∣Vdf(x)h−1

x (s)d − s
∣∣ ≤ 2dV

−β̃/d
d

d+ β̃
s1+β̃/d

Cn,β̃(x)

f(x)1+β̃/d
≤ s

2
.

It follows from (3), (4), (5) and an almost identical argument to that leading
to (15) in the main text that for every n ≥ n0 and ε > 0,

|Ef (Ĥn)−H| ≤
∣∣∣∣∫
Xn
f(x)

∫ an
n−1

0
Bk,n−k(s) log

(
Vdf(x)h−1

x (s)d

s

)
ds dx

∣∣∣∣
+O

(
max{q1−ε

n , qn log n, n−1}
)

≤ 2

∫
Xn
f(x)

∫ an
n−1

0
Bk,n−k(s)

∣∣∣∣Vdf(x)h−1
x (s)d − s
s

∣∣∣∣ ds dx
+O

(
max{q1−ε

n , qn log n, n−1}
)

≤
4dV

−β̃/d
d

d+ β̃

Bk+β̃/d,n−k

Bk,n−k

∫
Xn

Cn,β̃(x)

f(x)β̃/d
dx+O

(
max{q1−ε

n , qn log n, n−1}
)
,

as required.
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10 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

A.5. Completion of the proof of Lemma 7 in the main text. To prove
Lemma 7 in the main text, it remains to bound several error terms arising
from arguments that approximate the variance of the unweighted Kozachenko–
Leonenko estimator Ĥn, and then to show how these arguments may be
adapted to yield the desired asymptotic expansion for Var(Ĥw

n ).

A.5.1. Bounds on S1, . . . , S5. To bound S1: By similar methods to those
used to bound R1 in the proof of Lemma 3 in the main text, it is straight-
forward to show that for every ε > 0, we have

S1 =

∫
X cn
f(x)

∫ 1

0
Bk,n−k(s) log2 ux,s ds dx = O

(
k

α
α+d
−ε

n
α
α+d
−ε

)
.

To bound S2: For every ε > 0, we have that

S2 =

∫
Xn
f(x)

∫ 1

an
n−1

Bk,n−k(s) log2 ux,s ds dx = o(n−(3−ε)),

by very similar arguments to those used to bound R2 in the proof of Lemma 3
in the main text.

To bound S3: We have

log2 ux,s − log2

(
(n− 1)s

eΨ(k)f(x)

)
=

{
2 log

(
(n− 1)s

eΨ(k)f(x)

)
+ log

(
Vdf(x)h−1

x (s)d

s

)}
log

(
Vdf(x)h−1

x (s)d

s

)
.

It therefore follows from Lemma 10(ii) in the main text that for every ε > 0,

S3 =

∫
Xn
f(x)

∫ an
n−1

0
Bk,n−k(s)

{
log2 ux,s − log2

(
(n− 1)s

eΨ(k)f(x)

)}
ds dx

= O

{
max

(
kβ/d

nβ/d
log n ,

k
α
α+d
−ε

n
α
α+d
−ε

)}
.

To bound S4: A simplified version of the argument used to bound R4 in
Lemma 3 of the main text shows that for every ε > 0,

S4 =

∫
Xn
f(x)

∫ 1

an
n−1

Bk,n−k(s) log2

(
(n− 1)s

eΨ(k)f(x)

)
ds dx = o(n−(3−ε)).
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EFFICIENT ENTROPY ESTIMATION 11

To bound S5: Very similar arguments to those used to bound R1 in Lemma 3
in the main text show that for every ε > 0,

S5 =

∫
X cn
f(x) log2 f(x) dx = O

(
k

α
α+d
−ε

n
α
α+d
−ε

)
.

A.5.2. Bounds on T1, T2 and T3. To bound T1: Let B ∼ Beta(k− 1, n−
k − 1). By (13) in the main text, for every ε > 0,

T11 :=

∣∣∣∣∫
X cn×X cn

f(x)f(y) log f(y)

∫ ∞
ũn,x,y

log(uf(x)) d(F̃n,x − F−n,x)(u) dy dx

∣∣∣∣
≤ n− 2

n− k − 1

∫
X cn×X cn

f(x)f(y)| log f(y)|∫ 1

0

∣∣log(ux,sf(x))
∣∣Bk−1,n−k−1(s)

∣∣∣∣1− (n− 2)s

k − 1

∣∣∣∣ ds dy dx
.
∫
X cn×X cn

f(x)f(y)| log f(y)|
[
E
{(

log
1

B
+ log

1

1−B

)∣∣∣∣1− (n− 2)B

k − 1

∣∣∣∣}
+

{
log n+ | log f(x)|+ log

(
1 +

‖x‖
µ

1/α
α (f)

)}
E
∣∣∣∣1− (n− 2)B

k − 1

∣∣∣∣] dy dx
= o

(
k−

1
2

+ 2α
α+d
−ε

n
2α
α+d
−ε

)
,

where we used the Cauchy–Schwarz inequality and elementary properties of
beta random variables to obtain the final bound.

Now let

u∗n(x) := ux,an/(n−1) =
Vd(n− 1)h−1

x ( an
n−1)d

eΨ(k)
,

and consider

T12 :=

∣∣∣∣∫
X cn

∫
Xn
f(x)f(y) log f(y)

∫ ∞
ũn,x,y

log(uf(x)) d(F̃n,x − F−n,x)(u) dy dx

∣∣∣∣.
If ũn,x,y ≥ u∗n(x), then by very similar arguments to those used to bound R1

and R2 (cf. (13) and (14) in the main text), together with Cauchy–Schwarz,∫ ∞
ũn,x,y

∣∣log(uf(x))
∣∣ d(F̃n,x − F−n,x)(u)

≤
∫ 1

an
n−1

| log(ux,sf(x))|{Bk−1,n−k(s) + Bk,n−k−1(s)} ds

.
log n+ | log f(x)|+ log

(
1 + ‖x‖

µ
1/α
α (f)

)
n3−ε ,(6)
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12 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

for every ε > 0. On the other hand, if ũn,x,y < u∗n(x), then ‖x − y‖ <
rn,u∗n(x) +rn,u∗n(y), where we have added the rn,u∗n(y) term to aid a calculation
later in the proof. Define the sequence

ρn :=
[
cn log1/d(n− 1)

]−1
.

From Lemma 10(ii) in the main text,

sup
y∈Xn

rn,u∗n(y) = sup
y∈Xn

h−1
y

( an
n− 1

)
. sup

y∈Xn

{
k log n

nf(y)

}1/d

≤
(
k log n

nδn

)1/d

= o(ρn).

Now suppose that x ∈ X cn and y ∈ Xn satisfy ‖y − x‖ ≤ ρn. Choose n0 ∈ N
large enough that rn,u∗n(y) ≤ ρn/2 for all y ∈ Xn, and that log(n − 1) ≥
max{(3/2)d(8d1/2)d/β, 12V −1

d 2d} for all n ≥ n0 and k ∈ {k∗0, . . . , k∗1}. Then
when β ∈ (0, 1] and n ≥ n0, using the fact that Bx(ρn/2) ⊆ By(3ρn/2), we
have∫

Bx(ρn/2)
f(w) dw ≥ Vdf(y)(ρn/2)d − Vda(f(y))f(y)(ρn/2)d(3ρn/2)β

≥ Vdf(y)(ρn/2)d{1− (3cnρn/2)β} ≥ 1

2
Vd(ρn/2)dδn ≥

an
n− 1

.(7)

Hence, for all n ≥ n0, x ∈ X cn, y ∈ Xn with ‖y−x‖ ≤ ρn and k ∈ {k∗0, . . . , k∗1},

(8) rn,u∗n(x) + rn,u∗n(y) ≤ ρn.

On other hand, suppose instead that x ∈ X cn and ρ∗x := infy∈Xn ‖y−x‖ ≥ ρn.
Since Xn is a closed subset of Rd, we can find y∗ ∈ Xn such that ‖y∗−x‖ = ρ∗x,
and set x̃ := ρn

ρ∗x
x +

(
1 − ρn

ρ∗x

)
y∗. Then ‖x̃ − y∗‖ = ρn, so from (7), we

have rn,u∗n(x̃) ≤ ρn/2 for n ≥ n0 and k ∈ {k∗0, . . . , k∗1}. Since Bx̃(ρn/2) ⊆
Bx(ρ∗x − ρn/2), we deduce that rn,u∗n(x) ≤ ρ∗x − ρn/2 and

(9) {y ∈ Xn : ‖x− y‖ < rn,u∗n(x) + rn,u∗n(y)} = ∅

for n ≥ n0 and k ∈ {k∗0, . . . , k∗1}. But for n ≥ n0,

(10) sup
x∈X cn

sup
y∈Xn:‖y−x‖≤ρn

1

f(y)
|f(x)− f(y)| ≤ 15d1/2

7
(cnρn)β <

1

2
,

so that if x ∈ X cn, y ∈ Xn and ‖x− y‖ ≤ ρn, then f(y) < 2δn for n ≥ n0 and
k ∈ {k∗0, . . . , k∗1}.
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EFFICIENT ENTROPY ESTIMATION 13

It therefore follows from (6), (8), (9), (10) and the argument used to
bound T11 that for each ε > 0 and n ≥ n0,

T12 ≤
∫
X cn

∫
Xn
f(x)f(y)| log f(y)|1{‖x−y‖<rn,u∗n(x)+rn,u∗n(y)}∫ ∞

0
| log(uf(x))| d(F̃n,x − F−n,x)(u) dy dx+ o(n−2)

≤
∫
X cn

∫
y:f(y)<2δn

f(x)f(y)| log f(y)|∫ ∞
0
| log(uf(x))| d(F̃n,x − F−n,x)(u) dy dx+ o(n−2)

= o

(
k−

1
2

+ 2α
α+d
−ε

n
2α
α+d
−ε

)
.

Finally for T1, we define

T13 :=

∣∣∣∣∫
Xn

∫
Bcx

(
rn,1dn

f(x)1/d

) f(x)f(y) log f(y)

∫ ∞
ũn,x,y

log
(
uf(x)

)
d(F̃n,x − F−n,x)(u) dy dx

∣∣∣∣.
By Lemma 10(ii) in the main text, we can find n1 ∈ N such that for n ≥ n1,
k ∈ {k∗0, . . . , k∗1}, x ∈ Xn and s ≤ an/(n− 1), we have Vdf(x)h−1

x (s)d ≤ 2s.

Thus, for n ≥ n1, k ∈ {k∗0, . . . , k∗1}, x ∈ Xn and y ∈ Bc
x(

rn,1dn
f(x)1/d ),

ũn,x,y ≥
24 log n

f(x)
≥ 2an

f(x)eΨ(k)
≥ u∗n(x).

Thus, from (6), T13 = O(n−2 log n). We conclude that for every ε > 0,

|T1| ≤ T11 + T12 + T13 = o

(
k−

1
2

+ 2α
α+d
−ε

n
2α
α+d
−ε

)
.

To bound T2: Fix x ∈ Xn and z ∈ B0(dn). Choosing n2 ∈ N large enough

that
rn,1dn

δ
1/d
n

≤ (8d1/2)−1/βc−1
n for n ≥ n2, we have by Lemma 2 that

sup
y∈Bx

(
rn,1dn

δ
1/d
n

)
∣∣∣∣f(y)

f(x)
− 1

∣∣∣∣ ≤ 1

2
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14 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

for n ≥ n2, k ∈ {k∗0, . . . , k∗1}. Also, for all n ≥ n2, k ∈ {k∗0, . . . , k∗1}, we have∣∣f(yx,z) log f(yx,z)− f(x) log f(x)
∣∣

≤ f(yx,z)| log(f(yx,z)/f(x))|+ | log f(x)||f(yx,z)− f(x)|
≤ a(f(x))f(x)‖yx,z − x‖β{| log f(x)|+ 4}.

Moreover, by arguments used to bound T11,∣∣∣∣∫ ∞
‖z‖d/f(x)

log(uf(x)) d(F̃n,x − F−n,x)(u)

∣∣∣∣ . E
∣∣∣∣log(B)

(
1− (n− 2)B

k − 1

)∣∣∣∣
+

{
log n+ | log f(x)|+ log

(
1 +

‖x‖
µ

1/α
α (f)

)}
E
∣∣∣∣1− (n− 2)B

k − 1

∣∣∣∣,
where B ∼ Beta(k − 1, n− k − 1). It follows that for every ε > 0,

T2 =
eΨ(k)

Vd(n− 1)

∫
Xn

∫
B0(dn)

{f(yx,z) log f(yx,z)− f(x) log f(x)}∫ ∞
‖z‖d/f(x)

log(uf(x)) d(F̃n,x − F−n,x)(u) dz dx

= O

(
k1/2

n
max

{
k

α
α+d
−ε

n
α
α+d
−ε ,

kβ/d

nβ/d
log2+β/d n

})
.

To bound T3: Note that by Fubini’s theorem,∫
Xn
f(x) log f(x)

∫
B0(dn)

∫ ∞
‖z‖d
f(x)

log(uf(x)) d(F̃n,x − F−n,x)(u) dz dx

= Vd

∫
Xn
f(x) log f(x)

∫ ∞
0

min{uf(x), ddn} log(uf(x)) d(F̃n,x − F−n,x)(u) dx

= Vd

∫
Xn
f(x) log f(x)

∫ u∗n(x)

0
uf(x) log(uf(x)) d(F̃n,x − F−n,x)(u) dx

+O(n−(3−ε)),

for all ε > 0, where the order of the error term follows from a similar argu-
ment to that used to obtain (6) and Lemma 10(i). Thus, for every ε > 0,

T3 =
k − 1

n− k − 1

∫
Xn
f(x) log f(x)

∫ an
n−1

0

{
Vdf(x)h−1

x (s)d

s
log(ux,sf(x))

− log

(
(n− 1)s

eΨ(k)

)}
Bk,n−k−1(s)

{
1− (n− 2)s

k − 1

}
ds dx+O(n−(3−ε))

= O

(
k1/2

n
max

{
k

α
α+d
−ε

n
α
α+d
−ε ,

kβ/d

nβ/d
log n

})
.
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A.5.3. Bounds on U1 and U2. To bound U1: Using Lemma 10(i) and (13)
in the main text as in our bounds on T11 we have that for every ε > 0,

U11 :=

∣∣∣∣∫
X cn
f(x)

∫ u∗n(x)

0
log
(
uf(x)

)
d(F−n,x − Fn,x)(u) dx

∣∣∣∣
≤
∫
X cn
f(x)

∫ an
n−1

0
| log(ux,sf(x))|Bk,n−k−1(s)

∣∣∣∣(n− 1)s− k
n− k − 1

∣∣∣∣ ds dx
= o

(
k

1
2

+ α
α+d
−ε

n1+ α
α+d
−ε

)
.(11)

Moreover, using arguments similar to those used to bound R2 in the proof
of Lemma 3 in the main text, for every ε > 0,

(12) U12 :=

∣∣∣∣∫
X
f(x)

∫ ∞
u∗n(x)

log
(
uf(x)

)
d(F−n,x − Fn,x)(u) dx

∣∣∣∣ = o(n−(3−ε)).

From (11), and (12), we have for every ε > 0 that

|U1| ≤ U11 + U12 = o

(
k

1
2

+ α
α+d
−ε

n1+ α
α+d
−ε

)
.

To bound U2: By Lemma 10(ii) and letting B ∼ Beta(k+β/d, n−k− 1), we
have that for every ε > 0,

U21 :=

∣∣∣∣∫
Xn
f(x)

∫ an
n−1

0
log
(Vdf(x)h−1

x (s)d

s

)
Bk,n−k−1(s)

{(n− 1)s− k
n− k − 1

}
ds dx

∣∣∣∣
.
kβ/d

nβ/d
E
(∣∣∣∣(n− 1)B− k

n− k − 1

∣∣∣∣) ∫
Xn
a(f(x))f(x)1−β/d dx

= O

(
k1/2

n
max

{
kβ/d

nβ/d
,
k

α
α+d
−ε

n
α
α+d
−ε

})
.

Moreover, we can use similar arguments to those used to bound R4 in the
proof of Lemma 3 in the main text to show that for every ε > 0,

U22 :=

∣∣∣∣∫
Xn
f(x)

∫ 1

an
n−1

log

(
(n− 1)s

eΨ(k)

)
Bk,n−k−1(s)

{
(n− 1)s− k
n− k − 1

}
ds dx

∣∣∣∣
= o(n−(3−ε)).

We deduce that for every ε > 0,

|U2| ≤ U21 + U22 = O

(
k1/2

n
max

{
kβ/d

nβ/d
,
k

α
α+d
−ε

n
α
α+d
−ε

})
.
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16 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

A.5.4. Bounds on W1, . . . ,W4. To bound W1: We partition the region
([lx, vx]× [ly, vy])

c into eight rectangles as follows:(
[lx, vx]× [ly, vy]

)c
=
(
[0, lx)× [0, ly)

)
∪
(
[0, lx)× [ly, vy]

)
∪
(
[0, lx)× (vy,∞)

)
∪
(
[lx, vx]× [0, ly)

)
∪
(
[lx, vx]× (vy,∞)

)
∪
(
(vx,∞)× [0, ly)

)
∪
(
(vx,∞)× [ly, vy]

)
∪
(
(vx,∞)× (vy,∞)

)
.

Recall our shorthand h(u, v) = log(uf(x)) log(vf(y)). By Lemma 10(i) in
the main text and the Cauchy–Schwarz inequality, as well as very similar
arguments to those used to bound R2 in the proof of Lemma 3 in the main
text, we can bound the contributions from each rectangle individually, to
obtain that for every ε > 0,

W1 =

∫
X×X

f(x)f(y)

∫
([lx,vx]×[ly ,vy ])c

h(u, v) d(Fn,x,y − Fn,xFn,y)(u, v) dx dy

= o(n−(9/2−ε)).

To bound W2: We have

W2 =

∫
X×X

f(x)f(y)

∫ vx

lx

∫ vy

ly

h(u, v) d(Gn,x,y − Fn,xFn,y)(u, v) dx dy +
1

n
.

We write Ba,b,c := Γ(a)Γ(b)Γ(c)
Γ(a+b+c) , and, for s, t > 0 with s+ t < 1, let

(13) Ba,b,c(s, t) :=
sa−1tb−1(1− s− t)c−1

Ba,b,c

denote the density of a Dirichlet(a, b, c) random vector at (s, t). For a, b >
−1, writing In := [a−n /(n− 1), a+

n /(n− 1)], let

B
(n)
k+a,n−k :=

∫
In

sk+a−1(1− s)n−k−1 ds,

B
(n)
k+a,n−k(s) := sk+a−1(1− s)n−k−1/B

(n)
k+a,n−k

B
(n)
k+a,k+b,n−2k−1 :=

∫
In×In

sk+a−1tk+b−1(1− s− t)n−2k−2 ds dt

B
(n)
k+a,k+b,n−2k−1(s, t) := sk+a−1tk+b−1(1− s− t)n−2k−2/B

(n)
k+a,k+b,n−2k−1.
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EFFICIENT ENTROPY ESTIMATION 17

Then by the triangle and Pinsker’s inequalities, and Beta tail bounds similar
to those used previously, we have that∫
In×In

∣∣Bk+a,k+b,n−2k−1(s, t)− Bk+a,n−k(s)Bk+b,n−k(t)
∣∣ ds dt

≤
∣∣∣∣B(n)

k+a,k+b,n−2k−1

Bk+a,k+b,n−2k−1
− 1

∣∣∣∣+

∣∣∣∣B(n)
k+a,n−kB

(n)
k+b,n−k

Bk+a,n−kBk+b,n−k
− 1

∣∣∣∣
+

{
2

∫
In×In

B
(n)
k+a,k+b,n−2k−1(s, t) log

( B
(n)
k+a,k+b,n−2k−1(s, t)

B
(n)
k+a,n−k(s)B

(n)
k+b,n−k(t)

)
ds dt

}1/2

=

{
2

∫ 1

0

∫ 1−t

0
Bk+a,k+b,n−2k−1(s, t) log

(
Bk+a,k+b,n−2k−1(s, t)

Bk+a,n−k(s)Bk+b,n−k(t)

)
ds dt

}1/2

+ o(n−2)

= 21/2

[
log
( Γ(n+ a+ b− 1)Γ(n− k)2

Γ(n− 2k − 1)Γ(n+ a)Γ(n+ b)

)
+ (n− 2k − 2)ψ(n− 2k − 1)

− (n− k − 1){ψ(n+ b− k − 1) + ψ(n+ a− k − 1)}

+ nψ(n+ a+ b− 1)

]1/2

+ o(n−2)

=
k

n
{1 + o(1)}.

(14)

As a first step towards bounding W2 note that

W21 :=

∫
Xn×Xn

f(x)f(y)

∫ vx

lx

∫ vy

ly

h(u, v) d(Gn,x,y − Fn,xFn,y)(u, v) dx dy

=

∫
Xn×Xn

f(x)f(y)

∫
In×In

log(ux,sf(x)) log(uy,tf(y)){
Bk,k,n−2k−1(s, t)− Bk,n−k(s)Bk,n−k(t)

}
ds dt dx dy

=

∫
Xn×Xn

f(x)f(y)

∫
In×In

log

(
(n− 1)s

eΨ(k)

)
log

(
(n− 1)t

eΨ(k)

)
{

Bk,k,n−2k−1(s, t)− Bk,n−k(s)Bk,n−k(t)
}
ds dt dx dy +W211

= − 1

n
+O

(
k

α
α+d
−ε

n1+ α
α+d
−ε

)
+O(n−2) +W211,

(15)

for every ε > 0. But, by Lemma 10(ii) in the main text and (14), for every
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18 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

ε > 0,

|W211| =
∣∣∣∣∫
Xn×Xn

f(x)f(y)

∫
In×In

{
2 log

(
Vdh

−1
x (s)df(x)

s

)
log

(
(n− 1)t

eΨ(k)

)
+ log

(
Vdh

−1
x (s)df(x)

s

)
log

(
Vdh

−1
y (t)df(y)

t

)}
{

Bk,k,n−2k−1(s, t)− Bk,n−k(s)Bk,n−k(t)
}
ds dt dx dy

∣∣∣∣
≤ 2

∣∣∣∣∫
Xn×Xn

f(x)f(y)

∫
In

log

(
Vdh

−1
x (s)df(x)

s

)
[{

log(n− 1)−Ψ(n− k − 1) + log(1− s)
}

Bk,n−k−1(s)

−
{

log(n− 1)−Ψ(n)
}

Bk,n−k(s)
]
ds dx dy

∣∣∣∣
+O

(
max

{
k1+ 2β

d

n1+ 2β
d

,
k1+ 2α

α+d
−ε

n1+ 2α
α+d
−ε

})
= O

(
k1/2

n
max

{
kβ/d

nβ/d
,
k

α
α+d
−ε

n
α
α+d
−ε

})
.(16)

Moreover, by Lemma 10(i) and (ii) in the main text and very similar argu-
ments, for every ε > 0,

W22 :=

∫
Xn×X cn

f(x)f(y)

∫ vx

lx

∫ vy

ly

h(u, v) d(Gn,x,y − Fn,xFn,y)(u, v) dx dy

= O

(
k1+ α

α+d
−ε

n1+ α
α+d
−ε max

{
k

α
α+d
−ε

n
α
α+d
−ε ,

kβ/d

nβ/d
,

1

k1/2

})
W23 :=

∫
X cn×X cn

f(x)f(y)

∫ vx

lx

∫ vy

ly

h(u, v) d(Gn,x,y − Fn,xFn,y)(u, v) dx dy

= O

(
k1+ 2α

α+d
−ε

n1+ 2α
α+d
−ε

)
.(17)

Incorporating our restrictions on k, we conclude from (15), (16) and (17)
that for every ε > 0,

|W2| ≤
∣∣∣∣W21 +

1

n

∣∣∣∣+ 2|W22|+ |W23| = O

(
k1/2

n
max

{
kβ/d

nβ/d
,
k

α
α+d
−ε

n
α
α+d
−ε

})
.

To bound W3: We write hu, hv and huv for the partial derivatives of h(u, v)
and write, for example, (huF )(u, v) = hu(u, v)F (u, v). We find on integrating
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EFFICIENT ENTROPY ESTIMATION 19

by parts that, writing F = Fn,x,y −Gn,x,y,∫
[lx,vx]×[ly ,vy ]

(h dF )(u, v)−
∫ vx

lx

∫ vy

ly

(huvF (u, v)) du dv

=

∫ vx

lx

[
(huF )(u, ly)− (huF )(u, vy)

]
du+

∫ vy

ly

[
(hvF )(lx, v)− (hvF )(vx, v)

]
dv

+ (hF )(vx, vy) + (hF )(lx, ly)− (hF )(vx, ly)− (hF )(lx, vy).
(18)

Using standard binomial tail bounds as used to bound W1 together with (13)
in the main text we therefore see that for every ε > 0,

W31 :=

∫
X×X
f(x)f(y)

{∫ vx

lx

∫ vy

ly

(h dF )(u, v)−
∫ vx

lx

∫ vy

ly

(huvF )(u, v) du dv
}
dx dy

=−
∫
X×X
f(x)f(y)

{∫ vx

lx

(huF )(u, vy) du+

∫ vy

ly

(hvF )(vx, v) dv

}
dx dy

+ o(n−(9/2−ε)).

(19)

Now, uniformly for u ∈ [lx, vx] and (x, y) ∈ X × X and for every ε > 0,

F (u, vy) = 1{‖x−y‖≤rn,u}

(
n− 2

k − 1

)
pk−1
n,x,u(1− pn,x,u)n−k−1 + o(n−(9/2−ε))

= 1{‖x−y‖≤rn,u}
Bk,n−k(pn,x,u)

n− 1
+ o(n−(9/2−ε))

≤ 1{‖x−y‖≤rn,vx}
1

(2πk)1/2
{1 + o(1)}+ o(n−(9/2−ε)).(20)

By (10) and the arguments leading up to it, we have

(21) sup
x∈X cn

sup
y∈Xn∩Bx(rn,vx+rn,vy )

∣∣∣f(x)

f(y)
− 1
∣∣∣→ 0.

We therefore have by (13) in the main text that, for every ε > 0,

(22)

∫
X cn×X

f(x)f(y)

∫ vx

lx

(huF )(u, vy) du dy dx = O

(
k−

1
2

+ 2α
α+d
−ε

n
2α
α+d
−ε

)
.

Now, using Lemma 10(ii) in the main text, for x ∈ Xn,

(23) max{|lxf(x)− 1|, |vxf(x)− 1|} . a(f(x))

(
k

nf(x)

)β/d
+

log1/2 n

k1/2
.
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20 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

We also need some control over vf(y). By (10) and the work leading up to
it, for n ≥ max(n0, 5), x ∈ Xn and ‖y − x‖ ≤ rn,vx + rn,vy ,

f(y) ≥
{

1− 15d1/2

7
(cnρn)β

}
δn ≥ δn/2 ≥ k/(n− 1).

Thus a(f(y)) ≤ cβn and using (21) we may apply Lemma 10(ii) in the main
text to the set

X ′n = Xn ∪ {y : ‖y − x‖ ≤ rn,vx + rn,vy for some x ∈ Xn}.

From this and (21), for any x ∈ Xn and y ∈ Bx(rn,vx + rn,vy),

(24) max(|lyf(y)− 1|, |vyf(y)− 1|) . a(f(y))

(
k

nf(x)

)β/d
+

log1/2 n

k1/2
.

Using (21) again, we have that a(f(yx,z)) . f(x)−ε for each ε > 0, uniformly
for x ∈ Xn and ‖z‖ ≤ {vxf(x)}1/d + {vyf(x)}1/d. From (20), (23) and (24)
we therefore have that∣∣∣∣∫

Xn×X
f(x)f(y)

∫ vx

lx

(huF )(u, vy) du dy dx

∣∣∣∣
. k−1/2

∫
Xn×X

f(x)f(y)1{‖x−y‖<rn,vx}| log(vyf(y))| log(vx/lx) dy dx

= O

(
max

{
k1/2+2β/d

n1+2β/d
,

log n

nk1/2
,
k

1
2

+ α
α+d
−ε

n1+ α
α+d
−ε

})
(25)

for every ε > 0. By (19), (22) and (25), it follows that

(26) W31 = O

(
max

{
k1/2+2β/d

n1+2β/d
,

log n

nk1/2
,
k−1/2+ 2α

α+d
−ε

n
2α
α+d
−ε

})
.

Finally, by (13) in the main text and (21), we have since F = 0 when
‖x− y‖ > rn,u + rn,v that

W32 :=

∫
X cn×X

f(x)f(y)

∫ vx

lx

∫ vy

ly

(huvF )(u, v) du dv dx dy = O

(
k

2α
α+d
−ε

n
2α
α+d
−ε

)
.

(27)

Combining (26) and (27) we have that

W3 = W31 +W32 = O

(
max

{
k1/2+2β/d

n1+2β/d
,

log n

nk1/2
,
k

2α
α+d
−ε

n
2α
α+d
−ε

})
.
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EFFICIENT ENTROPY ESTIMATION 21

To boundW4: Let p∩ :=
∫
Bx(rn,u)∩By(rn,v) f(w) dw and let (N1, N2, N3, N4) ∼

Multi(n− 2, pn,x,u − p∩, pn,y,v − p∩, p∩, 1− pn,x,u − pn,y,v + p∩). Further, let

F (1)
n,x,y(u, v) := P(N1 +N3 ≥ k,N2 +N3 ≥ k),

so that

(Fn,x,y−F (1)
n,x,y)(u, v) = P(N1 +N3 = k − 1, N2 +N3 ≥ k)1{‖x−y‖≤rn,u}

+ P(N2 +N3 = k − 1, N1 +N3 ≥ k)1{‖x−y‖≤rn,v}

+ P(N1 +N3 = k − 1, N2 +N3 = k − 1)1{‖x−y‖≤rn,u∧rn,v}.

Now P(N1+N3 = k−1) =
(
n−2
k−1

)
pk−1
n,x,u(1−pn,x,u)n−k−1 ≤ (2πk)−1/2{1+o(1)}

and Fn,x,y(u, v) = Gn,x,y(u, v) if ‖x − y‖ > rn,u + rn,v, and so, by (23)
and (24), we have that∫

Xn×X
f(x)f(y)

∫ vx

lx

∫ vy

ly

(Fn,x,y −Gn,x,y)(u, v)

uv
du dv dx dy

=

∫
Xn×X

f(x)f(y)

∫ vx

lx

∫ vy

ly

(F
(1)
n,x,y −Gn,x,y)(u, v)

uv
du dv dx dy

+O

(
max

{
log n

nk1/2
,
k

1
2

+ 2β
d

n1+ 2β
d

,
k

1
2

+ α
α+d
−ε

n1+ α
α+d
−ε

})
.(28)

We can now approximate F
(1)
n,x,y(u, v) by ΦΣ(k1/2{uf(x)− 1}, k1/2{vf(x)−

1}) and Gn,x,y(u, v) by Φ(k1/2{uf(x) − 1})Φ(k1/2{vf(x) − 1}). To avoid
repetition, we focus on the former of these terms. To this end, for i =
3, . . . , n, let

Yi :=

(
1{Xi∈Bx(rn,u)}
1{Xi∈By(rn,v)}

)
,

so that
∑n

i=3 Yi =

(
N1 +N3

N2 +N3

)
. We also define

µ := E(Yi) =

(
pn,x,u
pn,y,v

)
V := Cov(Yi) =

(
pn,x,u(1− pn,x,u) p∩ − pn,x,upn,y,v
p∩ − pn,x,upn,y,v pn,y,v(1− pn,y,v)

)
,

When x ∈ Xn and y ∈ B◦x(rn,vx + rn,vy) we have that, writing ∆ for the
symmetric difference and using (21), P(X1 ∈ Bx(rn,u)∆By(rn,v)) > 0 and so
V is invertible for such x and y. We may therefore set Zi := V −1/2(Yi − µ).

imsart-aos ver. 2014/10/16 file: WKLAoSFinalSupp.tex date: January 28, 2018



22 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

Then by the Berry–Esseen bound of Götze (1991), writing C for the set of
closed, convex subsets of R2 and letting Z ∼ N2(0, I), there exists a universal
constant C2 > 0 such that

(29) sup
C∈C

∣∣∣∣P( 1

(n− 2)1/2

n∑
i=3

Zi ∈ C
)
− P(Z ∈ C)

∣∣∣∣ ≤ C2E(‖Z3‖3)

(n− 2)1/2
.

The distribution of Z3 depends on x, y, u and v, but, recalling the substitu-
tion y = yx,z as defined in (22) in the main text, we claim that for x ∈ Xn,
y = yx,z ∈ Bx(rn,u + rn,v), u ∈ [lx, vx] and v ∈ [ly, vy],

(30) E(‖Z3‖3) .
( n

k‖z‖

)1/2
.

To establish this, note that for x ∈ Xn and ‖y − x‖ ≤ rn,vx + rn,vy , we have

by (21), (23) and (24) that ‖y − x‖ . ( k
nf(x))1/d. Thus, for v ∈ [ly, vy], and

using Lemma 2, we also have that

|vf(x)− 1| ≤ max(|vyf(y)− 1|, |lyf(y)− 1|) + vy|f(y)− f(x)|

. a(f(x) ∧ f(y))

(
k

nf(x)

)β/d
+

log1/2 n

k1/2
.(31)

Now, by the definition of lx and vx,

(32) max
{
|pn,x,u − k/(n− 1)| , |pn,y,v − k/(n− 1)|

}
≤ 3k1/2 log1/2 n

n− 1

for all x, y ∈ X and u ∈ [lx, vx], v ∈ [ly, vy]. Next, we bound |n−2
k p∩−αz| for

x ∈ Xn and y = yx,z with ‖z‖ ≤ {vxf(x)}1/d + {vyf(x)}1/d. First suppose
that u ≥ v. We may write

Bx(rn,u)∩By(rn,v) = {Bx(rn,v)∩By(rn,v)}∪[{Bx(rn,u)\Bx(rn,v)}∩By(rn,v)],

where this is a disjoint union. Writing Ia,b(x) :=
∫ x

0 Ba,b(s) ds for the reg-
ularised incomplete beta function and recalling that µd denotes Lebesgue
measure on Rd, we have

µd
(
Bx(rn,v) ∩By(rn,v)

)
= Vdr

d
n,vI d+1

2
, 1
2

(
1− ‖x− y‖

2

4r2
n,v

)
=
veΨ(k)

n− 1
I d+1

2
, 1
2

(
1− ‖z‖2

4{vf(x)}2/d

)
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EFFICIENT ENTROPY ESTIMATION 23

and

αz = I d+1
2
, 1
2

(
1− ‖z‖

2

4

)
.

Now, ∣∣∣∣ ddrI d+1
2
, 1
2

(
1− r2

4

)∣∣∣∣ =
(1− r2/4)

d−1
2

B(d+1)/2,1/2
≤ 1

B(d+1)/2,1/2
.

Hence by the mean value inequality,∣∣∣∣µd(Bx(rn,v) ∩By(rn,v)
)
− eΨ(k)αz

(n− 1)f(x)

∣∣∣∣
≤ eΨ(k)

n− 1

[
v‖z‖|1− {vf(x)}−1/d|

B(d+1)/2,1/2
+

αz
f(x)

|1− vf(x)|
]
.

It follows that for all x ∈ Xn, y ∈ Bx(rn,vx + rn,vy) and v ∈ [ly, vy],∣∣∣∣∫
Bx(rn,v)∩By(rn,v)

f(w) dw − eΨ(k)αz
n− 1

∣∣∣∣
.
k

n
a(f(x) ∧ f(y))

(
k

nf(x)

)β/d
+
k1/2 log1/2 n

n

using (31) and Lemma 2. We also have by (32) that∫
{Bx(rn,u)\Bx(rn,v)}∩By(rn,v)

f(w) dw ≤ pn,x,u − pn,x,v

.
k

n
a(f(x) ∧ f(y))

(
k

nf(x)

)β/d
+
k1/2 log1/2 n

n
.

Thus, when x ∈ Xn, y = yx,z ∈ Bx(rn,vx + rn,vy), u ∈ [lx, vx], v ∈ [ly, vy] and
u ≥ v,

(33)

∣∣∣∣n− 2

k
p∩ − αz

∣∣∣∣ . a(f(x) ∧ f(y))

(
k

nf(x)

)β/d
+

log1/2 n

k1/2
.

We can prove the same bound when v > u similarly, using (23), (31) and
Lemma 2. We will also require a lower bound on pn,x,u + pn,y,v − 2p∩ in the
region where Bx(rn,u) ∩ By(rn,v) 6= ∅, i.e., ‖z‖ ≤ {uf(x)}1/d + {vf(x)}1/d.
By the mean value theorem,

1− I d+1
2
, 1
2
(1− δ2) ≥ 21/2δmax

{
2−d/2

B(d+1)/2,1/2
, 1− I d+1

2
, 1
2
(1/2)

}
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24 T. B. BERRETT, R. J. SAMWORTH AND M. YUAN

for all δ ∈ [0, 1]. Thus, for u ≥ v, with v ∈ [ly, vy], x ∈ Xn, and y = yx,z with
‖z‖ ≤ 2{vf(x)}1/d, by (31) we have,

µd
(
Bx(rn,u) ∩By(rn,v)c

)
≥ µd

(
Bx(rn,v) ∩By(rn,v)c

)
= Vdr

d
n,v

{
1− I d+1

2
, 1
2

(
1− ‖x− y‖

2

4r2
n,v

)}
&

k‖z‖
nf(x)

.

When ‖z‖ > 2{vf(x)}1/d we simply have µd
(
Bx(rn,v) ∩By(rn,v)c

)
= Vdr

d
n,v

and the same overall bound applies. Moreover, the same lower bound for
µd
(
By(rn,v) ∩ Bx(rn,u)c

)
holds when u < v, u ∈ [lx, vx], x ∈ Xn, and y =

yx,z ∈ Bx(rn,vx +rn,vy). We deduce that for all x ∈ Xn, y = yx,z ∈ Bx(rn,vx +
rn,vy), u ∈ [lx, vx] and v ∈ [ly, vy],

(34) pn,x,u + pn,y,v − 2p∩ ≥ max{pn,x,u − p∩ , pn,y,v − p∩} &
k

n
‖z‖.

We are now in a position to bound E(‖Z3‖3) above for x ∈ Xn, y = yx,z ∈
Bx(rn,vx + rn,vy), u ∈ [lx, vx], v ∈ [ly, vy]. We write

E(‖Z3‖3) = p∩

∥∥∥∥V −1/2

(
1− pn,x,u
1− pn,y,v

)∥∥∥∥3

+ (pn,x,u − p∩)

∥∥∥∥V −1/2

(
1− pn,x,u
−pn,y,v

)∥∥∥∥3

+ (pn,y,v − p∩)

∥∥∥∥V −1/2

(
−pn,x,u

1− pn,y,v

)∥∥∥∥3

+ (1− pn,x,u − pn,y,v + p∩)

∥∥∥∥V −1/2

(
pn,x,u
pn,y,v

)∥∥∥∥3

,(35)

and bound each of these terms in turn. First,

p∩

∥∥∥∥V −1/2

(
1− pn,x,u
1− pn,y,v

)∥∥∥∥3

= p∩|V |−3/2{(1− pn,x,u)(1− pn,y,v)(pn,x,u + pn,y,v − 2p∩)}3/2

= p∩

{
(1− pn,x,u)(1− pn,y,v)

p∩ − pn,x,upn,y,v +
(pn,x,u−p∩)(pn,y,v−p∩)
pn,x,u+pn,y,v−2p∩

}3/2

≤ p∩min

{
pn,x,u + pn,y,v

|V |
,

1

p∩ − pn,x,upn,y,v

}3/2

. n1/2/k1/2,(36)

using (32) and (33), and where we derive the final bound from the left hand
side of the minimum if ‖z‖ ≥ 1 and the right hand side if ‖z‖ < 1. Similarly,
(37)

(pn,x,u−p∩)

∥∥∥∥V −1/2

(
1− pn,x,u
−pn,y,v

)∥∥∥∥3

≤ (pn,x,u−p∩)p3/2
n,y,v|V |−3/2 .

( n

k‖z‖

)1/2
,
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where we have used (34) for the final bound. By symmetry, the same bound
holds for the third term on the right-hand side of (35). Finally, very similar
arguments yield

(38) (1− pn,x,u − pn,y,v + p∩)

∥∥∥∥V −1/2

(
pn,x,u
pn,y,v

)∥∥∥∥3

. (k/n)3/2.

Combining (36), (37) and (38) gives (30).
Writing ΦA(·) for the measure associated with the N2(0, A) distribution

for invertible A, and φA for the corresponding density, we have by Pinsker’s
inequality and a Taylor expansion of the log-determinant function that

2 sup
C∈C
|ΦA(C)−ΦB(C)|2 ≤

∫
R2

φA log
φA
φB

=
1

2
{log |B| − log |A|+ tr(B−1(A−B))} ≤ ‖B−1/2(A−B)B−1/2‖2,

provided ‖B−1/2(A−B)B−1/2‖ ≤ 1/2. Hence

sup
C∈C
|ΦA(C)−ΦB(C)| ≤ min{1, 2‖B−1/2(A−B)B−1/2‖}.

We now take A = (n − 2)V/k, B = Σ and use the submultiplicativity of
the Frobenius norm along with (32) and (33) and the fact that ‖Σ−1/2‖ =
{(1 + αz)

−1 + (1− αz)−1}1/2 to deduce that

(39) sup
C∈C
|ΦA(C)−ΦB(C)| . 1

‖z‖

{
a(f(x)∧f(y))

(
k

nf(x)

)β/d
+

log1/2 n

k1/2

}
for x ∈ Xn, y ∈ B◦x(rn,vx + rn,vy), u ∈ [lx, vx], v ∈ [ly, vy]. Now let u =

f(x)−1(1+k−1/2s) and v = f(x)−1(1+k−1/2t). By the mean value theorem,
(23) and (31),∣∣∣∣ΦΣ

(
k−1/2

{
(n− 2)µ−

(
k
k

)})
− ΦΣ(s, t)

∣∣∣∣
≤ 1

(2π)1/2

{∣∣∣∣(n− 2)pn,x,u − k
k1/2

− s
∣∣∣∣+

∣∣∣∣(n− 2)pn,y,v − k
k1/2

− t
∣∣∣∣}

. k1/2a(f(x) ∧ f(y))

(
k

nf(x)

)β/d
+ k−1/2.(40)

It follows by (29), (30), (39) and (40) that for x ∈ Xn and y ∈ B◦x(rn,vx +
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rn,vy),

sup
u∈[lx,vx],v∈[ly ,vy ]

|F (1)
n,x,y(u, v)− ΦΣ(s, t)|

. min

{
1,

log1/2 n

k1/2‖z‖
+ a(f(x) ∧ (f(y))

(
k

nf(x)

)β/d(
k1/2 +

1

‖z‖

)}
.

Therefore, by (23) and (24), and since f(y) ≥ f(x)/2 for x ∈ Xn, y ∈
Bx(rn,vx + rn,vy) and n ≥ n0, we conclude that for each ε > 0 and n ≥ n0∣∣∣∣∫
Xn×X

f(x)f(y)

∫ vx

lx

∫ vy

ly

F
(1)
n,x(u, v)− ΦΣ(s, t)

uv
1{‖x−y‖≤rn,u+rn,v} du dv dy dx

∣∣∣∣
.
k

n

∫
Xn
f(x)

{
log1/2 n

k1/2
+ a(f(x)/2)

(
k

nf(x)

)β/d}2

∫
B0(3)

sup
u∈[lx,vx],v∈[lyx,z ,vyx,z ]

|F (1)
n,x,yx,z(u, v)− ΦΣ(s, t)| dz dx

= O

(
k

n
max

{
log5/2 n

k3/2
,
k

1
2

+ α
α+d
−ε

n
α
α+d
−ε ,

k−1/2+β/d log n

nβ/d
,
k1/2+2β/d

n2β/d

})
.(41)

By similar (in fact, rather simpler) means we can establish the same bound
for the approximation of Gn,x,y by Φ(k1/2{uf(x)− 1})Φ(k1/2{vf(x)− 1}).

To conclude the proof for the unweighted case, we write Xn = X (1)
n ∪X (2)

n ,
where

X (1)
n := {x : f(x) ≥ k

d
2β δn} , X (2)

n := {x : δn ≤ f(x) < k
d

2β δn},

and deal with these two regions separately. We have by Slepian’s inequality
that ΦΣ(s, t) ≥ Φ(s)Φ(t) for all s and t. Hence, recalling that s = sx,u =
k1/2{uf(x)− 1} and t = tx,v = k1/2{vf(x)− 1}, by (21), (23) and (31), for
every ε > 0,∫
X (2)
n ×X

f(x)f(y)

∫ vx

lx

∫ vy

ly

ΦΣ(s, t)− Φ(s)Φ(t)

uv
1{‖x−y‖≤rn,u+rn,v}du dv dy dx

≤ eΨ(k)

Vd(n− 1)k

∫
X (2)
n

∫
Rd
f(yx,z)

1{‖x−yx,z‖≤rn,vx+rn,vyx,z }

f(x)2lxlyx,z∫ ∞
−∞

∫ ∞
−∞
{ΦΣ(s, t)− Φ(s)Φ(t)} ds dt dz dx

.
1

n

∫
X (2)
n

f(x)

∫
B0(2)

αz dz dx = o
(k(1+ d

2β
) α
α+d
−ε

n1+ α
α+d
−ε

)
,(42)
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where to obtain the final error term, we have used the fact that
∫
B0(2) αz dz =

Vd. By (23) and (24) we have, for each ε > 0,∫
X (1)
n ×X

f(x)f(y)

∫ vx

lx

∫ vy

ly

ΦΣ(s, t)− Φ(s)Φ(t)

uv
1{‖x−y‖≤rn,u+rn,v} du dv dy dx

≤ eΨ(k)

Vd(n− 1)k

∫
X (1)
n

∫
Rd
f(yx,z)

1{‖x−yx,z‖≤rn,vx+rn,vyx,z }

f(x)2lxlyx,z
αz dz dx

=
eΨ(k)

(n− 1)k

∫
X (1)
n

f(x) dx+O

(
max

{
log1/2 n

nk1/2
,
kβ/d

n1+β/d
,
k

α
α+d
−ε

n1+ α
α+d
−ε

})

=
eΨ(k)

(n− 1)k
+O

(
max

{
log1/2 n

nk1/2
,
kβ/d

n1+β/d
,
k

(1+ d
2β

) α
α+d
−ε

n1+ α
α+d
−ε

})
.

(43)

By applying Lemma 10(ii) in the main text as for (31) we have, for x ∈ X (1)
n

and y ∈ Bx(rn,vx + rn,vy), that
(44)

max
v∈{vx,vy}

|vf(x)−1−3k−1/2 log1/2 n| . a(f(x)∧f(y))
( k

nf(x)

)β/d
= o(k−1/2),

with similar bounds holding for lx and ly. A corresponding lower bound of
the same order for the left-hand side of (43) follows from (44) and the fact
that ∫ 2

√
logn

−2
√

logn

∫ 2
√

logn

−2
√

logn
{ΦΣ(s, t)− Φ(s)Φ(t)} ds dt = αz +O(n−2)

uniformly for z ∈ Rd. It now follows from (28), (41), (42) and (43) that for
each ε > 0,

W4 = O

(
max

{
log5/2 n

nk1/2
,
k

3
2

+ α−ε
α+d

n1+ α−ε
α+d

,
k3/2+2β/d

n1+2β/d
,
k

(1+ d
2β

) α−ε
α+d

n1+ α−ε
α+d

,
k

1
2

+β
d log n

n1+β
d

})
,

as required.

We now turn our attention to the variance of the weighted Kozachenko–
Leonenko estimator Ĥw

n . We first claim that

Var

( k∑
j=1

wj log ξ(j),1

)
=

k∑
j,l=1

wjwl Cov(log ξ(j),1, log ξ(l),1) = V (f) + o(1).

(45)
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By (18), (19) and Lemma 3 in the main text, for j such that wj 6= 0,

Var log ξ(j),1 = V (f) + o(1)

as n→∞. For l > j, using similar arguments to those used in the proof of

Lemma 3 in the main text, and writing u
(k)
x,s := ux,s = Vd(n−1)h−1

x (s)de−Ψ(k)

for clarity, we have

E(log ξ(j),1 log ξ(l),1)

=

∫
X
f(x)

∫ 1

0

∫ 1−s

0
log(u(j)

x,s)log(u
(l)
x,s+t)Bj,l−j,n−l(s, t) dt ds dx

=

∫
X
f(x)

∫ 1

0

∫ 1−s

0
log
( (n− 1)s

f(x)eΨ(j)

)
log
((n− 1)(s+ t)

f(x)eΨ(l)

)
Bj,l−j,n−l(s, t)dt ds dx+o(1)

=

∫
X
f(x) log2 f(x) dx+ o(1)

as n → ∞, uniformly for 1 ≤ j < l ≤ k∗1. Now (45) follows on noting that
supk≥kd ‖w‖ <∞.

Next we claim that

(46) Cov

( k∑
j=1

wj log ξ(j),1,

k∑
l=1

wl log ξ(l),2

)
= o(n−1)

as n→∞. In view of (20) in the main text and the fact that supk≥kd ‖w‖ <
∞, it is sufficient to show that

Cov
(
log(f(X1)ξ(j),1), log(f(X2)ξ(l),2)

)
= o(n−1)

as n→∞, whenever wj , wl 6= 0. We suppose without loss of generality here
that j < l, since the j = l case is dealt with in (27). We broadly follow
the same approach used to bound W1, . . . ,W4, though we require some new
(similar) notation. Let F ′n,x,y denote the conditional distribution function

of (ξ(j),1, ξ(l),2) given X1 = x,X2 = y and let F
(j)
n,x denote the conditional

distribution function of ξ(j),1 given X1 = x. Let

r(j)
n,u :=

{
ueΨ(j)

Vd(n− 1)

}1/d

, p(j)
n,x,u := hx(r(j)

n,u).

Recall the definitions of a±n,j given in the proof of Lemma 3, and let vx,j :=

inf{u ≥ 0 : (n− 1)p
(j)
n,x,u = a+

n,j} and lx,j := inf{u ≥ 0 : (n− 1)p
(j)
n,x,u = a−n,j}.
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For pairs (u, v) with u ≤ vx,j and v ≤ vy,l, let (M1,M2,M3) ∼ Multi(n −
2; p

(j)
n,x,u, p

(l)
n,y,v, 1− p(j)

n,x,u − p(l)
n,y,v) and write

G′n,x,y(u, v) := P(M1 ≥ j,M2 ≥ l).

Also write

Σ′ :=

(
1 (j/l)1/2α′z

(j/l)1/2α′z 1

)
,

where α′z := V −1
d µd

(
B0(1) ∩ Bz(exp(Ψ(l) − Ψ(j))1/d)

)
. Writing W ′i for re-

mainder terms to be bounded later, we have

Cov
(
log(f(X1)ξ(j),1), log(f(X2)ξ(l),2)

)
=

∫
X×X

f(x)f(y)

∫
[ly,l,vy,l]×[lx,j ,vx,j ]

h(u, v) d(F ′n,x,y−F (j)
n,xF

(l)
n,y)(u, v) dx dy +W ′1

=

∫
X×X
f(x)f(y)

∫
[ly,l,vy,l]×[lx,j ,vx,j ]

h(u, v) d(F ′n,x,y−G′n,x,y)(u, v) dx dy − 1

n
+

2∑
i=1

W ′i

=

∫
Xn×X

f(x)f(y)

∫ vy,l

ly,l

∫ vx,j

lx,j

(F ′n,x,y −G′n,x,y)(u, v)

uv
du dv dx dy − 1

n
+

3∑
i=1

W ′i

=
V −1
d eΨ(j)

(n− 1)(jl)1/2

∫
Rd

∫ ∞
−∞

∫ ∞
−∞
{ΦΣ′(s, t)− Φ(s)Φ(t)} ds dt dz − 1

n
+

4∑
i=1

W ′i

=
V −1
d eΨ(j)

(n− 1)l

∫
Rd
α′z dz −

1

n
+

4∑
i=1

Wi = O

(
1

nk

)
+

4∑
i=1

W ′i

(47)

as n → ∞. The final equality here follows from the fact that, for Borel
measurable sets K,L ⊆ Rd,

(48)

∫
Rd
µd
(
(K + z) ∩ L

)
dz = µd(K)µd(L),

so that
∫
Rd α

′
z dz = Vde

Ψ(l)−Ψ(j).

To bound W ′1: Very similar arguments to those used to bound W1 show
that W ′1 = o(n−(9/2−ε)) as n→∞, for every ε > 0.
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To bound W ′2: Similar to our work used to bound W2, we may show that

∫ a+
n,j
n−1

a−
n,j
n−1

∫ a+
n,l
n−1

a−
n,l
n−1

|Bj+a,l+b,n−j−l−1(s, t)−Bj+a,n−j(s)Bl+b,n−l(t)| dt ds

≤ (jl)1/2

n
{1 + o(1)}

as n→∞, for fixed a, b > −1. Also,∫ 1

0

∫ 1−s

0
log
((n− 1)s

eΨ(j)

)
log
((n− 1)t

eΨ(l)

)
{Bj,l,n−j−l−1(s, t)−Bj,n−j(s)Bl,n−l(t)}dtds

=− 1

n
+O(n−2)

as n → ∞. Using these facts and very similar arguments to those used to
bound W2 we have for every ε > 0 that

W ′2 = O

(
k1/2

n
max

{
kβ/d

nβ/d
,
k

α
α+d
−ε

n
α
α+d
−ε

})
.

To bound W ′3: Similarly to (18) and the surrounding work, we can show
that for every ε > 0,

W ′3 = O

(
max

{
log n

nk1/2
,
k

1
2

+ 2β
d

n1+ 2β
d

,
k

2α
α+d
−ε

n
2α
α+d
−ε

})
.

To bound W ′4: Let (N1, N2, N3, N4) ∼ Multi(n − 2; p
(j)
n,x,u − p∩, p

(l)
n,y,v −

p∩, p∩, 1−p(j)
n,x,u−p(l)

n,y,v+p∩), where p∩ :=
∫
Bx(r

(j)
n,u)∩By(r

(l)
n,v)

f(w) dw. Further,

let
F
′,(1)
n,x,y := P(N1 +N3 ≥ j,N2 +N3 ≥ l).

Then, as in (28), we have∫
Xn×X

f(x)f(y)

∫ vx,j

lx,j

∫ vy,l

ly,l

(F ′n,x,y −G′n,x,y)(u, v)

uv
du dv dx dy

=

∫
Xn×X

f(x)f(y)

∫ vx,j

lx,j

∫ vy,l

ly,l

(F
′,(1)
n,x,y −G′n,x,y)(u, v)

uv
du dv dx dy

+O

(
max

{
log n

nk1/2
,
k

1
2

+ 2β
d

n1+ 2β
d

,
k

1
2

+ α
α+d
−ε

n1+ α
α+d
−ε

})
.
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We can now approximate F
′,(1)
n,x,y(u, v) by ΦΣ′(j

1/2{uf(x)−1}, l1/2{vf(x)−1})
and G′n,x,y(u, v) by Φ(j1/2{uf(x) − 1})Φ(l1/2{vf(x) − 1}). This is rather
similar to the corresponding approximation in the bounds on W4, so we
only present the main differences. First, let

Y ′i :=

(
1{Xi∈Bx(r

(j)
n,u)}

1{Xi∈By(r
(l)
n,v)}

)
.

We also define

µ′ := E(Y ′i ) =

(
p

(j)
n,x,u

p
(l)
n,y,v

)
and

V ′ := Cov(Y ′i ) =

(
p

(j)
n,x,u(1− p(j)

n,x,u) p∩ − p(j)
n,x,up

(l)
n,y,v

p∩ − p(j)
n,x,up

(l)
n,y,v p

(l)
n,y,v(1− p(l)

n,y,v)

)
,

and set Z ′i := V ′−1/2(Y ′i − µ). Our aim is to provide a bound on p∩. Since
the function

(r, s) 7→ µd
(
B0(r1/d) ∩Bz(s1/d)

)
,

is Lipschitz we have for x ∈ Xn, y = x + f(x)−1/dr
(j)
n,1z ∈ Bx(r

(j)
n,vx,j +

r
(l)
n,vy,l), u ∈ [lx,j , vx,j ] and v ∈ [ly,l, vy,l] that

(49)

∣∣∣∣n− 2

eΨ(j)
p∩ − α′z

∣∣∣∣ . a(f(x) ∧ (f(y))

(
k

nf(x)

)β/d
+

log1/2 n

k1/2
,

using similar equations to (23), (24) and (31). From this and similar bounds
to (32), we find that |V ′| & k2/n2 and ‖(V ′)−1/2‖ . (n/k)1/2. We therefore
have

E‖Z ′3‖3 ≤ ‖(V ′)−1/2‖3E‖Y ′3 − µ′‖3 . n1/2/k1/2,

which is as in the l = j case except with the factor of ‖z‖−1/2 missing. Note
now that

lim sup
n→∞

sup
(j,l):j<l

wj ,wl 6=0

sup
z∈B0(1+e(Ψ(l)−Ψ(j))/d)

‖(Σ′)−1/2‖ <∞.

Hence, using (49), similar bounds to (32) and the same arguments as leading
up to (39),

(50) sup
C∈C
|ΦA(C)−ΦB(C)| . a(f(x) ∧ f(y))

(
k

nf(x)

)β/d
+

log1/2 n

k1/2
,
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where B := Σ′ and

A := (n− 2)

(
j−1p

(j)
n,x,u(1− p(j)

n,x,u) j−1/2l−1/2(p∩ − p(j)
n,x,up

(l)
n,y,v)

j−1/2l−1/2(p∩ − p(j)
n,x,up

(l)
n,y,v) l−1p

(l)
n,y,v(1− p(l)

n,y,v)

)
.

Now let u := f(x)−1(1 + j−1/2s) and v := f(x)−1(1 + l−1/2t). Similarly
to (40), we have∣∣∣∣ΦΣ′

((n− 2)p
(j)
n,x,u − j

j1/2
,
(n− 2)p

(l)
n,y,v − l

l1/2

)
− ΦΣ′(s, t)

∣∣∣∣
. k1/2a(f(x) ∧ f(y))

(
k

nf(x)

)β/d
+ k−1/2.

Similarly to the arguments leading up to (41), it follows that∣∣∣∣∫
Xn×X

f(x)f(y)

∫ vx,j

lx,j

∫ vy,l

ly,l

F
′,(1)
n,x (u, v)−ΦΣ′(s, t)

uv
1{‖x−y‖≤r(j)

n,u+r
(l)
n,v}

du dv dy dx

∣∣∣∣
= O

(
k

n
max

{
log3/2 n

k3/2
,
k

1
2

+ α
α+d
−ε

n
α
α+d
−ε ,

k−1/2+β/d log n

nβ/d
,
k1/2+2β/d

n2β/d

})
,

where the power on the first logarithmic factor is smaller because of the
absence of the factor of the ‖z‖−1 term in (50). The remainder of the work
required to bound W ′4 is very similar to the work done from (42) to (43),
using also (48), so is omitted. We conclude that

W ′4 = O

(
max

{
log

3
2 n

nk
1
2

,
k

3
2

+ α−ε
α+d

n1+ α−ε
α+d

,
k

3
2

+ 2β
d

n1+ 2β
d

,
k

(1+ d
2β

) α−ε
α+d

n1+ α−ε
α+d

,
k

1
2

+β
d log n

n1+β
d

})
.

The equation (47), together the bounds on W ′1, . . . ,W
′
4 just proved, establish

the claim (46). We finally conclude from (45) and (46) that

Var(Ĥw
n ) =

1

n
Var

( k∑
j=1

wj log ξ(j),1

)

+

(
1− 1

n

)
Cov

( k∑
j=1

wj log ξ(j),1 ,

k∑
l=1

wl log ξ(l),2

)
= V (f) + o(n−1),

as required.
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A. Proof of Theorem 8.

Proof of Theorem 8. For the first part of the theorem we aim to apply
Theorem 25.21 of van der Vaart (1998), and follow the notation used there.
With Ṗ := {λ(log f + H(f)) : λ ∈ R} we will first show that the entropy
functional H is differentiable at f relative to the tangent set Ṗ, with efficient
influence function ψ̃f = − log f −H(f). Following Example 25.16 in van der
Vaart (1998), for g ∈ Ṗ, the paths ft,g defined in (10) of the main text are
differentiable in quadratic mean at t = 0 with score function g. Note that∫
X gf = 0 and

∫
X g

2f <∞ for all g ∈ Ṗ. It is convenient to define, for t ≥ 0,
the set At := {x ∈ X : 8t|g(x)| ≤ 1}, on which we may expand e−2tg easily
as a Taylor series. By Hölder’s inequality, for ε ∈ (0, 1/2),∫

Act

f | log f | ≤ (8t)2(1−ε)
∫
X
f |g|2(1−ε)| log f |

≤ (8t)2(1−ε)
{∫
X
g2f
}1−ε{∫

X
f | log f |1/ε

}ε
= o(t)

as t↘ 0. Moreover,∫
Act

f log(1 + e−2tg) ≤
∫
Act

(log 2 + 2t|g|)f ≤ 16t2(4 log 2 + 1)

∫
X
g2f.

We also have that

|c(t)−1 − 1| =
∣∣∣∣∫
X

(
2

1 + e−2tg
− 1− tg

)
f

∣∣∣∣
≤
∫
At

∣∣∣∣e−2tg − 1 + 2tg + tg(e−2tg − 1)

1 + e−2tg

∣∣∣∣f +

∫
Act

(1 + t|g|)f

≤ 16

3
t2
∫
At

g2f + 72t2
∫
Act

g2f ≤ 72t2
∫
X
g2f.(51)

It follows that∣∣∣∣t−1{H(ft,g)−H(f)}+

∫
X
{log f +H(f)}fg

∣∣∣∣
=

∣∣∣∣1t
∫
X

{(
1− 2c(t)

1+e−2tg

)
log f − 2c(t)

1+e−2tg
log
( 2c(t)

1+e−2tg

)
+ tg(1 + log f)

}
f

∣∣∣∣
≤ 1

t

∫
At

f
∣∣∣{e−2tg − 1 + 2tg + tg(e−2tg − 1)} log f

− 2 log
( 2

1 + e−2tg

)
+ tg(1 + e−2tg)

∣∣∣+ o(1)

≤ 16

3
t

∫
X
g2f | log f |+ 22t

∫
X
g2f + o(1)→ 0.
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The conclusion (11) in the main text therefore follows from van der Vaart
(1998, Theorem 25.21).

We now establish the second part of the theorem. First, by our previous
bound on c(t) in (51), for 12t < {

∫
X g

2f}−1/2 we have that

‖ft,g‖∞ ≤ 2c(t)‖f‖∞ ≤
2‖f‖∞

1− 72t2
∫
X g

2f
≤ 4‖f‖∞,

and µα(ft,g) ≤ 4µα(f).
We now study the smoothness properties of ft,g. This requires some in-

volved calculations, because we first need to understand corresponding prop-
erties of g. To this end, for an m times differentiable function g : Rd → R,
define

M∗g (x) := max

{
max

t=1,...,m
‖g(t)(x)‖ , sup

y∈B◦x(ra(x))

‖g(m)(y)− g(m)(x)‖
‖y − x‖β−m

}
and

Dg := max

{
1, sup
δ∈(0,‖f‖∞)

supx:f(x)≥δM
∗
g (x)

a(δ)m+1

}
.

Let Jm denote the set of multisets of elements {1, . . . , d} of cardinality
at most m, and for J = {j1, . . . , js} ∈ Jm, define gJ(x) := ∂sg∏s

`=1 ∂xj`
(x).

Moreover, for i ∈ {1, . . . , s}, let Pi(J) denote the set of partitions of J into
i non-empty multisets. As an illustration, if d = 2, then

J3 =
{
∅, {1}, {2}, {1, 1}, {1, 2}, {2, 1}, {2, 2},
{1, 1, 1},{1, 1, 2},{1, 2, 1},{1, 2, 2},{2, 1, 1},{2, 1, 2},{2, 2, 1},{2, 2, 2}

}
.

Moreover, if J = {1, 1, 2} ∈ J3, then

P2(J) =
{{
{1, 1}, {2}

}
,
{
{1, 2}, {1}

}
,
{
{1, 2}, {1}

}}
.

Then, by induction, and writing g∗ := g1 = log f + H(f), it may be shown
that

g∗J(x) =

card(J)∑
i=1

(−1)i−1(i− 1)!

f i

∑
{P1,...,Pi}∈Pi(J)

fP1 . . . fPi .

Now, the cardinality of Pi(J) is given by a Stirling’s number of the second
kind:

card
(
Pi(J)

)
=

1

i!

i∑
`=0

(−1)i−`
(
i

`

)
`card(J) =: S

(
card(J), i

)
,
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say. Thus, if card(J) ≤ m, then

(52) |g∗J(x)| ≤
card(J)∑
i=1

(i− 1)!S
(
card(J), i

)
a(f(x))i ≤ 1

2
mm+1m!a(f(x))m.

Moreover, if ‖y − x‖ ≤ ra(x) and m ≥ 1, then

|g∗J(y)− g∗J(x)| ≤
card(J)∑
i=1

(i− 1)!
∑

{P1,...,Pi}∈Pi(J)

{
|fP1 . . . fPi(y)− fP1 . . . fPi(x)|

f i(y)

+
|fP1 . . . fPi(x)|

f i(y)

∣∣∣∣f i(y)

f i(x)
− 1

∣∣∣∣}.
Now, by Lemma 2,∣∣∣∣f i(y)

f i(x)
− 1

∣∣∣∣ ≤ i∣∣∣∣f(y)

f(x)
− 1

∣∣∣∣(1 +

∣∣∣∣f(y)

f(x)
− 1

∣∣∣∣)i−1

≤
(71

56

)i−1
i

∣∣∣∣f(y)

f(x)
− 1

∣∣∣∣.
Moreover, by induction and Lemma 2 again,

|fP1 . . . fPi(y)−fP1 . . . fPi(x)| ≤ 8d1/2
{(71

56

)i
−1
}
a(f(x))if i(x)‖y−x‖β−m.

We deduce that (even when m = 0),

(53) |g∗J(y)− g∗J(x)| ≤ 8d1/2
(71

41

)m
m!(m+ 1)m+2a(f(x))m+1‖y − x‖β−m.

Comparing (52) and (53), we see that

(54) Dg∗ ≤ 8d1/2
(71

41

)m
m!(m+ 1)m+2 =: D.

Now let q(y) := (1 + e−2ty)−1, so that ft,g(x) = 2c(t)q
(
g(x)

)
f(x). Similar

inductive arguments to those used above yield that when J ∈ Jm with m ≥ 1
and g is m times differentiable,

(q ◦ g)J(x) =

card(J)∑
i=1

q(i)
(
g(x)

) ∑
{P1,...,Pi}∈Pi(J)

gP1 . . . gPi(x),

and we now bound the derivatives of q. By induction,

q(i)(y) = (2t)i
i∑

`=1

(−1)i−`
a

(i)
` e
−2t`y

(1 + e−2ty)`+1
,
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where for each i ∈ N, we have a
(i)
1 = 1, a

(i)
i = i! and a

(i)
` = `(a

(i−1)
` + a

(i−1)
`−1 )

for ` ∈ {2, . . . , i− 1}. Since max1≤`≤i a
(i)
` ≤ (2i)i−1 (again by induction), we

deduce that

(55) (1 + e−2ty)|q(i)(y)| ≤ 22i−1iiti.

Writing s := card(J), it follows that

|(q ◦ g)J(x)| ≤ q
(
g(x)

) s∑
i=1

22i−1iitiS(s, i)a(f(x))i(m+1)Di
g

≤ q
(
g(x)

)
ss+122s−1 max(1, t)sBsa(f(x))s(m+1)Ds

g,(56)

where Bs :=
∑s

i=1 S(s, i) denotes the sth Bell number. We can now apply
the multivariate Leibniz rule, so that for a multi-index ω = (ω1, . . . , ωd) with
|ω| ≤ m, and for t ≤ 1 and m ≥ 1,∣∣∣∣∂ωft,g∗(x)

∂xω

∣∣∣∣ =

∣∣∣∣2c(t) ∑
ν:ν≤ω

(
ω

ν

)
∂νq
(
g∗(x)

)
∂xν

∂ω−νf(x)

∂xω−ν

∣∣∣∣
≤ 23m−1mm+1BmD

m
g∗a(f(x))m

2+mft,g∗(x).(57)

Now, in order to control
∣∣∂ωft,g∗ (y)

∂xω − ∂ωft,g∗ (x)

∂xω

∣∣, we first note that by (53)
and (54), we have for ‖y − x‖ ≤ ra(x), i ∈ N, J ∈ Jm with card(J) = s and
{P1, . . . , Pi} ∈ Pi(J),

(58) |g∗P1
. . . g∗Pi(y)− g∗P1

. . . g∗Pi(x)| ≤ (2D)ia(f(x))i(m+1)‖y − x‖β−m.

Thus, by (55), (58), the mean value theorem and Lemma 2, for t ≤ 1,
‖y − x‖ ≤ ra(x) and m ≥ 1,

|(q ◦ g∗)J(y)− (q ◦ g∗)J(x)|

≤
∣∣∣∣ s∑
i=1

q(i)(g∗(x))
∑

{P1,...,Pi}∈Pi(J)

{g∗P1
. . . g∗Pi(y)− g∗P1

. . . g∗Pi(x)}
∣∣∣∣

+

∣∣∣∣ s∑
i=1

{q(i)(g∗(y))− q(i)(g∗(x))}
∑

{P1,...,Pi}∈Pi(J)

g∗P1
. . . g∗Pi(y)

∣∣∣∣
≤ Dmq(g∗(x))a(f(x))m

2+m+1‖y − x‖β−m

× Bm23m+5d1/2(m+ 1)m+1(1 + e2tg∗(x))

e2tg∗(x) + e−2t|g∗(y)−g∗(x)|

≤ Dmq(g∗(x))a(f(x))m
2+m+1‖y − x‖β−mBm23m+5d1/2(m+ 1)m+1

(56

41

)2t
.

(59)
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Here, to obtain the final inequality, we used the fact that 1+a
b+a ≤

1
b for a, b > 0

and b < 1, and the fact that

e2t|g∗(y)−g∗(x)| = max

{(f(y)

f(x)

)2t
,
(f(x)

f(y)

)2t
}

.
{

1+a(f(x))‖y−x‖β∧1
}2t

. 1

for ‖y − x‖ ≤ ra(x). Using the multivariate Leibnitz rule again, together
with (56), (59) and Lemma 2, for t ≤ 1, ‖y − x‖ ≤ ra(x) and |ω| = m ≥ 1,∣∣∣∣∂ωft,g∗(y)

∂xω
− ∂ωft,g∗(x)

∂xω

∣∣∣∣
≤ 2c(t)

∑
ν:ν≤ω

(
ω

ν

){∣∣∣∣∂ω−νf(y)

∂yω−ν

∣∣∣∣∣∣∣∣∂νq(g∗(y))

∂xν
− ∂νq(g∗(x))

∂xν

∣∣∣∣
+

∣∣∣∣∂νq(g∗(x))

∂xν

∣∣∣∣∣∣∣∣∂νf(y)

∂xν
− ∂νf(x)

∂xν

∣∣∣∣}
≤ 24m+9d1/2Bm(m+ 1)m+1Dma(f(x))m

2+m+1ft,g∗(x)‖y − x‖β−m

=: C ′mD
ma(f(x))m

2+m+1ft,g∗(x)‖y − x‖β−m.(60)

This also holds in the case m = 0. Now note that if 12t < {
∫
X (g∗)2f}−1/2

we have

f(x) =
1 + e−2tg∗(x)

2c(t)
ft,g∗(x) ≥ ft,g∗(x)

4
.

Finally, define the function

(61) ã(δ) := dm/2C ′mD
ma(δ/4)m

2+m+1.

Then ã ∈ A and from (57) and (60), we have Mft,g∗ ,ã,β(x) ≤ ã(ft,g∗(x)). We

conclude that for t < min
(
1, {144

∫
g2f}−1/2

)
, we have that ft,g∗ ∈ Fd,θ′ ,

where θ′ = (α, β, 4γ, 4ν, ã) ∈ Θ. The result follows on noting that ft,gλ =
ftλ,g∗ .
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