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APPENDIX A: ADDITIONAL NUMERICAL RESULTS

The tables of the appendix provide additional numerical results. Table 1
summarizes simulation results for Q-SCAD, LS-SCAD, Q-MCP, LS-MCP
with sample sizes 50, 100 and 200 for modeling the 0.7 conditional quan-
tile for the heteroscedastic error setting described in Section 4 of the main
paper. The MCP approaches, Q-MCP and LS-MCP, are the equivalent of
Q-SCAD and LS-SCAD with the SCAD penalty function replaced by the
MCP penalty function [Zhang (2010)]. Table 2 reports the simulation results
for the MCP penalty function for the four simulation settings presented in
Section 4 of the main paper. Table 3 is an extension of Table 3 from the
main text with results for p = 1200 and 2400. Tables 4 and 5 report nu-
merical results with the MCP penalty function for the real data analysis.
Table 6 presents the simulation results using the MCP penalty function
for simultaneous variable selection at different quantiles. The selection of
the tuning parameter λ for the MCP penalty function uses the modified
high-dimensional BIC criterion as we recommended for the SCAD penalty
function. The tuning parameter a for MCP is set to 3, which is used as the
default in the R package ncvreg for the least squares implementation of the
MCP penalty [Breheny and Lee (2015)]. The results with MCP are observed
to be similar as those with SCAD.

APPENDIX B: SOME TECHNICAL DERIVATIONS

B.1. Some details on the use of the theoretically centered basis
functions. For the purpose of a self-contained proof, we provide below a
brief derivation of the relationship between the estimators obtained using
the theoretically (infeasible) centered basis functions and the estimators ob-
tained using the original (feasible) basis function. The derivation essentially
follows along the lines of Xue and Yang (2006).
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Method n p FV TV True P AADE MSE

Q-MCP 50 100 9.40 3.33 0.00 0.25 0.69 2.56
Q-MCP 100 100 1.85 4.23 0.09 0.36 0.43 0.41
Q-MCP 200 100 0.42 4.70 0.48 0.71 0.23 0.09

Q-SCAD 50 100 7.08 3.34 0.00 0.31 0.64 2.28
Q-SCAD 100 100 1.28 4.16 0.12 0.33 0.46 0.39
Q-SCAD 200 100 0.31 4.57 0.41 0.57 0.26 0.10

Q-LASSO 50 100 12.58 3.41 0.00 0.27 0.71 2.15
Q-LASSO 100 100 15.09 4.60 0.00 0.65 0.46 0.67
Q-LASSO 200 100 12.56 4.84 0.00 0.84 0.30 0.24

LS-MCP 50 100 13.18 3.35 0.00 0.22 0.68 4.65
LS-MCP 100 100 22.31 4.14 0.00 0.23 0.41 3.57
LS-MCP 200 100 5.21 4.15 0.01 0.15 0.20 0.83

LS-SCAD 50 100 13.46 3.44 0.00 0.19 0.63 4.04
LS-SCAD 100 100 12.56 4.11 0.00 0.17 0.31 1.34
LS-SCAD 200 100 3.52 4.17 0.01 0.17 0.17 0.72

LS-LASSO 50 100 2.49 2.80 0.00 0.06 0.52 2.95
LS-LASSO 100 100 7.00 4.04 0.00 0.11 0.28 1.19
LS-LASSO 200 100 9.69 4.25 0.00 0.25 0.18 0.85

Q-MCP 50 300 18.94 2.96 0.00 0.11 0.68 3.26
Q-MCP 100 300 1.25 3.83 0.07 0.19 0.52 0.49
Q-MCP 200 300 0.43 4.58 0.41 0.59 0.28 0.11

Q-SCAD 50 300 12.12 2.80 0.00 0.11 0.73 2.63
Q-SCAD 100 300 1.41 3.71 0.01 0.12 0.51 0.52
Q-SCAD 200 300 0.27 4.44 0.27 0.45 0.33 0.12

Q-LASSO 50 300 19.19 3.18 0.00 0.16 0.73 2.45
Q-LASSO 100 300 20.49 4.17 0.00 0.29 0.56 1.09
Q-LASSO 200 300 18.31 4.72 0.00 0.72 0.37 0.33

LS-MCP 50 300 13.75 2.94 0.00 0.05 0.62 4.01
LS-MCP 100 300 29.59 3.99 0.00 0.20 0.47 3.64
LS-MCP 200 300 25.15 4.10 0.00 0.11 0.25 1.69

LS-SCAD 50 300 16.66 3.07 0.00 0.10 0.63 3.75
LS-SCAD 100 300 26.64 4.04 0.00 0.17 0.34 1.94
LS-SCAD 200 300 9.29 4.13 0.00 0.13 0.21 0.77

LS-LASSO 50 300 2.44 2.23 0.00 0.00 0.57 3.74
LS-LASSO 100 300 8.17 3.96 0.00 0.07 0.31 1.43
LS-LASSO 200 300 12.96 4.15 0.00 0.15 0.21 0.89

Q-MCP 50 600 19.53 2.29 0.00 0.09 0.73 3.38
Q-MCP 100 600 1.86 3.62 0.02 0.15 0.54 0.61
Q-MCP 200 600 0.27 4.51 0.36 0.52 0.30 0.11

Q-SCAD 50 600 16.61 2.19 0.00 0.07 0.79 3.72
Q-SCAD 100 600 1.00 3.48 0.00 0.12 0.59 0.63
Q-SCAD 200 600 0.35 4.43 0.28 0.45 0.35 0.14

Q-LASSO 50 600 18.01 2.46 0.00 0.08 0.86 2.96
Q-LASSO 100 600 25.36 4.08 0.00 0.31 0.53 1.08
Q-LASSO 200 600 20.91 4.71 0.00 0.72 0.41 0.41

LS-MCP 50 600 14.06 2.53 0.00 0.12 0.65 4.06
LS-MCP 100 600 29.63 3.79 0.00 0.12 0.43 2.96
LS-MCP 200 600 48.06 4.12 0.00 0.14 0.30 2.57

LS-SCAD 50 600 18.33 2.49 0.00 0.06 0.67 4.22
LS-SCAD 100 600 32.07 3.97 0.00 0.16 0.35 1.97
LS-SCAD 200 600 18.53 4.08 0.00 0.08 0.20 0.85

LS-LASSO 50 600 1.90 1.77 0.00 0.00 0.63 4.27
LS-LASSO 100 600 8.08 3.85 0.00 0.05 0.30 1.50
LS-LASSO 200 600 14.75 4.05 0.00 0.05 0.21 0.95

Table 1

Additional simulation results for estimating the 0.7 conditional quantile with

heteroscedastic errors.
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Simulation Setting Method n p FV TV True P AADE MSE

ǫ ∼ N(0, 1) Q-MCP 300 100 0.46 4.00 0.77 0.01 0.15 0.04
ǫ ∼ N(0, 1) Q-MCP 300 300 0.17 4.00 0.86 0.00 0.16 0.02
ǫ ∼ N(0, 1) Q-MCP 300 600 0.17 4.00 0.87 0.00 0.15 0.03
ǫ ∼ N(0, 1) LS-MCP 300 100 1.41 4.00 0.70 0.03 0.13 0.03
ǫ ∼ N(0, 1) LS-MCP 300 300 4.50 4.00 0.67 0.02 0.13 0.11
ǫ ∼ N(0, 1) LS-MCP 300 600 106.34 4.00 0.00 0.16 0.21 2.11

ǫ ∼ T3 Q-MCP 300 100 0.13 4.00 0.89 0.00 0.16 0.03
ǫ ∼ T3 Q-MCP 300 300 0.13 4.00 0.90 0.00 0.17 0.03
ǫ ∼ T3 Q-MCP 300 600 0.12 4.00 0.92 0.00 0.16 0.03
ǫ ∼ T3 LS-MCP 300 100 1.14 3.99 0.60 0.02 0.20 0.06
ǫ ∼ T3 LS-MCP 300 300 2.10 3.98 0.55 0.00 0.20 0.24
ǫ ∼ T3 LS-MCP 300 600 3.86 3.97 0.62 0.01 0.20 1.33

Heteroscedastic τ = .7 Q-MCP 300 100 0.16 4.97 0.87 0.97 0.14 0.03
Heteroscedastic τ = .7 Q-MCP 300 300 0.13 4.88 0.79 0.88 0.16 0.04
Heteroscedastic τ = .7 Q-MCP 300 600 0.20 4.72 0.58 0.72 0.22 0.07
Heteroscedastic τ = .7 LS-MCP 300 100 2.01 4.07 0.01 0.07 0.16 0.69
Heteroscedastic τ = .7 LS-MCP 300 300 4.24 4.00 0.00 0.00 0.16 0.70
Heteroscedastic τ = .7 LS-MCP 300 600 11.31 4.06 0.00 0.06 0.17 0.84

Heteroscedastic τ = .9 Q-MCP 300 100 0.17 5.00 0.86 1.00 0.19 0.24
Heteroscedastic τ = .9 Q-MCP 300 300 0.55 4.98 0.68 1.00 0.21 0.26
Heteroscedastic τ = .9 Q-MCP 300 600 0.64 4.99 0.69 1.00 0.23 0.30
Heteroscedastic τ = .9 LS-MCP 300 100 2.01 4.07 0.01 0.07 0.16 4.68
Heteroscedastic τ = .9 LS-MCP 300 300 4.24 4.00 0.00 0.00 0.16 4.68
Heteroscedastic τ = .9 LS-MCP 300 600 11.31 4.06 0.00 0.06 0.17 4.57

Table 2

Simulation results using the MCP penalty function for the four simulation settings in the

main paper

Method n p FV TV True P AADE MSE

Q-SCAD 300 1200 0.13 4.56 0.45 0.56 0.27 0.09
Q-SCAD 300 2400 0.13 4.42 0.34 0.43 0.33 0.12
Q-LASSO 300 1200 22.78 4.86 0.00 0.86 0.36 0.28
Q-LASSO 300 2400 26.83 4.76 0.00 0.76 0.40 0.34
LS-SCAD 300 1200 10.84 4.04 0.00 0.04 0.17 0.69
LS-SCAD 300 2400 16.77 4.04 0.00 0.04 0.16 0.67
LS-LASSO 300 1200 19.36 4.06 0.00 0.06 0.17 0.85
LS-LASSO 300 2400 20.86 4.05 0.00 0.05 0.17 0.87

Table 3

Extension of Table 3 from the main article with p = 1200 and 2400

τ Method Original NZ Prediction Error Randomized NZ

0.1 Q-MCP 2.00 0.21 0.04 7.20 3.80
0.3 Q-MCP 7.00 0.21 0.04 8.84 5.32
0.5 Q-MCP 5.00 0.20 0.04 5.87 3.64

mean LS-MCP 12.00 0.19 0.04 5.99 1.37
Table 4

Analysis of birth weight data using MCP penalty function
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Q-SCAD .1 Q-SCAD .3 Q-SCAD .5

Covariate Frequency Covariate Frequency Covariate Frequency

Gestational Age 72 Gestational Age 82 Gestational Age 72
ILMN 1687073 0 ILMN 1658821 24 ILMN 1732467 56

ILMN 1755657 23 ILMN 2334204 54
ILMN 1804451 16 ILMN 1656361 29
ILMN 2059464 11 ILMN 1747184 4
ILMN 2148497 4
ILMN 2280960 2

Table 5

Frequency of variables selected at three quantiles among 100 random partitions of the

birth weight data using MCP penalty function

Method p FV TV True L2 error

Q-group-MCP 300 1.51 4 0.49 0.14
Q-ind-MCP 300 0.57 4 0.7 0.15

Q-group-MCP 600 0.4 4 0.67 0.1
Q-ind-MCP 600 0.79 4 0.53 0.16

Table 6

Simulation results with MCP penalty function corresponding to Table 7 of the main

article.

Let g∗j (zij) = π(zij)
′ξ̂j . Let gj(zij) = g∗j (zij) − E(g∗j ) and g0 = ξ̂0 +

∑d
j=1E(g∗j ). It is easy to see that ĝj(zij) = gj(zij) − Engj(zij), where

Engj(zij) = n−1
∑n

i=1 gj(zij); and ĝ0 = g0 +
∑d

j=1Engj(zij).

Note that we can express Q̂(Yi|xi, zi) = x′Ai
β̂1 + g0 +

∑d
j=1 gj(zij); al-

ternatively, we can express it (using the theoretically centered basis func-
tions) as Q̂(Yi|xi, zi) = x′Ai

ĉ + g̃0 +
∑d

j=1 g̃j(zij). Note that E(gj(zij)) = 0
and E(g̃j(zij)) = 0, j = 1, . . . , d. By the identifiability of the model (fol-
lows from the identifiability of the partially linear regression model as in
Robinson (1988) and a similar argument as for Lemma 1 of Xue and Yang
(2006)), we must have ĉ1 = β̂1, gj = g̃j , j = 0, 1, . . . , d. This implies

ĝj(zij) = g̃j(zij)− n−1
∑n

i=1 g̃j(zij) and ĝ0 = g̃0 + n−1
∑n

i=1

∑d
j=1 g̃j(zij).

Proof of Lemma 2.

Proof. (1) The result follows because there exist finite positive constants
b5 < b4 such that b5k

−1
n ≤ E(B2

j (zik)) ≤ b4k
−1
n , for all j as shown in Corol-

lary 1 of de Boor (1976).
(2) First, similarly as Lemma A1 of Xue and Yang (2006) there exists
a constant cj such that for any (kn + l)-dimensional vector aj we have
E(aTj w(zij))

2 ≥ cj ||aj ||2k−1
n for all n sufficiently large. Now take any nonzero

Jn-dimensional vector a and write is as a = (a0,a
′
1, . . . ,a

′
d)

′ such that
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a0 ∈ R and aj ∈ Rkn+l, for j = 1, . . . , d, then it is easy to see that

E(a′W(zi)W(zi)
Ta) = E(a0k

−1/2
n +

∑d
j=1 a

T
j w(zij))

2 ≥ b2k
−1
n ||a||2 for some

positive constant b2 for all n sufficiently large, by applying the above result
and Lemma 1 in Stone (1985). Hence, we obtain the lower bound. The upper
bound can be derived similarly.
(3) We have

λmin(W
2
B) = λmin(

n
∑

i=1

fi(0)W(zi)W(zi)
T ) ≥ c

n
∑

i=1

λmin(W(zi)W(zi)
T )),

for some positive constant c, by Condition 1 and the fact λmin(A + B) ≥
λmin(A) + λmin(B) for any two symmetric matrices A and B. From the ar-
guments in (2), we have E(λmin(W

2
B)) ≥ c′nk−1

n for some positive constant
c′ for all n sufficiently large. The proof finishes by noting that ||W−1

B || =
λ
−1/2
min (W 2

B).
(4) The result follows from (3) and similar argument as in the proof of
Lemma 5.1 in Shi and Li (1995). (5)

∑n
i=1 fi(0)x̃iW̃(zi)

′ = n−1/2X∗′BWW−1
B =

n−1/2XA(In − P ′)BWW−1
B . The result follows because (In − P ′)BW =

BW −BW = 0.

Proof of Lemma 3.

Proof. (1) λmax

(

n−1X∗′X∗) = λmax

(

n−1X ′
A(I − P ′)(I − P )XA

)

≤ ||I−
P ||2|λmax

(

n−1X ′
AXA

)

≤ C, with probability one, where the last inequality
follows by Condition 2 and the fact I − P is a projection matrix.
(2) By the definition of X∗,

n−1/2X∗ = n−1/2(XA − PXA) = n−1/2∆n + n−1/2(H − PXA).

Consider the following weighted least squares problem. Let γ∗
j ∈ R

Jn be

defined as γ∗
j = argmin

γ∈RJn

∑n
i=1 fi(0)(Xij −W(zi)

′γ)2. Let ĥj(zi) = W(zi)
′γ∗

j

and notice that {PXA}ij = ĥj(zi). Adapting the results from Stone (1985),
it follows that

n−1||H − PXA||2 = n−1λmax

(

(H − PXA)
′(H − PXA)

)

≤ n−1trace
[

(H − PXA)
′(H − PXA)

]

= n−1
n
∑

i=1

qn
∑

j=1

(h∗j (zi)− ĥj(zi))
2

= Op

(

qnn
−2r/(2r+1)

)

= o(1),
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by Conditions 3-5. Observing that

n−1X∗′BnX
∗ = n−1∆′

nBn∆n + n−1∆′
nBnop(1) + op(1),

the second conclusion follows easily.

Lemma B.1. Let dn = Jn + qn. If Conditions 1-5 are satisfied, then for
any positive constant L,

d−1
n sup

||θ||≤L

∣

∣

∣

∣

∣

n
∑

i=1

Di(θ,
√

dn)

∣

∣

∣

∣

∣

= op(1).

Proof. Let Fn1 denote the event s̃(n) ≤ α1

√

dn/n, for some positive

constant α1, where s̃(n) = max
i

||s̃i||. Note that max
i

||x̃i|| ≤ α2

√

qn
n , for

some positive constant α2, by Condition 2. This observation combined with
Lemma 2(4) implies that P (Fn1) → 1 as n → ∞. Let Fn2 denote the event
maxi |uni| ≤ α3k

−r
n , for some positive constant α3, then it follows from Schu-

maker (1981) that P (Fn2) → 1.
To prove the lemma, it is sufficient to show that ∀ ǫ > 0,

(B.1) P

(

d−1
n sup

||θ||≤1

∣

∣

∣

∣

∣

n
∑

i=1

Di

(

θ, L
√

dn

)

∣

∣

∣

∣

∣

> ǫ, Fn1 ∩ Fn2

)

→ 0.

Define Θ∗ ≡
{

θ | ||θ|| ≤ 1, θ ∈ Rdn
}

. We can partition Θ as a union of
disjoint regions Θ1, ...,ΘMn , such that the diameter of each region does not
exceed m0 = ǫ

4α1L
√
n
.This covering can be constructed such that Mn ≤

C
(

C
√
n

ǫ

)dn+1
, where C is a positive constant. Let θ∗

1, ...,θ
∗
Mn

be arbitrary

points in Θ1, ...,ΘMn , respectively, k = 1, . . . ,Mn. Then

P

(

sup
||θ||≤1

d−1
n

∣

∣

∣

∣

∣

n
∑

i=1

Di(θ, L
√

dn)

∣

∣

∣

∣

∣

> ǫ, Fn1 ∩ Fn2

)

≤
Mn
∑

k=1

P

(

sup
θ∈Θk

d−1
n

∣

∣

∣

∣

∣

n
∑

i=1

Di(θ, L
√

dn)

∣

∣

∣

∣

∣

> ǫ, Fn1 ∩ Fn2

)

≤
Mn
∑

k=1

P

(∣

∣

∣

∣

∣

n
∑

i=1

Di(θ
∗
k, L

√

dn)

∣

∣

∣

∣

∣

+ sup
θ∈Θk

∣

∣

∣

∣

∣

n
∑

i=1

(

Di(θ, L
√

dn)−Di(θ
∗
k, L

√

dn)
)

∣

∣

∣

∣

∣

> dnǫ, Fn1 ∩ Fn2

)
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Let I(·) denote the indicator function, we will next show that

sup
θ∈Θk

∣

∣

∣

∣

∣

d−1
n

n
∑

i=1

[

Di(θ, L
√

dn)−Di(θ
∗
k, L

√

dn)
]

∣

∣

∣

∣

∣

I (Fn1 ∩ Fn2) ≤ ǫ/2.

Write θ∗
k =

(

θ∗
k1

′,θ∗
k2

′)′, k = 1, . . . ,Mn. Using the triangle inequality, and

the earlier derived bounds for ||x̃i|| and ||W̃(zi)||, we have

sup
θ∈Θk

∣

∣

∣

∣

∣

d−1
n

n
∑

i=1

(

Di(θ, L
√

dn)−Di(θ
∗
k, L

√

dn)
)

∣

∣

∣

∣

∣

I (Fn1 ∩ Fn2)

= d−1
n sup

θ∈Θk

∣

∣

∣

∣

∣

n
∑

i=1

1

2

[∣

∣

∣ǫi − x̃′
iθ1L

√

dn − W̃(zi)
′θ2L

√

dn − uni

∣

∣

∣− |ǫi − uni|
]

−
n
∑

i=1

1

2
Es

[∣

∣

∣
ǫi − x̃′

iθ1L
√

dn − W̃(zi)
′θ2L

√

dn − uni

∣

∣

∣
− |ǫi − uni|

]

+
n
∑

i=1

L
√

dn

(

x̃′
iθ1 + W̃(zi)

′θ2

)

ψτ (ǫi)

−
n
∑

i=1

1

2

[∣

∣

∣ǫi − x̃′
iθ

∗
k1L
√

dn − W̃(zi)
′θ∗

k2L
√

dn − uni

∣

∣

∣− |ǫi − uni|
]

+
n
∑

i=1

1

2
Es

[∣

∣

∣ǫi − x̃′
iθ

∗
k1L
√

dn − W̃(zi)
′θ∗

k2L
√

dn − uni

∣

∣

∣− |ǫi − uni|
]

−
n
∑

i=1

L
√

dn

(

x̃′
iθ

∗
k1 + W̃(zi)

′θ∗
k2

)

ψτ (ǫi)

∣

∣

∣

∣

∣

I (Fn1 ∩ Fn2)

≤ 2nLm0d
−1/2
n s̃(n)I (Fn1 ∩ Fn2)

≤ 2α1nLm0d
−1/2
n

√

dn/n = 2α1L
√
nm0 = ǫ/2,

by the definition of m0.
The proof of (B.1) is complete if we can verify

(B.2)

Mn
∑

k=1

P

(∣

∣

∣

∣

∣

n
∑

i=1

Di(θ
∗
k, L

√

dn)

∣

∣

∣

∣

∣

> dnǫ/2, Fn1 ∩ Fn2

)

→ 0.
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Applying the definition of Di in terms of Q∗
i and the triangle inequality,

max
i

∣

∣

∣Di(θ
∗
k, L

√

dn)
∣

∣

∣ I (Fn1 ∩ Fn2)

≤ max
i

∣

∣

∣

∣

∣ǫi − x̃′
iθ

∗
k1L
√

dn − W̃(zi)
′θ∗

k2L
√

dn − uni
∣

∣−
∣

∣ǫi − uni
∣

∣

∣

∣

∣
I (Fn1 ∩ Fn2)

+max
i

∣

∣

∣
L
√

dn

(

x̃′
iθ

∗
k1 + W̃(zi)

′θ∗
k2

)

ψτ (ǫi)
∣

∣

∣
I (Fn1 ∩ Fn2)

≤ 2L
√

dns̃(n)I (Fn1 ∩ Fn2) ≤ Cdnn
−1/2,

for some positive constant C. Define

Vi(θ
∗
k, an) = Qi(an)−Qi(0) + an(x̃

′
iθ

∗
k1 + W̃(zi)

′θ∗
k2)ψτ (ǫi).

It follows from (6.2) that Di(θ
∗
k, an) = Vi(θ

∗
k, an)−E [Vi(θ

∗
k, an)|xi, zi], and

that

n
∑

i=1

Var (Di(θ
∗
k, an)I (Fn1 ∩ Fn2) |xi, zi) ≤

n
∑

i=1

E
[

V 2
i (θ

∗
k, an)I (Fn1 ∩ Fn2) |xi, zi

]

.

It follows from the Knight’s identity, as presented in formula (4.3) of Koenker
(2005), that

Vi(θ
∗
k, L

√

dn)

= L
√

dn

(

x̃′
iθ

∗
k1 + W̃(zi)

′θ∗
k2

)

[I(ǫi − uni < 0)− I(ǫi < 0)]

+

∫ L
√
dn(x̃′

iθ
∗
k1+W̃(zi)

′θ
∗
k2)

0
[I(ǫi − uni < s)− I(ǫi − uni < 0)] ds

≡ Vi1 + Vi2.

We have

n
∑

i=1

E
[

V 2
i1I (Fn1 ∩ Fn2) |xi, zi

]

=
n
∑

i=1

E
[

dnL
2(x̃′

iθ
∗
k1 + W̃(zi)

′θ∗
k2)

2 |I(ǫi − uni < 0)− I(ǫi < 0)| I (Fn1 ∩ Fn2)
∣

∣xi, zi

]

≤ 2L2dn

n
∑

i=1

E
[

s̃2(n)I (0 ≤ |ǫi| ≤ |uni|) I (Fn1 ∩ Fn2)
∣

∣xi, zi

]

≤ Cd2nn
−1

n
∑

i=1

∫ |uni|

−|uni|
fi(s)ds ≤ Cd2nk

−r
n ,
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for some positive constant C, where the last inequality uses Condition 1. Not-

ing that Vi2 is always nonnegative and that max
i

∣

∣

∣

√
dnL

(

x̃′
iθ

∗
k1 + W̃(zi)

′θ∗
k2

)∣

∣

∣
≤

α1dnn
−1/2, we have

n
∑

i=1

E
[

V 2
i2I (Fn1 ∩ Fn2)

∣

∣xi, zi
]

≤ Cdnn
−1/2

n
∑

i=1

∫

√
dnL(x̃′

iθ
∗
k1+W̃(zi)

′θ
∗
k2)

0
[Fi(s+ uni)− Fi(uni)] I (Fn1 ∩ Fn2) ds

≤ Cdnn
−1/2

n
∑

i=1

∫

√
dnL(x̃′

iθ
∗
k1+W̃(zi)

′θ
∗
k2)

0
(fi(0) + o(1))(s+O(s2))ds

≤ Cd2nn
−1/2

[

θ∗
k1

′(
n
∑

i=1

fi(0)x̃ix̃
′
i)θ

∗
k1 + θ∗

k2
′(

n
∑

i=1

fi(0)W̃(zi)W̃(zi)
′)θ∗

k2

]

(1 + o(1))

≤ Cd2nn
−1/2

[

||θ∗
k1||2λmax(n

−1X∗′BnX
∗) + ||θ∗

k2||2
]

(1 + o(1))

≤ Cd2nn
−1/2(1 + o(1)),

for some positive constant C. The second to last inequality follows because
∑n

i=1 fi(0)W̃(zi)W̃(zi)
′ =W−1

B W TBWW−1
B =W−1

B W 2
BW

−1
B = I. The last

inequality follows from Lemma 3 and Condition 1. Therefore

n
∑

i=1

Var
(

Di(θ)I (Fn1 ∩ Fn2)
∣

∣xi, zi

)

≤ Cd2nk
−r
n ,

for some positive constant C and all n sufficiently large. By Bernstein’s
inequality, for all n sufficiently large,

Mn
∑

k=1

P

(∣

∣

∣

∣

∣

n
∑

i=1

Di(θ
∗
k, L

√

dn/n)

∣

∣

∣

∣

∣

> dnǫ/2, Fn1 ∩ Fn2

∣

∣

∣
xi, zi

)

≤ 2

Mn
∑

k=1

exp

( −d2nǫ2/4
Cd2nk

−r
n + Cǫdnn−1/2

)

≤ 2

Mn
∑

k=1

exp (−Ckrn) = 2Mnexp (−Ckrn)

≤ C

(

C
√
n

ǫ

)dn+1

exp (−Ckrn)

= Cexp
(

(dn + 1) log(C
√
n/ǫ)− Ckrn

)

≤ Cexp (C(dn + 1) log(n)− Ckrn) ,
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which converges to zero as n → ∞ by Conditions 3-5. Note that the upper
bound does not depend on {xi, zi}, so the above bound also holds uncondi-
tionally. This implies (B.2). Hence, the proof is complete.

Proof of Lemma 4.

Proof. We will first prove that ∀ η > 0, there exists an L > 0 such that

P

(

inf
||θ||=L

d−1
n

n
∑

i=1

(Qi(
√

dn)−Qi(0)) > 0

)

≥ 1− η.(B.3)

Note that

d−1
n

n
∑

i=1

(Qi(
√

dn)−Qi(0)) = d−1
n

n
∑

i=1

Di(θ,
√

dn) + d−1
n

n
∑

i=1

Es[Qi(
√

dn)−Qi(0)]

−d−1/2
n

n
∑

i=1

(x̃′
iθ1 + W̃(zi)

′θ2)ψτ (ǫi)

= Gn1 +Gn2 +Gn3,

where the definition of Gni, i = 1, 2, 3, is clear from the context. First, we
note that sup||θ||≤L |Gn1| = op(1) by Lemma B.1. We next evaluate Gn3.

Noting that E(Gn3) = 0 and that by Condition 1 there exists some con-
stant C such that θ′

2

∑

i W̃(zi)W̃(zi)
′θ2 ≤ Cθ′

2

∑

i fi(0)W̃(zi)W̃(zi)
′θ2 =

C||θ2||2. Then by Lemma 3 we have

E(G2
n3) ≤ Cd−1

n E
[

n−1θ′
1X

∗′X∗θ1 + ||θ2||2
]

= O
(

d−1
n ||θ||2

)

.

Therefore Gn3 = Op

(

d
−1/2
n ||θ||

)

. Next, we analyze Gn2. Applying Knight’s
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identity twice, we have

Gn2 = d−1
n

n
∑

i=1

E

[

∫

√
dn(x̃′

iθ1+W̃(zi)
′θ2)+uni

uni

[I(ǫi < s)− I(ǫi < 0)]ds
∣

∣

∣xi, zi

]

= d−1
n

n
∑

i=1

∫

√
dn(x̃′

iθ1+W̃(zi)
′θ2)+uni

uni

fi(0)s ds(1 + o(1))

= d−1
n

n
∑

i=1

fi(0)

[

1

2
dn

(

x̃′
iθ1 + W̃(zi)

′θ2

)2
+ uni

√

dn

(

x̃′
iθ1 + W̃(zi)

′θ2

)

]

×(1 + o(1))

= Cθ′
1

(

n−1
n
∑

i=1

fi(0)x
∗
ix

∗
i
′)θ1 × (1 + o(1))

+Cθ′
2

(

n
∑

i=1

fi(0)W̃(zi)W̃(zi)
′
)

θ2(1 + o(1))

+d−1/2
n

n
∑

i=1

fi(0)uni

(

x̃′
iθ1 + W̃(zi)

′θ2

)

= Cn−1θ′
1X

∗′BnX
∗θ1(1 + o(1)) + C||θ2||2(1 + o(1))

+d−1/2
n

n
∑

i=1

fi(0)uni

(

x̃′
iθ1 + W̃(zi)

′θ2

)

,

where the second to last equality follows from Lemma 2(5).We note that by
Lemma 3, n−1θ′

1X
∗′BnX

∗θ1 = θ′
1Knθ1+op(||θ1||2). Hence, by Condition 2,

there exists a finite constant c > 0, such that Cn−1θ′
1X

∗′BnX
∗θ1(1+o(1))+

C||θ2||2(1 + o(1)) ≥ c||θ||2 with probability approaching one. Let Un =
(un1, ..., unn)

′. By Schumaker (1981), ||Un|| = O (
√
nk−r

n ). By Condition 2
and Cauchy-Schwarz inequality, we have

d−1/2
n

n
∑

i=1

fi(0)unix̃
′
iθ1 = d−1/2

n n−1/2θ′
1X

∗′BnUn

≤ d−1/2
n ||n−1/2θ′

1X
∗′|| · ||BnUn||

= Op(d
−1/2
n

√
nk−r

n )||θ|| = Op(||θ||).

Similarly,

d−1/2
n

n
∑

i=1

fi(0)uniW̃(zi)
′θ2 = d−1/2

n θ′
2W

−1
B W ′BnUn

≤ d−1/2
n ||θ′

2W
−1
B W ′B1/2

n || · ||B1/2
n Un|| = Op(||θ||).
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Hence, for L sufficiently large, the quadratic term will dominate and d−1
n

∑n
i=1(Qi(

√
dn)−

Qi(0)) has asymptotically a lower bound cL2. This proves (B.3) and by con-

vexity implies ||θ̂|| = Op(
√
dn), where θ̂ = (θ̂

′
1, θ̂

′
2)

′. From the definition of θ̂,
it follows that ||WB(γ̂ − γ0)|| = Op

(√
dn
)

. Using these facts and Condition
4,

n−1
n
∑

i=1

fi(0) (g̃(zi)− g0(zi))
2 = n−1

n
∑

i=1

fi(0)
(

W(zi)
′(γ̂ − γ0)− uni

)2

≤ n−1C (γ̂ − γ0)
′W 2

B (γ̂ − γ0) +Op

(

k−2r
n

)

= Op

(

n−1dn
)

.

By Condition 1, n−1
∑n

i=1 (g̃(zi)− g0(zi))
2 = Op

(

n−1dn
)

.

Lemma B.2. Assume Conditions 1-6 hold and log(pn) = o
(

nλ2
)

and
nλ2 → ∞, then

P

(

max
qn+1≤j≤pn

1

n

∣

∣

∣

∣

∣

n
∑

i=1

xij
[

I(Yi − xAi
′β01 − g0(zi) ≤ 0)− τ

]

∣

∣

∣

∣

∣

> λ/2

)

→ 0.

Proof. Proof follows similarly as that for Lemma 4.2 of Wang, Wu and
Li (2012) by applying Hoeffding’s inequality.

Lemmas B.3 and B.4 below will be used to show that ||θ̂1 − θ̃1|| = op(1).
Define

Q̃i(θ1, θ̃1,θ2) = ρτ (ǫi−x̃′
iθ1−W̃(zi)

′θ2−uni)−ρτ (ǫi−x̃′
iθ̃1−W̃(zi)

′θ2−uni).

Lemma B.3. If Conditions 1-5 hold, then for any finite positive con-
stants M and C,

sup
||θ1−˜θ1||≤M, ||θ2||≤C

√
dn

∣

∣

∣

∣

∣

n
∑

i=1

Es

[

Q̃i(θ1, θ̃1,θ2)
]

− 1

2

[

θ′
1Knθ1 − θ̃

′
1Knθ̃1

]

(1 + o(1))

∣

∣

∣

∣

∣

= op(1).
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Proof. Applying Knight’s identity, we have

n
∑

i=1

Es

[

Q̃i(θ1, θ̃1,θ2)
]

=
n
∑

i=1

∫

x̃
′
iθ1+W̃(zi)

′θ2+uni

x̃′
i
˜θ1+W̃(zi)′θ2+uni

(Fi(s)− Fi(0))ds

=
1

2

n
∑

i=1

fi(0)(1 + o(1))

[

(

x̃′
iθ1 + W̃(zi)

′θ2 + uni

)2
−
(

x̃′
iθ̃1 + W̃(zi)

′θ2 + uni

)2
]

=
1

2

n
∑

i=1

fi(0)

[

(

x̃′
iθ1

)2 −
(

x̃′
iθ̃1

)2
+ 2

(

W̃(zi)
′θ2 + uni

)(

x̃′
iθ1 − x̃′

iθ̃1

)

]

(1 + o(1))

=
1

2

[

θ′
1Knθ1 − θ̃

′
1Knθ̃1

]

(1 + o(1)) +
1

2
(θ1 − θ̃1)

′n−1/2
n
∑

i=1

fi(0)x
∗
iuni,

where the last step applies Lemmas 2(5) and 3. By Lemma 3

1

2
(θ1− θ̃1)

′n−1/2
n
∑

i=1

fi(0)x
∗
iuni =

1

2
(θ1− θ̃1)

′n−1/2
n
∑

i=1

fi(0)δiuni(1+op(1)).

Note that E[δi] = 0 and supi |uni| = O(k−r
n ), we have sup||θ1−˜θ1||≤M, ||θ2||≤C

√
dn

|12(θ1−
θ̃1)

′n−1/2
∑n

i=1 fi(0)x
∗
iuni| = op(1). This completes the proof.

Lemma B.4. Let Ai(θ1, θ̃1,θ2) = Q̃i(θ1, θ̃1,θ2) − Es

[

Q̃i(θ1, θ̃1,θ2)
]

+

x̃′
i

(

θ1 − θ̃1

)

ψτ (ǫi). If Conditions 1-5 hold, then for any given positive con-

stants M and C,

sup
||θ1−˜θ1||≤M, ||θ2||≤C

√
dn

∣

∣

∣

∣

∣

n
∑

i=1

Ai(θ1, θ̃1,θ2)

∣

∣

∣

∣

∣

= op(1).

Proof. Let Fn1 and Fn2 be the events defined in Lemma B.1. Then proof
will be complete if we can verify ∀ǫ > 0,

P



 sup
||θ1−˜θ1||≤M, ||θ2||≤C

√
dn

∣

∣

∣

∣

∣

n
∑

i=1

Ai(θ1, θ̃1,θ2)

∣

∣

∣

∣

∣

> ǫ, Fn1 ∩ Fn2



→ 0

.(B.4)

Similarly as in the proof of Lemma B.1 let Θ1 =
{

θ1 : ||θ − θ̃1|| ≤M, θ1 ∈ Rqn
}

and Θ2 =
{

θ2 : ||θ2|| ≤ C
√
dn, θ2 ∈ RJn

}

. We can partition Θ1 (similarly
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Θ2), into disjoint regions Θ11, ...,Θ1Kn (Θ21, ...,Θ2Ln) such that the diame-
ter of each region does not exceed m∗

0 =
ǫ

10α1

√
ndn

, where α1 is the constant

defined in the proof of Lemma B.1.These partitions can be constructed such

that Kn ≤ C
(

C
√
ndn
2ǫ

)qn
and Ln ≤ C

(

C
√
ndn
2ǫ

)dJn+1
. Let θ11, ...,θ1Kn be

arbitrary points in Θ11, ...,Θ1Kn , respectively; similarly, let θ21, ...,θ2Ln be
arbitrary points in Θ21, ...,Θ2Ln , respectively.

Then (B.4) is bounded by

Ln
∑

l=1

Kn
∑

k=1

P

(

∣

∣

n
∑

i=1

Ai(θ1k, θ̃1,θ2l)
∣

∣+

sup
θ1∈Θ1k, θ2∈Θ2l

∣

∣

∣

∣

∣

n
∑

i=1

(

Ai(θ1, θ̃1,θ2)−Ai(θ1k, θ̃1,θ2l)
)

∣

∣

∣

∣

∣

> ǫ, Fn1 ∩ Fn2

)

.

Note that

Q̃i(θ1, θ̃1,θ2)− Q̃i(θ1k, θ̃1,θ2l)

=
1

2

[∣

∣

∣
ǫi − x̃′

iθ1 − W̃(zi)
′θ2 − uni

∣

∣

∣
−
∣

∣

∣
ǫi − x̃′

iθ1k − W̃(zi)
′θ2l − uni

∣

∣

∣

]

− 1

2

[∣

∣

∣
ǫi − x̃′

iθ̃1 − W̃(zi)
′θ2 − uni

∣

∣

∣
−
∣

∣

∣
ǫi − x̃′

iθ̃1 − W̃(zi)
′θ2l − uni

∣

∣

∣

]

+ (τ − 1/2)(x̃′
i(θ1k − θ1))

≤ 2s̃(n) sup
θ1∈Θ1k,θ2∈Θ2l

[

||θ1 − θ1k||+ ||θ2 − θ2l||
]

,

where s̃(n) is defined in the proof of Lemma B.1.

Using the above bound, the definition of Ai(θ1, θ̃1,θ2) and m
∗
0, we have

sup
θ1∈Θ1k θ2∈Θ2l

n
∑

i=1

∣

∣

∣
Ai(θ1, θ̃1,θ2)−Ai(θ̄l1 , θ̃1, θ̄l2)

∣

∣

∣
I(Fn1 ∩ Fn2)

≤ 5nmax
i

||s̃i|| sup
θ1∈Θ1k θ2∈Θ2l

[

||θ1 − θ1k||+ ||θ2 − θ2l||
]

I(Fn1 ∩ Fn2)

≤ 5α1m
∗
o

√

ndn = ǫ/2.

Hence, the proof will be complete if we can show

(B.5)

Ln
∑

l=1

Kn
∑

k=1

P

(∣

∣

∣

∣

∣

n
∑

i=1

Ai(θ1k, θ̃1,θ2l)

∣

∣

∣

∣

∣

> ǫ/2, Fn1 ∩ Fn2

)

→ 0.
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To prove this, we apply Bernstein’s inequality. We need to evaluate the
variance and maximum of Ai(θ1k, θ̃1,θ2l). Using an equality similar to (6.3)
from the appendix of the main paper, we have

max
i,k,l

∣

∣

∣Ai(θ1k, θ̃1,θ2l)
∣

∣

∣ I(Fn1 ∩ Fn2)

= max
i,k,l

[

1

2

[

|ǫi − x̃′
iθ1k − W̃(zi)

′θ2l − uni| − |ǫi − x̃′
iθ̃1 − W̃(zi)

′θ2l − uni|

+(τ − 1/2)
(

x̃′
i(θ̃1 − θ1k)

) ]

− 1

2
Es

[

|ǫi − x̃′
iθ1k − W̃(zi)

′θ2l − uni| − |ǫi − x̃′
iθ̃1 − W̃(zi)

′θ2l − uni|

−(τ − 1/2)
(

x̃′
i(θ̃1 − θ1k)

) ]

+ x̃′
i(θ1k − θ̃1)ψτ (ǫi)

]

I(Fn1 ∩ Fn2)

≤ 3max
i

||x̃i||max
k

||θ1k − θ̃1||I(Fn1 ∩ Fn2) ≤ C
√

qn/n.

Applying Knight’s identity,

Q̃i(θ1k, θ̃1,θ2l) + (θ1k − θ̃1)
′x̃iψτ (ǫi)

= ρτ (ǫi − x̃′
iθ1k − W̃(zi)

′θ2l − uni)− ρτ (ǫi − x̃′
iθ̃1 − W̃(zi)

′θ2l − uni) + (θ1k − θ̃1)
′x̃iψτ (ǫi)

= −(x̃′
iθ1k + W̃(zi)

′θ2l + uni)ψτ (ǫi) +

∫

x̃
′
iθ1k+W̃(zi)

′θ2l+uni

0
[I(ǫi < t)− I(ǫi < 0)]dt

+(x̃′
iθ̃1 + W̃(zi)

′θ2l + uni)ψτ (ǫi)−
∫

x̃
′
i
˜θ1+W̃(zi)

′θ2l+uni

0
[I(ǫi < t)− I(ǫi < 0)]dt

+(θ1k − θ̃1)
′x̃iψτ (ǫi)

=

∫

x̃
′
iθ1k+W̃(zi)

′θ2l+uni

x̃′
i
˜θ1+W̃(zi)′θ2l+uni

[I(ǫi < t)− I(ǫi < 0)]dt.

Hence, Ai(θ1k, θ̃1,θ2l)) =
∫ x̃

′
iθ1k+W̃(zi)

′θ2l+uni

x̃′
i
˜θ1+W̃(zi)′θ2l+uni

[I(ǫi < t) − I(ǫi < 0)]dt −

Es[
∫ x̃

′
iθ1k+W̃(zi)

′θ2l+uni

x̃′
i
˜θ1+W̃(zi)′θ2l+uni

[I(ǫi < t)− I(ǫi < 0)]dt].
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We have

n
∑

i=1

Var(Ai(θ1k, θ̃1,θ2l)I(Fn1 ∩ Fn2)|xi, zi)

≤ E
[(

∫

x̃
′
iθ1k+W̃(zi)

′θ2l+uni

x̃′
i
˜θ1+W̃(zi)′θ2l+uni

[I(ǫi < t)− I(ǫi < 0)]dt
)2∣
∣

∣
xi, zi

]

≤ max
i,k

∣

∣

∣x̃′
i(θ1k − θ̃1)

∣

∣

∣

n
∑

i=1

∫

x̃
′
iθ1k+W̃(zi)

′θ2l+uni

x̃′
i
˜θ1+W̃(zi)′θ2l+uni

[Fi(t)− Fi(0)] dtI(Fn1 ∩ Fn2)

≤ C
√
qnn

−1/2
n
∑

i=1

[

(x̃′
iθ1k + W̃(zi)

′θ2l + uni)
2 − (x̃′

iθ̃1 + W̃(zi)
′θ2l + uni)

2
]

×(1 + o(1))I(Fn1 ∩ Fn2)

≤ C
√
qnn

−1/2
n
∑

i=1

[

(

x̃′
iθ1k

)2 −
(

x̃′
iθ̃1

)2
+ 2

(

W̃(zi)
′θ2l + uni

)(

x̃′
iθ1k − x̃′

iθ̃1

)

]

×(1 + o(1))I(Fn1 ∩ Fn2) = C
√
qnn

−1/2(1 + o(1)),

following the argument similarly as in the proof of Lemma B.3. Therefore

n
∑

i=1

Var
(

Ai(θ1k, θ̃1,θ2l)I(Fn1 ∩ Fn2)|xi, zi
)

≤ C
√
qnn

−1/2,

for all n sufficiently large. By Bernstein’s inequality and Conditions 4 and 5

Ln
∑

l=1

Kn
∑

k=1

P

(∣

∣

∣

∣

∣

n
∑

i=1

Ai(θ1k, θ̃1,θ2l)

∣

∣

∣

∣

∣

> ǫ/2, Fn1 ∩ Fn2

∣

∣xi, zi

)

≤
Ln
∑

l=1

Kn
∑

k=1

exp

( −ǫ2/4
C
√
qnn−1/2 + ǫC

√
qnn−1/2

)

≤
Ln
∑

l=1

Kn
∑

k=1

exp
(

−C
√
nq−1/2

n

)

≤ C
(

C
√

ndn

)qn (
C
√
ndn

)Jn exp
(

−C
√
nq−1/2

n

)

≤ Cexp
(

C
(

dn log n−
√
nq−1/2

n

))

→ 0,

by Condition 3 and 4. Note that the upper bound does not depend on
{xi, zi}, so the above bound also holds unconditionally. This implies (B.5).
The proof is finished.
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Proof of Lemma 6.

Proof. It is sufficient to show that for any positive constants M and C,

(B.6) P

(

inf
||θ1−˜θ1||≥M, ||θ2||≤C

√
dn

n
∑

i=1

Q̃i(θ1, θ̃1,θ2) > 0

)

→ 1.

By Lemma B.4,

sup
||θ1−˜θ1||≤M

||θ2||≤C
√
dn

∣

∣

∣

∣

∣

n
∑

i=1

Q̃i(θ1, θ̃1,θ2)− Es

[

Q̃i(θ1, θ̃1,θ2)
]

+ x̃′
i

(

θ1 − θ̃1

)

ψτ (ǫi)

∣

∣

∣

∣

∣

= op(1).

Then by Lemma B.3,

sup
||θ1−˜θ1||≤M

||θ2||≤C
√
dn

∣

∣

∣

n
∑

i=1

[

Q̃i(θ1, θ̃1,θ2) + x̃′
i

(

θ1 − θ̃1

)

ψτ (ǫi)
]

−1

2

(

θ′
1Knθ1 − θ̃

′
1Knθ̃1

)

(1 + op(1))
∣

∣

∣ = op(1).(B.7)

Notice it follows from the derivation of Lemma 5 that

(

θ1 − θ̃1

)′ n
∑

i=1

x̃iψτ (ǫi) =
(

θ1 − θ̃1

)′
n−1/2X∗′ψτ (ǫ)

=
(

θ1 − θ̃1

)′
Knθ̃1(1 + op(1)).(B.8)

Combining (B.7) and (B.8), we obtain

sup
||θ1−˜θ1||≤M

||θ2||≤C
√
dn

∣

∣

∣

n
∑

i=1

[

Q̃i(θ1, θ̃1,θ2)
]

+
(

θ1 − θ̃1

)′
Knθ̃1(1 + op(1))

−1

2

(

θ′
1Knθ1 − θ̃

′
1Knθ̃1

) ∣

∣

∣ = op(1),

which implies,

sup
||θ1−˜θ1||≤M

||θ2||≤C
√
dn

∣

∣

∣

∣

∣

n
∑

i=1

[

Q̃i(θ1, θ̃1,θ2)
]

− 1

2

(

θ1 − θ̃1

)′
Kn

(

θ1 − θ̃1

)

(1 + op(1))

∣

∣

∣

∣

∣

= op(1).
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By Condition 2, for any ||θ1 − θ̃1|| > M ,

1

2

(

θ1 − θ̃1

)′
Kn

(

θ1 − θ̃1

)

> CM,

for some positive constant C. Thus (B.6) holds. This finishes the proof.

Lemma B.5. Assume Conditions 1-6 hold, n−1/2qn = o(λ), n−1/2kn =
o(λ) and log(pn) = o(nλ2). Then for some positive constant C,

P

(

max
qn+1≤j≤pn

sup
||β1

−β
01||≤C

√
qn
n

||γ−γ
0
||≤C

√
dnkn

n

∣

∣

∣

∣

∣

n
∑

i=1

xij

[

I(Yi − xAi
′β1 −W(zi)

′γ ≤ 0)

−I(Yi − xAi
′β01 − g0(zi) ≤ 0)− P (Yi − xAi

′β1 −W(zi)
′γ ≤ 0)

+P (Yi − xAi
′β01 − g0(zi) ≤ 0)

]

∣

∣

∣

∣

∣

> nλ

)

→ 0.

Proof. ExtendingWelsh (1989), we consider B =
{

β1 : ||β1 − β01|| ≤ C
√

qn
n

}

and G =

{

γ : ||γ − γ0|| ≤ C
√

kndn
n

}

. The sets of B and G can be covered

with a net of balls with radius C
√

qn/n5 and C
√

kndn/n5, respectively,
with cardinality N1 ≡ |B| ≤ Cn2qn and N2 ≡ |G| ≤ Cn2kndn . Denote
the N1 balls by β(t1), ...,β(tN1

), where the ball β(tk) is centered at tk,
k = 1, ..., N1; and denote the N2 balls by γ(u1), ...,γ(uN2

), where the ball
γ(uk) is centered at uk, k = 1, ..., N2. Let ǫi(β1,γ) = Yi−xAi

′β1−W(zi)
′γ

and ǫi = Yi − xAi
′β01 − g0(zi).

P

(

sup
||β1

−β
01||≤C

√
qn
n

||γ−γ
0
||≤C

√
kndn

n

∣

∣

∣

n
∑

i=1

xij

[

I(ǫi(β1,γ) ≤ 0)− I(ǫi ≤ 0)− P (ǫi(β1,γ) ≤ 0)

+P (ǫi ≤ 0)
]∣

∣

∣
> nλ

)

≤
N2
∑

l=1

N1
∑

k=1

P

(∣

∣

∣

∣

∣

n
∑

i=1

xij

[

I(ǫi(tk,ul) ≤ 0)− I(ǫi ≤ 0)− P (ǫi(tk,ul) ≤ 0) + P (ǫi ≤ 0)
]

∣

∣

∣

∣

∣

> nλ/2

)
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+

N2
∑

l=1

N1
∑

k=1

P

(

sup
∣

∣

∣

∣

∣

∣

˜β
1
−tk

∣

∣

∣

∣

∣

∣
≤C

√
qn/n5

|| ˜γ−ul||≤C
√

kndn/n5

∣

∣

∣

∣

∣

n
∑

i=1

xij

[

I
(

ǫi(β̃1, γ̃) ≤ 0
)

− I (ǫi(tk,ul) ≤ 0)

−P
(

ǫi(β̃1, γ̃) ≤ 0
)

+ P (ǫi(tk,ul) ≤ 0)
]

∣

∣

∣

∣

∣

> nλ/2

)

≡ Inj1 + Inj2.

To evaluate Inj1, let νij = xij [I(ǫi(tk,ul) ≤ 0)− I(ǫi ≤ 0)− P (ǫi(tk,ul) ≤ 0) + P (ǫi ≤ 0)],
which are bounded, independent mean-zero random variables. Note that
Var (νij) = Var

(

xij [I(ǫi(tk,ul) ≤ 0)− I(ǫi ≤ 0)]
)

. Since ǫi(tk,ul) = ǫi −
(xAi

′(tk − β01) + W(zi)
′(ul − γ0) + uni), I(ǫi(tk,ul) ≤ 0) − I(ǫi ≤ 0) is

nonzero only if ǫi ∈ (0,xAi
′(tk − β01) +W(zi)

′(ul − γ0) + uni) or
ǫi ∈ (xAi

′(tk − β01) +W(zi)
′(ul − γ0) + uni, 0). Hence,

Var (νij) ≤ Ex2ij [I(ǫi(tk,ul) ≤ 0)− I(ǫi ≤ 0)]2
)

≤ CP (|ǫi| < |xAi
′(tk − β01) +W(zi)

′(ul − γ0) + uni|)
(

1− P (|ǫi| < |xAi
′(tk − β01) +W(zi)

′(ul − γ0) + uni|)
)

≤ C
[

Fi(|xAi
′(tk − β01) +W(zi)

′(ul − γ0) + uni|)− Fi(0)
]

≤ C|xAi
′(tk − β01) +W(zi)

′(ul − γ0) + uni|.

Therefore, by Jensen’s inequality,

n
∑

i=1

Var(νij)

≤ C
n
∑

i=1

|xAi
′(tk − β01) +W(zi)

′(ul − γ0) + uni|

≤ Cn
[

n−1
∑

i

(

xAi
′(tk − β01) +W(zi)

′(ul − γ0) + uni
)2]1/2

≤ C
[

nλ1/2max(n
−1XAX

′
A)||tk − β01||+ n

√

n−1(ul − γ0)
′W 2(ul − γ0)

+n sup
i

|uni|
]

≤ C
(√

nqn +
√

ndn + nk−r
n

)

≤ C
√

ndn.

Applying Bernstein’s inequality,
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Inj1 ≤ N1N2exp

(

− n2λ2/8

C
√
ndn + Cnλ

)

≤ N1N2exp (−Cnλ)
= Cexp (Cqn log(n) + Cdnkn log(n)− Cnλ) .

To evaluate Inj2, note that I(ǫi(β̃, γ̃) ≤ 0) = I
(

ǫi(tk,ul) ≤ xAi
′(β̃ − tk) +W(zi)

′(γ̃ − ul)
)

.

Since I(x ≤ s) is an increasing function of s, we have

sup
∣

∣

∣

∣

∣

∣

˜β
1
−tk

∣

∣

∣

∣

∣

∣
≤C

√
qn/n5

|| ˜γ−ul||≤C
√

kndn/n5

∣

∣

∣

∣

∣

n
∑

i=1

xij

[

I
(

ǫi

(

β̃1, γ̃
)

≤ 0
)

− I (ǫi (tk,ul) ≤ 0)− P
(

ǫi

(

β̃1, γ̃
)

≤ 0
)

+P (ǫi (tk,ul) ≤ 0)
]

∣

∣

∣

∣

∣

≤
n
∑

i=1

|xij |
[

I
(

ǫi (tk,ul) ≤ C
√

qn/n5||xAi ||+ C
√

kndn/n5||W(zi)||
)

− I (ǫi (tk,ul) ≤ 0)

−P
(

ǫi (tk,ul) ≤ −C
√

qn/n5||xAi || − C
√

kndn/n5||W(zi)||
)

+ P (ǫi (tk,ul) ≤ 0)

]

=
n
∑

i=1

|xij |
[

I
(

ǫi (tk,ul) ≤ C
√

qn/n5||xAi ||+ C||W(zi)||
√

kndn/n5
)

− I (ǫi (tk,ul) ≤ 0)

−P
(

ǫi (tk,ul) ≤ C
√

qn/n5||xAi ||+ C||W(zi)||
√

kndn/n5
)

+ P (ǫi (tk,ul) ≤ 0)

]

+
n
∑

i=1

|xij |
[

P
(

ǫi (tk,ul) ≤ C
√

qn/n5||xAi ||+ C||W(zi)||
√

kndn/n5
)

−P
(

ǫi (tk,ul) ≤ −C
√

qn/n5||xAi || − C
√

kndn/n5||W(zi)||
)

]

.
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Note that
n
∑

i=1

|xij |
[

P
(

ǫi (tk,ul) ≤ C
√

qn/n5||xAi ||+ C
√

kndn/n5||W(zi)||
)

−P
(

ǫi (tk,ul) ≤ −C
√

qn/n5||xAi || − C
√

kndn/n5||W(zi)||
)

]

=

n
∑

i=1

|xij |
[

Fi

(

C
√

qn/n5||xAi ||+ C||W(zi)||
√

kndn/n5 + xAi
′(tk − β01) +W(zi)

′(γ − γ0)− uni

)

−Fi

(

−C
√

qn/n5||xAi || − C||W(zi)||
√

kndn/n5 + xAi
′(tk − β01) +W(zi)

′(γ − γ0)− uni

)

]

≤ C
n
∑

i=1

(
√

qn/n5||xAi ||+ ||W(zi)||
√

kndn/n5
)

≤ Cdnn
−3/2 = o(nλ).

Hence, for all n sufficiently large, Inj2 ≤ ∑N2

l=1

∑N1

k=1 P

(

∑n
i=1 αlki ≥ nλ

4

)

,

where

αlki = |xij |
[

I
(

ǫi (tk,ul) ≤ C
√

qn/n5||xAi ||+ C||W(zi)||
√

kndn/n5
)

− I (ǫi (tk,ul) ≤ 0)

− P
(

ǫi (tk,ul) ≤ C
√

qn/n5||xAi ||+ C||W(zi)||
√

kndn/n5
)

+ P (ǫi (tk,ul) ≤ 0)

]

.

Note that by Condition 2, αlki are independent bounded random variables
with mean zero. Similarly as in the evaluation of Inj2, we can show that

Var(αlki) ≤ C
(

√

qn/n5||xAi ||+ ||W(zi)||
√

kndn/n5
)

< Cdnn
−5/2.

Applying Bernstein’s inequality,

N2
∑

l=1

N1
∑

k=1

P

(

n
∑

i=1

αlki ≥
nλ

4

)

≤ N1N2exp

(

− n2λ2/32

Cdnn−3/2 + Cnλ

)

≤ N1N2exp(−Cnλ)
≤ Cexp((Cqn log(n) + Cdnkn log(n)− Cnλ).

Therefore, for all n sufficiently large, the probability of interest in the lemma
is bounded by

pn
∑

j=qn+1

(Inj1 + Inj2) ≤ Cexp(log(pn) + (Cqn log(n) + Cdnkn log(n)− Cnλ)

= o(1).
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This completes the proof.

Proof of Lemma 1 (3.5).

Proof. Let D = {i : Yi−xAi
′β̂1−Π(zi)

′ξ̂ = 0}, then for j = qn+1, ..., pn

sj

(

β̂, ξ̂
)

=
1

n

n
∑

i=1

xij

[

I
(

Yi − xAi
′β̂1 −Π(zi)

′ξ̂ ≤ 0
)

− τ
]

− 1

n

∑

i∈D
xij(a

∗
i+(1−τ)),

where a∗i satisfy the condition of Lemma 1. With probability one (Section
2.2, Koenker, 2005), |D| = dn. Therefore, n−1

∑

i∈D xij(a
∗
i + (1 − τ)) =

Op

(

dnn
−1
)

= op(λ). We will show that
(B.9)

P

(

max
qn+1≤j≤pn

∣

∣

∣

∣

∣

n−1
n
∑

i=1

xij

[

I(Yi − xAi
′β̂1 −Π(zi)

′ξ̂ ≤ 0)− τ
]

∣

∣

∣

∣

∣

> cλ

)

→ 0.

Note that at the oracle estimator, is it equivalent to showing

P

(

max
qn+1≤j≤pn

∣

∣

∣

∣

∣

n−1
n
∑

i=1

xij

[

I(Yi − xAi
′β̂1 −W(zi)

′γ̂ ≤ 0)− τ
]

∣

∣

∣

∣

∣

> cλ

)

→ 0.

It follows from the proof of Lemmas 2 and 4 that ||γ̂−γ0|| = Op

(

√

kndn
n

)

.

Note that

P

(

max
qn+1≤j≤pn

∣

∣

∣

∣

∣

n−1
n
∑

i=1

xij

[

I(Yi − xAi
′β̂1 −W(zi)

′γ̂ ≤ 0)− τ
]

∣

∣

∣

∣

∣

> cλ

)

≤ P
(

max
qn+1≤j≤pn

∣

∣

∣

∣

∣

n−1
n
∑

i=1

xij

[

I(Yi − xAi
′β̂1 −W(zi)

′γ̂ ≤ 0)− I(Yi − xAi
′β01 − g0(zi) ≤ 0)

]

∣

∣

∣

∣

∣

> cλ/2
)

+ P

(

max
qn+1≤j≤pn

∣

∣

∣

∣

∣

n−1
n
∑

i=1

xij
[

I(Yi − xAi
′β01 − g0(zi) ≤ 0)− τ

]

∣

∣

∣

∣

∣

> cλ/2

)

≤ P

(

max
qn+1≤j≤pn

sup
||β

1
−β

01
||≤Cq

1/2
n n−1/2

||γ−γ
0
||≤C

√
kndn

n

∣

∣

∣

∣

∣

n−1
n
∑

i=1

xij

[

I(Yi − xAi
′β1 −W(zi)

′γ ≤ 0)

−I(Yi − xAi
′β01 − g0(zi) ≤ 0)

]

∣

∣

∣

∣

∣

> cλ/2

)

+ op(1)
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≤ P

(

max
qn+1≤j≤pn

sup
||β

1
−β

01
||≤Cq

1/2
n n−1/2

||γ−γ
0
||≤C

√
kndn

n

∣

∣

∣

∣

∣

n−1
n
∑

i=1

xij

[

I(Yi − xAi
′β1 −W(zi)

′γ ≤ 0)

−I(Yi − xAi
′β01 − g0(zi) ≤ 0)− P (Yi − xAi

′β1 −W(zi)
′γ ≤ 0)

+P (Yi − xAi
′β01 − g0(zi) ≤ 0)

]

∣

∣

∣

∣

∣

> cλ/4

)

+P

(

max
qn+1≤j≤pn

sup
||β

1
−β

01
||≤Cq

1/2
n n−1/2

||γ−γ
0
||≤C

√
kndn

n

∣

∣

∣

∣

∣

n−1
n
∑

i=1

xij

[

P (Yi − xAi
′β1 −W(zi)

′γ ≤ 0)

−P (Yi − xAi
′β01 − g0(zi) ≤ 0)

]

∣

∣

∣

∣

∣

> cλ/4

)

+ op(1),

where the second inequality applies Lemma B.2. Note that

max
qn+1≤j≤pn

sup
||β

1
−β

01
||≤Cq1/2n−1/2

||γ−γ
0
||≤C

√
kndn

n

∣

∣

∣

∣

∣

n−1
n
∑

i=1

xij

[

P (Yi − xAi
′β1 −W(zi)

′γ ≤ 0)

−P (Yi − xAi
′β01 − g0(zi) ≤ 0)

]∣

∣

∣

∣

∣

= max
qn+1≤j≤pn

sup
||β

1
−β

01
||≤Cq1/2n−1/2

||γ−γ
0
||≤C2

√
kndn

n

∣

∣n−1
n
∑

i=1

xij
[

Fi(xAi
′(β1 − β01) +W(zi)

′(γ − γ0)

−uni)− Fi(0)
]

∣

∣

∣

≤ C sup
||β

1
−β

01
||≤Cq1/2n−1/2

||γ−γ
0
||≤C

√
dnkn

n

n−1
n
∑

i=1

(

|xAi
′(β1 − β01)|+ |W(zi)

′(γ − γ0)|+ |uni|
)

≤ C sup
||β

1
−β

01
||≤Cq1/2n−1/2

||γ−γ
0
||≤C

√
dnkn

n

[

λ1/2max(n
−1XAX

′
A)||β1 − β01||+

√

n−1(γ − γ0)
′W 2(γ − γ0)

+ sup
i

|uni|
]

≤ C
(

q1/2n n−1/2 +
√

dn/n+ k−r
n

)

= o(λ),

where the second last inequality applies Jensen’s inequality (see the proof
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of Lemma B.5 for more details).
Hence, Lemma 1 (3.5) follows if we can show

P

(

max
qn+1≤j≤pn

sup
||β

1
−β

01
||≤Cq

1/2
n n−1/2

||γ−γ
0
||≤C

√
kndn

n

∣

∣

∣

∣

∣

n−1
n
∑

i=1

xij

[

I(Yi − xAi
′β1 −W(zi)

′γ ≤ 0)

−I(Yi − xAi
′β01 − g0(zi) ≤ 0)− P (Yi − xAi

′β1 −W(zi)
′γ ≤ 0)

+P (Yi − xAi
′β01 − g0(zi) ≤ 0)

]

∣

∣

∣

∣

∣

> cλ/4

)

→ 0.

The above statement holds by Lemma B.5. This proves the result.

B.2. Technical details for results in Section 6 of the main paper.
The following conditions are used for the derivation of Theorem 6.1 of the
main paper. These conditions are similar as those in Section 3.

Condition B.1. (Conditions on the random errors) The random error

ǫ
(m)
i = Yi −QYi|xi,zi(τm) has the conditional distribution function F

(m)
i and

continuous conditional density function f
(m)
i , given xi, zi. The f

(m)
i are

uniformly bounded away from 0 and infinity in a neighborhood of zero, its
first derivative fi

′(m) has a uniform upper bound in a neighborhood of zero,
for 1 ≤ i ≤ n, 1 ≤ m ≤M .

Condition B.2. (Conditions on the covariates) There exist positive
constants M1 and M2 such that |xij | ≤ M1, ∀ 1 ≤ i ≤ n, 1 ≤ j ≤ pn.

Let δ
(m)
ij and ∆

(m)
n follow from the definitions in Section 2.2 for quantile τm.

Assume E

[

δ
(m)
ij

4
]

≤M2, ∀ 1 ≤ i ≤ n, 1 ≤ j ≤ q̄n, 1 ≤ m ≤M . There exist

finite positive constants C1 and C2 such that with probability one

C1 ≤ λmax

(

n−1XAX
′
A

)

≤ C2, C1 ≤ λmax

(

n−1∆(m)
n ∆(m)

n

′) ≤ C2, 1 ≤ m ≤M.

Condition B.3. (Condition on the nonlinear functions for multiple quan-

tiles) For r = m+ v > 1.5, g
(m)
0 ∈ G, ∀ 1 ≤ m ≤M .

Condition B.4. (Condition on the B-spline basis functions) The di-
mension of the spline basis kn satisfies kn ≈ n1/(2r+1).

Condition B.5. (Condition on the joint oracle model) q̄n = O
(

nC3

)

for some C3 <
1
3 .
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Condition B.6. (Condition on the signal across quantiles) There exist
positive constants C4 and C5 such that 2C3 < C4 < 1 and

n(1−C4)/2 min
1≤j≤q̄n,1≤m≤M

∣

∣

∣
β
(m)
0j

∣

∣

∣
≥ C5.

For the proof of Theorem 6.1, we note that the objective function Q̄P (β, ξ)
can be decomposed as the difference of two convex functions. Extending the
notation we used for the single quantile case, we write Q̄P (β, ξ) = k̄(β, ξ)−
l̄(β, ξ), where k̄(β, ξ) = n−1

∑M
m=1

∑n
i=1 ρτm(Yi − x′

iβ
(m) − Π(zi)

′ξ(m)) +

λ
∑pn

j=1

∑M
m=1 |β

(m)
j |, l̄(β, ξ) =

∑pn
j=1 L(||β̄

j ||1), and L(·) has the function
form given in Section 3 of the main paper for the SCAD or MCP penalty
functions. However, here l̄(β, ξ) is convex but not differentiable everywhere
due to the group level penalty.

We will first analyze the subgradient of the unpenalized objective func-
tion, which plays a pivotal part in the proof of the oracle property. Generalize
the sub-gradient from Section 3 of the main paper to the multiple quantile
case such that for 1 ≤ m ≤M ,

s
(m)
j (β, ξ) = −n−1τm

n
∑

i=1

xijI(Yi − x′
iβ

(m) −Π(zi)
′ξ(m) > 0)

+n−1(1− τm)
n
∑

i=1

xijI(Yi − x′
iβ

(m) −Π(zi)
′ξ(m) < 0)

−n−1
n
∑

i=1

xija
(m)
i for 1 ≤ j ≤ pn,

s
(m)
j (β, ξ) = −n−1τm

n
∑

i=1

Πj−pn(zi)I(Yi − x′
iβ

(m) −Π(zi)
′ξ(m) > 0)

+n−1(1− τm)

n
∑

i=1

Πj−pn(zi)I(Yi − x′
iβ

(m) −Π(zi)
′ξ(m) < 0)

−n−1
n
∑

i=1

Πj−pn(zi)a
(m)
i for pn + 1 ≤ j ≤ pn + Ln,

where a
(m)
i follows from definition of ai in Section 3.3.

As in the single quantile case, understanding the asymptotic behavior
of the subdifferential of the unpenalized objective function at the oracle
estimator is helpful in understanding the behavior of ∂k̄(β, ξ). The oracle

estimator for β
(m)
0 is β̂

(m)
=
(

β̂
(m)′

1 ,0′pn−qn

)′
and across all quantiles is
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ˆ̄β =
(

β̂
(1)
, ..., β̂

(M)
)

and ˆ̄ξ =
(

ξ̂
(1)
, ..., ξ̂

(M)
)

. let ˆ̄βj =
(

β̂
(1)
1j , ..., β̂

(M)
1j

)′
be

the oracle estimator of β̄j . Define s̄j(β, ξ) =
(

s
(1)
j (β, ξ), ..., s

(M)
j (β, ξ)

)′
as

the subdifferential of the the unpenalized objective function, that is, the first
part of (6.2) of the main paper, with respect to β̄j . The following lemma is
an extension of Lemma 1 from the main paper.

Lemma B.6. Assume Conditions B.1-B.6 are satisfied, λ = o
(

n−(1−C4)/2
)

,

n−1/2q̄n = o(λ), n−1/2kn = o(λ) and log(pn) = o(nλ2). There exists a
(m)∗
i

with a
(m)∗
i = 0 if Yi − x′

iβ̂
(m) −Π(zi)

′ξ̂
(m) 6= 0 and a

(m)∗
i ∈ [τ − 1, τ ] other-

wise. For s
(m)
j (β̂, ξ̂) with ai = a

(m)∗
i , with probability approaching one,

s̄j

(

ˆ̄β, ˆ̄ξ
)

= 0M , j = 1, ..., q̄n or j = pn + 1, ..., pn + Ln,(B.10)
∣

∣

∣

∣

∣

∣

ˆ̄βj

∣

∣

∣

∣

∣

∣

1
≥ (a+ 1/2)λ, j = 1, ..., q̄n,(B.11)

∣

∣

∣

∣

∣

∣
s̄j

(

ˆ̄β, ˆ̄ξ
)∣

∣

∣

∣

∣

∣

1
≤ cλ, ∀ c > 0, j = q̄n + 1, ..., pn.(B.12)

Proof. Convex optimization theory provides that (B.10) holds. At least
one element of β̄j0 is nonzero and thus (B.11) follows from (3.4) of Lemma
1 of the main paper. Lemma 1 of the main paper also implies (B.12).

Let ∂k̄(β, ξ) be the collection of M(pn +Ln)-vectors that define the sub-
differential of k̄(β, ξ);

∂k̄(β, ξ) =

{

(κ′
1,κ

′
2, . . . ,κ

′
pn+Ln

)′ ∈ RM(pn+Ln) :

κj = s̄j(β, ξ) + λlj , lj ∈ ∂||β̄j ||1, 1 ≤ j ≤ pn;

κj = s̄j(β, ξ), pn + 1 ≤ j ≤ pn + Ln

}

,

where ∂||β̄j ||1 denotes the subdifferentiable of ||β̄j ||1 with respect to β̄j . Let
b = (b1, . . . , bM )′, then ∂||b||1 = J1× · · ·×JM , where Jk = [−1, 1] if bk = 0;
is equal to {1} if bk > 0 and is equal to {−1} if bk < 0; 1 ≤ k ≤M .
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The subdifferential of l̄(β, ξ) is

∂l̄(β, ξ) =

{

(µ′
1,µ

′
2, . . . ,µ

′
pn+Ln

)′ ∈ RM(pn+Ln) :

µj = l′(||β̄j ||1)∂||β̄j ||1, 1 ≤ j ≤ pn;

µj = 0M , pn + 1 ≤ j ≤ pn + Ln

}

,

where l′ is the ordinary derivative of l(·) given in Section 3.3 of the main
paper.

Proof of Theorem 6.1

Proof. Proof of Theorem 6.1 follows the general structure of the proof
of Theorem 3.1 and involves checking the condition of Lemma 7 of the main
paper. However, unlike in the proof of Theorem 3.1, here l(β, ξ) is convex
but not differentiable everywhere due to the penalty being applied at the
group level.

Define the set of M(pn + Ln)-vectors:

Ḡ =

{

κ = (κ1,κ2, ...,κpn+Jn)
′ : κj = λ∂

∣

∣

∣

∣

∣

∣

ˆ̄βj

∣

∣

∣

∣

∣

∣

1
, j = 1, .., q̄n;

κj = s̄j(β̂, ξ̂) + λlj , lj ∈ ∂||ˆ̄βj ||1, j = q̄n + 1, ..., pn;

κj = 0M , j = pn + 1, ..., pn + Jn,

}

By Lemma B.6, we have P
(

Ḡ ⊂ ∂k(ˆ̄β, ˆ̄ξ)
)

→ 1.

Consider any (β, ξ)′ in a ball with the center
(

ˆ̄β, ˆ̄ξ
)

and radius λ/2. By

Lemma 7 of the main paper, to prove the theorem it is sufficient to show that

there exists κ∗ =
(

κ∗′
1 , . . . ,κ

∗′
pn+Jn

)′
∈ G and µ∗ = (µ∗′

1 ,µ
∗′
2 , . . . ,µ

∗′
pn+Ln

)′ ∈
∂l̄(β, ξ) such that

P
(

κ∗
j = µ∗

j , j = 1, ..., pn
)

→ 1,(B.13)

P
(

κ∗
pn+j = µ∗

pn+j , j = 1, ..., Jn
)

→ 1,(B.14)

as n, p→ ∞.
Since ∀ u = (µ′

1,µ
′
2, . . . ,µ

′
pn+Ln

)′ ∈ ∂l̄(β, ξ) we have upn+j = 0M , for

j = 1, ..., Jn, (B.14) is satisfied for any u ∈ ∂l̄(β, ξ) and any κ ∈ G. In the
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following, we outline how we can find κ∗ ∈ G and µ∗ ∈ ∂l̄(β, ξ) so that
(B.13) is satisfied.

1. For 1 ≤ j ≤ q̄n, we have ||β̄0
j ||1 > 0.

By Lemma B.6, we have

min
1≤j≤q̄n

||β̄j ||1 ≥ min
1≤j≤q̄n

||ˆ̄βj ||1 − max
1≤j≤q̄n

∣

∣

∣

∣

∣

∣

ˆ̄βj − β̄j

∣

∣

∣

∣

∣

∣

1

≥ (a+ 1/2)λ− λ/2 = aλ,

with probability approaching one. Hence, with probability approach-
ing one, l′(||β̄j ||1) = λ for either SCAD or MCP penalty function; and

µj = λcj for some cj ∈ ∂||β̄j ||1. For any 1 ≤ j ≤ q̄n,
∣

∣

∣

∣

∣

∣

ˆ̄βj − β̄0j

∣

∣

∣

∣

∣

∣

1
=

Op

(

n−1/2q̄
1/2
n

)

= op(λ). Recall β̄j is within radius λ/2 of ˆ̄βj . Then

with probability approaching one, the entries of ˆ̄βj and β̄j that corre-
spond to the nonzero components of β̄0j share the same signs. For any

κ ∈ G, we can write κj = λdj for some dj ∈ ∂|| ˆ̄βj ||1. Recall that for
b = (b1, . . . , bM )′, we have ∂||b||1 = J1 × · · · × JM , where Jk = [−1, 1]
if bk = 0; is equal to {1} if bk > 0 and is equal to {−1} if bk < 0;

1 ≤ k ≤ M . Hence, we can find c∗j ∈ ∂||β̄j ||1 and d∗
j ∈ ∂|| ˆ̄βj ||1 such

that c∗j = d∗
j . Let µ

∗
j = λc∗j and κ∗

j = λd∗
j , 1 ≤ j ≤ q̄n.

2. For j = q̄n+1, ..., pn,
ˆ̄βj = 0M by the definition of the oracle estimator.

Note that
||β̄j ||1 ≤ ||ˆ̄βj |+ ||ˆ̄βj − β̄j ||1 < λ/2.

Hence, for the SCAD penalty function l′(||β̄j ||1) = 0M and for the
MCP penalty function l′(||β̄j ||1) = a−1||β̄j ||1. Thus, for the SCAD
penalty function µj = 0M ; for the MCP penalty function µj = a−1||β̄j ||1cj
for some cj ∈ ∂||β̄j ||1; j = q̄n + 1, ..., pn. Note that a−1||β̄j ||1 ≤ λ/2.

For any κ ∈ G, we can write κj = s̄j(β̂, ξ̂) + λdj , dj ∈ ∂||ˆ̄βj ||1 =
[−1, 1] × . . . × [−1, 1]. For both penalty functions, by lemma B.6 we
have ||s̄j(β̂, ξ̂)||1 ≤ λ/2, j = q̄n+1, ..., pn with probability approaching

one. For the SCAD penalty function, we can find d∗
j ∈ ∂||ˆ̄βj ||1 such

that s̄j(β̂, ξ̂) + λd∗
j = 0. For the MCP penalty function and for any

c∗j ∈ ∂||β̄j ||1, we can find d∗
j ∈ ∂||ˆ̄βj ||1 such that s̄j(β̂, ξ̂) + λd∗

j =

a−1||β̄j ||1c∗j with probability approaching one. Let µ∗
j = 0 for SCAD

penalty function and µ∗
j = λc∗j for MCP penalty function; let κ∗

j =

s̄j(β̂, ξ̂) + λd∗
j , j = q̄n + 1, ..., pn.

This finishes the proof.
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