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ON IDEALS HAVING ONLY SMALL PRIME FACTORS
D. G. HAZLEWOOD

1. Introduction. Let K be a fixed algebraic number field of degree
n, with discriminant A and regulator R. Let r; and 2r, denote the
number of real and complex conjugates, respectively, w the number of
roots of unity, r = r; + r, — 1 the maximum number of independent
nontrivial units,

4 1 fl=k=n
* 2 i+ 1=Sk=r +r,

and

2'l+2r27r1'2ﬂ
1.1 = =2 7
v NS Ced A

Let O denote the ring of integers in K, a an integral ideal in O, p a
prime ideal in O, h the number of ideal classes, and Na the norm of a.
For real numbers x = 1, t = 0, and an ideal £ of O, !74 (0), we denote by
Y(x', x; ¥) the number of integral ideals a of O with Na = ¢, (¢, ) =
(1), and if p is a prime ideal dividing a,then Np = x.

J. B. Friedlander [1] and J. R. Gillett [2] derived essentially the
following estimate for y(x, x; ¥) with ¢ fixed and ¥ = (1):

t xe ) = ‘ e

(1.2) B, 2 ) = IAZ, ()% + o( . )
where Z,(t) is the well-known Dickman function satisfying the dif-
ferential-difference equation

(1.3) tZ,'(t)= —Z,(t— 1)

with initial condition Z,(t) = 1 for 0 = ¢ = 1 and the constant implied
by the use of the O-notation depends not only on the field K, but also
on the parameter t.

The object of this report is to establish an asymptotic estimate for
¥ (', x; ¥) generalizing (1.2) where the O-constant is independent of x, ¢,
and ? and depends only on the field K unless otherwise indicated.

Also, as a consequence of the theory, we derive an asymptotic esti-
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754 D. G. HAZLEWOOD

mate for ®(x', x; t), the number of integral ideals a in O with Na = «f,
(a,¥) = (1), and if p is a prime ideal dividing «, then Np > x.

Before stating the main theorem, we define the following functions.
The function g(a) defined on the ideals of O is a generalization of the
Mobius function given by

1 ifa = (1)
(14)  q@)= <0 if p*fa
(1) ifa=yp, - -p,pF pfori#j.

For M a natural number with 0 = m = M and r = 0 or 1, the function
&,(m; t), derived in Section 4, is given by

(L5) £ zﬁb—ﬁ 1)s< >long)'" s{—w‘b—)H+ 'C(k)}
b/t s=0
where
a) ifr=0
6 ww= {10 1T
and lga)l ifr ’
) cw = -1y {1- 3 =Y

where I',,(K) is a generalization of Euler’s constant for the algebraic

number field K defined by

(1.8) (k) = lim { 3 (log N:) _ M(:Zg+x):+l }

x> Na=x

As proved at the end of Section 4, we point out that

(1.9) €,(m; ¥) = O,,(log 2N¥(log log 3NE)™ +1),
Finally, we define H,(x; ) by
(1.10) H,(x; t) = (nv(N¥) + 1)exp(— C(log x)/2)

where v(m) denotes the number of distinct prime factors of the rational
integer m, n is the degree of K, and C = a(4n'/2)~! for an absolute
constanta > 0.

TueoreM 1. If t is an arbitrary integral ideal of O, t # (0), x= 1,
t = 0 are real numbers, and M is an even integer, then
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Y(xt, x; £) = haxt { D i(b— Z,(

b/

_ ME‘ bV AN O P )}

o m! (logx)ym+!
(111)
+ Op,e (x‘ {tAlHl x; F)(log x)4s

+ gm(Nt) x—2(/(ﬂ+l)(l +7Z (t)) + & (M f) ( )IE!tzl )

uniformly in x, t, and t for t outside the intervals (y,y + €) where
vy=12 -, M+ 1,¢€ is an arbitrary positive real number, n is the
degree of K, and A, and A, are absolute constants.

We remark that this asymptotic formula is valid only for t=
(log x) /2 due to the behavior of Z,(t). We will consider other ranges
for t in a later work.

An immediate corollary to Theorem 1 gives a better view of the
leading term.

CoroLLary. If0 = t = (log x) V2 then
Pt x; 8) = haxt Y -‘7;—:)—21@)
bt
(1.12)
+0, (x‘ {t-A!Hl(x; £)(log x)4s
tZ,(8)
ny(NE)y —2¢/ (n + 1
+ (L 7)) + 640 1) G })

uniformly in x, t, and t for t outside the interval (1,1 + €) for arbitrary
€>0.

The particular interest of (1.12) is that if 2 < ¢, then € can be chosen
larger than 1 so that if »(Nt) << (2/n(n + 1)) log x, the last term of the
O-term of (1.12) is dominant to yield

v st =me S 170
< "Nb
(L13)

+ 0, (' log 2Nt log log 3Nt - g(t) )

Specifically, if # = (1) and 2 < ¢ = (log x)"2, then
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(1.14) Wt 1) = IwZ,(e) + O, tl%?)

to improve (1.2).

For the function ®(x', x; t), we obtain the following asymptotic esti-
mate using Lemma 3.2.

TueoreM 2. If t is an integral ideal of O, ¢ 74 (0),x=1,t= 0, then

(L15) ¢(xt, x; 8) = j ’l Zy'(u)x* du + O(x'tA:H, (x; ¥) (log x)4s)
uniformly in x, t, and ¥ for absolute constants A, and A, where Zy(t) is
de Bruijn’s function satisfying the equation
(1.16) tZ,'(t) = Zy(t — 1)
with initial condition Zy(t) = 1 for 0 = t = 1.

2. The General Question. After the manner of B. V. Levin and A. S.
Fainleib [6] and [3], [4], we let x = 1 and fix
(2.1) O=BO<BI <Bk 1<Bk + o0

for some natural number k. We say that an ideal a belongs to M, for
1 = m = k if either a = (1) or if all the prime ideal factors of a have
norms greater than xBn=1 but not exceeding xB». Thus any integral
ideal a can be uniquely expressed in the form

(22) E=a" " a an € 2,Rm> I=m=k

We let f,,, 1 = m = k, denote completely multiplicative functions.
Then for ¢ = 0, we define

(2.3) mp(xt) = > tf (Na) = 2: fi(Nay) - - - fil(Nay).

Ifk=2,B,=1,and

o4 Na) = { 1 ifNa=1

@4) fi(Ne) = 0 otherwise,
_ 1 if(a, £)= (1)

@3) fNe) = {0 otherwise,

then mg(xt) = Y (x', x; ).
Of course, the object is now to estimate the sum mg(x*). To do this,
we define for each function f,,, the function A; by the following rule:



IDEALS HAVING SMALL PRIME FACTORS 757

26) fulNa)log Na = 3 fu(Nong, (N R )

bila
Since the functions f,, are completely multiplicative, As, can be char-
acterized as follows:

log Naf(Na) ifa=y

.7 A, (Na) = { 0 otherwise

Obviously, there must be some restriction on the functions f,, in
order to estimate my(x"). We shall study the behavior of mg(x?) for two
classes of functions f,,. For x = 0, y = 0 the first class is determined by
the conditional existence of the following functions:

28  Lyxy= X A(Ne)= 3 log NpfulNp)
sy Nezy
and

@) L= I (1+ Simew).

Na=x

The alternate class of functions will be determined by conditions on
the functions:

L%, (xy)= 3 . (Ny)Np~

Np =x
Nv_S_g
(2.10)
= > log Npfu(Np)Np~*
Nozy
and
(2.11) % () NQ=(1+ ) |fnNy)IND ).
p=x r=

Now we define a class of functions () as those functions f,,, 1 = m =
k satisfying the following requirements:

(2.12) Ly (x,y) = 7, log(min(x, y)) + D, + hn(x, y)

where 7, is a complex number, D,, is an absolute constant, and h,,(x, y)
= O(H(x) + H(y)), H(x) is a nonincreasing, nonnegative function; and

(2.13) [1;,(x) = O(log~x)

where A,, is an absolute constant.
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Similarly, we define the class of functions Q* with equivalent condi-
tions on LY, (x, y) and [ [ %, (x).

The condition (2.13) will be necessary only if the functions f,, have
negative values.

We are now ready to state the basic general result necessary to
estimate my(x). The proof is omitted since it is similar to the proof of
Lemma 4 of [4].

FunpaMeNTAL LEMMA. Suppose the completely multiplicative
functions f,,, 1 = m = k, satisfy (2.12) and (2.13). Then mg(x*) as de-
fined by (2.3) satisfies the following equation:

t k t— B,
tmy (') — fo my(x%) du = m2=17,,, [t_Bm my(x) du
D, .
* logxm’(x)
(2.14) i ,
x
+ log x Ngx, f(Na)h, ( Na”"lBl )

To conclude this section on the general question, we shall also state a
result that is proved in Levin and Fainleib [6]:

(Lemma 1.2.1 of [6]) Let R(t, x) be a complex valued function of real
variables ¢ and «x, integrable with respect to t; let a and b,, - - -, b, be
complex numbers, C;=0, and 0= By< B, < - < B, < +®,
Suppose further that R(t, x) = 0 for ¢ = 0 and that

Bs—l

(Rt x) = (a+ 1) [ Rl x)du+ 3 b, [ R(u, x) du

(2.15)

-

t-B,
= O(t1)

uniformly in x. If

2.16 .
(2.18) fo |R(u, x)| du = O(1)
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uniformly in x, where 7 is a positive constant, then there exists a con-
stant C, > 0 such thatforall t =7

(2.17) R(t, x) = O(t°?)
uniformly in x.

3. The General Case with k = 2. For all our further considerations,
we fix k = 2 and B, = 1. Further we let g be a completely multiplica-
tive function, ¥ # (0) an ideal of O, and define the completely multipli-
cative function G by the following rule:

_ g(Na) if (a, ¥) = (1)
3.1) ANa) = { 0 otherwise.

We shall now prove our first asymptotic estimate for the special case
of my(x*) defined in Section 2.

LemMma 3.1. Let G be a function defined by (3.1) where g is in
with H(x) = exp(— A(log x)), A>0,a> 0. Ifx= 1and t = 0, then

(3.2) 2 G(Na) = Z g(Na) = Z(t) + O(tA H(x; f)(log x)A’)
Moo e e

(a,8)=(1)
uniformly in x, t, and ¥ where A, and A, are absolute constants,

(3.3) H(x; t) = (nv(N?t) + 1)exp(— Al2(log x)%),
and Z(t) satisfies the equation
(3.4) tZ'(t) = 7Z(t — 1)

with initial condition Z(t) = 1 for0 = t = 1.

Proor. Let f be defined by (2.4) and f, = G. Itis a straight forward
argument similar to the proof of Lemma 2 of [4] that the conditions of
the Fundamental Lemma are satisfied with

mix)= 3  G(Na),

Na=xt
. bla=Np>=x
ie.,
Lz y) =1
and
(3.5) L, (x,y) = 7log min(x, y) + D() + h(x, y; t)

where
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(36) D(f)=D— 3 X A(Ny)
bt r=1
and
B7) hixy; ) =hxy) + 3 ANF)+ 3 A(Np) = 3 A(Ny).
W Ny Moo

Np>y

In particular,
(3.8) h(x, y; ¥) = O((n¥(N?) + 1)exp(— Al2(log min(x, y))?).

Hence

t t—1
tme(xt) — J’o my(x¥) du = 7 f . my(x*) du

(39) + L s s {n (= ;‘,—;;r)

IOg x Na=xt—1

t
—h (x_’ ;f)
Na * }
sincet; = D, = 0and 7, = 7, D, = D(¥).

Now G satisfies (2.13) so that
Y |G(Na)| = O(t4 log“x).

Na=x!

Thus (3.9) becomes

t t—1
tm(xt) — f  mgla) du— 1 JO my(x") du

(3.10)
= O(tAH(x; f)(log x)4~ 1)

uniformly in x, ¢, and §.
Now we let R(t, x; £) be a function such that

(3.11) mg(x') = Z(t) + R(t, x; ¥)H(x; E)(log x)A~!
and substitute into (3.10) to get

1Z(t) — j:) Z(u)du — j:l Z(u) du + tR(t, x; F)H(x; £)(log x)A~!

B JZ R(u, x; 8)H(x; £)(log x)A~ 1 du
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—7 [ B(u, % DH(; D(log 1)~ du
= O(t*H(x; #)(log x)A~1),
Hence

t—1

(3.12) tR(t,x; 1) — j:) Rlu,x; 8) du — 7 jo R(u, x; 1) du = O(t4)

uniformly in x, ¢, and £.

We also note that if ¢t =1, then o |R(u, x; F)| du = O(1). Thus,
using the Levin and Fainleib result at the end of Section 2, there exists
a constant A; > 0 such that R(t, x; ¥) = O(t4) uniformly in «, ¢, and ¥,
so that (3.11) implies (3.2) to prove Lemma 3.1.

Using Abel’s summation on (3.2) we can prove the following lemma
where g is in Q*. In particular, if g(Na) = 1, we shall see in Section 4
that 7 = 1 and H(x) = exp(—al/(2n'2)(log x)"/?) so that (3.13) implies
(1.15) to prove Theorem 2.

Lemma 3.2. Let G be a function defined by (3.1) where g is in O*
with H(x) = exp(— A(log x)°), A>0,a> 0. Ifx= 1land t = 0, then

>  GNe)= Y  g(Ne)

Na=x* Na=x!
Pla=Np>x pla=Np>x
(a,1)=(1)

(3.13)
= j’l Z'(w)x* du + O(xtA1H(x; £)(log x)4%)

uniformly inx, t,and .
Now we let

(3.14) S )= 3 G(Ne)= 3 g(Na)
Na=x! Na=x!
(e, 1)=(1)

and let f; = G and f;, be defined by (2.4). Then
(3.15) m(xt) = Y G(Na)= > g(hNa).
Ne=x! Na=xt

pla = Np>x pla =Np=x
(a,8)=(1)

The object of the next lemma is to write (3.15) in terms of (3.14) so
that we will need only a good estimate for (3.14) to get one for (3.15).
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LemMma 3.3. Let G be a function defined by (3.1) where g is in
with H(x) = exp(— A(log x)?), A>0,a > 0. Ifx= 1 and t = 0, then

> G(Ne)= > g(Na)

Na=x! Na=x!
pla =Np=x pla =Np=x
(a,1)=(1) .
(3.16) = S(xt; F) + fo Z'(t — u)S(x%; ¥) du

+ O(t*3H(x; ¥)(log x) A1)
uniformly in x, t, and ¥ where Z(t) satisfies the equation
(3.17) tZ'(t) = —7Z(t — 1)
with initial condition Z(t) = 1 for0 = t = 1 and A; and A, are absolute

constants.
Proor. Now recall from (3.15) that

me(xt) = 3 fulNa)fo(Nay) = 2 g(Na).

Ne=x! Na=x!
e=a; a5 bla =Np=x
(@.5)=(1)
We define functions f | and f 2 by the relations
(3.18) S £u(ND)f m(Nalb) = fi(Na),m = 1,2.

bl

_ It is easy to see that (3.18) implies that f 1 is defined by (2.4) and
f2 = fi. Hence by Lemma 3.1

(3.19) mg(xt) = 2(t) + O(t*1H(x; £)(log x)42)
where
(3.20) t2'(t) = 72(t — 1)

with initial condition Z(t) = 1 for0 = ¢t = 1.
Now using essentially the same argument as used in the proof of

Theorem 1 of [3] and the fact that
(3.21) j:) Z'(t—w2'(u)du + Z'(t) +2'(t) = 0,
we prove that

S(x's 1) = my(xt) — f ; Z'(t — u)S(x% ¥) + O(t*H(x; t)(logx)*)

which is (3.16) to prove Lemma 3.3.
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Again using Abel’s summation, we prove Lemma 3.4 where g is in
Q*. This functional equation (3.22) will be the initial step toward
proving Theorem 1.

LemMma 34. Let G be a function defined by (3.1) where g is in Q*
with H(x) = exp(— A(logx)?), A> 0,a > 0. Ifx=land t= 0, then
Y  G(Ne)= Y g(Na)

Na=xt Na=x!
pla =Np=x pla =Np=x
(a,H)=(1)

(3.22) = S(xt; £) + j ; 2-9Z' (t — u)S(x% ¥) du

+ O(x't*sH(x; ¥)(log x)44)

uniformly in x, t, and ¥ where Z(t) satisfies (3.17), and A; and A, are
absolute constants.

4. The Proof of Theorem 1. If we define the function g=1 in
(3.1), then
(41) Pt = ¥  GNe)= ¥ 1L
Na=xt Na=xt

pla=Np=x Ple= Np=x
(a.5)=(1)

From Theorem 190 of Landau [5],

(4.2) Y logNp=x+0O (x exp <— ain'?(log x)1/2>>

Ne=x

where a > 0 is an absolute constant and n is the degree of K. Thus it
is easy to see that

(4.3) N‘éx —lgi—iv” =logx+ D+ O (exp <— al2n2(log x) 12 ))

where D is an absolute constant.
Hence withg = 1

(4.4) L*(xy) = log(min(x, y)) + D, + hy(x, y)
where D, is an absolute constant and

(4.3) hi(x, y) = O(H,(x) + Hi(y))
where

(46) Hy(x) = exp (— al(2n12)(log x)1% ).
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Further, we note that

@ I#@=I1 (1+ 3 Ne~) =O0(loga).

Np=x r=1

Therefore the conditions of Lemma 3.4 are satisfied with g =1 so
that

Wit x B) = S,(xts £) + j; =97, ' (t — u)S,(x% ¥) du
4.8
“8) + O(x't41H,(x; ¥)(log x)42)
uniformly in x,¢ and ¥ where A; and A, are absolute constants,

H(x; t) is given by (1.10), Z,(¢) by (1.3), and
(4.9) Sz 8)= ¥ L

Nas=xt
(a.5)=(1)
As stated previously, a good estimate for S,(x*; f) will yield a good
estimate for Y(xt, x; f). For the estimate for S,(x%; ¥) we define the
following functions:

(4.10) Six)= Y 1
and i
(4.11) R,(x) = (hax)~1{hAx — S;(x)}

where h is the number of ideal classes of K and A is the constant given
by (1.1).

From Theorem 210 of Landau [5],
(4.12) Ry(x) = O(x~2/(+D)

where n is the degree of K.
Using the function g given by (1.4), we see that

= 3 g(b)S,(x/Nb)

b/t

= gt {2 q(0) _ -3 ﬂNbR(xthb)}

b|# b\t

We define

(4.13) Rt t)= 3 H%Rl(x‘/Nb)
b/t
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so that

(4.14) S (xt; 1) = haxt {2 q®) _ Ry (a%; ¥) }

bt

Substituting (4.14) in (4.8) we then use basically the same argument
beginning with (7.7) of [3] to show that

U(xt, x; ) = haxt { > —q@—

bjt

ML (=)™ Z™+0(t) (= (logu)"R(u; t)
iy ml (logx)ym+1 Jy u du }

(4.15)
+ OM,.G(x’{tAlHl(x; f)(log x)A, + 9Ny x—2el(n+l)(]_ + Zl(t))

Ly (- LoguIBw B g, Y).

(log x)M+1 Jy u
To conclude the proof of Theorem 1 we must show
o (= (logu)™R(u; ?)
(4.16) Eo(m; 1) = j ) —g—————u du

which in turn implies that

log w)M|Ra(us 1)
u

(@17) b 1) = [

To accomplish this, we use the following argument. Using (4.13) we
see that

418) j logu ( d 2 q(b) J‘ (logu)mﬂl(u/Nb) du

bt 1 u

and changing the variable of integration the right hand side of (4.18) is
equal to

@19 3 L 2( )ttog Noyn—+ [ aﬁg—‘%’f‘ﬁ‘—) du.

b|? 1/Nb

Breaking the integral in (4.19) into two parts we have

(4.20) J’ (log u) R,(u) du = (—1)*(log Nb)s*! " J;‘(log u)’R,(u) du.

1/Nb s+1 u
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By Abel’s summation for s a nonnegative integer,

o (log Na)® _ hA(log x)**+!
Ne=x Na s+1

+ shA jl (log u) ' Ry(u “):lﬂl(“) du — hA jl (og u)Ry(u) “3: R®) g

— hA(log x)*R(x)

and using (4.12) we have for an arbitrary constante > 0

[ (log u)'Ry(u) “?:R‘(“) du= O(x9),

oy 7 (BIRW gy = 0,

and
hi(log x)*Ry(x) =O(x ™).

Hence for s fixed, we see that

) (log Na)*  hA(log x)s+!
im { % SR - )

Na s+ 1
(4.21)

s—1 o s
= o [CEDTRW g, [loguBiw) g,
1 u 1 u
but from this and (1.8) we see that

M(K) = sha | : (M) du

(4.22)
N j* log u)*R,(u) du
1 u
If we extend the definition (1.7) to C_,(K) = —1, we can se- from
(4.22) that ‘
(=1) (= (dogu)Ry(w) , _ .\ \_ _ < (K
we) L PR =~y f1- 3 22 }

m=0

so that C,(K) as defined by (1.7) is equal to

(4.24)

(=1) (= (log u)°R,(u)
f u du.

s! 1
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Using (4.24) and (4.20) in (4.18) we have (4.16).
Finally we shall prove (1.9) that
£&.(m; §) = O,,(log 2NElog log NE)™+1).

To do this we define the function

< 9
(4.25) h(z) = 3 (=log No) Tz ")

for any complex number z, r = 0 or 1, and g, defined by (1.6). Then for
any natural number m, there exists integers a,;, 1 =j=m + 1 with

@1 = 1 such that
m+1 a,,

4.26) h,m(z) =Y (—log Np)m+1q, W
where h,™)(z) denotes the m-th derivative of h,(z) with respect to z.
This is seen by a straightforward argument using induction on m.

Now we consider the function

(4.27) g(z) = Y g b)Nb—*= l_|! (1 + g.(d)Nd~).
bt »

Taking the logarithmic derivative

(4.28) g'(z) = h(2)g.(2)

with

(4.29) g'(z)= 3 qb)Nd~*(—log Nb).

bt
Using Leibnitz’s rule we have

3 %?(log Nb)m

bt

(4.30)
— K m = 1 M S — m-—s m-—s—
= 3 (")) (S Sy togy ) imoshnoeoia)
and
ho(1) = O ( 3 @8%’)__)
bl b
(4.31)

= O, ((log log 3Nt)s+! )
Hence from (4.28), (4.30), and (4.31) we see that

(4.32) 3 %(:—)(bg Nb)™ = O,(g,(1)(log log 3NE)™+1)
bit
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where

(4.33) g.(1) = O(log 2Nt).

Therefore writing &,(m; ) as

1 q+(d) m+
m+1 % o (og NO™
(4.34)

ﬁ Ck) S "’(” (log Nbym-s

oIt
we see that &,(m; ) is Om(log 2Nt(log log 3Nt)™+1) to prove (1.9).
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