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WELSCHINGER INVARIANTS OF BLOW-UPS
OF SYMPLECTIC 4-MANIFOLDS

YANQIAO DING AND JIANXUN HU

ABSTRACT. Using the degeneration technique, we study
the behavior of Welschinger invariants under the blow-up
and obtain some blow-up formulae of Welschinger invariants.
To analyze the variation of Welschinger invariants when
replacing a pair of real points in the real configuration by
a pair of conjugated points, Welschinger introduced the 6-
invariant. In this paper, we also verify that the #-invariant
is the Welschinger invariant of the blow-up of the symplectic
4-manifold.

1. Introduction. Traditional enumerative geometry asks certain
questions to which the expected answer is a number: for example, the
number of lines incident with two points in the plane, or the number of
twisted cubic curves on a quintic 3-fold. For the last two decades,
the complex enumerative geometry of curves in algebraic varieties
has taken a new direction with the appearance of Gromov-Witten
invariants and quantum cohomology. The core of Gromov-Witten
invariants is so-called counting the numbers of rational curves. On
the real enumerative geometry side, a real version of Gromov-Witten
invariants has been expected for a long time. In 2005, Welschinger
[36, 37] first discovered such an invariant in dimensions 4 and 6,
which was called the Welschinger invariant and revolutionized real
enumerative geometry. Recently, it was partially extended to higher
dimensions, higher genera and descendant type, see [8, 31, 32] and
the references therein for details. Itenberg, Kharlamov and Shustin
[23] also extended the algebraic definition of Welschinger invariants to
all del Pezzo surfaces and proved the invariance under deformation in
the algebraic setting.
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After the Welschinger invariants were well defined for real sym-
plectic 4-manifolds, the focus of the research on Welschinger invari-
ants turned toward its computation for some manifolds and the un-
derstanding of its global structure. Itenberg, Kharlamov and Shustin
[15, 16, 18, 19, 20, 21] systematically studied the Welschinger in-
variants of del Pezzo surfaces, including the lower bounds of invariants,
the logarithmic equivalence of Welschinger and Gromov-Witten invari-
ants, positivity, and the Caporaso-Harris type formula for Welschinger
invariants. Brugallé and Mikhalkin [4, 5] provided a method for com-
puting Welschinger invariants via a floor diagram. Using their method,
Arroyo, Brugallé and de Medrano [1] computed the Welschinger invari-
ants in the projective plane. Based on the open analogues of Kontsevich
and Manin axioms and the WDVV equation, Horev and Solomon [10]
gave a recursive formula of Welschinger invariants of real blow up of
the projective plane.

Using the degeneration technique, Itenberg, Kharlamov and Shustin
[24] studied the positivity and asymptotics of Welschinger invariants
of real del Pezzo surfaces of degree > 2 and obtained some new
real Caporaso-Harris type formulae as well as real analogues of the
Abramovich-Bertram-Vakil formula. In [6, 7], Brugallé and Puignau
applied the real version of the symplectic sum formula to obtain a real
version of the Abramovich-Bertram-Vakil formula in the symplectic
setting. Combining their formula with a degeneration formula and the
technique of floor diagrams relative to a conic, Brugallé [2] computed
the Gromov-Witten invariants and Welschinger invariants of some del
Pezzo surfaces.

Other important issues in the study of Welschinger invariants are
understanding the behavior of Welschinger invariants under geometric
transformations and applying Welschinger invariants to investigate the
geometry and topology of the underlying manifolds. In [2, 3, 7, 24],
the authors used the degeneration technique to study the properties
of Welschinger invariants. In particular, by locally modifying the real
structure, Brugallé [3] proved very simple relations among Welschinger
invariants of real symplectic 4-manifolds differing by a real surgery
along a real Lagrangian sphere. In fact, his real surgery is a kind of real
symplectic blow-up along a real Lagrangian sphere, see [3, Section 5]
for the details.

From the research of algebraic geometry and Gromov-Witten theory
[26, 27], we know that the invariants obtained from the moduli spaces
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always have a close relationship with the birational transformation.
As is well known, blow-up is the basic birational transformation. The
moduli space of genus zero curves is well behaved under blow-up. The
absolute value of the Welschinger invariant provided a lower bound
for the number of real pseudo-holomorphic curves passing through
a particular real configuration and representing a degree, whereas
an upper bound is given by the corresponding genus zero Gromov-
Witten invariant. Inspired by the works on Gromov-Witten invariants
[3, 11, 12, 13], we will study the behavior of Welschinger invariants
under real symplectic blow-ups in this paper.

A real symplectic 4-manifold (X, w, 7), denoted by Xg, is a symplec-
tic 4-manifold (X,w) with an involution 7 on X such that 7*w = —w.
The fixed point set of 7, denoted by RX, is called the real part of X.
RX is either empty or a smooth Lagrangian submanifold of (X,w).
An w-tamed almost complex structure J is called 7-compatible if 7
is J-antiholomorphic. The space of all 7-compatible almost complex
structures on X is denoted by RJ,,. Let ¢;(X) be the first Chern class
of the symplectic manifold (X,w). Let d € Ho(X;Z) be a homology
class satisfying ¢;(X)-d > 0 and 7.d = —d. Let L be a connected com-
ponent of RX. Assume that x C X is a real configuration consisting of
r real points in L and s pairs of 7-conjugated points in X \RX, where
r+2s=c¢1(X)-d—1. Fix a 7-invariant class F' € Ho(X \ L;Z/27Z).
Denote by Wx, r.r(d,s) the Welschinger invariants. For simplicity of
notation, we assume that RX is connected and F' = 0. In this situation,
we denote Wy, (d, s) instead of Wy, 1, r(d,s).

Let p : Xqp — X be the real symplectic blow-up of X at a real
points and b pairs of 7-conjugated points. Denote p'd = PDp*PD(d),
where PD stands for the Poincaré duality.

From the geometric point of view, an intuitive observation is that
we will obtain the same number when we try to count the real rational
pseudo-holomorphic curves in X and its blow-up using Welschinger’s
method if the blown-up points are away from the real configuration.
This implies the following theorems.

Theorem 1.1. Let Xg be a compact real symplectic 4-manifold, d €
Hy(X;Z), such that c1(X)-d > 0 and 7.d = —d. Denote by p: X1 9 —
Xp the projection of the real symplectic blow-up of Xr at x € RX.
Then
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(1’1) WXR(d7S) = WX1,0(p!dvs)7

(1.2) Wy, (d,s) = Wx, ,(0'd — [E],s) ifci(X)-d—2s>2,
where E denotes the exceptional divisor and p'd = PDp*PD(d).

Theorem 1.2. Let Xr be a compact real symplectic 4-manifold, d €
Hy(X;Z) such that ¢1(X) -d > 0 and 7.d = —d. Suppose that y,
y2 € X \ RX is a T-conjugated pair, i.e., 7(y1) = y2. Denote by
p : Xo1 — Xr the projection of the real symplectic blow-up of Xr at
Y1, Y2. Then,

(1.3) W, (d,s) = Wx, ,(p'd, s),

(1.4) Wx, (d,s) = Wx,,(p'd — [E1] = [Ea],s — 1) if s > 1,
where E1 and FEs denote the exceptional divisors at yy, yo, Tespectively.

From Theorems 1.1 and 1.2, it is easy to obtain the following.

Corollary 1.3. Let Xg be a compact real symplectic 4-manifold, d €
Hy(X;Z) such that ¢1(X) -d > 0 and 7.d = —d. Suppose that ' C X
is a real set consisting of v’ points in RX and s’ pairs of T-conjugated
points in X\RX with " < r, s < s. Denote by p : Xpv g — X the
projection of the real symplectic blow-up of X at 2'. Then:

(1.5) Wx,(d,s) =Wx,, _(p'd,s),

(1.6) Wx,(d,s)=Wx,, , (p!d =SB - ([E]+[E]),s - 5'),

i=1 j=1

where E;, Y, B denote the exceptional divisors corresponding to the
real set x’, respectively.

Welschinger [36] introduced a new f-invariant to describe the de-
pendence of Welschinger invariants on the number of real points in the
real configurations and obtained a wall-crossing formula, see [36, The-
orem 3.2]. More precisely, when replacing a pair of real fixed points in
the same component of RX by a pair of imaginary conjugated points,
twice the #-invariant is the difference of the respective invariants. In
this paper, using the degeneration method, we reprove Welschinger’s
wall-crossing formula and verify that Welschinger’s #-invariants of Xy
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are the Welschinger invariants of the real blow-up X o of the real sym-
plectic manifold at one real point.

Theorem 1.4. Let Xy be a compact real symplectic 4-manifold, d €
Hy(X;Z) such that ¢1(X) - d > 4 and 7.d = —d. Denote by p: X1 9 —
X the projection of the real symplectic blow-up of Xr at v € RX. If
s > 1, then

(L7)  Wxy(d,s—1) = Wx,(d, s) + 2Wx, ,(p'd — 2[E], s — 1),
where E denotes the exceptional divisor and p'd = PDp* PD(d).

Remark 1.5. The same argument as in the proofs of the previous
theorems generalizes formulae (1.5) and (1.6) to the general case where
RX is disconnected. More precisely, assume that Xg is a compact real
symplectic 4-manifold and RX is disconnected. Suppose that ' C X
is a real set comprised of v’ points in L and s’ pairs of T-conjugated
points in X with " < r, s’ < s. Denote by L the connected component
of RX, ¢ corresponding to L . If only one of the blown-up real points
belongs to L, L= L# RP?, we assume that the 7-invariant class F' has
a T-invariant compact representative F C X \ 2’ and denote F= p'F.
Denote by p : X,/ s — X the projection of the real symplectic blow-up
of X at 2’. Then

(18) WXIR,L,F(CL S) = Wszﬁs/,Z,F(p!d’ S)a

(1.9)

Weorr(doo) =Wy, (=3B =SB + [BDs - ),
' i=1 j=1

(1.10) Wiy 7 (d, s=1) = W 1,7 (d, 8)+2Wy || 7 5(p'd—2[E], s-1),

where E;, Y, E denote the exceptional divisors corresponding to the
real set 2/, respectively.

2. Preliminaries.

2.1. Real blow-ups of the projective plane. In this subsection, we
consider how the standard real structure, i.e., the conjugation on CP?,

2
induces a real structure on CP . For this purpose, we must distinguish
the real points from other points in CP? \ RP2.
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First, we review the blow-up of CP? at a point . Let U be a
neighborhood of x with local coordinate (z1, z2). Denote

T:V = {((21,22), ['U}l : U)Q]) e U x CPI | Ziw; = iji} — U

the projection to U via the first factor. There is a natural identification
map gl between V\ E and U\ {z}, where E = m~1(0) is the exceptional
divisor. We obtain the blow-up

CP’ =cP\ (o} V.

gl

For a real point z € RP2 C CP2, denote by (CP%O the blow-up of
CP? at x. We may choose a conjugation invariant neighborhood U of
2 in CP? and the local coordinate (z1, z2).

Define an involution 7 : V. — V as

7'((,217 22), [w1 N U)Q]) = ((21,22), [@1 . @2])

It is easy to verify that this involution coincides with that induced on
V' \ E by identification with U \ {z}. This implies that the standard
real structure on CP? naturally induces a real structure on (CP?)O at a
real point z € RP2.

Since there is no conjugation-invariant neighborhood for the points
in CP?\ RP?, to obtain a real structure on the blow-up, we need to
simultaneously blow up a pair of conjugated points. Denote by (CPg,1
the blow-up of CP? at a pair of conjugated points. The real structure
on it can be similarly constructed.

2.2. Symplectic cut. Lerman’s symplectic cutting [25] is a simple
and versatile operation on Hamiltonian S!-manifolds. Suppose that
Xy C X is an open codimension zero connected submanifold with a
Hamiltonian S'-action. Let H : Xo — R be a Hamiltonian function
with 0 as a regular value. If H~1(0) is a separating hypersurface of
X, then we obtain two connected manifolds X with boundary dXF =
H~1(0), where the + side corresponds to H < 0. Suppose fur-
ther that S! acts freely on H~'(0). Then, the symplectic reduction
Z = H~*(0)/S" is canonically a symplectic manifold of dimension 2 or
less. Collapsing the S'-action on 0X* = H~1(0), we obtain smooth
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closed manifolds Yi containing, respectively, real codimension 2 sub-
manifolds Z* = Z with opposite normal bundles. Furthermore, Yi
admits a symplectic structure @* which agrees with the restriction of
w away from Z, and whose restriction to Z* agrees with the canonical
symplectic structure wyz on Z from symplectic reduction. The pair of
symplectic manifolds (yi,wi) is called the symplectic cut of X along
H=Y0).

This is neatly shown by considering Xy x C equipped with appropri-
ate product symplectic structures and the product S*'-action on Xg x C
where S! acts on C by complex multiplication. The extended action is
Hamiltonian if we use the standard symplectic structure v/—1 dw A dw
or its negative on the C factor, see [25]. Denote by p : Xo — R the

moment map of the S'-action on Xo. Then, X = = Xp<e, X =X >

The normal connected sum operation [9, 28] or the fiber sum opera-
tion, is the inverse operation of the symplectic cut. Given two symplec-
tic manifolds containing symplectomorphic codimension 2 symplectic
submanifolds with opposite normal bundles, the normal connected sum
operation produces a new symplectic manifold by identifying the tubu-
lar neighborhoods.

Note that we can apply the normal connected sum operation to the
pairs (X ,@",Z+) and (X ,@~,Z~) to recover (X,w).

According to McDuff [29], the blow-up operation in symplectic
geometry amounts to removal of an open symplectic ball followed
by collapse of some boundary directions. In fact, we may apply the
symplectic cut to construct the blow-up of the symplectic manifold X
at a point p. By the symplectic neighborhood theorem, take Xy to be
a symplectic ball of radius ¢y centered at p with complex coordinates
(21, -+, 2n), where dim X = 2n. Consider the Hamiltonian S!-action
on Xy by complex multiplication. Fix € with 0 < € < €y, and consider
the moment map

n
u) = Z |zi]? — €, u€ Xo.
i=1

Write the hypersurface P = H~1(0) in X corresponding to the sphere
with radius € We cut X along P to obtain two closed symplectic
manifolds X © and X , one. of which is CP". Following the notation
of [11, 26], we denote X'= = CP", where X = X is the symplectic
blow-up of X.
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2.3. Real symplectic cut. Let (X,wx,7x) and (Y,wy,7y) be two
real compact symplectic manifolds containing a common real symplec-
tic hypersurface V' with e(Ny|x) + e(Ny|y) = 0, where Ny |x, Ny |y
are the normal bundles of V' in X and Y, respectively. Denote by wy
the symplectic form wx|y = wy|y on V and by 7y the real structure
Tx|v = Ty|v. Denote the normal connected sum of X and Y along V
by X#vY. There is a real structure 74 on X#yY induced by the real
structures 7x, Ty . In actuality, the symplectic sum operation will pro-
duce a family of symplectic manifolds (2, w)) parametrized by a small
complex number A € A. Suppose that 7 : Z — A is the symplectic
sum of X and Y along V, cf., [9, 14, 28]. Equip the disc A with the
complex conjugation. The real structures 7x and 7y will induce a real
structure 7z on Z such that the map 7 : Z — A is real, see [3, 7] for
more details regarding the real symplectic sum in dimension 4.

Let (X,w, 7) be areal symplectic manifold. Assume that H : X — R
is a 7-invariant smooth Hamiltonian, i.e., Hor = H. Then, we call H a
real Hamiltonian, cf., [34]. A Hamiltonian circle action on (X, w, 7) is a
1-parameter subgroup R — Symp(X) : ¢t — ¢, of symplectomorphisms
of X, which is 2w-periodic, i.e., ¥o, = id, and which is the integral of
a Hamiltonian vector field Xg. The Hamiltonian function H : X — R
in this case is called the moment map of the action. If the Hamiltonian
circle action on (X, w, ) satisfies

(2'1) Yor_t OT =T Oy

for all ¢t € [0,27], we call it a real Hamiltonian circle action. The
moment map of a real Hamiltonian circle action is a real Hamiltonian.

Let (X,w,T) be a real symplectic manifold with a real Hamiltonian
circle action. Suppose that p : X — R is a real moment map. Let
(1=1(0)/S*,w,) be the symplectic reduction. There is a natural real
structure 7, on ¢ ~1(0)/S! induced by 7 on X. Define

7t 1 0)/ST — i (0)/S"
[a] > [r(z)].

Suppose that z, y € p~1(0) such that [z] = [y]. Then, there is a t €
[0,27] such that ¥:(z) = y. By equation (2.1), tor—¢(7(z)) = 7o
Pi(x) = 7(y). Therefore, [7(x)] = [r(y)], and 7, is well defined.
Obviously, the reduced space (p=*(0)/S', w,,7,) is a real symplectic
manifold.
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Then, we can find that the real symplectic manifold (u~!(g)/S?,
Wy, Ty) is embedded in both YNZE and Yugg as a codimension 2 real
symplectic submanifold but with opposite normal bundles. The pair of
real symplectic manifolds YH%, Y“ge is called the real symplectic cut
of X along pu=-e.

Remark 2.1. Let Xy C X be an open codimension zero connected
real submanifold equipped with real Hamiltonian S' action and a real
proper momentum map u : X9 — R. Suppose that p achieves its
maximal value c¢ at a single point p € RX. For a sufficiently small €, p
is the only critical point in the set X,5._. = {o € Xo|c — p(z) < €}
For all 0 < § < ¢, the real symplectic manifold YHQ s is the real
blow-up of Xy at p by a § amount. We define X = = X,>c—s and
X =(X-Xy)u XM<C 5. We have Xt=cpP" and X = X1,0, where
X1 o is the real blow-up of X at a real point. The procedure for
obtaining X and X is to perform a real symplectic cut on X at p €
RX. Suppose that p achieves its maximal value ¢ at an exceptional
divisor E. Let € be small enough. For all 0 < § < ¢, define X"=
Xse—sand X = (X~ X0)UX <5 Then, X = CPllyand X = X,
where CPY'j is the real blow-up of CP" at a real point. This procedure
is called performing a real symplectic cut on X along the exceptional
divisor F. One can similarly define performing a real symplectic cut at
a pair of 7-conjugated points or conjugated exceptional divisors.

2.4. Welschinger invariants. Let (X,w,7) be a compact real sym-
plectic 4-manifold. Denote by 7, the space of almost complex struc-
tures of X tamed by w and which are of class C! where [ > 1 is a
fixed integer which is large enough. Assume that the first Chern class
¢1(X) of the symplectic manifold (X,w) is not a torsion element, and
let d € Ho(X;Z) be a homology class satisfying ¢;(X) -d > 0 and
7+d = —d. Let x = (x1,...,2,,) be an ordered set of distinct points
of X such that x is globally invariant under 7. Such a set is called a
real configuration of points. Let o(7) be the order 2 permutation of
{1,...,m} induced by 7. Let S be an oriented 2-sphere, Jgs the space
of complex structures of class C! of S compatible with its orientation,
and let z = (z1,...,2,m) be m distinct points on S. Denote by

S¥z) = {u € WHP(S, X)|u.[S] = d and u(z) = z},
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where 1 < k < [ and p > 2. W"P(S, X) means the space of the
continuous maps from S to X which are in local coordinate charts
represented by functions in W*P(Q), where Q C R? is an open set and
WkP(Q) is the standard Sobolev space. Let

Plz) = {(u, Js,J) € SHz) x Ts x T | du+ Joduo Jg = 0}.

P?(x) is the space of pseudo-holomorphic maps from S to X which
pass through z and represent class d. The triple (u,Jg,J) is called
a simple map if u cannot be written as u’ o ¢, where ¢ : S — 5’ is
a holomorphic branched covering with deg(¢) > 1 and v’ : 8" — X
is a pseudo-holomorphic map. Let P*(z) be the subspace of P¢(z)
consisting of simple maps.

Denote by M9 () the quotient of P*(z) by the action of Diff (S, 2).
Let 7 : M%(z) — J,, be the projection.

Proposition 2.2 ([36, Proposition 1.8]). The space M%(z) is a
separable Banach manifold of class C'=F. The projection © : M%(x) —
Jo is Fredholm of index Indg () = 2(c1(X) -d — 1 —m).

The manifold M9(z) is equipped with a Z/27Z action. Let RM¢%(z)

denote the fixed point set of this action. 7 : RM%(z) — RJ, is the
projection induced by .

Proposition 2.3. ([36, Proposition 1.9]). The projection
R : RMY(z) — R,
is Fredholm of index Indg(mr) = ¢1(X)-d—1—m.

Suppose that RX is connected. Let ¢1(X)-d —1 = r + 2s,
x C X be a real configuration consisting of r real points in RX and
s pairs of 7T-conjugated points in X\RX. In this case, we denote
C(d,z,J) =n"Y(J) Cc M%z), RC(d,z,J) = m5 ' (J) C RM(2).

Proposition 2.4 ([36]). If J € RJ, is generic enough, the set
C(d,z,J) is finite. Moreover, the curves which represent elements of
C(d,z,J) are all irreducible and have only transversal double points as
singularities. The total number of double points of curve C inC(d,z,J)
s equal to

5= %(dQ — e (X)-d+2).
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Assume that C € RC(d,z,J). The real double points of C' are
of two different kinds: either non-isolated or isolated. A real double
point is called mon-isolated if it is the local intersection of two real
branches. The real nodal point, which is the local intersection of two
complex conjugated branches, is called isolated. The mass mx(C) is
defined to be the number of its isolated real nodal points which satisfies
0 < mx(C) < 4. The integer

Wds)= > (@

CeRC(d,z,J)

neither depends upon the choice of J, x, nor upon the deformation class
of Xg, cf., [35, 36]. These numbers are called Welschinger invariants
of XR.

When the real part RX is disconnected, let L be a connected
component of RX. Suppose that f : S — X is an immersed real
rational J-holomorphic curve in X such that f(RS) C L, for a J €
RJ,. Denoting by St a half of S\ RS, f(S*) defines a class [f(S™)]
in Hy(X, L;Z/27). There exists a well defined pairing

Hy(X,L;7)27) x Hy(X \ L;Z)27) — 7.)27.

given by the intersection product modulo 2. Fix a 7-invariant class
F € Hyo(X \ L;Z/2Z). Define the (L, F')-mass of f as

my,p(f) =mo(f) + [f(ST)] F,

where mp,(f) is the number of real isolated nodes of f in L. mg r(f)
does not depend upon the chosen half of S\ RS.

Given J € RJ,, the set RC(d,z,J) consists of real rational J-
holomorphic curves f : S — X in X realizing class d, passing through =
and such that f(RS) C L. Note that, if » > 1, the condition f(RS) C L
is always satisfied. Itenberg, Kharlamov and Shustin [20] observed that
the integer

Wxprr(ds)= Y (=1)mer@
CeRC(d,z,J)

neither depends upon the choice of J, x, nor upon the deformation
class of Xg. Note that, if FF = [RX \ L], Wx, 1. r(d,s) is the original
Welschinger invariant. For simplicity of notation, we assume that RX
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is connected and F' = 0. In this situation, we denote W, (d, s) instead
of WXRJ,)F(CZ, S)

2.5. Curves with tangency conditions. When we use the degener-
ation technique to study the behavior of curves under blow-up, we need
to deal with curves with tangency conditions. In this subsection, we
review some basics on curves with tangency conditions. The applicable
reference is [7, subsection 2.1].

Two J-holomorphic maps
f1201—>X and f2102—>X

are said to be isomorphic if there is a biholomorphism ¢ : C; — Cy
such that f; = fs o ¢. In the following, maps are always considered
up to isomorphism. Given a vector a = (@;)1<i<co € L%y, we use the

notation:
—+oo —+oo
la] = E a;, Ia= g ia.
i=1 i=1

For k € ZZO and o = (ai)1§i<ooa denote ka := (kai)ngoo. Let 51'
denote the vector in Zy, all of whose coordinates are equal to 0 except
the ith one which is equal to 1.

Let (X,w) be a compact and connected four-dimensional symplectic
manifold, and let V' C X be an embedded symplectic curve in X. Let
d € Ha(X;Z) and «, B € ZZ, be such that

la+18=d-[V].

Choose a configuration = z° U zy, of points in X, with z° a
configuration of ¢;(X)-d —1—d - [V] + |8] points in X \ V, and
zy = {pijto<j<aii>1 a configuration of |a| points in V. Given an
w-tamed almost complex structure J on X such that V is J-holo-
morphic, denote by C*#(d, z, J) the set of rational .J-holomorphic maps
f:CP! — X such that

e [ [CP'] =d;

ez C f(CPY);

e V does not contain f(CP');

e f(CP?') has an order of contact i with V at each of the points p; j;
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e f(CP') has an order of contact i with V at exactly ; distinct
points on V' \ z, .

The set of simple maps in C*#(d, z, J) is zero-dimensional if the al-
most complex structure J is chosen to be generic. However, C*# (d,z,J)
might contain components of positive dimension corresponding to non-
simple maps.

Lemma 2.5 ([7, Lemma 11]). Suppose that 8 = (d - [V],0,...) and
a=0,orpB=(d-[V]-1,0,...) and a = (1,0,...). Then, for a generic
choice of J, the set C*P(d,z,.J) contains only simple maps.

Proposition 2.6 ([7, Proposition 13]). Suppose thatV is an embedded
symplectic sphere with [V]? = —1 and that |3| > d-[V]—1. Then, for a
generic choice of J, the set C*P(d,z,.J) contains finitely many simple
maps. As a consequence, the set

cP(d,z, J) = {f(CP) | (f : CP' = X) € C*P(d,z, ])}
is also finite.

In particular, suppose that X = CP%2 V = H C CP? is the
hyperplane in CP?, and |2°] = 1. The set C*(d,z,J) is always finite
and comprised of simple maps.

Lemma 2.7. Suppose that X = CP? and V. = H C CP? is the
hyperplane in CP?. Then, the set C%?(d,z,J) with |z°] = 1 is empty
for a generic choice of J, except CO*°([H], {p} Uz, J) which contains
a unique element. Moreover, this unique element is an embedding.

Proof. Suppose that d = a[H],a > 0. Since ¢;(X) = 3[H], we have
c1(X) - (alH]) =1 = (a[H]) - [H] + [B] = 2a = 1 +|f].

Suppose that 2a — 1 + 3] = 1 and C*P(a[H],z,J) # (), where
|z = 1. From Ia + I8 = d-[V] = a[H] - [V] = a, we can obtain
a[H] - [H] = a > |B|. The intersection number a of the J-holomorphic
curve f € C%A(a[H],z,J) with V must satisfy a > 0. Thus, this yields
a=1,|5]=0.

If CP? is equipped with the symplectic form wgg and its standard
complex structure Jy, it is well known that C®O([H], {p} U v, Jst)
consists of a unique element. When w and J are both varied, the corre-
sponding set still contains at least one element. If there are two distinct
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curves Cp and Cy in COVO([H], {p} Uz, J), then both C; and Cy pass
through {p}Jzy, which contains at least two points. Therefore, by
the positivity of intersections, C; - Cy = 2. This is impossible since

Cy-Cy=[H]-[H] =1.

This contradiction implies that C®*°(H, {p} U zy, J) also consists of
a unique element. Due to the adjunction formula, this J-holomorphic
curve is an embedding curve. ]
2
Let CP  be the blow-up of CP? at a point and E the exceptional
—2
divisor. It is easy to see that CP 2 Pg(O(—1)®0). Let Ey := Pr(0 &
0) and Es, :=Pg(O(—1) ® 0). Ey and E are two distinguished non-
intersecting sections of Pg(O(—1) & O). The following may easily be

computed:
[Eoo]2 = 7[E0]2 =1

The group H 2(@2, Z) is the free abelian group generated by [Fo] and
[F'], where F is a fiber of Pp(O(—1) @ O) — E. The first Chern class
of 6132 is given by
2
c1(CP ) =3[Ex] — [Eo] = 2[Ex] + [F]-

In X = CP = P(O(=1) ® 0), if V = E and |2°] = 0, the set
C*A(d,xz,J) is always finite and comprised of simple maps.
Lemma 2.8. Suppose that X = 6?2 and V = E,. Then, the set
C¥P(d,z,J) with |2°| = 0 is empty for a generic choice of J, ex-
cept COVO([F], zy,, J) which contains a unique element. Moreover, the
unique element is an embedding.

Proof. Suppose that d = a[E] + b[F]. Since 01(6152) = 2[Ex] +
[F], we obtain
a(X)-d=1—d-[Ex]+|8=2a+b—-1+18]

Suppose that 2a +b — 1+ |8] = 0 and C*#(a[Es] + b[F], zy,, J) # 0.
Since || < a+ b and |5] > 0, we have a + b > 0. By the positivity of
intersection, we obtain
d - [Eo] = (a[Ec] + b[F]) - ([Eo]) = b
d-[F] = (a[Ex] +O[F]) - [F]  =a

We may deduce that a = || =0, b= |o| = 1.
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The proof of the remainder of this lemma is similar to that in the
proof of Lemma 2.7. O

3. Blow-up formula of Welschinger invariants.

3.1. Blow-up formula at a real point. In this subsection, we
consider the behavior of Welschinger invariants under the blow-up of
the symplectic 4-manifold at a real point.

Let X be a compact real symplectic 4-manifold. Perform a real
symplectic cut on X at the real point z € RX (see Remark 2.1). We can
obtain two real symplectic 4-manifolds X'2p?and X =X 1,0 which
contain a common real symplectic submanifold V. In X', V = H is
the hyperplane in P2. In X , V 2 E is the exceptional divisor in X g.

Let 7 : Z — A be the real symplectic sum of X and X~ along V' (see
subsection 2.3), d € Hy(Zy;Z). Choose z(A) as a set of ¢1(X)-d—1
real symplectic sections A — Z such that z(0) NV = . Choose an
almost complex structure J on Z tamed by wz, which restricts to an
almost structure Jy tamed by wy on each fiber Z,, and is generic with
respect to all choices made.

Let Xy = X Uy X . Denote C(d,z(0), Jo) to be the set { f:C'— Xy}
of limits, stable maps, of maps in C(d,z()), Jx) as A goes to 0, where
C(d,z()N), Jy) is the set of all irreducible rational J-holomorphic curves
in (Zx,wy,Jx) passing through all points in z(A) and realizing the
class d. From [14, Section 3], we know C is a connected nodal rational
curve such that:

o 2(0) € f(O);
e any point p € ?_I(V) is a node of C which is the intersection

of two irreducible components ¢ and C" of C, with 7(6/) c X and
fe) cx;

e if, in addition, neither f(él) nor ?(6H) is frﬁi/rely mng(/eld into V,
then the multiplicities of intersection of both f(C") and f(C") with V'
are equal.

Given an element o
f :C— Xﬁ

of C(d,z(0), Jy), denote by C., * = +, —, the union of the irreducible
components of C' mapped into X"
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Proposition 3.1. Assume that z(0) NX" contains at most one point,
z(0)NX #0 if (0 )ﬂX # 0. Then, for a generic Jy, the set C(d,
z(0), Jo) is finite and only depends upon z(0) and Jy. Given an element
f:C = Xy of C(d,z(0), Jo), the restriction of f to any component of C
is a simple map, and no irreducible component of C is entirely mapped
into V. Moreover, the following are true:

(1) 4f 2(0) NX =0, then Cy is empty. The curve C_ is irreducible,
and flc_ is an element of CO0(p'd, z(0)N'X ,Jy). The map f is the
limit of a unique element of C(d,z(\), Jx) as A goes to 0.

(2) If z(0) NX = {p}, then Cy is irreducible, and f(Cy) realizes
class [H]. The curve C_ is irreducible, and flc_ is an element of
CO%(p'd — [E],z(0)NX ,Jo). The map f is the limit of a unique
element of C(d,z(X), Jx) as A goes to 0.

Proof. From [14, Example 11.4, Lemma 14.6], we know that no
component of C is entirely mapped into V', also see [7].
Note that [E]* = —1 in the real blow-up X_ = X10,and ¢ (X ) - [E]
= 1. Suppose that f,[Cy] = a[H], a >0, f,[C_] = p'd — b[E], b > 0.
Then, we have
a=TF.[C4]- [H] = (0'd— blE]) - [E] = b,

Since z(0) NX " contains at most one point, we will consider the two
cases separately.

(1) z(0) N X "= 0. In this case, we know that f(C_) passes through
all of the ¢;(X)-d—1 points in z(0)NX and realizes the class p'd—b[E]
in Hy(X ;7). Suppose that C_ consists of irreducible components
{C_;}™, and there are 0 < k < m irreducible components {C_;}*_;
such that the restriction f|c_,,i = 1,..., k, is non-simple, which factors
through a non-trivial ramified covering of degree §; > 2 of a simple map
fi i P — X . Assume that (f;)«[P!]=d;,i=1,...,k and f,[C_;] =
dj, j=k+1,...,m. Then, Y5 | 6;d; +z;" ji1d; = p'd —b[E].

(Zd>—k‘+cl ( Z d) (m—k)>cy(X) d—1

j=k+1

(Zéd + Z >+b1.

j=k+1
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Therefore,

k
(3.1) Y -d)a(X ) -di=m+b-1.

Since ¢1(X )-d; > 0,b> 0,8 >2,s0 (3.1) only holds when m = 1,
k= 0and b = 0. This implies that C_ is irreducible and f|c_ is simple.
b = 0 also implies f,[C] = 0. Therefore, Cy = ().

The previous argument implies that f|c_ is an element of C%0(p'd,
2(0)NX ,Jy). Moreover, the finiteness of C%°(p'd, z(0)N X ,Jp) im-
plies that C(d,z(0), Jo) is finite.

(2) z(0) NX = {p}. In this case, the fact that the image of f(C,)
must pass {p} implies @ = b > 1. f(C_) passes through all of the
c1(X) - d — 2 points in 2(0) N X~ and realizes the class p'd — b[E] in
Ho(X ;7). Similar to Case I, we know that C_ is irreducible. Next, we
prove that f|c_ is simple. For this, we assume that f|c_ is non-simple.

Then, f|c_ factors through a non-trivial ramified covering of degree
§ > 2 of asimple map fo : P' — X | and (fy).[P'] = (1/6)(p'd — b[E)).
Therefore,

Ser(X7) - (pd —E]) ~ 1> ea(X) -d 2,

Thus, we have
(32) C1(X)d+§—(501(X)d>b

Since § > 2, ¢1(X) - d > 2, (3.2) implies b < 0. This is in contradiction
with b > 1. Therefore, f|c_ is simple.
From
(X ) -(pd=bE)—1=c(X)-d—1—b
2 C1 (X) -d— 2,

we obtain b < 1. Thus, we have b =1, and f,[C] = [H].

The previous argument implies that flc_ is an element of Co’il (7p!d—
[E],z(0) N X ,.Jp). The finiteness of C*%(p'd — [E],z(0)NX ,Jo)
implies that C(d, z(0), Jo) is finite.
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The number of elements of C(d,z()), Jy) converging to f as A goes
to 0 follows from [14]. Now, we review the behavior of the elements
fr: Ox — 2y of C(d,z(N), Jy) converging to f close to the smoothing
of the intersection point p of C_ and C4. In local coordinates (A, z,y)
at f(p), the manifold Z is given by the equation zy = \. Locally,

X '={\=0andy =0},
X ={\=0and z=0}.

Since the order of intersection of ?C+ and V at f(p) is 1, the maps ?C+
and f- have expansions

z(z) =mz+o(z) and y(w)=nw+ o(w),

where z and w are local coordinates at p of Cy and C_, respectively.

For 0 < |A| < 1, there exists a solution u(\) € C* of

A)=—
pA) = ——
such that the smoothing of C' at p is locally given by zw = u()\), and
the map f) is approximated by the map

{zw = p(\)} € C? — (A, mz, nw)

close to the smoothing of p. Furthermore, such maps fi € C(d,z()), Jx)
converging to f are in one-to-one correspondence with the choice of such
a u(A) for each point of C NC_. O

Applying Proposition 3.1, we can obtain a comparison theorem of
the Welschinger invariants. Let RC® 8" +6(d, 2, J) be the subset of
real rational curves in C*#(d, z,J), a = " +a° and 8 = 8" + 3¢, such
that the a (or B) “point(s)” consists of an o (or 8") real “point(s)”
and (1/2)ac (or (1/2)5¢) pairs of T-conjugated “points.”

Proposition 3.2. Let Xg be a compact real symplectic 4-manifold,
d € Hy(X;Z) such that ¢1(X)-d > 0 and 7.d = —d. Denote by
p : X1,0 — X the projection of the real symplectic blow-up of X at
x € RX. Let z(\), YJF, X and Jy be as before. Then:
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o ifz(0)NX = {p}, z(0)NX #0,

>-
(3.3) Wx.(d,s) = > (—1)m X0 (@)
C_eRC®®1 (p'd—[E],z(0)NX ~,Jo)

o ifz(0)NX =9,

(3.4) Wx.(d,s) = > (1)o@,
C_€eRCO0(p'd,z(0)NX ~,Jo)

where E is the exceptional divisor.

Proof. Equip the small disc A with the standard complex conjuga-
tion. From subsection 2.3, we know that the symplectic sum 7 : Z — A
can be equipped with a real structure 7z, which is induced by the real
structures 7_, 7, on the real symplectic cuts X and X ' such that the
map 7 : Z — A is real. Choose a set of real sections z : A — Z . Let
f:C — Xj be a real element in RC(d, z(0), Jo).

For the case z(0) N X = {p} and z(0) N X # 0, from Proposi-
tion 3.1 and Lemma 2.7, we know that f,[C.] = [H] and f|c, is an
embedded simple curve. f(C,) has no self-intersection point; thus,
f(C4) has no node. Therefore, there is only one possibility for f|c,
to recover a real curve f(C) when f|o_ is fixed, in other words, the
number of real curves f € RC(d, z(0), Jo) is equal to the number of the

real curves f|c_ € RC%%1(p'd — [E],z(0)NX ,.Jy). Hence, we have
(35)  mx,(f(O) = mg-(fla_) + mg+(fley) = mx-(flz_)-

By Proposition 3.1, an element f of C(d,z(0),Jo) is the limit of a
unique element of C(d,z()\), Jy); thus, the latter must be real when f
is real and A € C* is small. The description at the end of the proof
of Proposition 3.1 of the local deformation of f shows that no node
appears in a neighborhood of V' N f(C) when deforming f. Combining
with (3.5), this implies (3.3).

For the case z(0) N X =0, we know that f.[C+] = 0 from Proposi-
tion 3.1. The real curve f(C) is determined by the part f|c_, in other
words, the number of real curves f € RC(d,z(0),Jo) is equal to the
number of the real curves f|c_ € RCOC(p'd,z(0) N X ,Jy). Then, we
have

mx, (f(C) =mx-(flz_)
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The remainder of Proposition 3.2 may be proven similarly to the
previous case. (Il

Remark 3.3. Proposition 3.2 gives that the sum

2. (1))

C_€eRC®’1 (p'd—[E],z(0)NX ~,Jo)

on the right side of formula (3.3) is not dependent upon z(0) N X and
Jo. It may be seen as a particular case of the relative Welschinger in-
variants. See [3, 22] for more details regarding relative Welschinger
invariants.

Now, we perform a real symplectic cut along the exceptional divisor
E, see Remark 2.1, of the real symplectic blow-up manifold X = X .
This yields two real symplectic cuts:

X, o2 P(Ngx, , ® Op) = Pp(O(~1) & O)

and
Xi10= X1,

which contain a common real symplectic submanifold V. In YIO,
V = E is the infinity section of Pp(O(-1) © O) = E. In X | ; = X 0,
V = F is the exceptional divisor.

Let Z be the real symplectic sum of Yto and Y;O along V', see sub-
section 2.3. Let p'd — [E] € Hy(Zx;Z), where d € Hy(X;Z). Choose
Z,(\) as a set of ¢1(X)-d — 1 real symplectic sections A — Z
such that z,(0)NV =0, z,(0) ﬁyroz (). Choose T,(\) as a set of
c1(X) - d— 2 real symplectic sections A — Z such that Z,(0)NV =10,
T5(0) HY;F o = 0. Choose a generic almost complex structure Jon Z
as above.

Let X'ﬁ:fiogv X - Define C(p'd, Z,(0), Jo), C(p'd—[E], Z,(0), Jo)
to be the set {f:C — X} of limits, as stable maps, of maps in
C(p'd,z,(\), Jy), C(p'd — [E],Zo()\), Jx) as A goes to 0, respectively.
Given an element f : C — X; of C(p'd,Z,(0),Jo) or C(p'd —
[E],%,(0), Jo), denote by C,, * = +, —, the union of the irreducible
components of C' mapped to Y?(r
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Proposition 3.4. Under the above assumptions, we have the following:

(1) For a generic Jo, the set C(p'd,Z,(0),.Jo) is finite and only
depends upon T,(0) and Jo. Given an element f : C — )Nfﬁ of C(p'd,
%,(0),Jo), the restriction of f to any component of C is a simple
map, and no irreducible component of C is entirely mapped into V.
Moreover, the curve C_ s irreducible and f|c_ is an element of
Co0(p'd, z,(0) N X o, Jo). The map [ is the limit of a unique element
of C(p'd, Z,(N), J)) as A goes to 0.

(2) For a generic Jy, the set C(p'd — [E],2,(0), Jo) is finite and
only depends upon T5(0) and jo. Given an element f:C — Xﬁ of
C(p'd — [E],z,(0), jo), the restriction of f to any component of C is
a simple map, and no irreducible component of C is entirely mapped
into V. Moreover, the curve C_ is irreducible, and f|c_ is an element
of C%% (p'd — [E],Z,(0) N Y;O, jo) The map f is the limit of a unique
element of C(p'd — [E],Z,(X), J5) as A goes to 0.

Proof. The fact that no component of C' is entirely mapped into V
follows from [7], [14, Example 11.4, Lemma 14.6].

(1) Suppose that 7,[C4] = alF] + blEw], F,IC_] = p'd — k[E],
k > 0, where F is a fiber of Pg(O(-1) @ O) — E with F - [Ey] =1
and F - [Ex] = 1. Then
a+b = (a[F] + b[Ex)) - [Ex] = (p'd — k[E]) - [E] = k,
a = (a[F] + b[Ex)) - [Bo] = (p'd) - [E] = 0.

In Y;O, we know that ?|07 passes through
1Z,(0)] = c1(X) -d =1 =c1(X ) - (p'd) — 1

distinct points in Y;O. The same argument as in the proof of Propo-
sition 3.1 shows that C_ is irreducible.

Next, we prove that f|c_ is simple. For this, we assume that f|c_
is non-simple. Then, f|c_ factors through a non-trivial ramified cover-
ing of degree § > 2 of a simple map fo : P — X, 5 and (fo).[P!]
= (1/8)(p'd — k[E]). Therefore,
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£er(Xi0) - (ld— KE) 1> a(X1o) - () ~ 1

(3.6) )
(1=6)er(X1 ) - (p'd) = k.

Since ca(X)-d>1,6 22 k>0, so (3.6) is impossible. Therefore,
flo_ can only be simple.

On the other hand, we have

c1(X10)- (p'd—k[E]) —1=c1(X o) -pd—k—1
> o (Xr) - (Pd) - 1.
This implies k = 0 and b = 0. Therefore, Cy = ), and f|c_ is an
element of C%°(p'd, z,(0) N X , Jo), which also is a simple map.
(2) SllppOSG that 7*[C+] = a[F] + b[EOO]u ?*[C*] = p'd - k[E]7
k > 1, where F' is a fiber of Pg(O(—1) @ O) — E with F-[Ey] =1 and
F . [Esx] =1. Then
a+b = (a[F] + b[Ex]) - [Exc] = (p'd = k[E)) - [E] = k,
a = (a[F] + b[Ex]) - [Eo] = (p'd = [E]) - [E] = 1.

In Y;O, we know that f|o_ passes through

a(X)-d—2=c (X)) (Pd—[E]) -1

distinct points. The same argument as in the proof of Proposition 3.1
shows that C_ is irreducible.

By a similar analysis of the dimension condition as in the proof
of Proposition 3.4 (1), we obtain that f,[C;] = [F], Cy must have
exactly one component, and the image of it must be realized in the
class [F]. flc_ is an element of ™% (p'd — [E], Z,(0) N X 4, Jo), which
is a simple map.

The proofs of the other parts are the same as those of Proposition
3.1. We omit them here. O

Proposition 3.5. Let Xg be a compact real symplectic 4-manifold,
d € Hy(X;Z) such that c1(X)-d—1=1r+2s > 0 and 7.d = —d.
Denote by p : X1,0 = X the projection of the real symplectic blow-up



WELSCHINGER INVARIANTS OF BLOW-UPS 1127

of X at x € RX. Let T,(N), Zo(N), Jo, YIL,O and X o be as previously
defined. Then:

W, o(p'(d), 5) = 3 (—1)™x10(C),
c_ E]RC0,0(pxd,zl(o)mY;mjo)

WXI,O(p!(d) - [E]v 8)

- by (~1)x0€),

C_eRC**1 (p'd—[E],Z,(0)NX o,J0)

where E is the exceptional divisor.

Remark 3.6. Similar to Proposition 3.2, by Proposition 3.4, one
can prove Proposition 3.5. Moreover, Propositions 3.2 and 3.5 imply
Theorem 1.1.

3.2. Blow-up formula at a conjugated pair. Let (X,w) be a
compact connected real symplectic 4-manifold, and let V1,V C X be
two disjoint embedded symplectic curves in X. Let d € Ho(X;Z) and
al,a?, B, g% e L%, be such that

Io* + 18 =d-[Vi], Ia?+13%=d-[Va].

Choose a configuration z = z° U zy, U zy, of points in X, with z°
a configuration of ¢1(X)-d—1—d - ([Vi] + [V2]) + |B1]| + | 52| points
in X\ (ViuW,), z, = {pi,j}oqga},z}l a configuration of |a!| points
in Vi, and 2y, = {gi,j}o<j<a?,i>1 a configuration of |a?| points in V.
Given an w-tamed almost-complex structure J on X such that V; and
V5 are J-holomorphic, denote by co'Bla? B (d, z, J) the set of rational
J-holomorphic maps f : CP! — X such that

* f.[CP] =d;

oz C f(CP");

e V; U V3 does not contain f(CP!);

e f(CP') has order of contact ¢ with Vi at each of the points p; ;
and has order of contact ¢ with V5 at each of the points g¢; ;;

e f(CP?') has order of contact i with V; at exactly 3} distinct points
on Vi \ zy, and has order of contact ¢ with V; at exactly 37 distinct
points on V3 \ zy, .
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Note that o' »8"a”.8° (d,z,J) may contain components of positive
dimension corresponding to non-simple maps. However, for the generic
1 1 2 2

J, the set of simple maps in C* # "8 (d,z, J) is zero-dimensional.

Lemma 3.7. Let (X,w) be a compact connected real symplectic 4-
mamnifold. Suppose that Vi and Va are two embedded symplectic spheres
in X with Vi - Vo = 0, [V;]> = =1, i = 1,2, and assume that
|8 = d-[V;], i = 1,2. Then, for a generic choice of J, the set
ca’ Bl B (d,z,J) is finite and contains only simple maps which are
all immersions.

Proof. Suppose that ca' Bl B (d,z,J) contains a non-simple map
which factors through a non-trivial ramified covering of degree J of
a simple map fo : CP' — X. Let dy denote the homology class
(fo)+[CPY]. Since fo(CP?') passes through ¢1(X) - d—1 = §c1(X) - do—1
points, we have

Cl(X) 'do —1 = 561(X) 'do —1 > 0,
which is impossible.
Suppose that Co‘l’ﬁl’a2’52(d,g, J) contains infinitely many simple
maps. From the Gromov compactness theorem, there exists a sequence
1 1 2 2
(fn)n>o of simple maps in C* +#-"#"(d, z, J) which converges to some
J- holomorphlc map f: C — X. By genericity of J, the set of simple
2
maps in C* RCRLA (d,z,J) is dlscrete hence, elther C is reduable

or f is non-simple. Let C1,...,C\n, Cl, . Cm17 Cl, . C , be the
irreducible components of C, labeled in such a way that

Cz) ,¢_ Vl U Vv27
o 7(C))  V; and (F).[C]] = K[Vj], 5 =1,2.
Define k7 = Zzn’l kf7 j = 1,2. The restriction of f to U,C; is
subject to c1(X)-d—1—d- ([V4 ] [Va]) + |8t +|8?| point constraints;

thus, we have
c1(X) - (d = k1] = k*[Va]) —
>c(X) d=1—d-(Vi] + [Va]) + 8| + |8%].

Since both V; and V5 are embedded symplectic spheres, from the ad-
junction formula, we can obtain ¢1(X) - [V;] = 1, ¢ = 1,2. Hence, we
have
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cl(X) - d—k! —k* —m > e (X) - d—1—d- (V] +[Va]) + 8]+ [52].
From the assumption of Lemma 3.7, we have
0>m+k"+k%—1.

Therefore, this yields m = 1, k' = k> = 0. The map f must be a
non-simple map which factors through a non-trivial ramified covering
of a simple map f; : CP' — X. However, f; is subject to more point
constraints, which provides a contradiction. O

Let Xgr be a compact real symplectic 4-manifold, and suppose that
y1, Y2 € X \ RX is a 7-conjugated pair. Denote by p: Xo1 — X the
projection of the real symplectic blow-up of X at y;, y2. Perform a real
symplectic cut of X at the 7-conjugated pair y1, yo2, see Remark 2.1.
We obtain

Xt=X"uXT=p2uP, X =X,

Both X and X contain a common real symplectic submanifold
V = V1 U V5 of real codimension 2. In Y+, Vi = Hy, Vo 2 Hy, where
H; is the hyperplane of Y—H, i =1,2. V1 2 Fy and Vo 2 F5 are the
associated exceptional divisors in X at y;, ¢ = 1, 2, respectively.

Let Z be the real symplectic sum of the two real symplectic manifolds
X and X~ along V', see subsection 2.3, and let d € Ho(Zy;7Z). Denote
z(N), J, Xy = Y+UV X ,C(d,z(0),Jo), Cys, i = 1,2, as in subsection
3.1. Similar to the proof of Proposition 3.1, we can prove the following.

Proposition 3.8. Assume that Q(O)HY—H contains at most one point,
z(0)NX #0 if z(0) nx’ # 0. Let z(0), d and J be given as above.
Then, for a generic Jy, the set C(d,x(0), Jy) is finite and only depends
upon z(0) and Jo. Given an element f : C — Xy of C(d,z(0), Jo),
the restriction of f to any component of C is a simple map, and no
irreducible component of C is entirely mapped into V. Moreover, the

following are true:

(1) 4f z(0) nNx" = {p:i}, i = 1,2, the curve C_ is irreducible and
flo_ is an element of C%9v0%1 (p'd — [Ey] — [Fa], z(0) N X ,Jo). The
curves Cy;, i = 1,2, are irreducible, and the image of Cy; represses
[H;] and passes {p;}, respectively. The map f is the limit of a unique
element of C(d,z(X), Jx) as A goes to 0.
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(2) If z(0) QYH =0,i=1,2, then Cy; =0, the curve C_ is ir-
reducible and f|c_ is an element of CO%00(p'd, z(0)NX ,Jo). The
map [ is the limit of a unique element of C(d, z(\), Jx) as X goes to 0.

Based on Proposition 3.8, similar to the proof of Proposition 3.2, we
can prove the following.

Proposition 3.9. Let Xg be a compact real symplectic 4-manifold,
d € Hy(X;Z) such that c1(X) -d > 0 and 7.d = —d. Suppose that y,
y2 € (X \ RX) is a 7-conjugated pair. Denote by p : Xo1 — X the
projection of the real symplectic blow-up of X at y1, yo. Then:

1) If 20)NXT" =0, i=1,2,

Wi, (d, s) = ) (~1)™ e (©),
C_€RCO0:9:0(p!d,z(0)"X ~,Jo)

@ If 20N X" ={p}, i =12, 20)nX £0,
WXR (d’ 3) = Z (_1)771)(0’1(0,)’
C_eRCPT:0%% (p'd—[F1]—[Ea],z(0)NX ,Jo)
where Fy and Ey are the exceptional divisors.

Next, perform the real symplectic cut of Xy ; along Ey, E, where
E; is the exceptional divisor of the blow-up at y;, i = 1, 2, respectively,
see Remark 2.1. We obtain two real symplectic manifolds

=+ —=+1

—=+2
X =X UuUX

and §7 as follows:
-+ -
X 2P (O(-1)® O)UPE, (0O(-1) 8 0), X =Xp;.

TJF —_—
Both X and X contain a common real symplectic submanifold

—+
V = Vi UV; of real codimension 2, respectively. In X , V; = El and
Vo = E2% ) where E'_ is the infinity section of Pg, (O(—1) & O) — E;,

respectively. Vi & Fy and V5 2 F, are the exceptional divisors in X .
~ —+
Let Z be the symplectic sum of the two real symplectic manifolds X

and X along V, sce subsection 2.3. Let p'd — [Ey] — [Es] € Ho(Z;Z),
where d € Hy(X;Z). Choose Z;(A) as a set of ¢;(X) - d — 3 real
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- =+
symplectic sections A — Z such that Z;(0) N V=0 and Z,(0) N X
= . Choose Z,(\) as a set of ¢1(X) -d — 1 real symplectic sections

~ —+
A — Z such that Z,(0) NV =0 and Z,(0) N X = (. Choose a generic
almost complex structure J on Z as above.

~ T+ —— ~
Denote Xﬁ =X Uy X , C(p!d— [El] — [EQ],EI (0)7 J()), C(p!d, EQ(O),
Jo), Ciiy i =1,2 and C_ as in subsection 3.1. The same argument as

in the proofs of Propositions 3.1 and 3.2 shows that Propositions 3.10
and 3.11 hold.

Proposition 3.10. Let Z(0), p'd—[Ey] — [Es] and J be given as above.
Then, we have:

(1) For a generic Jo, the set C(p'd — [E1] — [Ea], Z,(0), Jo) is finite
and only depends upon Z,(0) and Jo. Given an element f : C — Xy

of C(p'd — [E1] — [E2),Z,(0), Jo), the restriction of f to any component
of C is a simple map, and no irreducible component of C is entirely
mapped into V. Moreover, the curve f|c_ is irreducible, and flo_ isan
element of CO01:0%1 (p'd — [Ey] — [Eq],z2,(0)N X ,Jp). Cys, i = 1,2,
are irreducible, and the image of C.y; under f represents the fiber class
[Fi] of Pg,(O(—1) ® O) — E;, respectively. The map f is the limit of

a unique element of C(p'd — [Er] — [Ea], Z,(X), Jx) as A goes to 0.

(2) For a generic Jy, the set C(p'd,Z,(0),Jo) is finite and only
depends upon T,(0) and Jo. Given an element f:C— )~(ﬁ of C(p'd,
E2(0)7j()), the restriction of f to any component of C is a simple
map, and no irreducible component of C is entirely mapped into V.
Moreover, the curve f|c_ is irreducible, and f|c_ is an element of

C00:0.0(pta, 7, (0) ﬂf_, jo) The map f is the limit of a unique element

of C(p'd,Zo(N), J\) as \ goes to 0.

Proposition 3.11. Let Xr be a compact real symplectic 4-manifold,
d € Hy(X;Z) such that c1(X) -d > 0 and 7.d = —d. Suppose that y,
y2 € (X \ RX) is a 7-conjugated pair. Denote by p : Xo1 — X the
projection of the real symplectic blow-up of X at y1, yo. Then:

WXo,l(p!d7s) = Z (_1)mxo'1(07)'
C_€RCO:0:0:0(p!d, %, (0)NX ~,Jo)
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Moreover, if s > 1, then

Wx,,(p'd — [E1] — [Ea], s — 1)

= 2 (~1)mxon @),

C_eRC™T0%% (p'd—[E1]~[E2].Z, (0)NX ~,Jo)

where Fy and Ey are the exceptional divisors.

Remark 3.12. Propositions 3.9 and 3.11 imply Theorem 1.2.

4. Wall-crossing formula of Welschinger invariants.

4.1. Wall-crossing formula. Welschinger [36] introduced a new in-
variant 6x;(d,s) to describe the variation of Welschinger invariants
when replacing a pair of real fixed points in the same component of
RX by a pair of 7-conjugated points. Welschinger proved the following
wall-crossing formula, [36, Theorem 3.2].

Theorem 4.1 ([36]). Let (X,w,7) be a compact real symplectic 4-
manifold such that RX is connected, d € Hy(X;Z) such that c1(X) -
d—1 > 0 and 7o.d = —d, and let s be an integer between 1 and
[(e1(X)-d—1)/2]. Then:
WX]R(d; S — ].) = WX]R(d, S) + QQXR(d, s — ].)

In algebraic geometry, Itenberg, Kharlamov and Shustin [16] ob-
served that the invariant 0x, (d, s) may be considered as the Welschinger
invariants on the blow-up at the fixed real point. In the following, we

will use the degeneration technique to verify this observation for sym-
plectic 4-manifolds.

Perform the real symplectic cut on X at the real point € RX (see
Remark 2.1). This yields

X'=P? and X =X,

In this section, we assume that d € Ho(X,Z) such that ¢; (X) d>4
and 7.d = —d. Denote 7 : Z — A, z(N), J, Xy, C(d,z(0), Jp), Cs,

* = +, —, as in subsection 3.1. First, we have the following.

Proposition 4.2. Assume that x(0) NX = {p1,p2}, and z(0)NX # 0.
Then, for a generic Jo, the set C(d,z(0),Jo) is finite and only de-
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pends upon z(0) and Jo. Given an element f : C — Xy of C(d,z(0),
Jo), the restriction of f to any component of C is a simple map, and
no irreducible component of C' is entirely mapped into V. Moreover:

(1) Cy is irreducible, and f(Cy) realizes the class [H] passing
through {p1,p2}. The curve C_ is irreducible, and f|c_ is an element
of CO0(p'd — [E],z(0)N X U {q}, Jo) for some g € V. The map f is
the limit of a unique element of C(d,z(\), Jx) as A goes to 0.

(2) Cy4 has exactly two irreducible components, and the image of
each component realizes the class [H] and passes through one point
of {p1,p2}. The curve C_ is irreducible, and f|c_ is an element of
CO2% (p'd — 2[E],z(0) N X ,Jo). The map f is the limit of a unique
element of C(d,z(X), Jx) as A goes to 0.

Proof. Example 11.4 and Lemma 14.6 in [14] imply that no compo-
nent of C is entirely mapped into V. In the real blow-up X 2 X,
[E]? = —1. The adjunction formula 1mpheb that ¢;(X ) - [E] = 1. Sup-

pose that f,[Cy] = a[H]+f*[C’ | =p'd— b[E]. Thus, by considering a
representative of V in X ' and another in X , respectively, we have

a=f,[C+]-[H] = (p'd — b[E]) - [E] = p'd- [E] + b=1b.

Since z(0) N X= {p1,p2}, then f(C.) passes through the two points
p1 and py. Next, z(0)NX  # () implies that a = b > 1 and ¢;(X)-d > 4.
Therefore, f(C_) passes through all of the ¢1(X) - d — 3 points in
2(0) N X and realizes the class p'd — b[E] in Ha(X ;7).

Suppose that C_ consists of irreducible components {C_;}; with
0 < k < m irreducible components {C_;}¥_, such that the restriction

fle_., i =1,... k, is non-simple, which factors through a non-trivial
ramified covering of degree §; > 2 of a simple map f; : P! = X .
Assume that (f;)«[PY] = d;, i = 1,...,k, and f,[C_;] = dj, j

k+1,...,m. Then, zleaidﬁz’;kﬂdj = p'd — b[E].

X).(iz:dl) k+ (X (Z d) m—k)>c(X)-d-3

j=k+1

(Z(sd+ Z d)

j=k+1
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Therefore,

s_
I Mw
I

Since ¢1(X ) -d; > 0, we have

m+b < 3.

First, assume that & > 1. Then (4.1) implies m + b < 3. Thus,
we have m = b = 1. This implies that C_ has one component.
Furthermore, assume that ?|07 factors through a non-trivial ramified
covering of degree § > 2 of a simple map f_ : P! — X . Then, we
have

écl(Y‘) ~(p'd = Db[E]) =1 > ¢ (X)-d — 3.

Therefore,
Cl(X) . d+ 25 — 661(X) -d 2 b,

since 6 > 2 and ¢;(X)-d > 4, b < 0. This is in contradiction with
b = 1, which implies that k£ = 0.

Next, assume that & = 0. Equation (4.1) implies that we need only
consider the following two cases.

Case I. m = 2, b= 1. In this case, f|c, is constrained by {p1,p2}
and ﬂc+ € CO%([H],{p1, p2},Jo). Therefore, f|c_ must pass the
point of intersection of f|c, and V, which is distinct from z(0) N X .
fo will pass ¢;(X) -d —2 = ¢1(X) - (p'd — [E]) — 1 distinct points,
which implies that f is irreducible. This is in contradiction with the
previous statement that C'_ has two components, implying that this
case is impossible.

Case II. m =1, b=1or 2. If b = a =1, C; must have exactly
one component, and its image under f realizes the class [H]. f|c, is
simple due to Lemma 2.5:

?lCJr € 60,61 ([HL {P17P2}7 JO)

By the positivity of intersection, only one curve exists in C%% ([H],
{p1,p2}, Jo), which is an embedded simple curve. Denote by ¢ the
point of the intersection of f|c, and V. The point ¢ depends only upon
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go"sl ([H], {p1,p2}, Jo). Therefore, f|c_ must pass 2(0) 1 X U {¢} and
flo_ is an element of CO*C(p'd — [E],z(0) N X L{q}, Jo).

Ifb=a=2, f|lc_ is an element of C%2% (p'd — 2[E],z(0)N X ,Jp).
flo_ intersects E transversely at two distinct points. Note that the
curve C is rational, and any component of f(Cy) intersects E in
X '; thus, C; has exactly two irreducible components. Furthermore,
each component of f(C,) realizes [H] and passes through one point of
{p1,p2}-

The remainder of Proposition 4.2 can be proved similarly to Propo-
sition 3.1. We omit it here. (|

Proposition 4.3. Let Xg be a compact real symplectic 4-manifold,
and let d € Hy(X;Z) be such that ¢1(X)-d > 4 and 7.d = —d. Denote
by p: X109 — X the projection of the real symplectic blow-up of X at
x € RX. Then, if s > 1, we have

Wx.(d,s —1) = Z (—1)mxl,o(cl)
CyeRC®T O (ptd—[E],z(0)NX ~ U{q},Jo)

(4.2)
+ >y,
C2€RCO2T (p'd—2[E],z(0)NX ,Jo)
W (d, s) = 3 (—1)™10(CD)
(4.3) C1eRCT 0 (ptd—[E],z(0)nX ~U{q},Jo)

2 2 (—1)mx10(C2),

CeRC®¥ (p'd—2[E),z(0)NX ,Jo)

where E is the exceptional divisor and q is some particular point in V.

Proof. Equip the small disc A with the standard complex conjuga-
tion. From subsection 2.3, we know that the symplectic sum 7 : Z — A
can be equipped with a real structure 7z which is mduced by the real
structures 7_, 7, on the real symplectic cuts X and X such that the
map w: Z — A is real. Choose a set of real sections z : A — Z such
that z(0) N X1 (o contains two points. Let f:C — X; be areal element
in RC(d, z(0), Jo)

Next, we will divide the proof into two cases according to the type
of real configuration points.
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Case 1. z(0) nx' = {p1,p2} and p1, po € RX. From Proposition
4.2, there are two types of the limited curve f as follows.

Type 1-1. Cy only has one component. f,[Cy] = [H] and f|c, €
CO% ([H], {p1,p2}, Jo) is an embedded simple curve. The intersection
point g of f(C) with V, determined by C%%([H], {p1,p2}, Jo), must
be real. In this case, since f(C,) has no self-intersection point; thus,

f(C4) has no node. Therefore, there is only one possibility to recover
a real curve f(C) from f|c, when f|c_ is fixed. Thus, we have

mx, (f(C)) = mx-(flg_) + mx+(flc,)

(4.4) .
=mx-(fle_)-

Type 1I-2. C has exactly two irreducible components C'y;, ¢ = 1, 2.
In this case, f,[C4;] = [H], and f|c,, is an embedded simple curve. By
the positivity of intersections, f(C41) intersects f(C2) at one point.
This point must be a real node of f(C,) due to the fact that f(C,)
is real. Since f(C,;) passes p; € RX, f(Cy1) and f(C,3) cannot
be two T-conjugated components. Therefore, the real nodal point of
f(C4) must be non-isolated. Moreover, each f(C,;) intersects V at
a real point g; transversally and fcﬂ, € COVO([H], {pi} U {a}, Jo).
From Proposition 4.2 (2), we obtain that the curve C_ is irreducible,
and flc_ is an element of C®%(p'd —2[E],z(0)NX ,Jo). flc.
and f|c_ form the limited curve f. We know that f(C_) inter-
sects V' at two real non-prescribed points transversally. Therefore,
fle_€ €% (p'd — 2[E],z(0)N X ,.Jy). Furthermore, there are two
possibilities for recovering a real curve f(C) from f|c, when flc_ is
fixed. We have

mx, (f(C))

m=—( )+ mer(ﬂCJr)

4.5
(4.5) )

f
M~ (?

C_
C_

By Proposition 4.2, an element f of C(d,z(0),Jo) is the limit of a
unique element of C(d, z(\), Jx) as A goes to 0. Thus, the latter must
be real when f is real and A € C* is small. When deforming f, no node
appears in a neighborhood of V N f(C). From the analysis of Case I,
we know that the elements of C(d,z(0),Jy) have two different types.
Therefore, the elements of RC(d,z()), Jy) will degenerate into two

types: in Type I-1, an element of RC%1-0(p'd — [E],z(0)NX L {q}, Jo)
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corresponds to a unique element of the limited curve; in Type I-2,
an element of RC%?% (p'd — 2[E],z(0) N X ,.Jy) corresponds to two
limited curves with the same mass. We may easily obtain formula
(4.2) from (4.4) and (4.5).

Case 1. z(0) N X = {p,p'} with p, p' € X \RX and 7(p) = p.
From Proposition 4.2, we also obtain two types of the limited curve f
as follows.

Type II-1. C. has only one component. f,[Cy] = [H], and f|c,
€ CO%%([H],{p,p'}, Jo) is an embedded simple curve. The T-conjugated
pair p,p’ € X \ RX can be chosen such that the intersection point,
determined by C%% ([H], {p,p'}, Jo), is also q. Thus, f|c_ belongs to
Cor0(p'd — [E),z(0)N X U {q}, o), and the remaining argument is
the same as that in Case I. We omit it here.

Type 11-2. C, has exactly two irreducible components C;, i =1, 2.
In this case, f,[Cy;] = [H], and f|c,, is an embedded simple curve.
By the positivity of intersections, f(C 1) intersects f(Cyo) at one real
point which is a real node of f(Cy). Since f(C,;) passes one point
of {p,p’} € X \ RX with 7(p) = p/, f(Cy1) and f(C,2) are two 7-
conjugated components. Therefore, the real nodal point of f(Cy)
must be isolated. Moreover, each f(C.;) intersects V at a point g;
transversally with 7(g;) = g2. From Proposition 4.2 (2), we can obtain
that the curve C_ is irreducible and f|c_ is an element of C%%%(p'd
—2[E],z(0)NX ,Jo). flc, and f|c_ form the limited curve f. We
know that f(C_) intersects V at two T-conjugated non-prescribed
points transversally. Therefore, f|o_€ C%2% (p'd —2[E],z(0) N X ,.Jp).
There are two possibilities for recovering a real curve f(C) from f|c,
when f|c_ is fixed. We have

mx, (f(C) = mx-(fle_) + mg+(flc.)
= my—(?|57) + 1.

By Proposition 4.2, an element f of C(d,z(0),Jo) is the limit of a
unique element of C(d, z(\), Jx) as A goes to 0. Thus, the latter must
be real when f is real and A € C* is small. When deforming f, no node
appears in a neighborhood of VN f(C). From the analysis of Case 11, we
know the elements of C(d, z(0), Jy) have two different types. Therefore,
the elements of RC(d, z(\), Jy) will degenerate into two types: in Type

I1-1, an element of RC%10(p'd — [E],z(0) N X U {q}, Jo) corresponds

(4.6)
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to a unique element of the limited curve; in Type II-2, an element of
RCO2% (p'd — 2[E],z(0) N X ,Jy) corresponds to two limited curves
with the same mass. Formula (4.3) is easily obtained from (4.4) and
(4.6). O

Next, perform the real symplectic cut along the exceptional divisor
E in X o, see Remark 2.1. We can get Y:O = Pp(O(-1) ® 0), X,
= X1,0, V as in subsection 3.1.

Let Z be the real symplectic sum of Yf’ o and X, o along V (see
subsection 2.3). Let p'd — 2[E] € Hy(Z2x;Z), where d € Hy(X;Z).
Choose Z(\) as a set of ¢;(X) - d — 3 real sections A — Z such that
Z(0)NV =0 and Z(0) N X1+0 = (). Choose an almost complex structure
J on Z as before. Denote X, C(p'd — 2[E],z(0), JO) Cy, *=+,—, as
in subsection 3.1.

Proposition 4.4. For a generic Jy, the set C(p'd — 2[E],Z(0), Jo) is
finite and only depends upon z(0) and Jo. Given an element f:C—
Xti of C(p'd—2[E],z(0), Jo) the restriction of f to any component of C
is a simple map, and no irreducible component of C is entirely mapped
into V. Moreover, the curve C_ is irreducible and f|c_ is an element
of CO%%(p'd — 2[E], 2(0) N X 0 Jo). The curve Cy has two irreducible
components. Each component of f(Cy) realizes the fiber class [F] in
Pr(O(—1) @ O) — E. The map f is the limit of a unique element of
C(p'd —2[E],Z(N), J)) as A goes to 0.

Proof. As before, we know that no component of C is entirely
mapped into V. Since f,[C] = p'd —2[E], we may suppose that f,[C]
= a[F]+b[Es], a,b >0, f,[C_] = p'd—k[E], k > 0, where F is a fiber
of Pg(O(—1) & O) — E with F - [Ey] =1 and F - [Es] = 1. Then
a+b = (a[F] +b[Ex)) - [Exc] = (0'd — k[E)) - [E] = k,

a = (a[F] +b[Ex)) - [Bo] = (p'd — 2[E]) - [E] = 2.
This implies k£ > 2

In X, ,, we know that f|c_ passes through

c(X)-d—3=c1 (X)) (p'd—2[E]) —

distinct points. The same argument as in the proof of Proposition 3.1
shows that C_ is irreducible.
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Assume that f|c_ is non-simple. Then f|c_ factors through a non-
trivial ramified covering of degree § > 2 of a simple map fo : P! — X .
Then, (fo)«[P'] = (1/6)(p'd — k[E]). Therefore,

%cl(?) (Pd—Kk[E]) — 1> ci(X)-d—3.

This implies
Cl(X) -d— (501(X) d+2(5 2 k.

Since § > 2, ¢1(X)-d > 4, we have k < 0. This is in contradiction with
k > 2. Thus, f|c_ is simple.
On the other hand, we have

a(X7)-(pd—KkE)—1=c1(X) -d—k—1>¢(X)-d—3.

This implies & < 2, and we have k = 2, b = 0. Since the image of C_
under f intersects V transversally in two distinct points, Cy has two
irreducible components C; such that f,[Cy;] = [F],i=1,2.

The remainder of Proposition 4.4 can be obtained by a similar
argument as that in the proof of Proposition 3.1. We omit it here. [

Proposition 4.5. Let Xgr be a compact real symplectic 4-manifold,
d € Hy(X;Z) such that ¢1(X)-d > 4 and 7.d = —d. Denote by p :
X1,0 = X the projection of the real symplectic blow-up of X atx € RX.
Then, if s > 1,

WXI,O (p‘(d) - 2[E]7 s = 1)

= > (~1)mx10(C)

C-eRC” > (p'd—2[B].E(0)NX 1 o, T0)

+ Z (_1)mxl’0(07)7

C_€eRC* 1 (p'd—2[E],Z(0)NX; 4,J0)

where I is the exceptional divisor.

Remark 4.6. The proof of Proposition 4.5 is similar to Proposition
3.2. Propositions 4.3 and 4.5 imply Theorem 1.4.
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4.2. Generating function. In this subsection, we restate our formu-
lae in the form of generating functions. Denote by

[(e1(X)-d—1)/2]
We o p@ = > Wxor(ds)T® € Z[T]
s=0

the generating function of Welschinger invariants which encodes all of
the information of the Welschinger invariants.

Let Xg be a compact real symplectic 4-manifold. If RX is discon-
nected, the previous formulae are still true, and can be proved in the
same method as Theorem 1.4 and Corollary 1.3. Suppose that ' C X
is a real set consisting of r’ points in L and s’ pairs of T-conjugated
points in X with 7' 4+ 2s' <¢;(X) - d — 1. We denote the connected
component of RX, s corresponding to L by L. If there is only one
blown-up real point in L, L= LiRP2. We assume that F has a 7-
invariant compact representative F C X \ z/, and denote F = p'F.
Denote by p : X,/ s — X the projection of the real symplectic blow-up
of X at 2’. Then

‘d
Wik, pp(D) =WE L L(D),

W 1 o(T) = Wi L.p(d,0) =+ = Wx, £ p(d,s' = 1)T% !
pld—S7 (B -5 (B +E)]) W
=Wy, LF T,

W e (DT =W o(T) = Wi, 1p(d,0) + 2W2 2 ()7,
’ 7 1,054,
where E;, ), E denote the exceptional divisors corresponding to the
real set 2/, respectively.

5. Real enumeration. In this section, we will give some applica-
tions of the blow-up formula of Welschinger invariants.

5.1. Blow-up of CP?2. Let (CPT%S denote the blow-up of CP? at r
real points and s pairs of conjugated points. The projective plane with
the standard symplectic structure and complex conjugation is a real
symplectic manifold. In [1], a recursive formula of Welschinger in-
variants in the projective plane was proven. Using the results of [1]
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and the blow-up formula of Welschinger invariants (Corollary 1.3), we
can compute the invariants of (CPT%S, as shown in Tables 1 and 2.

TABLE 1. Welschinger invariants of (CP,?,S with r + 2s < 8.

[en] i NG GV
o

O N =~ N

[\CI TSN Ner] ool Nen)
O N O =

TABLE 2. Welschinger invariants with purely real point constraints.

W([H],0) | W(2[H],0) | W(4[H],0)
X =CP3, 1 1 240
X =CP;, 1 1 144

Note that the Welschinger invariants of CPES with purely real point
constraints were computed in [15, 16, 17, 19, 20, 21, 24]. In addition,
the Welschinger invariants of CPTQ)S were completely computed in [10].
The invariants for r42s < 3 with arbitrary real and conjugated pairs of
point constraints were studied in [5]. For 6 <r+2s <8, Wepz (d,s')
was considered with point constraints in [2]. 1

5.2. Conic bundles and del Pezzo surfaces of degree 2. Re-
call that there are 12 topological types of degree 2 real del Pezzo sur-
faces. Itenberg, Kharlamov and Shustin [24] computed the Welschinger
invariants with purely real point constraints of all degree 2 real del
Pezzo surfaces. Brugallé [2], computed the Welschinger invariants
with arbitrary point constraints of real degree 2 del Pezzo surfaces
with a non-orientable real part. Horev and Solomon [10] also com-
puted Welschinger invariants with arbitrary point constraints of some
degree 2 del Pezzo surfaces with a non-orientable real part. Brugallé
[2, 3] computed the Welschinger invariants of the entire real degree 1
del Pezzo surface and showed that every degree 2n — 1 del Pezzo sur-
face which is not the minimal del Pezzo surface is the blow-up of a
degree 2n del Pezzo surface at a real point. We can use the blow-up
formula to compute the Welschinger invariants with conjugated point
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constraints in the remaining five topological types of degree 2 real del
Pezzo surfaces with no non-orientable real part.

Let B™ be the real conic bundle with 2n singular fibers and X' the
minimal real del Pezzo surface of degree 2. Endow P! x P! with the
standard real structure. Thus, X', B? Bj |, Bj ,, (P' x P')g 3 are the
five topological types of real del Pezzo surfaces of degree 2 with real
parts LU4S? 11352, 11252, 52 and S' x S!, respectively. The next tables
are from [2, 3, 24].

TABLE 3.

X"[B°[Bs1 [Boo | (PT xPos
W(2e1(X),00 0 0] 0 | 8 32

TABLE 4.

Xio[Bio[BI, [Bio | (P"xP)3
W(2c1(X),0) | 18 10 6 6 10

Using Welschinger’s wall-crossing formula
W, (d,s — 1) = Wx, (d, s) + 2Wx, ,(p'd — 2[E], s — 1),

we can obtain the following values.

TABLE 5.

X' B® [BS, [Boa | (P"xPHos
W(2ei(X),1) | =36 | =20 | —12 | —4 12

Acknowledgments. The first author would like to thank E. Bru-
gallé for answering my question about the behavior of pseudo-holomor-
phic curves under the symplectic sum.
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