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ON n-TRIVIAL EXTENSIONS OF RINGS

D.D. ANDERSON, DRISS BENNIS,
BRAHIM FAHID AND ABDULAZIZ SHAIEA

ABSTRACT. The notion of trivial extension of a ring
by a module has been extensively studied and used in
ring theory as well as in various other areas of research
such as cohomology theory, representation theory, category
theory and homological algebra. In this paper, we extend
this classical ring construction by associating a ring to a
ring R and a family M = (M;)?_; of n R-modules for a
given integer n > 1. We call this new ring construction an
n-trivial extension of R by M. In particular, the classical
trivial extension will merely be the 1-trivial extension. Thus,
we generalize several known results on the classical trivial
extension to the setting of n-trivial extensions, and we
give some new ones. Various ring-theoretic constructions and
properties of n-trivial extensions are studied, and a detailed
investigation of the graded aspect of n-trivial extensions is
also given. We finish the paper with an investigation of
various divisibility properties of m-trivial extensions. In this
context, several open questions arise.

1. Introduction. Except for a brief excursion in Section 2, all
rings considered in this paper are assumed to be commutative with
an identity; in particular, R denotes such a ring, and all modules
are assumed to be unitary left modules. Of course, left-modules over
a commutative ring R are actually R-bimodules with mr := rm.
Let Z (respectively, N) denotes the set of integers (respectively, natural
numbers). The set NU {0} will be denoted by No. The ring Z/nZ of
the residues modulo an integer n € N will be noted by Z,,.

Recall that the trivial extension of R by an R-module M is the
ring denoted by R x M whose underlying additive group is R & M
with multiplication given by (r,m)(r',m') = (rr',rm’ + mr’). Since
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its introduction by Nagata in [39], the trivial extension of rings (also
called idealization since it reduces questions about modules to ideals)
has been used by many authors and in various contexts in order to
produce examples of rings satisfying preassigned conditions (see, for
instance, [9, 37]).

It is known that the trivial extension Rxx M is related to the following
two ring constructions (see, for instance, [9, Section 2]):

Generalized triangular matrix ring. Let # = (R;)[; be a
family of rings and .# := (M;;)1<i<j<n a family of modules such
that, for each 1 < i < j < n, M;; is an (R;, R;)-bimodule. Assume
that, for every 1 < i < j < k < n, there exists an (R;, Rx)-bimodule
homomorphism

M; ; ®r; Mjr — Mk,

denoted multiplicatively such that (m; jm; x)mi; = m; j(m; gms,) for
every (my j,mjk, M) € M;; x M X My;. Then, the set

Ry M1)2 Ml7n—1 Ml,n
0 Ry el e M2,n—1 Mg,n
0 0 . 0 R,_1 Mn—l,n

consisting of matrices

mi1 Mmi2 v min—1 min
0 mo2 -+ -+ Man_1 ma.p
0 0 0 Mp—-1n—-1 Mp—-1n

0 0 - 0 0 M
mi; € R; and m;j € Mi,ja 1<i< g <n,

with the usual matrix addition and multiplication is a ring called a
generalized (or formal) triangular matriz ring and denoted also by
T (%, ) (see [16, 17]). Then the trivial extension Rx M is naturally
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isomorphic to the subring of (£ %) consisting of matrices (§ ") where

r € R and m € M (note that, since R is commutative, rm = mr).

Symmetric algebra. Recall that the symmetric algebra associated
to M is the graded ring quotient Sp(M) := Tr(M)/H, where Tr(M)
is the graded tensor R-algebra with Th(M) = M®" and H is the
homogeneous ideal of Tr(M) generated by {m@n—n®@m | m, n € M}.
Note that

Sr(M) = P SH(M)
n=0

is a graded R-algebra with S%(M) = R and Si(M) = M and, in
general, S%(M) is the image of Th(M) in Sg(M). Then, R x M and

Sr(M)/ P Sk(M)

n>2
are naturally isomorphic as graded R-algebras.

It is also worth recalling that, when M is a free R-module with
a basis B, the trivial extension R x M is also naturally isomorphic
to R{Xs}venl/({Xo}ven)?, where {Xp}oep is a set of indeterminates
over R. In particular, R x R = R[X]/(X?).

Inspired by the above facts, we introduce an extension of the classical
trivial extension of rings to extensions associated to n modules for any
integer n > 1.

In the literature, particular cases of such extensions have been used
to solve some open questions. In [10], the authors introduced an
extension for n = 2, and they used it to give a counterexample of
the so-called Faith conjecture. Also, in the case n = 2, an extension
is introduced in [31] to give an example of a ring which has a non-
self-injective injective hull with compatible multiplication. This gave
a negative answer to a question posed by Osofsky. In [42], the
author introduced and studied a particular extension for the case
n = 3 to obtain a Galois covering for the enveloping algebras of
trivial extension algebras of triangular algebras. In addition, there
is a master’s thesis [38] which introduced and studied factorization
properties of an extension of the trivial extension of a ring by itself (i.e.,
self-idealization). In this paper, we introduce the following extension
ring construction for an arbitrary integer n > 1.
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Let M = (M;)}—, be a family of R-modules and ¢ = {y; ;} itj<n

1<i,j<n—1
a family of bilinear maps such that each ¢; ; is written multiplicatively:

Pig: Ml X Mj — Mi+j
(mg, mj) — @i j (Mg, m;) == m;m,.

In particular, if all M; are submodules of the same R-algebra L, then
the bilinear maps, if they are unspecified, are merely the multiplication
of L (see the examples in Section 2). The n-p-trivial extension of R by
M is the set denoted by R, M; X ---x M,, or simply R x, M, whose
underlying additive group is R @ M; & --- & M,, with multiplication
given by

(o)) = (5 g,

JHk=i
for all (m;), (m}) € R x, M. We could also define the product
Wi My x My — My
as an R-bimodule homomorphism
i M; @ My — My,

see Section 2 for details. For the sake of simplicity, it is convenient to
set My = R. In what follows, if no ambiguity arises, the n-p-trivial
extension of R by M will simply be called an n-trivial extension of R
by M and denoted by R x,, M7 X -+ x M, or R x, M.

While, in general, R X, M need not be a commutative ring, in
Section 2, we give conditions on the maps ¢; ; that force R x, M
to be a ring. Unless otherwise stated, we assume the maps ¢; ; have
been defined so that R x,, M is a commutative associative ring with
identity. Thus, R x,, M is a commutative ring with the identity (1,0,
...,0). Moreover, R x,, M is naturally isomorphic to the subring of the
generalized triangular matrix ring

R My My - M,,
0 R M M, _1
0 0 0 M,

o
o
o
=
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consisting of matrices!

7" ml m2 ...... mn

0 r m Mp—1

0 0 0 my

0 0 0 . r
where r € R and m; € M; for every i € {1,...,n}.

When, for every k € {1,...,n}, M} = S&(My), the ring R x,, M is
naturally isomorphic to

Sr(M1)/ @ Sk(M).
k>n+1

In particular, if M; = F is a free R-module with a basis B, then
the n-trivial extension R x F x S%(F) x --- x SR(F) is also naturally
isomorphic to R[{Xp}sen]/({ X} oen)™ !, where {X}}pep is a set of
indeterminates over R, namely, when F' = R,

Rx, Rx---x R~ R[X]/(X"T)

In addition, in [13], the trivial extension of a ring R by an ideal T is
connected to the Rees algebra R associated to R and I, which is pre-
cisely the following graded subring of RJ[t], where ¢ is an indeterminate

over R:
R+ = @ ]ntn
n>0

Using [13, Lemma 1.2 and Proposition 1.3], we obtain, similar to [13,
Proposition 1.4], the following diagram of extensions and isomorphisms
of rings:

R > R /(I ) 5 R[]/ (1)

| |

R sRx,IxI*?x---x " —>Rx, RX---X R.

1R

In this paper, we study some properties of the ring R x,, M, extending
well-known results on the classical trivial extension of rings. The paper
is organized as follows.
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In Section 2, we carefully define the n-trivial extension R x, M,
giving conditions on the maps ; ; so that R x,, M is actually a com-
mutative ring with identity. In particular, we investigate the situation
in greater generality, where R is not assumed to be commutative and
M; is an R-bimodule for i = 1,...,n. We conclude the section with a
number of examples.

In Section 3, we investigate some ring-theoretic constructions of
n-trivial extensions. We begin by showing that R x, M may be
considered as a graded ring for three different grading monoids, in
particular, R x, M may be considered as Ny-graded ring or Z,i-
graded ring. We then show how R x, M behaves with respect to
polynomials (Corollary 3.4) and power series (Theorem 3.5), extensions
and localization (Theorem 3.7). In Theorem 3.9, we show that the n-
trivial extension of a finite direct product of rings is a finite direct
product of n-trivial extensions. We finish with two results on inverse
limits and direct limits of n-trivial extensions (Theorems 3.10 and 3.11).

In Section 4, we present some natural ring homomorphisms related
to n-trivial extensions (see Proposition 4.3). Also, we study some basic
properties of R x,, M, namely, we extend the characterization of prime
and maximal ideals of the classical trivial extension to R x,, M (see
Theorem 4.7). As a consequence, the nilradical and the Jacobson
radical are determined (see Corollary 4.8). Finally, as an extension of
[9, Theorems 3.5 and 3.7], the set of zero divisors, the set of units
and the set of idempotents of R x,, M are also characterized (see
Proposition 4.9).

In Section 5, we investigate the graded aspect of n-trivial extensions.
The motivation behind this study is that, in the classical case (where
n = 1), the study of trivial extensions as Zo-graded rings has led
to some interesting properties (see [9]) and has shed more light on
the structure of ideals of the trivial extensions. In Section 5, we
extend some of the results given in [9], and we provide some new
ones, namely, among other results, we characterize the homogeneous
ideals of R x,, M (Theorem 5.1) and we investigate some of their
properties (Propositions 5.2 and 5.3). We devote the remainder of
Section 5 to investigating the question “when is every ideal of a given
class .# of ideals of R x, M homogeneous?” (see the discussion after
Proposition 5.3). In this context, various results and examples are
established.
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Section 6 is devoted to some classical ring-theoretic properties,
namely, we characterize when R x, M is, respectively, Noetherian,
Artinian, (Manis) valuation, Priifer, chained, arithmetical, a 7-ring, a
generalized ZPI-ring or a PIR. We conclude the section with a remark
on a question posed in [2] concerning m-Boolean rings.

Finally, in Section 7, we study divisibility properties of n-trivial
extensions. We are mainly interested in showing how the results could
be extended on the classical trivial extension presented in [9, Section 5]
to the context of n-trivial extensions.

2. The general n-trivial extension construction and some ex-
amples. The purpose of this section is to formally define the n-trivial
extension (n > 1) R X, My X --- x M,, where R is a commutative ring
with identity and each M, is an R-module, and to give some interest-
ing examples of n-trivial extensions. However, to better understand
the construction and the underlying multiplication maps

Pig - Mz X Mj — Mi+ja

we begin in the more general context of R being an associative ring
(not necessarily commutative) with identity and the M;’s being R-
bimodules. In addition, since there is a significant difference in the
cases n =1, n =2 and n > 3, we handle these three cases separately.

Let R be an associative ring with identity and M, ..., M,, unitary R-
bimodules (in the case where R is commutative, we will always assume
that rm = mr unless stated otherwise).

Casen =1. Rx;y M; = Rx My = R & M is merely the trivial
extension with multiplication (r,m)(r’,m’) = (r’/,rm’ + mr’). Here,
R x4y M; is an associative ring with identity where the associative and
distributive laws follow from the ring and R-bimodule axioms. For R
commutative, we write (r,m)(r’,m’) = (rr',rm’ +r'm) as r'm = mr’.
Now, R x1 M; is an Nyp-graded or a Zs-graded ring isomorphic to

Tr(My)/ @ Th(M:y) or Sp(My)/ @D Sk(Mi)

i>2 i>2

and to the matrix ring representation mentioned in the introduction.
Note that we could drop the assumption that R has an identity and
Mj is unitary. We then obtain that R x; M; has an identity, namely,
(1,0), if and only if R has an identity and M; is unitary.



2446 D.D. ANDERSON, D. BENNIS, B. FAHID AND A. SHAIEA

Case n = 2. Here, R xo M7 x My = R&® My ¢ Ms with coordinate-
wise addition and multiplication

/ ! i ! !/ /! !/ ! !/
(rymy,mo)(r',my,my) = (rr',rmy + myr', rms + myimy + mar’)
where mim} 1= ¢1,1(m1, m}) with the map
P11 - Ml X M1 — MQ.

We readily see that R xo M; x My satisfying the distributive laws is
equivalent to o1 1 being additive in each coordinate. Since R is assumed
to be associative and M; and M to be R-bimodules, R xo My X My is
associative precisely when

(rm1)my = r(mam}),
(mar)my = mq(rm})
and
(mamy)r = mi(mir)
for r € R and my, m} € M;. This is equivalent to
<P1,1(7’m17m/1) = Wl,l(ml,mll),
s01,1(m17“7 m/1) = @1,1(m1,7"m/1)

and

@11 (my,my)r = 11 (ma, mir).
For R-bimodules M, N and L, we call a function
f:MxN—L

a pre-product map if it is additive in each coordinate, is middle linear
(i.e., f(mr,m’) = f(m,rm’)) and is left and right homogeneous (i.e.,
f(rm,m’) = rf(m,m’') and f(m,m’r) = f(m,m’)r). Note that a pre-
product map f : M x N — L uniquely corresponds to an R-bimodule
homomorphism B

f M®rN—L

with f(m,n) = f(m ®n). Thus, a pre-product map
V1,1 M1 X Ml —)MQ
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corresponds to an R-bimodule homomorphism
1 ZMl ®RM1 —)Mg.

Hence, we may equivalently define mym] := @1 1(m1 @ m}).

Therefore, R xo M; X My is an (associative) ring with identity
precisely when 11 is a pre-product map or @11 : M1 @r My — Mo
is an R-bimodule homomorphism. We can identify R xo My x My
with the matrix representation given in the introduction: (r,mq,ms)
is identified with

r o Mmip Mg
0O r» m
0 O T

However, the relationship with a tensor or symmetric algebra is more
difficult. When R xo M7 X Ms is an associative ring, we can define a
ring epimorphism

TR(Ml &) Mg)/ 'G>93 T;%(Ml D MQ) — R xo M7 x Mo

by

~

’ / i
( m17m2 72 ml Z7m2 Z (ml,iamzi)> + G>9 T]Z?(Ml 69 MZ)
P 123
l
’
— (r, mi, Mo + Zml’imlﬂ-).
i=1

For the commutative case, we get a similar ring epimorphism

Sr(M; @ M)/ ) SL(My @ Ms) — R xo My x M.

In order for R xo M X My to be a commutative ring with identity, R
must be commutative with identity and mim} = mim; for my,m}| €
My, or ¢11(m1,m}) = @11(mj,mi). Thus, for R commutative,
R x9 My x My is a commutative ring if and only if ¢1 1 is a symmetric
R-bilinear map, or equivalently, 1 1(m; ® m}) = @1,1(m) @ mq).

Case n > 3. Here again, R is an associative ring with identity and
My,...,M,, n > 3, are R-bimodules. Thus, R x,, My X --- X M, =
R M, @ --- ® M, with coordinate-wise addition. Assume that we
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have pre-product maps
i My x My — M;;,
or equivalently, the corresponding R-bimodule homomorphism
Qi M; @p My — My
for 1 <i,j <n—1withi+j <n. As usual, set
mamy = i j(mi, my) = @i j(mi @ my)

for m; € M; and m; € M;. Setting R = My, we can write the mul-
tiplication in R X, My X --- X M, as (mq,...,mp)(mgy,...,m,) =

(mg,...,m) where
"_ !
m; = E m;my,.

k=i

Then, R x, Mi x ---x M, satisfies the distributive laws since the maps
;.5 are additive in each coordinate. Hence, R x,, My X --- X M, is a not
necessarily associative ring with identity (1,0,...,0) (see Example 2.2
for a case where R x, M; x --- x M, is not associative). Note
that R x, My x --- x M, is associative precisely when (m;m;)my =
m;(m;my) for m; € M;, m; € M; and my, € M, with1 <4,j,k <n—2
and i 4+ j + k < n. In terms of the pre-product maps, this means that
irg (@i (mi,mg), me) = @i jir(mi, 9k (mg, my)), or equivalently,

Pivik © (i ®idar,) = Gijak o (dar, @P; k)

where idyy, is the identity map on M; for I € {1,...,n}, in other words,
the diagram below commutes:
idm, ®pj,k
M; ® Mj @ M;, M; @ My
i, @idn,, i i[ﬁqj)j.{.k
Miyj @ My = Miyjir
Bitik

We call a family {¢; ;} itj<n (0r {@i;} itj<n ) of pre-product maps
1<i,j<n—1 1<i,j<n—1
satisfying the previously stated associativity condition a family of prod-
uct maps. Thus, when {¢; ;} i1j<n (or equivalently {@;;} iyj<n )
1<i,j<n—1 1<i,j<n—1
is a family of product maps, R x, M; x --- X M, is an associative
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ring with identity. Further, for R x, M; X --- X M, to be a commu-
tative ring with identity, R must be commutative with identity and
@i j(mi,m;) = ¢;i(mj,m;) for every 1 < 4,57 <n—1withi+j <n,
or equivalently, ¢; ; = ©;; o 7; ; where

Tz,]Mz®M]—>Mj®Mz

is the “flip” map defined by 7;;(m; ® m;) = m; ® m; for every
m; ® my; € M; ® M, in other words, the diagram below commutes:

M; ® M; —s M, .

Ti,j <
®j.i

M; ® M,

In this case, the family {¢; ;} itj<n (0r {@i;} itj<n ) will be called

1<i,j<n—1 1<i,j<n—1
a family of commutative product maps. Thus, when R is commutative

and {@; ;} i+j<n (or equivalently {@; ;} it+j<n ) is a family of com-
1<i,j<n—1 1<i,j<n—1

mutative product maps, R x, M; X --- x M, is a commutative ring
with identity.

As in the case n = 2, when R x,, M; x --- X M, is an (associative)
ring with identity, we can identify R x,, My X --- x M, with the matrix

representation given in the introduction: (r,mg,...,m,) is identified
with

romy Mg e My

0 r m My—1

0 0 0 my

0 0 0 r

Also, as in the case n = 2, when R, My x - - - X M, is an associative
ring, we can define a ring epimorphism

Tr(My&---@® M,)/ EB TH(My@®---@® M,) — Ry, My x - X M,,
i>n+1

and we have a similar result concerning the symmetric algebra when
R x, My x ---x M, is commutative.
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Remark 2.1.

(1) Let Ry and Ry be two rings and H an (Rj, Ry)-bimodule. Tt is
well known that every generalized triangular matrix ring is naturally
isomorphic to the trivial extension of R; X Re by H where the actions of
Ry x Ry on H are defined as follows: (r1,72)h = r1h and h(rq,r2) = hre
for every (ri,m2) € R1 X Ry and h € H. Below, we see that an
observation on the product of two matrices of the generalized triangular
matrix ring shows that this fact can be extended to n-trivial extensions.

Consider the generalized triangular matrix ring

Ry Moy -~ -+ My, M,
0 Ry -+ -+ My, My,
T(#.)=| |
0 0 T 0 Rn—l Mn—l,n
0 0 0 0 R,

where # = (R;)"_, is a family of rings and .# = (M; j)1<i<j<n IS
a family of modules such that, for each 1 < i < 7 < n, M;; is an
(R;, Rj)-bimodule. Assume, for every 1 < i < j < k < n, that there
exists an (R;, Ri)-bimodule homomorphism

M; ®MM — My
R;

denoted multiplicatively such that
(5 ) p = i (m k)
for every (my ;, mj ., my) € M;; x Mj g x My.

Consider the finite direct product of rings R = R; X -+ X R, and
set, for 2 < ) < n, Mi = Ml,i X M2,i+1 X oo X ]\471_(1‘_1)7“7 for 1 = n,
M, = M, ,. We must define an action of R on each M; and a family of
product maps so that Rx,,_1 Msx - --x M, is an n— 1-trivial extension
isomorphic to T, (%, # ).

First, note that, for every matrix A = (a; ;) of T,,(%, .#') and for ev-
ery 2 < i < n, the ith diagonal above the main diagonal of A naturally
corresponds to the following (n—i+1)-tuple (a1 ;, azit1,- - Gn_(i—1)n)
of M;. On the other hand, consider two matrices A = (a; ;) and



ON n-TRIVIAL EXTENSIONS OF RINGS 2451

B = (b; ;) of T,,(#, 4 ), and denote the product AB by C = (¢ ;).
Then, using the above correspondence for 2 < i < n, the ith diagonal
above the main diagonal of C' may be seen as the (n — i + 1)-tuple
¢ = (¢ji4+j—1); € M, such that, for every 1 < j <n—i+1,

itj—1 i
Cjitj—1 = E aj kbk,iti—1 = E Qj ket =10kt j—1,i4j—1-
k—j k=1
Then,
i 7
¢ = <§ :aj,k+jlbk+j1,i+j1> = (@jkrj-1brrj—1iti—1);-
k=1 J o k=1

Thus, the cases k = 1 and k = i allow us to define the left and right
actions of R on M; as follows: For every (r;); € R and (m;1;—1); €
M;

(ri(myivg—1)5 = (rjmyivi—1);

and

(Myiti—1)(r)e = (Myivj—17itj-1);-

The other cases of £ may be used to define the product maps M} X
M;_, — M, as follows: fix k, 1 < k < i, and consider e, =
(€jkrj—1)1<j<n—k+1 € My and fi_p = (fji—k4j-1)1<j<n—ith+1 €
Mi—k- Then,

enfik = (€ htj—1Shtj—1itj—1)1<j<n—it1-

Therefore, endowed with these products, R x,_1 My X --- X M, is an
n—1-trivial extension naturally isomorphic to the generalized triangular
matrix ring T,, (%, A ).

(2) It is known that the generalized triangular matrix ring T, (%, .#)
can be seen as a generalized triangular 2 x 2 matrix ring,? namely, there
is a natural ring isomorphism between T, (%, # ) and T»(S, N), where

S = (an((Ri)?;llv (Mi,j)1§i<j§n71)7Rn>
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and

Mnfl,n

However, an n-trivial extension is not necessarily a 1-trivial extension.
For that, consider, for instance, the 2-trivial extension S = Z/27Z o
Z/27 x Z/2Z. Tt may easily be verified that S cannot be isomorphic
to any 1-trivial extension.

We conclude this section with a number of examples.
Example 2.2. Suppose that R is a commutative ring, and consider
Rx,Rx---x R, n>1, with a family of product maps

Pig - Rei X R,e]' — Reiﬂ-,

where, for k € {1,...,n}, e = (0,...,0,1,0,...,0) with 1 in the k+1th
place.

Forn =1, Rx; R= R[X]/(X?).

Suppose that n = 2 and e?

Rxy Rx R R[X,Y]/(X?—r,Y,XY,Y?),

=71,1€2. Then,

where X and Y are commuting indeterminates. Thus, in the case where
r1,1 = 1, we obtain

Rxy Rx R R[X,Y]/(X?-Y,XY,Y?) = R[X]/(X?).

The case n = 3 is more interesting. Now, for 1 < ¢, j < 2 with
143 <3,
Pij - RxR— R

with ¢; ;(r,8) =1, ;(1,1)s. Set ¢; ;(1,1) = r; ; such that (re;)(se;) =
T7;,55€i45. Now, Rx3 RX R R is commutative if and only if ;e = ege;
or ri 2 = 721; and, R X3 R x R X R is associative if and only if
(6161)61 = 61(6161) or 11,1721 = 71,271,1- ThUS, if R X3 Rx Rx R
is commutative, it is also associative. However, if R is a commutative
integral domain and r; ; # 0, R x3 R X R X R is associative if and only
if it is commutative. Thus, if we take R = Z, 13 =1, m12 = 1 and
ro1 = 2, R x3 R x R X R is a non-commutative, non-associative ring.
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For n = 4, the reader can easily verify that R x4y R X R X Rx R is
commutative if and only if r; ; = r;; for 1 <4,j < 3 withi+j <4, and
that R x4 Rx R x Rx R is associative if and only if 71 1791 = 71,2711,
T9,173,1 = T227T1,1, T1,273,1 = I'1,372,1, and ry 1722 = 71 371 2. Thus, if R
is a commutative integral domain with r1 1 # 0, then ry 1721 =71 2711
if and only if 751 = r1,2. Hence, if 11 7# 0 and ry 2 # 0, then r; o733
= ry3re if and only if r3 1 = r1 3. Thus, if 711 # 0 and 712 # 0, then
the fact that Rx4 Rx Rx Rx R is associative forces Rx4 RXx RXx RX R
to be commutative and, in this case, R x4 R x R X R X R is associative
if and only if 711722 = 71,37r1,2. Therefore, if three of the numbers
71,1, 2,2, 71,3 and 7 o are given and nonzero, then there is only one
possible choice for the remaining 7; ; for R x4 R x R x R X R to be
associative. If we take R=Z and r1y =1, 7191 =712 =2,722 =3
and 73 = r3,1 = 4, then the resulting ring is commutative but not
associative.

For n > 5, the reader can easily write conditions on the r;; =
@i ;(1,1) for Rx,, R x --- X R to be commutative or associative.

Example 2.3. Let R be a commutative ring, and let Ny,..., N, be
R-submodules of an R-algebra T with N;N; € Ny for1 <i,j <n—-1
with i+j < n. Then, using the multiplication from T', Rix,, N1 XX N,
is a ring which is commutative if T' is commutative. Following are some
interesting special cases:

(a) Let R be a commutative ring and I an ideal of R. Then,
Rx, I xI?x---xI"is the quotient of the Rees ring R[It]/(I"T1t"*1)
mentioned in the introduction.

(b) Let R be a commutative ring, 7" an R-algebra and J; C --- C J,
ideals of T. Then, R X, J; X --- X J, is an example of an n-trivial
extension since J;J; € J; € Jiy; for i +j < n. For example, we could
take R xo XR[X]| x R[X].

(¢) Suppose that Ry C --- C R, are R-algebras, where R is a
commutative ring. Let N be an R,,_1-submodule of R,, (in particular,
we could take N = R,;). Then, R X, Ry X --+ X R,_1 X N with the
multiplication induced by R, is a ring. For example, we could take
Z x3Q x R x N where N is the R-submodule of R[X] of polynomials
of degree < 5.
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Example 2.4. Let R be a commutative ring and M an R-module. Let
S:=Rx, Rx---x Rx M with ¢; ; : R x R — R be the usual ring
product in R for ¢ +j <n —1, but, fori+j =nand i, > 1, ¢; ; is
the zero map. Thus,

(T0s e s T 1, M ) (TG oy Ty, )

!/ /! / / !/ !/ !/
= (rorg, ToTy F 1170, - - -y TOTH_1 + =+ + Tn_170, ToM,, + T(My).

Then, S 2 R[X]/(X™) x M, where M is considered as an R[X]/(X™)-

module with f(X)m = f(0)m.

Example 2.5. Let R be a commutative ring and T" an R-algebra. Let
Ji € -+ C J, beideals of T. Then, take R x,, T/Jy X -+ x T/J,,
where the product

T/JZ X T/JJ — T/Ji+j
is given by (¢; + J;)(t; + J;) = tit; + Jig; for i +j < n.

Example 2.6. Let R be a commutative ring, Ny,..., N,_ ideals of R
and N,, = Ra a cyclic R-module. Then, consider R x,, N1 X «-- X N,
where the products

N; x Nj — Ni+]‘

are the usual products for R when i +j < n — 1, and for i + j = n,
define n;n; = n;n;a.

In what follows, we adopt the following notation.

Notation 2.7. Unless otherwise specified, R denotes a non-trivial ring
and, for an integer n > 1, M = (M;)?_, is a family of R-modules with
bilinear maps as indicated in the definition of the n-trivial extension
defined such that R x, M is a commutative associative ring with
identity. Thus, R x, M is indeed a commutative ring with identity.
Let S be a nonempty subset of R and N = (N;)"_; a family of sets such
that, for every i, N; C M;. Then, as a subset of Rx,, M, SxNyx---xN,
will be denoted by S x,, Ny X --- X N, or simply S x,, N.

3. Some ring-theoretic constructions of n-trivial extensions.
In this section, we investigate some ring-theoretic constructions of n-
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trivial extensions. First, we investigate the graded aspect of n-trivial
extensions.

For the reader’s convenience, we recall the definition of graded rings.
Let I" be a commutative additive monoid. Recall that a ring S is said
to be a I'-graded ring if there is a family of subgroups of S, (S4)acr,
such that S = @acrS, as an abelian group, with S,S3 C So4p for
all @, € TI'. In addition, an S-module N is said to be I'-graded
it N = ®a4erN, (as an abelian group) and So,Ng C Ny4p for all
a, B € I'. Note that Sy is a subring of S and each N, is an Sy-module.
When I' = Ny, a I-graded ring (respectively, a I-graded module) will
simply be called a graded ring (respectively, a graded module). See, for
instance, [40, 41] for more details regarding graded rings, although [40]
deals with group graded rings.

Now,
Rx,Mix---xM,=ROM, &---D M,

may be considered as a graded ring for the following three different
grading monoids:

As an Ny-graded ring. In this case, we set M}, = 0 for all k > n+1,
and we extend the definition of ¢; ; to all 7,57 > 0 as follows: for ¢ or
J=0,

@O)jZRXMjHMj
(rym;) — o, (r,m;) == rm;
and
(piﬁolMiXR—>Mi

(my,r) —> @i 0(m4,r) = myr

are just the multiplication of R when ¢ = j = 0 or the R-actions on M;
and M;, respectively, when j > 0 and 7 > 0, respectively. For i,5 > 0
such that i + j > n + 1, we define

Pig: Ml X Mj — M’H—j

by ;. j(mi,m;) =0 for all (m;, m;) € M; x M;. Thus, Rx, My x---KX
M, is an Ng-graded ring @2, R; where Rg = R and R; = M, for ¢ € N.
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As a Z,ii-graded ring. In this case, we consider, for a € Z,
the least nonnegative integer @ with @ = a mod (n + 1), and we set
Mg := M. Then, for a,b € Z, we define maps

¢(E,E : M(_l X ME — Mm by @EL,B = Sofl,i)

when @+ b < n and Pap to be the zero map when @ +b > n. Then,
Rx, My X - - x M, is a Zn4+1-graded ring Rg & R7 & - - - & Ry where
Rz =Rand Rg =M, fora=1,...,n.

As a ', ;;-graded ring. Here, I',,11 = {0,1,...,n} is a commuta-
tive monoid with addition i +j :== i+ j if i +j < n and i +j := 0 if
i+ j > n (thus, Zy and I'y are isomorphic). In this case, we define
maps @; j, for 4,5 € I'nj1, by @;; = @i ; when ¢ = j =0 or itj#0
and

$i7jZMiXMj—>M0:R

to be the zero map when i +j = 0. Then, R x,, My X --- X M, is a
I'yi1-graded ring Ry ® Ry @ -+ - ® R,,, where Ryg = R and R; = M; for
1 <7< n.

Note that each of these gradings have the same set of homogeneous
elements.

We have observed that R x,, M; x --- x M, is an Ny-graded ring
@Oy R;i, where Ry =R, R; =M, fori=1,...,nand R; =0 for 7 > n.
Thus, R x, My x --- x M, is a graded ring isomorphic to

@Pr/ P k.
=0

i>n+1

The next result presents the converse implication, namely, it shows
that n-trivial extensions can be realized as quotients of graded rings.

Proposition 3.1. Let ®{2,S; be an No-graded ring and m € N. Then,
So X S1 X -+ X Sy, with the product induced by B52,S; is naturally
an No-graded ring isomorphic to

@Psi/ P s
=0

i>m+1
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Proof. Obvious. O

The next result presents a particular case of Proposition 3.1.

Proposition 3.2. For an R-module N, we have the following two
natural ring isomorphisms:

Tr(N)/ €D Th(N)= Rx, N x TA(N) x -+ x Tp(N)
i>n+1

and
Sr(N)/ € Si(N)= R, N x SE(N)x - x Sp(N).
i>n+1

Moreover, suppose that N is a free R-module with a basis B. Then,
Rxp, NxS%4(N)x---x SE(N) is (graded) isomorphic to R[{Xp}vep]/
({ Xy oep)™ ™. In particular, R x,, R x --- X R with the natural maps
is isomorphic to R[X]/(X"t1).

Proof. Obvious. O
Our next result shows that the n-trivial extension of a graded ring

by graded modules has a natural grading. It is an extension of [9,
Theorem 4.5].

Theorem 3.3. Let I' be a commutative additive monoid. Assume that

Rz@Ra

acl

M; = P M

acl

is I'-graded and

is I'-graded as an R-module for every i € {1,...,n}, such that
S"i,j(MZ;aMé) < Mcl:r]B'
Then, R X, My X -+- X M, is a I'-graded ring with

(R My X - X Mp)oy=Ro®ML®---® M.

Proof. Similar to the proof of [9, Theorem 4.5]. |
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In the case where R is either a polynomial ring or a Laurent
polynomial ring, we get the following result in which the first assertion
is an extension of [9, Corollary 4.6 (1)].

Corollary 3.4. The following statements are true.

L (R Xy My x oo X Mp)[{Xa}] & R{Xa}] xn Mi[{Xa}] % -+ X
M, [{Xa}] for any set of indeterminates {X,} over R.

2. (R My - My)[{XE1}] 2 RIXE Y o My[{XE ] 5 -
M, [{XZE}] for any set of indeterminates {X,} over R.

In addition, as in the classical case, we get the related (but not
graded) power series case. It is a generalization of [9, Corollary 4.6 (2)].
First recall that, for a given set of analytic indeterminates {X, }aen
over R, we can consider three types of power series rings (see [43] for
further details about generalized power series rings):

R[[{Xa}aealll € Rl[{Xa}aeallza € RI[{Xa}aealls:

Here,

R[[{X@}ael\ﬂl = U{R[[{Xau s 7X0¢n }]“{alv RS an} - A}’

R([{Xa}aerllz= {i fil fi€ R[{Xa}aca] is homogeneous of degree z}

i=0
and
R[[{Xa}aealls
(oo}
= { Z fi | fi is a possibly infinite sum of monomials of degree 4
i=0

with at most one monomial of the form rq, . o, Xg, -+ Xo

QAn

for each set {aq,...,a,} with iy + -+, = z}

More generally, given a partially ordered additive monoid (S, +, <),
the generalized power series ring R[[X, S<]] consists of all formal sums

[= ZGSXS,
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where supp(f) = {s € S | as # 0} is Artinian and narrow (i.e.,
has no infinite family of incomparable elements) where addition and
multiplication are carried out in the standard manner. If A is a well-

ordered set,
s= @,
AEA

and < is the reverse lexicographic order on S, then R[[X,S<]] =
R[[{Xa}]s.

Note that, in a similar manner, we can define three types of power
series over a module. The routine proof of the next theorem is left to
the reader.

Theorem 3.5.

(1) Let {Xo}aca be a set of analytic indeterminates over R. Then,
fori=1,23,

(R xp M)[{Xa}aealli = R[[{Xa}taealli xn Mi[[{Xataealli
- X Mﬂ[[{Xa}aeAHi-
(2) Let (S,4+, <) be a partially ordered additive monoid. Then
(R xn M)[[X, S=]] = R[[X, S=]] x, Mi[[X, S]]
% M,[[X,55]).

Now, we give, as an extension of [9, Theorem 4.1], the following
result which investigates the localization of an n-trivial extension. For
this, we need the next technical lemma.

Lemma 3.6. For every (m;) € Rx, M and k € {1,...,n},

(mo,0,...,0,mg, Mgy1,...,My)(mo,0,...,0,—my,0,...,0)
= (mg,O,...,O,ekH,...,en)
where e; = momy —mygmy_y, for everyl € {k+1,...,n}. Consequently,

there is an element (f;) of R x, M such that

(mg)(fi) = (m2",0,...,0).
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We will denote the element (f;) in Lemma 3.6 by (m;); thus,
(ms)(m;) = (mg",0,...,0).

Theorem 3.7. Let S be a multiplicatively closed subset of R and
N = (N;) a family of R-modules where N; is a submodule of M; for
each i € {1,...,n} and N;N; C N,y; for every 1 <i, j <n—1 and
i+ 7 <mn. Then, the set S X, N is a multiplicatively closed subset of
R x, M, and we have a ring isomorphism

(Rxp M)sx,n =2 Rg Xy, Mg,

where Mg = (M;s).

Proof. 1t is trivial to show that S x,, N is a multiplicatively closed
subset of R x,, M. Now, in order to show the desired isomorphism,
we need to make, as done in the proof of [9, Theorem 4.1 (1)], the
following observation: let (m;) € R x, M and (s;) € S x,, N. Then,
using the notation of Lemma 3.6,

(me) _ (m)() _ (m))
(Sl) (So,O,...,O) (So,o,...,O)

where (m}) = (m;)(5;) and Sy = s2". Then, the map

fi(Rxp M)sx,n — Rs Xy, Mg

(m;) <m0 ml m;)
)
(s4) So’ So’ 7 So
is the desired isomorphism. O

As a simple, but important, specific case of Theorem 3.7, we get
the following result which extends [9, Theorem 4.1, Corollary 4.7].
In Theorem 4.7, we will show that, if P is a prime ideal of R, then
P x,, M is a prime ideal of R x,, M. This fact is used in the next result
to show that the localization of an n-trivial extension at a prime ideal
is isomorphic to an n-trivial extension. In what follows, we use T'(A)
to denote the total quotient ring of a ring A. In Proposition 4.9, we
will prove that S x,, M, where

S=R—(Z(R)UZ(My)U---U Z(M,))
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is the set of all regular elements of R x,, M. Thus,

T(Rxy M) = (R Xy M)sx, M-

Corollary 3.8. The following assertions are true.

(1) Let P be a prime ideal of R. Then, we have a ring isomorphism
(Rxy M)px,m = Rp X, Mp,

where Mp = (M;p).

(2) We have a ring isomorphism
T(R %y, M) = Rg x,, Mg,
where S =R — (Z(R)U Z(My)U---UZ(M,)).

(3) For an indeterminate X over R, we have a ring isomorphism

(RXp My X x Mp)(X) 2 R(X) X M1(X) X -+ x Mp(X).

Proof. All of the proofs are similar to those corresponding to the
classical case. O

Our next result generalizes [9, Theorem 4.4]. It shows that the
n-trivial extension of a finite direct product of rings is a finite direct
product of n-trivial extensions. For the reader’s convenience, we recall
some known facts on the structure of modules over a finite direct

product of rings. Let
R=]]R:
i=1

be a finite direct product of rings where s € N. For j € {1,...,s}, we
set

R;j=0x---x0xR;jx0x---x0

and, for an R-module N, N; := R;N. Then, N; is a submodule of N,
and we have N = N; @ --- @& N, namely, every element x in N can
be written in the form x = z1 + --- 4+ x5 where z; = e;x € N; for
every j € {1,...,s} (here, ¢; = (0,...,0,1,0,...,0) with 1 in the jth
place). Note that each N; is also an Rj-module, and Ny X --- x Ny is
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an R-module isomorphic to IV via the following R-isomorphisms:
N — Ny X -+ X Ny
Zejx =z (e121,...,€5Ts)
and
Ny X+ XNg—N
(W1, oY) —> Dy

Now, consider the family of commutative product maps ¢ =
{@i;} itj<n , and define the following maps:
1<i,j<n—1
@ikt Miji X My — Mjik
(M M) —— gk (M myk) = €5k (Myas My k),
where M;; := R;M; for j € {1,...,s} and i € {1,...,n}. Tt is easily
checked that, for every j € {1,...,s}, ¢; = {¥jir}ith<n is a family
1<i,k<n
of commutative product maps and
Ry gy Mja - M,
is an n-p;-trivial extension. Furthermore,
Pik : Mi X Mk — MiJrk

S
(i, mi) — @ik (mi,mi) = @0k (my i mg k).
j=1

With this notation in mind, we are ready to give the desired result.

Theorem 3.9. Let

be a finite direct product of rings where s € N. Then,

Ry Mysc-ox My 2 [[(Ri %, Miy -+ x M),

i=1
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Proof. Tt is easily verified that the map

(T,mh...,mn) — ((Tj,mj'yl,...,mj,n))lgjgs

is an isomorphism. O

We conclude this section with two results which investigate the
inverse and direct limits of a system of n-trivial extensions, namely, we
show that, under some conditions, the inverse limit or direct limit of
a system of n-trivial extensions is isomorphic to an n-trivial extension.
The inverse limit case is a generalization of [9, Theorem 4.11].

Let ' be a directed set, and let {M,; fos} be an inverse system of
abelian groups over I' (thus, for oo < 3, fop : Mg — M,). We know
that the inverse limit lim M, is isomorphic to the following subset of

—

the direct product [[,Ma:

My = {(xa)aef | AL pu=z)= fAu(xu)}'

In the next result, by lim M,, we mean exactly the set M.,
—

Theorem 3.10. Let I be a directed set andn > 1 an integer. Consider
a family of inverse systems {M, o; fia,8} over T' (fori € {0,...,n})
which satisfy the following conditions:

(1) for every a € T', My o = R, is a ring;
(2) for every a €T and i € {1,...,n}, M, o is an Ry-module; and

(3) for every a € T, Ry Xy My o X -+ - X M, o 15 an n-trivial extension
with a family of commutative product maps:

Pija s Mio X Mjo —> Mitja
which satisfy, for every a < j3,
@i jalfiap(mip) fiap(m;p)) = firjaps(pise(mis m;s)).

Then hmR X, hm M o % hm My, o 1s an n-trivial extension with

the followmg famzly of well- deﬁned commutative product maps:
Pijat lim Mi,a x lim Mj,oc — lim Mi-i—j.oc
— — — ’

((mi,a)aa (mj,a)a) L (‘Pi,j,a(mi,avmj,a))w
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Moreover, there is a natural ring ismorphism:

Im(Ry Xy My,q XX My, o) ZUm R, Xy, lim My o X---x lim M, 4.
— — — —

Proof. The result follows using a standard argument. O

Let I' be a directed set and {M,; fya} a direct system of abelian
groups over I' (thus, for v < A, f,\ : M, — My). We know that the
direct limit lim M., is isomorphic to &,M, /S, where S is generated by
all elements Ag(fap(@a)) — Aa(@q) where a < 3, and

A My — P M,
v

is the natural inclusion map for A € I'. Since I' is directed, every
element of @®,M.,/S has the form A,(an) + S for some a € T and
aq € M,.

Theorem 3.11. Let I be a directed set and n > 1 an integer. Consider
a family of direct systems {M; o; fia,3} over T' (for i € {0,...,n})
which satisfy the following conditions:

(1) for every a € T', My o = Ry 15 a Ting;
(2) For every a €T and i € {1,...,n}, M,; o is an Ro-module; and

(3) For everya € ', Ry Xy My o X+ - X M, o is an n-trivial extension
with a family of commutative product maps:

Pija : Mia X Mjo —> Miyja,
which satisfy, for every 6 < «,

Pijalfipalmip), [i8.a(mp) = firjp.a(pijs(mis,mjs))

Then,
@Ra Xn li%Ian,a X X hEMn,a

is an n-trivial extension with the following family of well-defined com-
mutative product maps:

Pigoa s B M o > 1imy My o — L Mo

((mi,a)aa (mj,a)a) — (‘Pi,j,a(mi,avmj,a))w
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Moreover, there is a natural ring ismorphism:

@(Ra K Mg X oo X My o) = li_n;Ra Mnthm M oeee X ligMnya.
Proof. The result follows using a standard argument. (|

4. Some basic algebraic properties of R ix,, M. In this section,
we give some basic properties of n-trivial extensions. Before giving the
first result, we make the following observations regarding situations
where a subfamily of M is trivial.

Observation 4.1.
(1) If there is an integer ¢ € {1,...,n — 1} such that M; = 0 for

every j € {i +1,...,n}, then there is a natural ring isomorphism
Rx, Myx---x M; x0x---x0=2RX; My x---xX M.
IfMy=---=M,_1 =0, then Rx,, M can be represented as R x{ M,,.

However, if n > 3 and there is an integer i € {1,...,n — 2} such that,
forje{l,...,n}, M; =0ifand only if j € {1,...,4}, then, in general,
Rx,0x---x0x M;11 X ---x M, cannot be represented as an n — i-
trivial extension as above. Indeed, if, for example, i satisfies 2i4+2 < n,
then Rx,_; M;y1X---x M, is nonsensical (since @;+1,;41(Mit1, Mit1)
is a subset of Ma; o, not of M;15).

(2) If My, = 0 for every k € N with 1 < 2k < n, then R x,, M
can be represented as the trivial extension of R by the R-module
My X Mz X -+ X Mapy1, where 2n’ + 1 is the largest odd integer
in {1,...,n}, namely, there is a natural ring isomorphism

Rng%Rlxl(Ml XM3 X "'XMgnurl).
(3) If Mog4+1 =0 for every k € N with 1 < 2k + 1 < n, then there is
a natural ring isomorphism
Rx, M= RXpr My X My X +++ X Moy,

where 2n” is the biggest even integer in {1,...,n}. In general, for every
cyclic submonoid G of T';, 41 generated by an element g € {1,...,n}, if
M; =0 if and only if ¢ ¢ G, then there is a natural ring isomorphism

Rx, M= RwxgMgx Mag % -+ x Mg,
where sg is the biggest integer in GN {1,...,n}.
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As observed above, whether a subfamily of M is or is not trivial
leads to various situations. Thus, for the sake of simplicity, we state
the following convention.

Convention 4.2. Unless explicitly stated otherwise, when we consider
an n-trivial extension for a given n, we then implicitly suppose that
M; # 0 for everyi € {1,...,n}. This will be used in the sequel without
explicit mention.

Note also that the nature of the maps ¢; ; can affect the structure of
the n-trivial extension. For example, in case where n = 2, if ¢; 1 =0,
then

RD(QMl D(MQEJRD((M:L XMQ).

Additionally, if I C J is an extension of ideals of R, then

RxoIx R/J=Rwx (IxR/J).

We begin with the following result which presents some (easily
established) relations among n-trivial extensions.

Proposition 4.3. The following assertions are true.

(1) Let G be a submonoid of I'y11, and consider the family of R-
modules M' = (M), such that M! = M; if i € G and M = 0 if
1 ¢ G. Then, we have the following (natural) ring extensions:

R— Rx, M — Rx, M.

In particular, for every m € {1,...,n}, we have the following (natural)
ring extensions:

R—>Rx,0x ---x0X M, X - x M, = Rx, My x---x M,.

The extension R — R X, My X --- X M, will be denoted by i,,.
(2) For everym € {1,...,n},

OXpOX - XxO0X My X---x M,
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is an ideal of R X, M and an R xj; My X --- x M;-module for every
je€{n—m,...,n} via the action

(o, 1, ,25)(0,...,0,Yms - Yn)
= (20, %1,--,%5,0,...,0)(0,...,0,Yms -, Yn)
= (20,1, Tn-m,;0,...,0)(0, ..., 0, Umy- -, Yn)-
Moreover, the structure of 0 X, QX --- X 0 X My, X -+ X M, as an ideal
of R xp, M 1is the same as the R x; My x --- x M;-module structure

for every j € {n —m, ... ,n}. In particular, the structure of the ideal
0x,0x---x0x M, is the same as that of the R-module M,.

(3) For every m € {1,...,n}, we have the following natural ring
isomorphism:
RXp, M/OX, 0 oo XOX My X oo X My & RiXyppg My X -+ X My_q

obtained from the natural ring homomorphism:

M1 : RXy M — RXp g My X oo X My, 1

(ryxy, ..oy @p) — (1,21, .oy Tm1)

where, form=1, RX,;,_1 My X --- X M,,_1 = R.

In order to give another example for assertion (1), it can be shown
that, for n = 3, {0, 2} is a submonoid of I'y. Then, we have the following
(natural) ring extensions:

R‘—)RD(Mg‘%RD(ngxMQD(Mg.

Remark 4.4. We have seen that, in the case of n = 1, the ideal
structure of 0 x1 M7 is the same as the R-module structure of 0 x1 Mj.
Specifically, Nagata [39] used this to reduce the proofs of module-
theoretic results to the ideal case. However, for n > 2, the R-module
structure of 0 x,, M7 x --- X M, need not be the same as the ideal
structure. For instance, consider the 2-trivial extension Z xo Z X Z
(with maps induced by the multiplication in Z). Then,

7(0,1,1) = {(0,m,m) | m € Z},
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while the ideal of Zx2Z x Z generated by (0,1, 1) is 0x2Zx Z. However,
according to Proposition 4.3 (2),

(Z w1 Z)(0,1,1) = (Z x5 Z x Z)(0,1,1).

The notion of extensions of ideals under ring homomorphisms is a
natural way to construct examples of ideals. In this context, we use
the ring homomorphism ¢, (indicated in Proposition 4.3) to give such
examples.

Proposition 4.5. For an ideal I of R, we have the following asser-
tions:

(1) The ideal I X IM;y X - - x IM,, of RX,, M is the extension of I
under the ring homomorphism i,, and we have the following natural
ring isomorphism:

(Rxy M)/(I Xy IMy X +-- x IM,) = (R/I) X, (My/IMy)

X oo X (M, /IMy,)
where the multiplication is well defined as follows:
Eivj : ]\42/1]\4Z X M]/IM] — Mi+j/IMi+j
(mi, my5) — mim; =P, ;(Mi, m;)
= (pi,j(mi,mj) =1m; m]'.

(2) The ideal T x,, IM; X --- x IM,, is finitely generated if and only
if 1 is finitely generated.

Proof.

(1) The proof is straightforward.

(2) Using 7o, it is clear that, if I x,, IMy X --- x I M, is generated
by the elements (rj,m;1,...,m; ) with j € E for some set E, then
I is generated by the r;s. Conversely, if I is generated by elements r;
with j € E for some set E, then I x,, IM; X --- x I M, is generated by
the (r;,0,...,0)s. O

Now, we determine the radical, prime and maximal ideals of R, M.
As in the classical case, we show that these ideals are specific cases
of those which are homogenous, characterized in the next section.
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However, we provide these particular cases here due to their simplicity,
which is reflected, using the following lemma, in the fact that they
contain the nilpotent ideal 0 x,, M (of index n + 1).

Lemma 4.6. FEvery ideal of R X, M which contains 0 xX,, M has the
form I x, M for some ideal I of R. In this case, we have the following
natural ring isomorphism:

(Rxp, M)/(I x, M)=R/I.

Proof. Let J be an ideal of R x,, M which contains 0 x,, M and
consider the ideal I = my(J) of R where my is the surjective ring
homomorphism used in Proposition 4.3. Then J C I x,, M and by
the fact that 0 x,, M C J, we deduce that J = I x,, M. Finally, using
7o and the fact that m; ' (I) = J, we get the desired isomorphism. [J

The following result is an extension of [9, Theorem 3.2].

Theorem 4.7. Radical ideals of Rx,, M have the form I x,, M where I
is a radical ideal of R. In particular, the maximal (respectively, prime)
ideals of R, M have the form Mx, M (respectively, P, M) where M
(respectively, P) is a mazimal (respectively, prime) ideal of R.

Proof. Using Lemma 4.6, it is sufficient to note that every radical
ideal contains 0 x,, M since (0 x,, M)+ = 0. 0

Theorem 4.7 allows us easily to determine both the Jacobson radical
and the nilradical of R x,, M.

Corollary 4.8. The Jacobson radical J(R %, M) (respectively, the
nilradical Nil(Rx ., M)) of R, M is J(R)x, M (respectively, Nil(R)x,
M), and the Krull dimension of R x,, M is equal to that of R.

We end this section with an extension of [9, Theorems 3.5, 3.7] which
determines, respectively, the set of zero divisors Z(R x,, M), the set of
units U(R x,, M) and the set of idempotents Id(R x,, M) of R x,, M.
It is worth noting that trivial extensions have been used to construct
examples of rings with zero divisors which satisfy certain properties. As
mentioned in the introduction, particular 2-trivial extensions are used
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to settle some questions. Recently, in [14], a 2-trivial extension is used
in the context of zero-divisor graphs to give an appropriate example.

Proposition 4.9. The following assertions are true.

(1) The set of zero divisors of R <, M is

Z(Rx, M) ={(r,m1,...,my) |7 € Z(R)UZ(M1)U---UZ(M,),
m; € M; for 1 <i<n}.

Hence, S x,, M where S = R— (Z(R)U Z(My)U---U Z(M,,)) is the
set of reqular elements of R x,, M.

(2) The set of units of R, M is U(Rx, M)=U(R) x, M.
(3) The set of idempotents of R X, M is Id(R x,, M) = Id(R) x,, 0.

Proof. All of the proofs are similar to the corresponding ones for the
classical case. For completeness, we give a proof of the first assertion.

Let (r,m1,...,my) € R X, M be such that » € Z(R) U Z(M;) U
- U Z(My,). If r =0, then (0,m1,...,my)(0,...,m,) = (0,...,0)
for every m,, € M,. Hence, (r,ms,...,m,) € Z(R x, M). Suppose
that r # 0. If r € Z(R), then there exists a nonzero element s € R
such that rs = 0; thus, (r,0,...,0)(s,0,...,0) =(0,...,0), and hence,
(r,0,...,0) € Z(Rx,, M). If r € Z(M,), then, for some i € {1,...,n},
there exists a nonzero element m!’ of M; such that rm/ = 0. Therefore,

(r,0,...,0)(0,...,0,m;,0,...,0) = (0,...,0).
Hence, (1,0,...,0) € Z(R x,, M). Now, since Z(R x,, M) is a union of
prime ideals, Nil(R x,, M) is contained in each prime ideal and using
the fact that (0,mq,...,m,) € Nil(R x,, M), we conclude that

(rymi,...,mp) = (r,0,...,0)+ (0,m1,...,my,) € Z(R x,, M).

This shows the first inclusion.
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Conversely, let (r,my,...,m,) € Z(R X, M). Then, there is an
(s,my,...,m.) € Rx, M —{(0,...,0)} such that

0,...,0) = (r,m1,...,my)(s,m,...,m,)

/ / /
= (rs,rml + smy,rmqy + mimy + smao, ...,

/ /
rm,, + E mim; + smn).

i+j=n

If s # 0, then r € Z(R), and if s = 0, we obtain r € Z(M;) if mj # 0.
Otherwise, we pass to mj, and so on, until we arrive at s = 0 and
m} =0 forall i € {1,...,n — 1}. Then, rm, = 0 and m], # 0; thus,
r € Z(M,). This gives the desired inclusion. O

5. Homogeneous ideals of n-trivial extensions. The study of
the classical trivial extension as a graded ring established some interest-
ing properties (see, for instance, [9, Section 3]), namely, in [9], study-
ing homogeneous ideals of the trivial extension shed more light on the
structure of their ideals. Naturally, it would be ideal to extrapolate this
study to the context of n-trivial extensions. In this section, we extend
this study to the context of n-trivial extensions, where here R x, M
is a (Np-)graded ring with, as indicated in Section 3, (R x,, M)y = R,
(Rxn, M); = M;, for every i € {1,...,n}, and (R, M), = 0 for every
i > n+ 1. Note that we could also consider R ix,, M as a Z,1-graded
ring or I', 4 1-graded ring as mentioned in Section 3.

For that, it is convenient to recall the following definitions. Let I"
be a commutative additive monoid and

S=@P S

acl’

a I'-graded ring. Let

N:@Na

ael

be a I'-graded S-module. For every a € T', the elements of N, are said
to be homogeneous of degree a. A submodule N’ of N is said to be
homogeneous if one of the following equivalent assertions is true.
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(1) N’ is generated by homogeneous elements;

(2) if
Z Ne € N',

aceG’

where G’ is a finite subset of I and each n, is homogeneous of degree
a, then n, € N’ for every o € G'; or

(3)
N’ = EB(N’ NN,).

acl

In particular, an ideal J of R x,, M is homogeneous if and only if
J=JNR)®(JNM)D---®(JNM,).

Note that I := JNRis anideal of R and, fori € {1,...,n}, N; := JNM;
is an R-submodule of M; which satisfies IM; C N; and N;M; C Ny
for every 4, j € {1,...,n}.

The next result extends [9, Theorem 3.3 (1)], namely, it determines

the structure of the homogeneous ideals of n-trivial extensions.

In what follows, we use the ring homomorphism Il := 7y (used in
Proposition 4.3) and, for ¢ € {1,...,n}, the following homomorphism
of R-modules:

I, : Rx,, My x --- x M,, — M,

(rymy,...,mp) —> m;.

Theorem 5.1. The following assertions are true.

(1) Let I be an ideal of R, and let C = (Ci)icq1,....ny be a family
of R-modules such that C; C M; for every i € {1,...,n}. Then,
I x, C is a (homogeneous) ideal of R X, M if and only if IM; C C;
and C;M; C Ciyy for all i,j € {1,...,n} with i +j < n. Thus, if
I x, C is an ideal of R x,, M, then M;/C; is an R/I-module for every
i€{1,...,n}, and we have a natural ring isomorphism

(R[XnM)/(I'chl K"'KOTl)g(R/I) lxn(Ml/Cl)[X"'[X(Mn/Cn)
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where the multiplication is well defined as:
_ M M Miyj
Yiit e T oy
U J i+J

(T, ;) —> T .

In particular,

(RXpy M)/(0%p, Cy X -+ - X Cp) 2 Ry (My/Ch) X -+ X (My,/Ch).

(2) Let J be an ideal of R x,, M, and consider K := Ily(J) and
N; :=11,(J) for every i € {1,...,n}. Then:

(a) K is an ideal of R, and N; is a submodule of M; for every
i € {1,...,n} such that KM; C N; and N;M; C Ny, for every
je{l,...,n} withi+j <n. Thus, Kx, NiX---xX N, is a hormogeneous
ideal of R <, My X -+« X M,.

(b) J C K Xy Ny X - X N,.
(¢c) The ideal J is homogeneous if and only if J = K X, Ny X+ X N,.
Proof.
() U T x, Cy - x Oy is an ideal of R x,, M, then
(RXy My oo X Mp)(I Xy Cp X -+ X C)
=Ix, (IM;+Cy)x (IMy+ Cy + C1 M)
X - X (IMn+Cn+ Z CiMj).
i+j=n
Thus, IM,; C C; and C;M; C Cyy; for every 4,5 € {1,...,n}.
Conversely, suppose that we have IM; C C; and C;M; C Cyy; for
all 4,7 € {1,...,n} with i + 7 <n. Then, M;/C; is an R/I-module for
every i € {1,...,n}, and the map
J:iRxy M — (R/I) Xy (M1/Cy) X -+ X (M, /Ch)
(rymy,...,mp)— (r+I,my +Cy,....my +Cy)

is a well-defined surjective homomorphism with Ker f = I x,,Cy X ---x
Cp; thus, I x, C1 x --- x C), is an ideal of R x,, My x --- x M, and

(RIXHM)/(IIX,LC&KH-D(C”)Q(R/I) Kn(Ml/Cl)lx""X(Mn/Cn)'
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In particular,

(RxXpy My X -+ X Mp)/(0 X, Cp X -+ X Cp)
> R Xy (M/Cr) X - X (M, /Ch).

(2) All three statements are easily verified. O

The next result presents some properties of homogeneous ideals of
R x,, M. Tt is an extension of both [9, Theorem 3.2 (3) and Theorem
3.3 (2), (3)]- In particular, we determine, as an extension of [9, Theo-
rem 3.3 (3)], the form of homogeneous principal ideals. In fact, the
characterization of homogeneous principal ideals plays a key role in
studying homogeneous ideals. This is due to the (easily verified) fact
that an ideal I of a graded ring is homogeneous if every principal ideal
generated by an element of I is homogeneous.

Proposition 5.2. The following assertions are true.

1. Let IXp, Ny XX Ny, and I' <, N{ x - - - X N, be two homogeneous
ideals of R x,, M. Then, we have the following homogeneous ideals of
R x,, M:

(a) (Il>< Ny X Np)+ (' Ny NJ) = (T+1") xp, (N7 +
N{) 5 o (Ny -+ D),

(b) (Il>< Ny x N)N(I' Xy N{ X -+ X N)=(INT) Ky, (N1 N
N - (Nu AN,

(¢) Uxp Ny X X Np)(I' X Ny X+ X N/) = IT' X, (IN]+1'Ny) ¥
(IN} +I’N2—|—N1N1) ) o (IN + T'Nyy + Yy, NiNJ), and

(d) (IxpNix--XNp) : (I'KyNyx---xNL) = ((I :g I")N(Ny :g NY)
NN (N ir N ) 5o (N1 2agy I)N (N2 gy NDO- -0 (N vy Nyp_y))
X oo X (Nn ‘M, I/) where (Ni+j ‘M; N_y/) = {mz € M; ‘ mZN]' - NiJrj}
for every i,j € {0,...,n} with i+ j < n (here My = R, Ny = I and
N, =T1).

2. A principal ideal {(a,m1,...,my)) of R X, M is homogeneous if
and only if

((a,mq,...,myu)) = aR X, (Rmy + aMy) x (Rmg + aMsy + mq M)

X - X (RanraMnJr Z miMj).

i+j=n
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3. For an ideal J of R, M, J = 1o(J) %, M. In particular,
if I X, C1 x -+ x Cy is a homogeneous ideal of R X, M, then

\/Il><n01D<~~~l><Cn:\ﬁl><nM.
Proof.

1. The proof for each of the first three statements is similar to that
corresponding to [37, Theorem 25.1 (2)]. The last statement easily
follows from the fact that the residual of two homogeneous ideals is
again homogeneous.

2. Apply assertion (1) and Theorem 5.1 (1).
3. The proof is similar to that of [9, Theorem 3.2 (3)]. O

It is a well-known fact that, in the case where n = 1, even if a
homogeneous ideal I x C is finitely generated, the R-module C is not
necessarily finitely generated (consider Z x Q and the principal ideal
((2,0)) = 2Z x Q as an example). The next result presents, in this
context, some specific cases obtained using standard arguments.

Proposition 5.3. The following assertions are true.

(1) The ideal 0 x,, M of R x,, M is finitely generated if and only if
each R-module M; is finitely generated.

(2) If a homogeneous ideal I X, Cy X -+ X Cy, of Rx,, M is finitely
generated, then I is a finitely generated ideal of R. The converse
implication is true when C; is a finitely generated R-module for every
ie{l,...,n}.

From the previous section, it may be seen that every radical (hence,
prime) ideal of R x,, M is homogeneous. However, it is well known that
the ideals of classical trivial extensions are not, in general, homogeneous
(see [9]). The following natural questions arise.

Question 5.4. When is every ideal of a given class & of ideals of
R x,, M homogeneous?

Question 5.5. For a given ming R and a family of R-modules M =
(M;)P_,, what is the class of all homogeneous ideals of R x,, M ?
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Clearly, these questions depend upon the structure of both R and
each M;. For instance, for n = 1, if R is a quasi-local ring with maximal
m, then a proper homogeneous ideal of R x R/m either has the form
I x R/m or I x 0 where I is a proper ideal of R. In addition, a proper
homogeneous principal ideal of R x R/m either has the form 0 x R/m
or I x 0 where [ is a principal ideal of R. Then, for instance, a principal
ideal of R x R/m generated by an element (a,e), where a and e are
both nonzero with a € m, is not homogeneous.

Question 5.4 was investigated in [9] for the case where .# is the
class of regular ideals of R x; M [9, Theorem 3.9]. Also, under the
condition that R is an integral domain, a characterization of trivial
extension rings over which every ideal is homogeneous is given (see
[9, Theorem 3.3 and Corollary 3.4]). Our aim in the remainder of this
section is to extend this study to n-trivial extensions. It is worth noting
that, in the classical case (where n = 1), ideals J with IIy(J) = 0 are
homogeneous. This shows that the condition that all ideals J with
IIy(J) # 0 are homogeneous implies that all ideals of R x; M are
homogeneous. In the context of R x,, M for n > 2, we show that more
situations can occur.

We begin with the class of ideals J of R x,, M with IIo(J) NS # @&
for a given subset S of regular elements of R.

Recall that a ring S is said to be présimplifiable if, for every a and
bin S: ab = a implies a = 0 or b € U(S). Présimplifiable rings were
introduced and studied by Bouvier in a series of papers (see references),
and they have also been investigated in [7, 8]. In [9], the notion of
a présimplifiable ring is used when homogeneous ideals of the classical
trivial extensions were studied. For example, we have that, if R is
présimplifiable but not an integral domain, then every ideal of R x; M
is homogeneous if and only if M; = 0 (see [9, Theorem 3.3 (4)]). This
is the reason we first consider only subsets of regular elements.

Theorem 5.6. Let S be a nonempty subset of R — Z(R), and let .
be the class of ideals J of R x,, M with Iy(J) NS # @&. Then, the
following assertions are equivalent.

(1) Every ideal in & is homogeneous.
(2) Every principal ideal in & is homogeneous.

(3) For every s € S and i € {1,...,n}, sM; = M,.
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(4) Every principal ideal {(s,m1,...,my,)) with s € S has the form
I %, M where I is a principal ideal of R with I NS # @.

(5) Every ideal in & has the form I x,, M where I is an ideal of R
with INS # @.

Proof.
(1) = (2). Obvious.

(2) = (3). Let s € S and ¢ € {1,...,n}. We only need prove that
M; C sM;. Consider an element m; of M;. Since s € S, {(s,0,...,0,
m;,0,...,0)) is homogeneous. Then, (s,0,...,0) € ((s,0,...,0,m;,0,

..,0)); thus, there is an (x,e1,...,e,) € RX, My X---x M, such that

(,0,...,0,m4,0,...,0)(z,e1,...,e,) = (s,0,...,0).
Since s is regular, z = 1. Then, m; = (—s)e;, as desired.
(3) = (4). Let {(s,mq,...,my)) be a principal ideal of R x,, M with
s € S. From (3),
(s,m1,...,mp)(0X, 0 - x0OX M,)=0x,0x---x 0K M,.

This implies that 0 x, 0 x -+ X 0 x M,, C {(s,m1,...,my,)). Using this
inclusion and (3), we obtain

OXpOX - - x0X M, 1X0C{(s,mq,...,my)).
Then, inductively, we have
OXpOX - XxOXM;x0OX---x0C{(s,m1,...,my))

for every i € {1,...,n}. Thus, 0, M7 x---x M, C {(s,m1,...,mp)).
Therefore, by Lemma 4.6 and Proposition 5.2 2, {(s,my,...,m,)) has
the form I x,, M where I = sR.

(4) = (5). Consider an ideal J in .#. Then, there is an element
(s,mq,...,my) € J such that s € IIp(J) N S. Therefore, using (4) and
Lemma 4.6, we obtain the desired result.

(5) = (1). Obvious. O

As an example, we may consider the trivial extension S := Z x4
Zw x Q where Zy, is the ring of fractions of Z with respect to the
multiplicatively closed subset W = {2¥ | k € N} of Z. Then, the prin-
cipal ideal ((3,1,0)) of S is inhomogeneous. Suppose this is not true.



2478 D.D. ANDERSON, D. BENNIS, B. FAHID AND A. SHAIEA

We must have (3,0,0) € ((3,1,0)). Thus, there is an (a, e, f) € S such
that (3,0,0) = (3,1,0)(a,e, f). However, this implies that a = 1, and
then, e = —1/3, which is absurd.

The following result is an extension of [9, Theorem 3.9]. Recall that
an ideal is said to be regular if it contains a regular element. Here, from
Proposition 4.9, an ideal of R x,, M is regular if and only if it contains
an element (s,mq,...,my) with s € R—(Z(R)UZ(My)U---UZ(M,)).

Corollary 5.7. Let S =R — (Z(R)U Z(M1)U---U Z(M,)). Then,

the following assertions are equivalent.
(1) Every regular ideal of R x,, M is homogeneous.
(2) Every principal regular ideal of R x,, M is homogeneous.

(3) For every s € S and i € {1,...,n}, sM; = M; (or equivalently,
M;s = M;).

(4) Every principal ideal ((s,m1,...,my)) with s € S has the form
I %, M, where I is a principal ideal of R with I NS # @.

(5) Every regular ideal of R X, M has the form I ¥, M, where I is
an ideal of R with INS # @.

Consequently, if Rx,, M is root closed (in particular, integrally closed),
then every regular ideal of R x,, M has the form given in (5).

Proof. The proof is similar to that of [9, Theorem 3.9]. O
Compare the following result with [9, Corollary 3.4].

Corollary 5.8. Assume that R is an integral domain. Then, the
following assertions are equivalent.

(1) Every ideal J of R X, M with y(J) # 0 is homogeneous.

(2) Every principal ideal J of R x, M with IIo(J) # 0 is homo-
geneous.

(3) For every i € {1,...,n}, M; is divisible.

(4) Every principal ideal {(s,m1,...,my)) of R, M with s # 0 has
the form I x, M, where I is a nonzero principal ideal of R.

(5) Every ideal J of R X, M with y(J) # 0 has the form I x,, M,

where I is a nonzero ideal of R.



ON n-TRIVIAL EXTENSIONS OF RINGS 2479

(6) Fvery ideal of R X, M is comparable to 0 x,, M.

Proof. Equivalence (5) < (6) is a simple consequence of Lemma 4.6.
]

The proof of Theorem 5.6 shows that another situation may be
considered. This is given in the following result. We use Anng(H)
to denote the annihilator of an R-module H.

Theorem 5.9. Let & be the class of ideals J of R X, M with Ig(J)N
S # &, where S is a nonempty subset of R — {0} such that, for every
s € S, Anng(s) € Anngr(M;). Then, the following assertions are
equivalent.

(1) Every ideal in & is homogeneous.
(2)
(3) For every s € S and i € {1,...,n}, sM; = M,.
4)

(4) Every principal ideal {(s,m1,...,my)) with s € S has the form
I x,, M, where I is a principal ideal of R with INS # &.

(5) Every ideal in & has the form I x,, M, where I is an ideal of R
with INS # @.

Every principal ideal in & is homogeneous.

Proof. We only need prove the implication (2) = (3). Let s € S,
i € {1,...,n}, and consider an element m; of M; — {0}. Since
s€ S, {(s0,...,0,m;,0,...,0)) is homogeneous. Then, (s,0,...,0) €
((s,0,...,0,m;,0,...,0)); thus, there is an (z,e1,...,e,) € Rx, M; X
-+ -X M, such that (s,0,...,0,m;,0,...,0)(x,e1,...,en) = (s,0,...,0).
Next, sz = s and, by the hypothesis on S, (x — 1)m; = 0. Therefore,
m; = am; = (—s)e;, as desired. O

For an example of a ring which satisfies the condition of the previous
result, consider a ring R with an idempotent e € R — {1,0}, and set
S = {e} and M; = Re for every i € {1,...,n}. Thus, since eM; = M;
for every i € {1,...,n}, every ideal J of R x, M with e € IIy(J) is
homogeneous.

Unlike the classical case (where n = 1), the fact that, for every
i € {1,...,n}, M; is divisible does not necessarily imply that every
ideal is homogeneous. For that, we consider the 2-trivial extension
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S =k xo (k x k) x (k x k), where k is a field. Then, the principal
ideal ((0,(1,0),(0,1))) of S is inhomogeneous. Indeed, if it were ho-
mogeneous, we would have (0, (1,0),(0,0)) € {(0, (1,0), (0,1))). Thus,
there is an (a, (e, f), (¢/, f')) € S such that

(07 (1,0), (07 0)) = (07 (1’ O)a (07 1))(@, (67 1), <€/7 f/))

However, this implies that (a,0) = (1,0) and (0,0) = (e, a), which is
absurd.

This example naturally leads us to investigate when every ideal J of
R %, M with IIy(J) = 0 is homogeneous. In this context, the notion of
a présimplifiable module is used. For that, recall that an R-module H
is called R-présimplifiable if, for every r € R and h € H, rh = h
implies h = 0 or r € U(R). For example, over an integral domain,
every torsion-free module is présimplifiable (see [3, 7]).

In studying the question when every ideal J of R x,, M with
IIo(J) = 0 is homogeneous, several different cases occur. We use the
following lemma for these.

Lemma 5.10. Let J be an ideal of RX, M such that, fori € {1,...,n},
IMy(J) = 0,....JI,_1(J) = 0 and II;(J) # 0. Then, the following
assertions are true.

(1) For i = n, the ideal J is homogeneous, and it has the form
0Xp,0x - x0xIL,(J).

(2) Fori#mn, if 0 X, Ox --- X 0 X Mg X -+ X My, CJ, then J is
homogeneous, and it has the form 0 X, 0 X -+ x 0 X IL;(J) X M;11
N Mn'

Proof. Straightforward. |

Theorem 5.11. Assume that n > 2, and M; is présimplifiable for a
given j € {1,...,n — 1}. Let & be the class of ideals J of R x,, M
with I1;(J) = 0 for every i € {0,...,j — 1} and I1;(J) # 0. Then, the
following assertions are equivalent.

(1) Every ideal in .9 is homogeneous.

(2) Every principal ideal in & is homogeneous.
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(3) For every k € {j +1,...,n} and every m; € M; — {0},
Mk = ijlc—j-

(4) Every principal ideal {(0,0,...,0,m;,...,my)) with m; # 0 has
the form O, O -+ X OX N X M1 % ---x My, where N is a nonzero
cyclic submodule of M.

(5) Bvery ideal in & has the form 0x, 0% - -XOX N XM 1% - XMy,
where N is a nonzero submodule of M;.

(6) Every ideal in & contains 0 X, 0% -+ X 0 X Mjiq X -+ X M,.

Proof. The implication (3) = (4) is proved similarly to the impli-
cation (3) = (4) of Theorem 5.6. The implication (6) = (1) is a sim-
ple consequence of Lemma 5.10. Then, only the implication (2) = (3)
needs a proof. Let k € {j+1,...,n}, m; € M;—{0} and my € M;—{0}.
Further, the principal ideal p = ((0,...,0,m;,0,...,0,mg,0,...,0)) is
homogeneous. This implies that (0,...,0,m;,0,...,0) € p, and thus,
there exists an (r,e1,...,e,) € R X, M such that

,...,0,m;,0,...,0) = (r,e1,...,e,)(0,...,0,m;,0,...,0,my,0,...,0).
Then, rm; = m; and rmy, +ep—;m; = 0. Since M; is présimplifiable, r

is invertible, and then my = —r~le,_;m;, as desired. O

For examples of rings which satisfy the conditions of the previous
result, we can consider the following two 2-trivial extensions: Z Xo Zy
X Q and Z X9 Zyw X Zy, where Zy, is the ring of fractions of Z with
respect to the multiplicatively closed subset W = {2* | k € N} of Z.

The following specific cases are of interest.

Corollary 5.12. Assume that n > 2 and M, _1 is présimplifiable.
Let . be the class of ideals J of R %, M with I1;(J) = 0 for every
i €40,...,n—2}. Then, the following assertions are equivalent.

(1) Every ideal in & is homogeneous.

(2) For every mp_1 € M, — {0}, M,, = mp_1 M.

(3) Every ideal in .7 is comparable to 0 X, 0 x -+ X 0 x M,.
Proof.

(1) = (2). This is a specific case of the corresponding one in Theo-
rem 5.11.
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(2) = (3). Let I be an ideal of R x,, M in .#. If II,,_1(I) # 0, then
Theorem 5.11 shows that I contains 0 x,, 0 X ---x 0 x M,. Otherwise,
IL,,_1 (I) = 0, which means that 0 x,, 0 X --- x 0 X M, contains I.

(3) = (1). Let I be a nonzero ideal of Rix,, M in .. If II,,_1(I) # 0,
then Theorem 5.11 shows that I is homogeneous. The other case is a
consequence of assertion (1) of Lemma 5.10. O

When n = 2, we obtain the following specific case of Corollary 5.12.

Corollary 5.13. Assume that My is présimplifiable, n = 2. Let .7 be
the class of ideals J of R xo M with o(J) = 0. Then, the following

assertions are equivalent.
(1) Every ideal in & is homogeneous.
(2) For every my € My — {0}, My = m1M;.
(3) Every ideal in .9 is comparable to 0 x5 0 x Ms.

When j = 1 in Theorem 5.11, there are additional conditions equiv-
alent to (1)—(6). The study of this case leads us to introduce the
following notion in order to avoid trivial situations.

Definition 5.14. Assume that n > 2. For ¢ € {1,...,n — 1} and
j € {2,...,n} with product ij < n, M; is said to be p-j-integral
(where ¢ = {@; ;} itj<n Is the family of multiplication) if, for any j

1<i,j<n—1

elements m;,,...,m;, of M;, if the product m;, ---m;, = 0. Then, at
least one of the my,s is zero. If no ambiguity arises, M; is simply called

the j-integral.

Corollary 5.15. Assume that n > 2, My is présimplifiable and k-
integral for every k € {2,...,n —1}. Let & be the class of ideals J of
R, M with IIo(J) = 0 and 111 (J) # 0. Then, the following assertions
are equivalent.

(1) Every ideal in & is homogeneous.
(2) Every principal ideal in . is homogeneous.

(3) For every k € {2,...,n} and every my € M; — {0}, M} =
mle_l.
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(4) For every k € {2,...,n} and every nonzero element my,,...,
my,_, € My, — {0}, My = my, -~-m1k71M1.
(5) For every k € {2,...,n} and every nonzero element m € M; —

{O}, M = mkilMl.

(6) Every principal ideal {((0,my,...,my,)) with my # 0 has the form
00Xy N X M-+ X M,, where N is a nonzero cyclic submodule of M.

(7) Every ideal in & has the form 0 X, N x My --- X M,, where N
is a nonzero submodule of M.

(8) Ewvery ideal in & contains 0 X, 0 x My X -+ X M,.
Proof. The equivalences (3) < (4) < (5) are easily proved. O

The following result shows that, in fact, the conditions of Corol-
lary 5.15 above are necessary and sufficient to show that every ideal J
of R x,, M with IIo(J) = 0 is homogeneous. Note that Corollary 5.13
presents the case n = 2. Thus, in the following result, we may assume
that n > 3.

Corollary 5.16. Assume that n > 3 and My is présimplifiable and
k-integral for every k € {2,...,n — 1}. Then, the following assertions
are equivalent.

(1) Every ideal J of R X, M with Io(J) = 0 and II;(J) # 0 is
homogeneous.

(2) For every j € {1,...,n — 1}, M; is présimplifiable, and every
ideal J of R <, M with IIy(J) = 0 is homogeneous.

Proof. We only need prove that (1) = (2). Let j € {1,...,n — 1},
and consider m; € M; — {0}. Let r € R be such that rm; = m,.
From Corollary 5.15 (4), there are m1,,...,my; € My — {0} such that
mj = my, M. Then, rmy, My = ma,ccemyg, which implies
that (rmy, —my,)mi,---my; = 0. Now, since M is k-integral for
every k € {2,...,n — 1}, rmy, —my, = 0. Therefore, r is invertible
since M, is présimplifiable. Thus, M, is présimplifiable.

Now, to prove that every ideal J of R x, M with IIo(J) = 0
is homogeneous, it suffices to prove that M = m;My_; for every
ke{2,...,n}, every j € {1,...,k — 1} and every m; € M; — {0} (by
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Theorem 5.11). The case where k = 2 is trivial. Thus, fix k € {3,...,n}
and j € {1,...,k —1}. Consider m; € M; — {0} and my, € M, — {0}.
We prove that my = m;my_; for some my_; € My_; — {0}. From
Corollary 5.15 (5), m; = m?~'m; for some m,m; € M; — {0}. And,
from Corollary 5.15 (3), my = mymy_1 for some my_; € My_1 — {0}.
In addition, from Corollary 5.15 (5), mr_; = mF~2m) for some
m}y € My — {0}. Then, my = m*2mym} = (m?~tmy)(mF7-1m)) =
mjmy_j, where my_; = m* I~ m{ € My_; — {0}, as desired. O

Finally, we give a case when we can characterize rings in which every
ideal is homogeneous. Note that, when R is a ring with aM; = M; for
every i € {1,...,n—1}, a € R— {0}, and M; = m*~1M; for every
i € {2,...,n} and nonzero element m € M; —{0}, then R is an integral
domain and M; must be torsion-free for every i € {1,...,n — 1}.

Corollary 5.17. Suppose that n > 2 and R is an integral domain.
Assume that M; is torsion-free, for every i € {1,...,n — 1}, and that
M, is k-integral for every k € {2,...,n — 1}. Then, the following
assertions are equivalent.

(1) Every ideal of R %, M is homogeneous.

(2) The following two conditions are satisfied:

(i) for everyi € {1,...,n}, M; is divisible; and
(i) for everyi € {2,...,n} and my € My — {0}, M; = miM;_4.

Proof. Simply use Corollaries 5.8 and 5.15 and Theorem 5.11. [

It is simple to show that the two n-trivial extensions Z x,,Qx ---xQ
and Z X, Q x --- x Q x Q/Z satisty the conditions of the above result,
and thus, every ideal of these rings is homogeneous.

We end this section with the following specific case.

Corollary 5.18. Suppose that n > 2. Consider the n-trivial extension
S =k x, Ey x -+ X E, where k is a field and, fori € {1,...,n},
E; is a k-vector space. Suppose that Ey is k-integral for every k €
{2,...,n—1}. Then, the following assertions are equivalent.

(1) Every ideal of S is homogeneous.
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(2) For every k € {2,...,n}, j€{1,...,k—1} and e; € E; — {0},
EkZEjEk_j.

As a specific case, we may consider a field extension K C F. Then,
every ideal of S := K x,, F' x --- x F' is homogeneous, namely, every
proper ideal of S has the form 0 x, 0 X --- X O X N X F X -+ X F,
where N is a K-subspace of F.

6. Some ring-theoretic properties of R x,, M. In this section,
we determine when R x,, M has certain ring properties such as being
Noetherian, Artinian, Manis valuation, Priifer, chained, arithmetical, a
m-ring, a generalized ZPI-ring or a PIR. We conclude the section with
a remark on a question posed in [2] concerning m-Boolean rings.

We begin by characterizing when the n-trivial extensions are Noe-
therian (respectively, Artinian). The next result extends [9, Theo-
rem 4.8].

Theorem 6.1. The ring Rx,, M is Noetherian (respectively, Artinian)
if and only if R is Noetherian (respectively, Artinian) and, for every
i€{1,...,n}, M; is finitely generated.

Proof. Similar to the proof of [9, Theorem 4.8]. O

The following result is an extension of [9, Theorem 4.2, Corol-
lary 4.3]. Tt investigates the integral closure of R x, M in the total
quotient ring T'(R x,, M) of R x,, M.

Theorem 6.2. Let
S=R—-(Z(R)UZ(M)U---UZ(M,)).
If R’ is the integral closure of R in T(R), then
(R/ﬂRs) Xp Mig X -+ X Mg
is the integral closure of R x,, M in T(R x,, M). In particular,

(1) If R is an integrally closed ring, then R X, Mig X -+ X Mg is
the integral closure of R X, My X -+ X My in T(R X, My X -+- X M,),
and
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(2) if Z(M;) C Z(R) foralli € {1,...,n}, then Rx,,M1gX---X Mg
is integrally closed if and only if R is integrally closed.

Proof. All statements may be proved similarly to those of [9, The-
orem 4.2, Corollary 4.3]. O

It is worth noting, as in the classical case, that R x, M can be
integrally closed without R being integrally closed (see the example
given after [9, Corollary 4.3]).

Similar to the classical case [9, Theorem 4.16 (1), (2)], as a conse-
quence of Corollary 5.7 and Theorem 6.2, we give the following result
which characterizes when R x,, M is a (Manis) valuation and when it
is Priifer. First, recall these two notions.

Let S be a subring of a ring T', and let P be a prime ideal of S.
Then, (S, P) is called a valuation pair on T (or S is merely a valuation
ring on T') if there is a surjective valuation

v: T — GU{oo}(v(zy) = v(z) + v(y), v(z +y) > min{o(z),v(y)},
v(1) = 0 and v(0) = 00),

where G is a totally ordered Abelian group, with
S={zeT|v(x)>0} and P={zeT|v(zx)>0}

This is equivalent to the following: if x € T — S, then there exists
an 2’ € P with z2’ € S — P. A valuation ring S is called a (Manis)
valuation ring if T = T(S). Also, S is called a Priifer ring if every
finitely generated regular ideal of S is invertible. This is equivalent to
every overring of S being integrally closed (see [37] for more details).

Corollary 6.3. Let S=R— (Z(R)U Z(My)U---U Z(M,)).
(1) Ry, M is a Manis valuation ring if and only if R is a valuation
ring on Rg and M; = Mg for every i € {1,...,n}.

(2) Rx,, M is a Prifer ring if and only if, for every finitely generated
ideal I of R with INS # @, I is invertible and M; = M;gs for every
ie{l,...,n}.



ON n-TRIVIAL EXTENSIONS OF RINGS 2487

Now, as an extension of [9, Theorem 4.16 (3)], we characterize when
R x,, M is a chained ring. Recall that a ring .S is said to be chained if
the set of ideals of S is totally ordered by inclusion.

As an exception to Convention 4.2, in the following results (Lemma 6.4,
Theorem 6.5, Corollary 6.6, Lemma 6.7 and Theorem 6.8), a module
in the family associated to an n-trivial extension can be zero.

The proof of the desired result uses the next lemma, which gives
another characterization of a particular n-trivial extension with the
property that every ideal is homogeneous.

Lemma 6.4. Assume that R is quasi-local with mazimal ideal m.
Suppose also that at least one of the modules of the family M is nonzero.
Then, every ideal of R, M is homogeneous if and only if the following
three conditions are satisfied:

(1) R is an integral domain.

(2) For every i € {1,...,n}, M; is divisible.

(3) For every1 <i < j<n (whenn >2), if M; # 0 and M; # 0,
then Mj_; # 0 and eM; = M; for every e € M;_;.

In this case, each ideal has one of the forms I x, M, for some ideal 1
of R, or
OXpOX - XOX N XM X - X M,

where N is a nonzero submodule of M; for some j € {1,...,n}.
Proof.

=. Clearly, the first assertion is a simple consequence of the second
one. Then, we only need prove the second and third assertions.

(2) Let » € R— {0} and ¢ € {1,...,n}. Consider an element
m; € M;. If r € m, the maximal ideal of R, then r is invertible, and
trivially, we get the result. Next, assume that » € m. By hypothesis,
the ideal ((r,0,...,0,m;,0,...,0)) is homogeneous, so there is an
(r',mf,...,m) such that

(r,0,...,0) = (r,0,...,0,m;,0,...,0)(r",m},...,ml).

Then, rr’ = r and 0 = rm} 4+ r'm;. Thus, 7’ cannot be in m, so r’ is
invertible, and thus, m; = —(r')~1rm/, as desired.



2488 D.D. ANDERSON, D. BENNIS, B. FAHID AND A. SHAIEA

(3) Let 1 < ¢ < j < n be such that M; # 0 and M; # 0.
Consider m; € M; — {0} and m; € M; — {0}. By hypothesis,
((0,...,0,m;,0,...,0,m;,0,...,0)) is homogeneous. Then,

0,...,0,m;,0,...,0)=(0,...,0,m;,0,...,0,m;,0,...,0)(r',mi,...,m])

’ n
for some (r',m},...,m)) € R x, M. This implies that
/ _ / . . ! _ .
r'm; =0 and 7r'm;+m;m;_; =m;.

If M;_; = 0, we obtain rm; = 0 and (' — 1)m; = 0. This is
impossible since either 7’ or ' — 1 is invertible. Then, M;_; # 0.
Now, suppose that 7" # 0. From (2), there exists an m/_;, € M;_; such
that m’_, = r'm//_,. Hence, using the fact that 7'm; = 0, the equality
r'mj + m;m}_; = m; becomes r'm; = m;. As in the previous case,
this is impossible. Therefore, 7’ = 0, and this gives the desired result.

<. We only need to prove that every principal ideal {(s,m1,...,m,))
of R x, M is homogeneous. For this, distinguish two cases s # 0,
and s = 0, and follow an argument similar to that of Theorem 5.6

(3) = (4). O

Theorem 6.5. Assume thatn > 2 and that at least one of the modules
of the family M is nonzero. Then, the ring R X,, M is chained if and
only if the following conditions are satisfied:

(1) R is a valuation domain;

(2) for every i € {1,...,n}, M; is divisible;

(3) for every 1 <i < j<mn, if M; #0 and M; # 0, then M;_;, # 0
and eM; = M; for every e € M;_;; and

(4) for every i € {1,...,n}, the set of all (cyclic) submodules of M;
is totally ordered by inclusion.

Proof.

=. First, we prove that R is a chained ring. Consider two ideals I
and J of R. Then, I x, M and J x,, M are two ideals of R x,, M. In
addition, they are comparable and so are I and J, as desired. A similar
argument may be used to prove the last assertion.

Now, we prove that every ideal of R x, M is homogeneous. Then,
by Lemma 6.4, we get the other assertions. Consider a nonzero ideal
K of R x,, M. If IIj(K) # 0, then necessarily, 0 x,, M C K. Then,



ON n-TRIVIAL EXTENSIONS OF RINGS 2489

from Lemma 4.6, K is homogeneous. Now, let ¢ > 1 be the smallest
integer such that II;(K) # 0. If ¢ = n, then, by the first assertion of
Lemma 5.10, K is homogeneous. If i # n, then necessarily,

OXp---XOX Mpq x---x M, CK.

Thus, by the second assertion of Lemma 5.10, K is homogeneous, as
desired.

<. Using Lemma 5.10, we deduce that any two ideals I and J of
R x,, M have the forms

IT=0%y, - XOXI[; X Mjyg XXM,

and
J=0xpn - xOX Jj X My %o x M,

for some ¢,j € {0,...,n}, where I; and J; are submodules of M; and
M;, respectively (here, My = R). If i # j, then obviously, I and J are
comparable. If ¢ = j, then, using the first and the last assertion, we can
show that I; and J; are comparable and so are I and J, as desired. [

Using Corollary 3.8 and Theorem 6.5, we obtain an extension of [9,
Theorem 4.16 (4)], which characterizes when R x,, M is arithmetical.
Recall that a ring S is arithmetical if and only if Sp is chained for each
prime (maximal) ideal P of S. Also, recall that, for a ring S, an S-
module H is called arithmetical if, for each prime (maximal) ideal P of
S, the set of submodules of Hp is totally ordered by inclusion. Finally,
recall that the support of an S-module H, supp(H), over a ring S is
the set of all prime ideals P of S such that Hp # 0.

Corollary 6.6. The ring R x,, M 1is arithmetical if and only if the
following conditions are satisfied:

(1) R is arithmetical;

(2) for every i € {1,...,n}, M; is an arithmetical R-module;

(3) for every P € U;supp(M;), Rp is a valuation domain;

(4) for every i € {1,...,n} and P € supp(M;), M;p is a divisible
Rp-module; and

(5) for every 1 < i < j < n, if P € supp(M;) N supp(M;), then
P € supp(M;_;) and eM;p = M;p for every e € M(;_; p.
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Recall that a ring S is called a generalized ZPI-ring (respectively, a
m-ring) if every proper ideal (respectively, proper principal ideal) of S
is a product of prime ideals. An integral domain which is a m-ring is
called a m-domain. Clearly, a generalized ZPI-domain is nothing but a
Dedekind domain. It is well known (for example, see [28, Sections
39, 46]) that S is a w-ring (respectively, a generalized ZPI-ring, a
principal ideal ring (PIR)) if and only if S is a finite direct product
of the following types of rings: (1) m-domains (respectively, Dedekind
domains, PIDs) which are not fields, (2) special principal ideal rings
(SPIRs) and (3) fields.

Our next results extend [9, Lemma 4.9, Theorem 4.10]. They char-
acterize when R x,, M is a w-ring, a generalized ZPI-ring or a PIR.

Lemma 6.7. If R x,, M is a w-ring (respectively, a generalized ZP1I-
ring, a PIR), then R is a m-ring (respectively, a generalized ZPI-ring,
a PIR). Hence, R= Ry X --- X R, where R; is either (1) a w-domain
(respectively, a Dedekind domain, a PID) but not a field, (2) an SPIR,
or (3) a field. Let

M;;=0x--0xRj x0x - x0)M,;

where 1 <i<nandl <j<s. If R; is a domain or SPIR, but not a
field, then M;; = 0, while, if R; is a field, M;; =0 or M;; = R;.

Conversely, if R= Ry x -+ X Ry and My = My ; x --- X M ; are as
above and R is a w-ring (respectively, a generalized ZPI-ring, a PIR),
then R x,, M is a w-ring (respectively, a generalized ZPI-ring, a PIR).

Proof. Using Theorem 3.9, the proof is similar to that of [9,
Lemma 4.9]. O

Theorem 6.8. R x,, M is a w-ring (respectively, a generalized ZPI-
ring, a PIR) if and only if R is a mw-ring (respectively, a generalized
ZPI-ring, a PIR) and M; is cyclic with annihilator P;, --- P;_, where
P,,...,P;, are some idempotent mazimal ideals of R (if is = 0,
Ann(M;) = R, that is, M; = 0).

Proof. Similar to the proof of [9, Theorem 4.10]. |
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We end the section with a remark on a question posed in [2]. Recall
that a ring R is called m-Boolean for some m € N, if char R = 2 and

1To Tl +x1) - (14 2m) =0

for all zy,..., 2, € R. Thus, Boolean rings are merely 1-Boolean rings.
It is shown in [2, Theorem 10] that 2-Boolean rings can be represented
as trivial extensions, namely, it is proved that, if R is 2-Boolean, then
R = B x Nil(R), where B = {b € R |b? = b} [2, Theorem 10]. Based
on this result, the following natural question is posed (see [2, page 74]):
can [2, Theorem 10] be extended to m-Boolean rings for m > 27?

It may be asked whether the n-trivial extension is the suitable
construction for solving this question. Using [2, Theorem 6], it may
be shown that the amalgamated algebras along an ideal (introduced
in [32]) partially resolve this question. Recall that, given a ring
homomorphism f : A — B and an ideal J of B, the amalgamation of A
with B along J with respect to f is the following subring of A x B:

AMfB:{(a,f(a)—i—j)\aeA,jEJ}.

Note that A >/ B = A®J, where A®J C A x B is the ring whose
underlying group is A & J with multiplication given by (a, z)(a’,2’) =
(ad,azx’ + o’z + z2’) for all a,a’ € A and z,2’ € J. Here, J is an
A-module via f, and then, az’ := f(a)z’ and o'z := f(a')x (see [32]
for more details). Now, if R is m-Boolean for m > 2, then, from [2,
Theorems 6, 7], R = B @ Nil(R), where B = {b € R | b?> = b}. Then,

R = B&Nil(R) = B < Nil(R),
where i : B < R is the canonical injection.

From a practical standpoint, any n-trivial extension R x, M may
be seen as the amalgamation of R with R x,, M along 0 x,, M with
respect to the canonical injection. This leads to the following question
for every m > 2: is any m-Boolean ring an m-trivial extension?

7. Divisibility properties of R x,, M. Factorization in commuta-
tive rings with zero divisors was first investigated in a series of papers
by Bouvier, Fletcher and Billis (see References), where the focus had
been on the unicity property. Papers [1, 7, 8] marked the start of a
systematic study of factorization in commutative rings with zero divi-
sors. Since then, this theory has attracted the interest of a number of
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authors. The study of divisibility properties of the classical trivial ex-
tension has led to some interesting examples and then to solutions for
several questions (see [9, Section 5]). In this section, we are interested
in extending a part of this study to the context of n-trivial extensions.

First, we recall the following definitions. Let S be a commutative
ring and H an S-module. Two elements e, f € H are said to be
associates (written e ~ f) (respectively, strong associates (written
e & f), very strong associates (written e 2 f)) if Se = Sf (respectively,
e = uf for some u € U(S), e ~ f and either e = f = 0 or e = rf implies
r € U(S)). Taking H = S gives the notions of “associates” in S. We
say that H is strongly associate if, for every e, f € H, e ~ f = e =~ f.
When S is strongly associate as an S-module, we also say that S is
strongly associate. Finally, recall that H is said to be S-présimplifiable
if, for r € S and e € H,

re=e=reU(Y)
or e = 0. If S is S-présimplifiable, we simply say that S is pré-
simplifiable.

We begin with an extension of [9, Theorem 5.1].

Proposition 7.1. Let R C S be a ring extension such that U(S)NR =
U(R).

(1) If S is présimplifiable, then every R-submodule of S is pré-
simplifiable. In particular, R is présimplifiable.

(2) Suppose that S = RGN as an R-module, where N is a nilpotent
ideal of S which satisfies either N2 =0 or

N = @ N,
ieN
as an R-module, where

S=REN, ®Na®---

is a graded ring. Then, S is présimplifiable if R is présimplifiable and N
is R-présimplifiable.
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Proof.

(1) Let H be an R-submodule of S. Consider e = ze withe € H—{0}
and z € R — {0}. Since S is présimplifiable, 2 € U(S), and thus,
zeU(S)NR=U(R).

(2) Let = ry + ny # 0 and y = ry + ny be two elements of
R&N=S,

where 5,7, € R and ng,ny € N, such that x = yz. Assume that
ry # 0. Then, ry = ryr, implies that r, € U(R) C U(S), and, since N
is nilpotent, y = ry,+n, is invertible in S, as desired. Next, assume that
ry = 0. Then, n, # 0, and thus, n; = ryn, +nyn,. In the case N2 =0,
we have n, = ryn,. Hence, r, € U(R) since N is présimplifiable, and,
as above, y € U(S). Finally, in the case where

S=R®N &Ny
is a graded ring, we may set
Ng =Ny + 0+ Ny,

with {i1,...,%m} C N and m € N such that i; <--- < i, and n;, # 0.
Then, n;, = ryn;,, which implies that r, € U(R) and similarly, as
above, y € U(S). O

Proposition 7.2. Let R = @,en, Ri be a graded ring.

(1) If R is strongly associate, then Ry is a strongly associate ring
and R; is a strongly associate Ry-module for every i € N.

(2) Suppose that there exists an n € N such that R; = 0 for every
i >n+ 1, that is,
R=RyX, Ry X ---XR,,
and assume that Ry is a présimplifiable ring and Ry,...,R,_1 are

présimplifiable Ro-modules. Then, R is strongly associate if and only
if Ry, is strongly associate.

Proof.

(1) Let 24, y; € R; —{0} for i € Ny be such that Roz; = Roy;. Then,
Rz; = Ry;. Hence, there is a

u=1ug+u +--- €U(R)
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such that x; = uy;. Then, ug € U(Rp) and x; = ugy;, as desired.
(2) Let

be two associate elements of R where m € {0,...,n} and z;,y; € R;
for i € {m,...,n} such that z,, and y,, are nonzero. It follows that
T ~ Ym- In particular, there is an

a=aoy+ -+ ay

such that x = ay. Then, z,, = apy.,. Hence, two cases occur.
Case m # n. Since R, is présimplifiable, ag € U(Rg). Then,
a € U(R), as desired.

Case m = n (ie., x = x,, and y = y,,). Here, the result follows
since R, is strongly associate. (|

Now, we can give the extension of [9, Theorem 5.1] to the context
of n-trivial extensions.

Corollary 7.3. The following assertions are true.

(1) Ry My x---X M, is présimplifiable if and only if R, My, ..., M,
are présimplifiable.

(2) If R Xy, My X - - X M, is strongly associate, then R, My, ..., M,
are strongly associate.

(3) Suppose that R, M, ..., M, are présimplifiable. Then,
Rx, My x---x M,

is strongly associate if and only if M, is strongly associate.

Now, we investigate the extension of [9, Theorem 5.4]. It is
convenient to recall the following definitions. Let S be a commutative
ring. A nonunit a € S is said to be irreducible or an atom (respectively,
strongly irreducible, very strongly irreducible) if a = bc implies a ~ b or
a ~ ¢ (respectively, a ® bor a = c¢,a 2 bor a X c), and a is said to be
m-irreducible if Sa is a maximal element of the set of proper principal
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ideals of S. Note that, for a nonzero nonunit a € .S,

a very strongly irreducible = a is m-irreducible

= a is strongly irreducible = a is irreducible;

however, none of these implications can be reversed. In the case of an
S-module H, we say that e € H is S-primitive (respectively, strongly
S-primitive, very strongly S-primitive) if, for a € S and f € H,

e=af =e~f

~

(respectively, e ~ f, e = f). In addition, e is S-superprimitive if
be = af for a,b € S and f € H implies a | b. Note that:

(1) e is S-primitive < Se is a maximal cyclic S-submodule of H,

(2) e is S-superprimitive = e is very strongly S-primitive = e is
strongly S-primitive = e is S-primitive,

(3) if Ann(e) =0, e is S-primitive = e is very strongly S-primitive,
and

(4) e is S-superprimitive = Ann(e) = 0.

In the following results, the homogeneous element (0, ...,0,m;,0,
...,0) of Rx,, M, where i € {1,...,n} and m; € M; — {0}, is denoted
by m,. The next result extends [9, Theorem 5.4 (1)].

Proposition 7.4. Let i € {1,...,n} and m;,n; € M; — {0}. Then,
m; ~ n,; (respectively, m; =~ n;, m; = n;) in M; if and only if m; ~n;
(respectively, m; ~ n;, m; = n;) in R x, M.

Proof. The assertion is proved similarly to the corresponding classi-
cal one. (]

It is worth noting that the analog of assertion (4) of [9, Theorem 5.4]
does not hold in the context of n-trivial extensions with n > 2. Indeed,
consider the 2-trivial extension S = Z4 X Z4 X Z4. 1t is simple to show
that 1 is superprimitive in the Z4-module Z4. However, (0,0,1) is not
very strongly irreducible in S (since (2,1,2)% = (0,0,1)). Moreover,
even if we assume that R is an integral domain, we still do not have
the desired analog. For this, take S = Z x4 Z X Z. We have that 1
is superprimitive in the Z-module Z. However, (0,0,1) is not very
strongly irreducible in S (since (0,1,0)? = (0,0,1)). The last example
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also shows that assertion (2) of [9, Theorem 5.4] does not hold in the
context of n-trivial extensions with n > 2, namely, if 0 # m; = m;my,
where (m;, m;,my) € M; x M; x My, i > 2, and j,k € {1,...,i—1}
with j 4+ k = ¢, then m; cannot be irreducible. Indeed, m; = m;my,
but neither m; nor my are in o

(mi) COXp - x0x Myx - x M,

In order to extend [9, Theorem 5.1 (2)], we need to introduce the
following definitions.

Definition 7.5. Assume that n > 2 and each multiplication in the
family ¢ = {%,J} i+j<n isnot trivial. Let i € {2,...,n}. An element

<i,j<n—1
m; € M; — {0} is said to be @-indecomposable (or indecomposable

relative to the family of multiplications ) if, for every (m;,my) €
M; x My, (where j,k € {1,...,i — 1} with j + k = i), m; # mjmy. If
no ambiguity can arise, p-indecomposable elements are simply called
indecomposables.

For example, in Zx3Z X Q, every element in Q—Z is indecomposable.
However, every element x € Z (Z as a submodule of Q) is decomposable
(since (0,1,0)(0,2,0) = (0,0, x)).

Definition 7.6. Let ¢ € {2,...,n}. The R-module M; is said to be
p-integral (or integral relative to the family of multiplications ¢) if, for
every (mj;, mg) € M; x My, (where j, ke {1,...,i—1} with j+k = 1),
m;my, = 0 implies that m; = 0 or my, = 0. If no ambiguity can arise,
a -integral R-module is simply called integral.

For example, for Z xo Z x Z, My = 7Z is integral. And, fo 4

or Zi Xg
X Z/2Z, 7./27Z is not integral since, for instance, ¢ 1(1,2) =12 =0.
Proposition 7.7. Assume that n > 2. Let i € {1,...,n} and
m; € M; —{0}. If m; is irreducible (respectively, strongly irreducible,
very strongly irreducible) in Rix, M, then m; is primitive (respectively,
strongly primitive, very strongly primitive) in M.

Conwversely, three cases occur:
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Case i = 1. The reverse implication holds if R is an integral domain
and M is torsion-free for every j € {2,...,n}.

Case i = 2 (here, n > 2). The reverse implication holds if R is an
integral domain, M; is torsion-free for every j € {1,...,n} — {2} and
me 1S indecomposable.

Case i > 3 (here, n > 3). The reverse implication holds if R is an
integral domain, M; is torsion-free for every j € {1,...,n} — {i}, M,
is integral for every j € {2,...,i— 1}, and m; is indecomposable.

Proof. We prove only the primitive (irreducible) case. The other two
cases are proved similarly.

=. Suppose that m; is irreducible, and let m; = an, for some a € R
and n; € M;. Then, m; = (a,0,...,0)n, and thus, (R x, M)m; =
(R Xy, M)n,. This implies that Rm,; = Rn;, as desired.

<. Let m; = (a;)(n;) for some (a;), (n;) € Rx, M. Then, agng = 0.
First, we show that the case ag = 0 and ng = 0 is impossible. Cases
i = 1, 2 are easy and are left to the reader. Thus, assume i > 3.
Suppose that ag = 0 and ng = 0. Then, we have the following
equalities: for j € {2,...,1— 1},

ainj—1 +agnj_os+---+aj_in; =0
and

a1ni—1 + asni—2 + -+ + a;—1N1 = M.

A recursive argument on these equalities shows that, for I € {2,...,i},
there is a k € {0,...,1 — 1} such that (ag,...,ax) = (0,...,0) and
(0 -+, Mi—(k+1)) = (0,...,0). Indeed, it is clear this is true for [ = 2.
Then, suppose this is true for a given | € {2,...,i — 1}. Thus, the
equality

aing—1 +asnj—2 +---+a—1m =0

becomes ag111;_(x41) = 0. Then, since M, is integral, we obtain the
desired result for [ + 1. Thus, for | = i, we get axt1mi— (k1) = M,
which is absurd since m; is indecomposable.

Now, we may assume that ag # 0 and ng = 0; thus, agn; = 0.
Since M, is torsion-free, n; = 0. Recursively, we obtain n; = 0 for
je{l,...,i—1}. Then, agn; = m;, and, since m; is primitive, there



2498 D.D. ANDERSON, D. BENNIS, B. FAHID AND A. SHAIEA

exists a by € R such that n; = bym;. It remains to show that there is a
b; € M; for j € {1,...,n — i} such that n;y; = b;m,, and this implies
that

(nl) = (0,...,0,ni,ni+1,...) = (bo,...,bn_i,o,...,O)@,

as desired. We have agn;t1+ain; = 0. Then, using both agn; = m; and
n; = bgm;, we get aoni+1 + a1bgagn; = 0. Next, G,o(nH_l +a1b0ni) =0,
S0 ni41 + arbon; = 0 (since M, is torsion-free). Then,

2
Tli+1 = 7a1b0mi,

and we set by = —albg. This leads to n;+1 = bym;. Similarly, using
the equality
apniy2 + ain;y1 +azn; =0

with the equalities agn; = m; and n; = bgm;, we obtain
agni42 + alblaoni + agboagni =0.

Therefore, n;12 + a1bin; + asbgn; = 0; then, n;1o9 = bam;, where
by = —a1b1by — agb%. Finally, a recursive argument gives the desired
result. O

The following result extends [9, Theorem 5.4 (3)].

Proposition 7.8. Suppose that R has a nontrivial idempotent. Then,
for every i € {1,...,n} and m; € M; — {0}, m; is not irreducible in
R, M.

Proof. The assertion is proved similarly to the corresponding classi-
cal one. (]

Now, we are interested in finding some factorization properties.
Recall that a ring S is called atomic if every (nonzero) nonunit of S
is a product of irreducible elements (atoms) of S. Note that, as in the
domain case, the ascending chain condition on principal ideals (ACCP)
implies atomic.

We begin with an extension of [9, Theorem 5.5 (2)] which charac-
terizes when a trivial extension of a ring satisfies ACCP. For this, we
need the next lemma.
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Lemma 7.9. Leti € {0,...,n}, and consider two elements a = (0, ...,
0,ai,Git1,---,an) and b = (0,...,0,b;,b;41,...,b,) of R X, M with
a; # 0. Then, the implication

(@) S(b) = b; #0 and (a;) S (b;)

is true if either (1) 0 < i < n — 1 and M; is présimplifiable (here
My =R) or (2) i =n.

Proof. Since {a) C (b), thereisac = (cg,...,cn) € RX, M—U(RX,

M) such that a = ¢b. Then, a; = cob; and ¢¢ ¢ U(R). This shows that
(a;) € (b;) in both cases. O

=

Theorem 7.10. Assume thatn > 2. Suppose that M; is présimplifiable
for every i € {0,...,n — 1} (here My = R). Then, R x,, M satisfies
ACCP if and only if R satisfies ACCP and, for everyi € {1,...,n},
M; satisfies ACC on cyclic submodules.

Proof. The proof of the direct implication is easy. We prove the
converse. Suppose that R x,, M admits a strictly ascending chain of

principal ideals
((a1,0)) € ((a24)) S -+

If there exists a jo € N such that aj, 0 # 0, then, for every k > jo,
ak,0 7 0. In addition, from Lemma 7.9, we obtain the following strictly
ascending chain of principal ideals of R:

(ajo,0) G (@jo+1,0) G-+ -

This is absurd since R satisfies ACCP. Now, suppose that a;o = 0 for
every j € N and that there exists a j; € N such that aj, 1 # 0. From
Lemma 7.9, we obtain the following strictly ascending chain of cyclic
submodules of M;:

(aj, 1) S {aj41,1) G oo

This is absurd since M; satisfies ACC on cyclic submodules. We con-
tinue in this manner until the case is reached where we may suppose
that a;; = 0 for every i € {1,...,n — 1} and j € N. Therefore, from
Lemma 7.9, we obtain the desired result. |
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Now, we investigate when R x,, M is atomic, namely, we give an
extension of [9, Theorem 5.5 (4)]. Recall that an R-module N is said
to satisfy MCC if every cyclic submodule of N is contained in a maximal
(not necessarily proper) cyclic submodule of N.

Theorem 7.11. Assume thatn > 2. Suppose that M; is présimplifiable
for every i € {0,...,n — 1} (here, My = R). Then, R x,, M is atomic
if R satisfies ACCP, M; satisfies ACC on cyclic submodules, for every
ie{l,...,n—1}, and M, satisfies MCC.

Proof. The proof is slightly more technical than that of [9, Theorem
5.5 (4)]. Here, we need to break the proof into the following n+ 1 steps
such that, in the step number k € {1,...,n + 1}, we prove that every
nonunit element (m;) € R x,, M with mg = 0,...,mi_o = 0 and
my_1 # 0 is a product of irreducibles.

We use an inductive argument for the first n steps.

Step 1. Suppose that there is a nonunit element (m;) of R x,, M
with mgy # 0 and such that (m;) cannot be factored into irreducibles.
Then, there exist (a1;), (b1;) € R x, M — U(R x,, M) such that
(m;) = (@1,:)(b1,:), and neither (m;) and (a1,;) nor (m;) and (b1 ;) are
associate. Since

0 # mo = a1,0b1,0,

aio # 0 and by # 0. Clearly, (a1,) or (by,;) must be reducible, say
(a1,;). Also, for (a1 ;), there are (az;), (b2;) € Rx, M — U(R x,, M)
such that (a1,;) = (a2,)(ba,;), and neither (a; ;) and (az,;) nor (ai ;)
and (by,;) are associate. As above, ag ¢ # 0 and by o # 0, and say (a2 ),
are reducible. Thus we continue until we obtain a strictly ascending
chain

((mq)) G ((a1,4)) G ((az,i)) G-+
Using Lemma 7.9, we get a strictly ascending chain of principal ideals
of R
(mo) € (a1,0) & (az0) &+

This is absurd since R satisfies ACCP.

Step j. 1 < j < n. Suppose that there is a nonunit element
(m;) € R xy, M with mg = 0,..., mj_a = 0 and m;_1 # 0 which
is not a product of irreducibles. Then, there are (ai;), (b1;) €



ON n-TRIVIAL EXTENSIONS OF RINGS 2501

R x, M —U(R x,, M) such that (m;) = (a1,)(b1,:), and neither (m;)
and (a1 ;) nor (m;) and (by,;) are associate. Then,

a1obij—1+a11byj_o+ -+ a1 _2b11 + a1 j—1bi0 =my_1 #0.

If a1 = 0 for every k € {0,...,7 — 2}, then necessarily, by o # 0.
Hence, by the preceding steps, (b1 ;) is a product of irreducibles, and
then, by the hypothesis on (m;), (a1 ;) is reducible. If a1 j # 0 for some
k€ {0,...,j — 2}, then (a1) is a product of irreducibles and (b; ;) is
reducible. Thus, by symmetry, we may assume that (a1 ;) is reducible,
and it is not a product of irreducibles. Thus, necessarily, a1 = 0,...,
ai,j—2 = 0 and ay j—1 # 0. The last argument is repeated so that we
obtain a strictly ascending chain of principal ideals of R x, M

((mq)) € ((a1,4)) S ((azq)) -+

such that, for every K € N, apo = 0,..., agj—2 = 0 and a j—1 # 0.
Then, from Lemma 7.9, we obtain a strictly ascending chain of cyclic
submodules of M;_;

(mj—1) G (a15-1) & {azj-1) G-+,
which is absurd by hypothesis on M;_1, as desired.

Step n+ 1. It remains to prove that every element of R x,, M of the
form (0,...,0,m,) with m,, # 0 is a product of irreducibles. Since M,
satisfies MCC, Rm,, C Rm, where Rm is a maximal cyclic submodule
of M,,. Then, m,, = am for some a € R — {0}, and thus,

(0,...,0,my) = (a,0,...,0)(0,...,0,m).

Now, a # 0 shows that (a,0,...,0) is a product of irreducibles (by
Step 1) and Rm is maximal shows that either (0, ...,0,m) is irreducible
or (0,...,0,m) = (a;)(b;), where ap # 0 and b, # 0 for some
k,1 € {0,...,n — 1}. Then, by the preceding steps, (a;) and (b;) are
products of irreducibles, and hence, so is (0, ...,0,m). This concludes
the proof. O

A ring S is said to be a bounded factorial ring (BFR) if, for each
nonzero nonunit z € S, there is a natural number N(z) such that, for
any factorization x = x7---xs where each x; is a nonunit, we have
s < N(zx). For domains, we say BFD instead of BFR. Recall that an
S-module H is said to be a BF-module if, for each nonzero h € H,
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there exists a natural number N (k) so that

h=aj---as—1hs (each a; a nonunit) = s < N(h).

Our next theorem, which is a generalization of [9, Theorem 5.5 (4)],
investigates when R x,, M is BFR. It is based on the next lemma.

Lemma 7.12. For j € N — {1}, a product of j elements of R X, M
of the form (0,1, ..., xy) is of the form (0,...,0,y;,...,yn) (where, if
j > n+1 the product is zero).

Theorem 7.13. Assume thatn > 2, R is an integral domain and M; is
torsion-free for everyi € {1,...,n—1}. Then, Rix, M is a BFR if and
only if R is a BFD, and M; is a BF-module for every i € {1,...,n}.

Proof.
=. Clear.

<. Let (m;) be a nonzero nonunit element of R x,, M, and suppose
that we have a factorization into nonunits (m;) = (a1,)---(as,) for
some s € N. If mg # 0, mg = a1,0--as,0 implies that s < N(my).
Otherwise, there is a j € {1,...,n} such that mg = 0,...,mj—1 =0
and m; # 0. We may assume that s > j + 1. Since R is an integral
domain, by Lemma 7.12, we may assume that there is a k € {1,...,j}
such that a; 9o = 0 for every [ € {1,...,k} and a;9 # O for every
le{k+1,...,s}. Let

S

k
(0,..,0,bk, .., bn) = [[(ars) and (co,....cn) = [] (ars).

=1 I=k+1
Since M; is torsion-free for every ¢ € {1,...,7 — 1} and

S

co = H aio #0,bp, =0,...,b;_1 =0,
I=k+1

bj # 0. Then,
mj; = Cobj = H al_’()bj.
l=k+1

Therefore, s < N(m;) + k — 1 (since M; is a BF-module). O
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Now, we investigate the notion of a U-factorization. It was intro-
duced by Fletcher [33, 34] and developed by Axtell, et al., in [11, 12].
Let S be a ring, and consider a nonunit a € S. By a factorization of a,
we mean a = aj - - - ag, where each a; is a nonunit. Recall from [33]
that, for a € S,

U(a) = {r € S | there exists an s € S with rsa = a}
={reS|r(e)=(a)}.

A U-factorization of a is a factorization a = aj ---agby - - - by, where,
for every 1 < 4 < s, a; € U(by---b;) and, for every 1 < i <
t, b; ¢ U(b1~~-b:--~-bt). We denote this U-factorization by a =
aj---as[by---by| and call aq,...,as (respectively, by,...,b;) the irrel-
evant (respectively, the relevant) factors.

Our next result investigates when an n-trivial extension is a U-FFR.
First, recall the following definitions.

A ring S is called a finite factorization ring (FFR) (respectively, a
U-finite factorization ring (U-FFR)) if every nonzero nonunit of S has
only a finite number of factorizations (respectively, U-factorizations)
up to order and associates (respectively, associates on the relevant
factors). A ring S is called a weak finite factorization ring (WFFR)
(respectively, a U-weak finite factorization ring (U-WFFR)) if every
nonzero nonunit of R has only a finite number of nonassociate divisors
(respectively, nonassociate relevant factors). We have FFR = WFFR,
and the converse holds in the domain case. But, Zs X Zy is a WFFR
that is not an FFR. However, from [11, Theorem 2.9],

U-FFR <= U-WFFR.

The study of the above notions on the classical trivial extensions
leads to consideration of the following notion, see [11]. Let N be an
S-module. For a nonzero element x € N, we say that Sdids ---dsx is a
reduced submodule factorization if, for every j € {1,...,s}, d; ¢ U(S)
and, with no canceling and reordering of the d;s, it is the case that

Sdldg tee ds.%' = Sdldg tee dtl‘,

where t < s. The module N is said to be a U-FF module if,
for every nonzero element x € N, there exist only finitely many
reduced submodule factorizations Sx = Sdids---dizg, up to order
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and associates on the d;, as well as up to associates on the z;. In this
context, we introduce the following definition.

Definition 7.14. Assume n > 2, and consider i € {1,...,n}.

(1) Let m; GMZ'—{O}, s € N, and (di17~~-7di5) c Mil X oo XMZ'S7
where {i1,42,...,is} C {0,...,n} with ¢; +--- 4+ is = i. We say that

is a p-reduced submodule factorization if, for every j € {1,...,s} such
that i; = 0, d;; ¢ U(R) and, with no canceling and reordering of the
d;’s, it is the case that

Rd;, d;, - d;, = Rd;, di, -~ - d;,,

where ¢t < s. If no ambiguity can arise, a @-reduced submodule
factorization is simply called a reduced submodule factorization.

(2) The R-module M; is said to be a ¢-U-FF module (or simply
U-FF module) if, for every nonzero element x € M;, there exist only
finitely many reduced submodule factorizations Rx = Rd;, d;, - --d;,,
up to order and associates on the d;;.

It is clear that, for ¢ = 1, the notion of the U-FF module defined
here is the same as that of Axtell.

Based on the proof of [11, Theorem 4.2], it is asserted in [12,
Theorem 3.6] that, if R x; M; is a U-FFR, then, for every nonzero
nonunit d € R, there are only finitely many distinct principal ideals
((d,m)) in Rx1 M;. However, a careful reading of this proof shows that
the case of ideals ((d,m)) with dM; = 0 should also be treated. The
validity of this assertion may be confirmed for reduced rings. However,
the context of n-trivial extensions seems to be more complicated.
Nevertheless, under some certain conditions, we next investigate when
R x, M is a U-FFR.

Lemma 7.15. Assume thatn > 2 and M, is integral. Then, for every
nonzero nonunit d € R, the following assertions are true.

(1) For every i € {1,...,n — 1}, the following assertions are equiv-
alent:
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(a) dMZ =0.
(b) dm; =0 for some m; € M; — {0}.
(C) dMn—i =0.
) dmy,—; =0 for some m,_; € M,_; — {0}.

(2) The following assertions are equivalent:

(a) dM; =0 for some i€ {1,...,n—1}.
(b) dM; =0 for everyi e {1,...,n—1}.

(3) If dM,, = 0, then dM; =0 for every i € {1,...,n — 1}.

(4) If M,, is torsion-free, then M; is torsion-free for every i €
{1,...,n—1}.

Proof.

(1) For the implications (1)(a) = (1)(b) and (1)(c) = (1)(d), there
is nothing to prove.

(1)(b) = (1)(c). Let m € M,,—;. Then, dm;m = 0 € M,,. Therefore,
dm = 0 (since M, is integral and m; # 0).

(1)(d) = (1)(a). Similar to the previous proof.

(2) For the implication (2)(b) = (2)(a), there is nothing to prove.

(2)(a) = (2)(b). First, we prove that dM; = 0. For every
my € My — {0}, dm' = 0 € M;, and thus, dm} = 0 € M,.
Therefore, dm; = 0 (since M,, is integral and m; # 0). Now, consider
any j € {l,...,n — 1} and any m; € M; — {0}. Then, for every
my € My — {0}, dm;m}™’ =0 € M,, which shows that dm; = 0.

(3) This is proved as above.

(4) If there are my € My — {0} and r € R — {0} such that rm; =0,
then rm} = 0 € M,,. Since M, is torsion-free and r # 0, m} = 0 € M,
so my = 0 (since M, is integral). This is absurd since m; # 0. Finally,
by assertions (1) and (2), we conclude that M; is torsion-free for every
ie{l,...,n—1}. O

Theorem 7.16. Assume that n > 2. If R x, M is a U-FFR
(equivalently, a U-WFFR), then the following conditions are satisfied:

(1) R is an FFR.
(2) M; is a U-FF module for every i € {1,...,n}.
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Moreover, if R is an integral domain and M, is integral and torsion-
free, then:

(3) for every mnonzero nonunit d € R, there are only finitely many
distinct principal ideals ((d,m1,...,my)) in R X, M.

(4) For every i € {1,...,n— 1} and m € M; — {0}, there are only
finitely many distinct principal ideals of the form ((0,...,0,m, m;y1,...,
my)) in Rx, M.

Conversely, if R is an integral domain and M, 1is integral and
torsion-free, then assertions (1)—(4) imply that R %, M is a U-FFR.

Proof. The proof of the “converse” part is similar to that of [11,
Theorem 4.2].

=. The proof of each (1) and (2) is similar to that given in [11,
Theorem 4.2].

(3) Suppose, by contradiction, there exists a nonzero nonunit d € R
for which there is a family of distinct principal ideals of the form
((d,mjn1,...,m;n)), where j is in an infinite indexing set I'. We prove
this is impossible by showing that, for every j # k in I, there exists
(1,z1,...,2,) € R x,, M such that

(dymja,....mjn) = 1,21, x0)(d, Mi,1, ..oy Mign).

A recursive argument shows that the fact that every equation dX = b;,
with b; € M;, admits a solution X € M;, implying the existence of the
desired (1,z1,...,x,). Note that, from Lemma 7.15, M; is torsion-free
for every i € {1,...,n}. First, consider an element b,, € M,, —{0}. For
every j €T, (d,m;1,...,m;,)0,...,0,b,) =(0,...,0,db,). Then,

0,...,0,db,) = (d,mj1,...,m;jn)[(0,...,0,b,)]

is the only possible corresponding U-factorization of (0,...,0,dby,)
(since R X, M is a U-FFR), so there exists an r € R such that
b, = drb,. This shows that the above equation admits a solution for
it = n. Now, consider k € {1,...,n — 1} and any b; € M}. For every
bp—r € My — {0}, bib—i € M,, — {0}, and thus, there is an r € R
such that bgb,_r = drbogb,—x. Then, (by — drbg)b,— = 0. Therefore,
by, = drby, (since M, is integral).

(4) Let ¢ € {1,...,n — 1}. Suppose, by contradiction, that there
exists an m € M; — {0}, for which there is a family of distinct
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principal ideals of the form ((0,...,0,m,m;it1,...,m;jy)), where j
is in an infinite indexing set I'. Let m,_; € M,,_; — {0}. Necessarily,
mmy,_; 7 0. Then,

(0, ceey 0, m,myjit1,-- - mj_,n)(O, ceey O,mn,i,O, . 70):(0, .oy O,mmn,i),
and
(0, ceey 0, mmn,i)z(O, . .,07m,mj7i+1, . .7mj7n)f(0, ceey O,mn,hO, .. ,0).|

is the only possible corresponding U-factorization of (0,...,0, mm,_;)
(since R x,, M is a U-FFR); thus, there exists an (r;) € R x,, M such
that

(07' H ’Ovmamj,iJrl? cee >mj,n)(ri)(0,- . .,O,mn7i70, s 70)
= (0,...,0,mn_3,0,...,0),

equivalently (0,...,0,romm,—;) = (0,...,0,7m4,—;,0,...,0), which is
absurd. 0

A ring S is called a U-bounded factorization ring (U-BFR) if, for each
nonzero nonunit x € S, there is a natural number N(x) such that, for
any factorization = a[by - - bt|, we have t < N(z). An S-module H
is said to be a U-BF module if, for every h € H — {0}, there exists a
natural number N (h) such that, if Sh = Sd; ---d;h’, where d; € U(S),
t > N(h) and ' € H, then, after cancelation and reordering of some
of the d;’s, we have Sh = Sd; ---dsh' for some s < N(h).

The question of when the classical trivial extension is a U-BFR is
still open. However, there is an answer to this question for an integral
domain D [11, Theorem 4.4]: for a D-module N, D x N is a U-BFR if
and only if D is a BFD and N is a U-BF R-module. Two more general
results for the direct implication were established in [12, Theorem 3.7,
Lemma 3.8]. Here, we extend these results to our context. For this, we
need to introduce the following definition.

Definition 7.17. Assume that n > 2, and consider ¢ € {1,...,n}.
The R-module M; is said to be a ¢-U-BF module (or simply a U-BF
module) if, for every nonzero element = € M;, there exists a natural
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number N (z) so that, if

Rx = Rd;,d;, ---d;, whereteN,
(dilv'--;dit) EMil Xoe-e XMit

for some {i1,2,...,4;} € {0,...,n}, with iy +--- 44, =i, d;; € U(R)
when i; = 0, and ¢t > N(x), then, after cancelation and reordering of
some of the d;,’s in R, we have Rx = Rd;, d;, - - - d;, for some s < N(h).

Theorem 7.18. If R x,, M is a U-BFR, then R is a U-BFR and
M; is a U-BF module for every i € {1,...,n}. Moreover, if R is
présimplifiable, then R is a BFR.

Conversely, assume R to be an integral domain. If R is a BFD and,
for every i € {1,...,n}, M; is a U-BF module, then R x,, M is a
U-BFR.

Proof. Similar to the classical case. |

A ring S is called U-atomic if every nonzero nonunit element of S
has a U-factorization in which all the relevant factors are irreducibles.
The question of when the classical trivial extension is U-atomic is still
unsolved. In [11, Theorem 4.6], Axtell gave an answer to this question
for an integral domain D with ACCP: for a D-module N, D x N is
atomic if and only if D x N is U-atomic. In [12, Theorem 3.15], it
is shown that the condition that the ring is an integral domain could
be replaced by the ring is présimplifiable. The following result extends
[12, Theorem 3.15] to the context of n-trivial extensions.

Theorem 7.19. Assume thatn > 2. Suppose that M; is présimplifiable
for every i € {0,...,n—1} (here, My = R), R satisfies ACCP and M;
satisfies ACC on cyclic submodules for every i € {1,...,n—1}. Then,
R x,, M is atomic if and only if R x, M is U-atomic.

Proof.
=. Clear.

<. Suppose that R x, M is not atomic. Then, by the proof of
Theorem 7.11, there exists an

my == (0,...,0,my,) € Rx, M
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with m,, # 0 which is not a product of irreducibles. Since R X, M is
U-atomic, m,, admits a U-factorization of the form

%:al"'as{bl"'bt—l

such that the b;s are irreducibles. Since m,, cannot be a product of
irreducibles and, by the proof of Theorem 7.11, necessarily s = 1 and
a1 has the form z,, :== (0,...,0,2,). However, z,, (b - - - bs) = (b1 ---by),
and thus, by - - by has the form y, := (0,...,0,y,). This is impossible
since My, = Tpy, = 0. o O

ENDNOTES

1. When R is a field and M; = R for every i € {1,...,n}, these
matrices are well known as upper triangular Toeplitz matrices. In [38],
the author used the same terminology for such matrices with entries in
a commutative ring.

2. We are indebted to J.R. Garcia Rozas (Universidad de Almerfa,
Spain) who pointed out this remark.
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