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PRECOVERS AND PREENVELOPES
UNDER CHANGE OF RINGS

LIXIN MAO

ABSTRACT. Let R — S be a ring homomorphism.
We analyze the relationship between the precovers (preen-
velopes) in the category of right R-modules and the counter-
parts in the category of right S-modules. Some applications
are also given.

1. Introduction. (Pre)covers and (pre)envelopes were introduced
in the early 1980s by Enochs [4] and, independently, by Auslander and
Smalg [2]. Let C be a class of right R-modules and M a right R-module.
A homomorphism ¢ : C — M is called a C-precover of M if C € C and
the abelian group homomorphism ¢, : Homg(C’, C') — Hompg(C’, M)
is surjective for each ¢/ € C. A C-precover ¢ : C — M is said to
be a C-cover if every endomorphism g : C' — C such that ¢g = ¢
is an isomorphism. Dually, we have the notions of a C-preenvelope
and a C-envelope. In the representation theory of artin algebras, the
usual terminology for a precover (respectively, a preenvelope) is a right
(respectively, a left) approximation. Accordingly, the usual terminology
for a cover (respectively, an envelope) is a minimal right (respectively,
a minimal left) approximation. C-covers and C-envelopes may not exist
in general, but, if they exist, they are unique up to isomorphism.
(Pre)covers and (pre)envelopes provide a common framework for a
number of classical notions such as projective covers and injective
envelopes and turn out to be extremely fruitful for general module
theory as well as for representation theory (see, e.g., [2, 4, 5, 6, 13]).
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Let R — S be a ring homomorphism. Then S becomes a canoni-
cal R-bimodule. Thus any right (respectively, left) S-module can be
regarded as a right (respectively, left) R-module, and so a homomor-
phism of right (respectively, left) S-modules can also be regarded as
a homomorphism of right (respectively, left) R-modules. Many results
on the relationship between the (pre)covers ((pre)envelopes) in the cat-
egory of R-modules and the counterparts in the category of S-modules
have been obtained. For example, Wiirfel gave a characterization of
those rings R such that, for any ring homomorphism R — S, the func-
tor Hompg (.S, —) preserves injective envelopes [12]. Dempsey, Oyonarte
and Song furthermore studied those rings R such that for any ring ho-
momorphism R — S, the functor Hompg(S, —) preserves injective en-
velopes or injective covers [3]. Zhou investigated relative preenvelopes
under almost excellent extensions of rings [15]. In the present paper,
we will consider more general settings, i.e., we will study the properties
of relative (pre)covers and (pre)envelopes under change of rings using
the functors Hompg(S, —), Homg(—, S) and — ®g S.

Throughout this paper, all rings are associative with identity and
all modules are unitary. Mp (respectively, gpM) denotes a right (re-
spectively, left) R-module. R — S always means a ring homomor-
phism. For a right R-module M, we write M* = Homg(M,S),
M** = Homg(Hompg(M, S),S). There exists a canonical evaluation
map Oy M — M** defined by dp(x)(f) = f(x) for z € M and
fe M*. M is called S-reflexive if 6 is an isomorphism. All classes of
modules are assumed to be closed under isomorphisms. For a class Cr
of right R-modules, we write Homp(S,Cr) = {Hompg(S,L) : L € Cr},
Cr®r S ={L®rS : L € Cgr}, (CR)* = {M*: M € Cr} and
(CR)** = {M** M € CR}

Let R — S be a ring homomorphism, Mg a right R-module and Ng
a right S-module.

There are a natural R-homomorphism ey : Hompg(S, M) — Mg
defined by ep(f) = f(1) for f € Homp(S,M) and a natural S-
homomorphism ny : Ng — Hompg(S, N) defined by nn(y)(t) = yt
for y € N and t € S. It is not hard to verify that the compo-
sition of R-homomorphisms Ng = Hompg(S,N) ¥ Ng is an iden-

NMHom g (S, M)
_>

tity and the composition of S-homomorphisms Hompg/(.S, M)
Hompg (S, Homg(S, M)) (e21)- Hompg(S, M) is also an identity.
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On the other hand, there are a natural S-homomorphism py : N ®g
S — Ng defined by py(z ®@t) =t for x € N and ¢ € S and a natural
R-homomorphism vy : Mp — M ®g S defined by vy (y) =y ® 1 for
y € M. It is easy to check that the composition of R-homomorphisms
Nrg B NorS ™ Ngis an identity and the composition of S-
homomorphisms M @z S " nl (M ®r S)®gr S HMBRS 2 ®Qr S is
also an identity.

For unexplained concepts and notations, we refer the reader to
1, 5, 6, 7, 10, 13].

Let us describe the contents of the article in more detail.

In Section 2, we investigate the (pre)covers and (pre)envelopes
under the covariant functor Hompg(S, —) and the contravariant functor
Hompg(—,S). For example, let R — S be a ring homomorphism,
Cgr a class of right R-modules, Dg a class of right S-modules with
(Ds)r € Cr and (Hompg(S,Cr))s C Ds. We prove that:

(i) Assume that ¢ : Mp — Ng is a right R-homomorphism with
Mpr € Cr. Then ¢, : Homp(S,M) — Hompg(S,N) is a
(Hompg(S,Cr))s-precover if and only if ey : Homp(S, M) —
Ng is a (Hompg(S,Cr))g-precover.

(ii) Assume that ¢ : Mg — Ng is aright S-homomorphism with Ng €
Dgs. Then ©«NM - Mg — HOHlR(S, N) is a (HOHlR(S,CR))S—
preenvelope if and only if ¢ : Mrp — Ny is a Cr-preenvelope.

As a consequence, we obtain the behavior of cotorsion (injective)
precovers and preenvelopes under change of rings.

In the case of the functor Hompg(—, S), let Cr be a class of right R-
modules, sD a class of left S-modules with (Cg)* C ¢D and (¢D)* C
Cr, ¢ : Mp — Npg aright R-homomorphism with Nz € Cg. We obtain
that ¢©* : N* — M* is a (Cr)*-precover if and only if 6y : Mg — N**
is a (Cg)**-preenvelope.

Section 3 is devoted to the (pre)covers and (pre)envelopes under the
covariant functor — ®g S. For example, let ¢ : R — S be a ring
homomorphism, Cr a class of right R-modules, Dg a class of right
S-modules with (Dg)r C Cr and (Cr ®r S)s C Ds. We prove that:

(i) Suppose that ¢ : Mr — Ng is a right R-homomorphism with
Nr € Cr. Then o @rl: M ®r S - N®r Sisa (Cr®r S)s-
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preenvelope if and only if vy : Mp = N ®g S is a (Cr ®g S)r-
preenvelope.

(ii) Suppose that ¢ : Mg — Ng is a right S-homomorphism with
Mg € Ds. Then pun(p ®r 1) : M ®gr S — Ngisa (Cr ®r S)s-
precover if and only if ¢ : Mrp — Npg is a Cg-precover.

As a consequence, we get the properties of flat (F P-injective)
(pre)covers and (pre)envelopes under localization of rings.

In Section 4, we deal with the (pre)covers and (pre)envelopes un-
der some kinds of special ring homomorphisms such as surjective ring
homomorphisms and (almost) excellent extensions of rings. For ex-
ample, let R — S be a surjective ring homomorphism, Cr a class of
right R-modules, Dg a class of right S-modules with (Dg)r C Cr and
¢ : Mg — Ng a right S-homomorphism. We prove that:

(i) If (Hompg(S,Cr))s € Dg, then ¢ : Mg — Ng is a Dg-preenvelope
(respectively, Dg-envelope) if and only if ¢ : Mg — Ng is a
Cr-preenvelope (respectively, Cr-envelope).

(ii) If (Cr ®r S)s C Dg, then ¢ : Mg — Ng is a Dg-precover
(respectively, Dg-cover) if and only if ¢ : Mp — Ng is a Cg-
precover (respectively, Cr-cover).

On the other hand, let S be an excellent extension of a subring
R, Cg a class of right R-modules, Dg a class of right S-modules with
(Ds)r € Cr and ¢ : Mg — Ng a right S-homomorphism. We show
that:

(a) If (Homp(S,Cr))s € Ds and Ng € Dg, then ¢, : Homg(S, M)
— Hompg(S, N) is a (respectively, special) Dg-preenvelope if
and only if ¢ : Mr — Ng is a (respectively, special) Cgr-
preenvelope.

(b) If (Cr ®r S)s € Ds and Mg € Dg, then ¢ @r1: M @r S —
N ®pg S is a (respectively, special) Dg-precover if and only if
©: Mg — Ng is a (respectively, special) Cg-precover.

2. How do the functors Hompg(S, —) and Hompg(—, S) behave?
We start with the following result.

Theorem 2.1. Let R — S be a ring homomorphism, Cr a class of
right R-modules, Dg a class of right S-modules with (Ds)r C Cr and
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(Hompg(S,Cr))s € Ds, ¢ : Mr — Ng a right R-homomorphism with
Mpg € Cr. Consider the following conditions:

) ¢: Mgr — Ng is a Cr-precover.

) ¢« : Homp(S, M) — Hompg(S, N) is a Dg-precover.

) ¢« : Homp(S, M) — Hompg(S, N) is a (Hompg(S,Cr))s-precover.
) wem : Homp (S, M) — Ng is a (Hompg(S,Cr))r-precover.

(i
(ii
(ii

(iv

Then (i) = (i) = (iii) < (iv).

Proof.

(i) = (ii). For any Ag € Dg, we have A € Cr. So we get the exact
sequence

Homp(A ®s S, M) — Hompg(A ®g S,N) — 0.
Consider the following commutative diagram:

Homp(A ®g S,M) ——— Hompg(4A ®s S,N)

y y

Homg (A, Homp(S, M)) — Homg (A, Homp(S, N)).

Since 17 and 15 are standard isomorphisms, we have the exact sequence
Homg (A, Hompg(S, M)) — Homg (A, Homp(S, N)) — 0.
Thus, ¢, : Homg(S,M) — Hompg(S,N) is a Dg-precover since

Homp(S, M) € Dg.
(ii) = (iii) is obvious since (Hompg(S,Cgr))s C Ds.

(iii) = (iv). Let Gg € Cgr and ¢ : Hompg(S,G) — Ng be
any R-homomorphism. Since (Hompg(S,G))r € Cg, there exists
o : Hompg(S,Homp(S,G)) — Hompg(S, M) such that the following
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diagram is commutative:

Homp (S, Hompg(S, G))

Lt €Homp(S,G)
(o R

L
Hompg(S, M) - Homp(S, N) Hompg(S, G).
EM EN
MR ? NR

So we have
(pem ) (0NHomp(5,6)) = EN(P«0)MHom (5,G) = ENCeHomg(S,G)
= (EHom g (S,G)MHom(S,G) = &-
Thus, pepr : Hompg (S, M) — Ny is a (Hompg(S,Cr))g-precover.

(iv) = (iii). For any Fg € Cg, by (iv), we get the exact sequence
Hompg(Hompg(S, F), Homg (S, M)) — Homg(Homg(S, F),N) — 0.
Observe the following commutative diagram:

Homp(Hompg(S, F'), Homp(S, M)) — Homp(Hompg(S, F'), N).
l /
Hompg(Hompg(S, F), M)

Then we obtain the exact sequence

Hompg(Homg(S, F), M) — Hompg(Homg(S, F), N) — 0.
Consider the following commutative diagram:

Hom g (Hom g (S, F) ®g S, M) ——> Hom g (Homp (S, F) ®g S, N) ———> 0

: :
Hom g (Hom g (S, F), Hom (S, M)) —— Homg (Hom (S, F), Hom (S, N)).

Then we get the exact sequence
Homg(Hompg(S, F'), Homp(S, M)) = Homg (Hompg(S, F'), Hompg (S, N)) — 0.
So Homp(S, M) — Homp(S,N) is a (Hompg(S, Cr))s-precover. O
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Corollary 2.2. Let R — S be a ring homomorphism, Cr a class of
right R-modules, Dg a class of right S-modules with (Dg)r C Cr and
(Hompg(S,Cr))s € Ds, ¢ : Mr — Ng a right R-homomorphism with
Mp € Cr and pr an isomorphism. Consider the following conditions:
)
(ii)
(iii)
(iv)
Then (1) = (ii) = (iii) < (iv).

@: Mpr — Ng is a Cr-cover.

s : Homp(S, M) — Homp(S, N) is a Dg-cover.

s : Homp(S, M) — Hompg(S, N) is a (Hompg(S,Cr))s-cover.
¥

(

=

en : Hompg(S, M) — Ng is a (Hompg(S,Cr))g-cover.

Proof.
(i) = (ii). If the S-homomorphism x : Hompg (S, M) — Hompg(S, M)
satisfies p.x = ¢u, then p(eprxey)) = ENPXEaf = ENYsEn, =

(e Majwl = . Thus, ¢ MXEX/[I is an isomorphism, and so is x. Therefore,
s+ Homp(S, M) — Hompg(S,N) is a Dg-cover since ¢, is a Dg-
precover by Theorem 2.1.

(ii) = (iii) is evident.

(iii) = (iv). If the R-homomorphism w : Hompg(S, M) — Hompg(S, M)
satisfies pepw = ¢, then @i(en)sws = @i Thus, (epr).ws is an
isomorphism by (iii). So w = epw.ey; is an isomorphism. We see
that wepr : Mg — Ng is a (Hompg(S,Cr))gr-cover since peps is a
(Hompg(S,Cr))g-precover by Theorem 2.1.

(iv) = (ili). Let the S-homomorphism ¢ : Hompg(S,M) —
Hompg(S, M) satisfy p.& = @.. Then pepé = enpsl = enws = peu.
Thus, ¢ is an isomorphism, and so ¢, : Hompg(S, M) — Hompg(S, N) is
a (Homp(S,Cr))s-cover by Theorem 2.1. O

Theorem 2.3. Let R — S be a ring homomorphism, Cr a class of
right R-modules, Dg a class of right S-modules with (Ds)r C Cr and
(Hompg(S,Cr))s C Dg, ¢ : Mg — Ng a right S-homomorphism with
Ng € Dg. Consider the following conditions:

(1) ¢« : Hompg(S, M) — Hompg(S, N) is a Dg-preenvelope.
(ii) @snar : Ms — Homp (S, N) is a (Hompg(S,Cr))s-preenvelope.
(iii) ¢ : Mr — Ng is a Cr-preenvelope.

Then (i) = (ii) < (iii).
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Proof.

(i) = (ii). For any Hr € Cgr, Hompg(S,Hompg(S,H)) € Dg by
hypothesis. So, for any S-homomorphism 6 : Mg — Hompg(S, H), there
is an S-homomorphism ¢ : Hompg(S, N) — Hompg (S, Hompg(S, H)) such
that the following diagram commutes.

NMHom g (S,H)

Hompg(S, H) Hompg (S, Hompg(S, H))

| e
0 3
nnM E

Mg Homp(S, M) —2— Hompg(S, N).

Hence, we obtain (en)+{(psnm) = ()b = (€m)+MHomp(s,m)0 =
0. Thus, .y : Mg — Hompg(S, N) is a (Hompg(S, Cr))s-preenvelope.
(ii) = (iii). For any G € Cr and any R-homomorphism f : Mp —
Gpg, by (ii), there exists an S-homomorphism v : Homg(S,N) —
Homg(S, G) such that the following diagram commutes.
f

Mp ————Gr

MS J;MHOIHR(S, M) L> HOHIR(S, G)
v

MSHHomR (S, M) *>HomR (S,N)

So we have

(eaymn)e = eavesnm = eafein = femnm = f.

Thus, ¢ : Mp — Npg is a Cg-preenvelope.

(iii) = (ii). For any Hp € Cg and any S-homomorphism 6 : Mg —
Homg(S, H), by (3), there exists an R-homomorphism ¢ : N —
Homp(S, H) such that ¢ = 6.
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Consider the following commutative diagram:

NMHom g (S,H)

Homp(S, H) Homp (S, Hompg(S, H))

i )

Mg M. Hompg (S, M) ——— Hompg(S, N).

It follows that ((em).«)(snnr) = (em)0unm = (€0 ) NHOmp (5,00 =
0. Therefore, p.ny : Mg — Hompg(S,N) is a (Hompg(S,Cgr))s-

preenvelope. O

Corollary 2.4. Let R — S be a ring homomorphism, Cr a class of
right R-modules, Dg a class of right S-modules with (Ds)r C Cr and
(Hompg(S,Cr))s C Dg, ¢ : Mg — Ng a right S-homomorphism with
Ng € Dg and en an isomorphism. Consider the following conditions:

(i) ¢« : Hompg(S, M) — Hompg(S, N) is a Dg-envelope.
(il) @unrr : Mg — Homp(S, N) is a (Hompg(S,Cr))s-envelope.
(iii) ¢ : Mr — Ng is a Cr-envelope.

Then (i) = (ii) < (iii).

Proof. Since ey is an R-isomorphism and eyny = 1, we have ny
is an S-isomorphism, and so ey = 77;[1 is also an S-isomorphism.
We claim that any R-homomorphism from N to N is also an S-
homomorphism. In fact, let « : N — N be any R-homomorphism
and a, : Homp (S, N) — Hompg(S, N) the induced S-homomorphism.
Then o = sNa*Ex,l is an S-homomorphism. Thus, the result can be
easily deduced from Theorem 2.3. a

Corollary 2.5. Let R — S be a ring homomorphism with rS flat.

(i) [5, page 125, Exercise 5.4.4]. If ¢ : Mr — Ng is an injective
precover of R-modules, then . : Hompg (S, M) — Hompg(S, N) is
an injective precover of S-modules.

(ii)) If ¢ : Ms — Ng a right S-homomorphism such that Ng is
injective and @, : Hompg(S, M) — Hompg(S,N) is an injective
preenvelope of S-modules, then ¢ : Mr — Npg is an injective
preenvelope of R-modules.
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Proof. Since any injective right S-module is an injective right R-
module by [7, Corollary 3.6A] and Hompg(S, E) is an injective right
S-module for any injective right R-module E by [7, Corollary 3.6B],
the result holds by Theorems 2.1 and 2.3. ]

Recall that a right R-module M is cotorsion [5, Definition 5.3.22]
if Exty(F, M) = 0 for any flat right R-module F. It is known that
every right R-module over any ring R has a cotorsion envelope by [5,
Theorem 7.4.4] and [13, Theorem 3.4.6].

Lemma 2.6. Let R — S be a ring homomorphism.

(i) If grS is flat, then any cotorsion right S-module is a cotorsion
right R-module.

(ii) If Sgr is flat, then Hompg(S, A) is a cotorsion right S-module for
any cotorsion right R-module Ag.

Proof.

(i) Let Ng be a cotorsion right S-module and Ag a flat right R-
module. Then A ®g S is a flat right S-module. From [10, Theorem
11.65], we have Exth(A,N) = Ext5(A ®z S,N) = 0. So Ny is a
cotorsion right R-module.

(ii) If Bg is a flat right S-module, then Bp is a flat right R-module.
There is an exact sequence 0 — Kg — Ps — Bg — 0 of right

S-modules with Pg projective. Consider the following commutative
diagram with exact rows:

Homg (P, Hom g (S, A) —— Homg (K, Hom (S, A)) ——> ExtL (B, Homp (5, A) ——> 0

[

Homp(P ®g S, A) —————> Homp(K ®g 5, A) ———> Exth(B ®g S, A)=0.

So Exts (B, Homp(S, A)) = 0. Hence, Homp(S, A) is a cotorsion right
S-module. O

Proposition 2.7. Let R — S be a ring homomorphism with rS and
Sr flat.
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(i) If ¢ : Mr — Ng is a cotorsion precover of R-modules, then
s« + Hompg(S, M) — Hompg(S, N) is a cotorsion precover of S-
modules.

(ii) If ¢ : Mg — Ng is a right S-homomorphism such that Ng is
cotorsion and ¢, : Hompg(S, M) — Hompg(S,N) is a cotorsion
preenvelope of S-modules, then ¢ : Mp — Npg is a cotorsion
preenvelope of R-modules.

Proof. Tt follows from Theorems 2.1, 2.3 and Lemma 2.6. O

We next turn to the special precovers and preenvelopes under the
change of rings.

Let C be a class of right R-modules. According to [5, Definition
7.1.6] or [6, Definition 2.1.12], a C-precover f : M — N is called
special if f is an epimorphism and ker(f) € C+ = {X : Ext(C,X) =
0 for all C € C}. Dually, a C-preenvelope g : M — N is called special
if g is a monomorphism and coker(g) € +C = {X : Exth(X,C) =
0 for all C € C}.

Proposition 2.8. Let R — S be a ring homomorphism with Sgr
projective, Cr a class of right R-modules, Dg a class of right S-modules
with (Ds)r C Cr and (Hompg(S,Cr))s C Ds, ¢ : Ms — Ng a right
S-homomorphism.

(i) If o : Mg — Ng is a special Cr-precover, then ¢, : Hompg (S, M) —
Hompg(S, N) is a special Dg-precover.

(ii) If ¢ : Ms — Ng is a special Dg-preenvelope, then ¢ : Mg — Ng
is a special Cr-preenvelope.

Proof.

(i) By hypothesis, ¢ is epic. Thus, there is an exact sequence
0 - Kg - Mg — Ng — 0 of right S-modules, which induces the
exact sequence 0 =+ Kr — Mpr — Nr — 0 of right R-modules with
Mg € Cr and Kg € CIJ%‘

Since Sg is projective, we get the exact sequence
0 — Hompg(S, K) — Hompg(S, M) — Hompg(S,N) — 0
of right S-modules with Hompg(S, M) € Dg.
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For any Bs € Dg, we have Br € Cr. Thus, Extg(B, Hompg(S, K)) =
Exth(B, K) = 0 by [10, Theorem 11.66]. Hence, Homp(S, K) € D%,
and so ¢, : Hompg(S, M) — Hompg(S, N) is a special Dg-precover.

(ii) There is an exact sequence 0 — Mg — Ng — Lg — 0 of right
S-modules with Ng € Dg and Lg € +Dg. So we get the exact sequence
0— Mr = Ng — Lr — 0 of right R-modules with Ny € Cp.

For any Ar € Cgr, Homg(S, Ag) € Dg. Utilizing [10, Theorem
11.66], we get Exth(L, A) = Extg(L, Homp(S, A)) = 0. Thus, Ly €
+Cr, and so ¢ : My — Npg is a special Cr-preenvelope. O

At the end of this section, we point out that the functor Hompg(—, S)
converts a (pre)envelope into a (pre)cover under some conditions. The
proofs of the next results are essentially dual to those of Theorem 2.1
and Corollary 2.2, and so we leave the proofs to the reader.

Theorem 2.9. Let R — S be a ring homomorphism, Cr a class of
right R-modules, sD a class of left S-modules with (Cg)* C sD and
(sD)* CCr, v : Mg — Ng a right R-homomorphism with Ng € Cg.
Consider the following conditions:

(i) ¢ : Mr — Ng is a Cg-preenvelope.

(ii) ¢* : N* = M* is a sD-precover.

(iii) ¢* : N* = M* is a (Cg)*-precover.

(iv) dnp: Mr — N** is a (Cr)**-preenvelope.

Then (i) = (i) = (iii) © (iv).

Corollary 2.10. Let R — S be a ring homomorphism, Cr a class
of right R-modules, sD a class of left S-modules with (Cr)* C sD
and (sD)* C Cgr, ¢ : Mr — Ng a right R-homomorphism with Ng
S-reflexive. Consider the following conditions:

(i) ¢ : Mr — Ng is a Cr-envelope.
(ii) ¢* : N* = M* is a sD-cover.

(iii) ¢* : N* = M* is a (Cg)*-cover.

(iv) dnp: Mrp — N** is a (Cr)**-envelope.

Then (i) = (i) = (iii) & (iv).
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3. How does the functor — ® S behave? By proofs analogous
to the proofs of Theorem 2.1 and Corollary 2.2, one can prove that
the functor — ® g S preserves (pre)envelopes under some conditions as
follows.

Theorem 3.1. Let ¢ : R — S be a ring homomorphism, Cr a class
of right R-modules, Dg a class of right S-modules with (Ds)r C Cr
and (Cr ®r S)s C Dg, ¢ : Mg — Ng a right R-homomorphism with
Ng € Cr. Consider the following conditions:

(i) ¢ : Mr — Ng is a Cg-preenvelope.

(ii) p®r1: M @S — N ®gS is a Dg-preenvelope.
(iii) ¢ ®rl: M @rS = N®grS is a (Cr ®gr S)g-preenvelope.
(iv) unp: Mr — N®pg S is a (Cr Qg S)r-preenvelope.

Then (i) = (ii) = (iii) < (iv).

Corollary 3.2. Let o : R — S be a ring homomorphism, Cr a class
of right R-modules, Dg a class of right S-modules with (Ds)r C Cr
and (Cr ®r S)s C Dg, ¢ : Mr — Ng a right R-homomorphism with
Ng € Cr and vy an isomorphism. Consider the following conditions:

(i) ¢ : Mr — Ng is a Cr-envelope.

(i) p®r1: M ®r S — N ®g S is a Dg-envelope.

(iii) p@rl: M ®rS — N®grS is a (Cr ®r S)s-envelope.
(iv) ¢ : Mg — Ng is a (Cg ®p S)r-envelope.

Then (i) = (i) = (iii) & (iv).

Let S be a multiplicative subset of a commutative ring R. We
can form the ring of fractions S™'R. There is a canonical ring
homomorphism R — S~!R. For an R-module M, we also can construct
the localization of M with respect to S, denoted by S~'M, which is
an S~!R-module, and hence an R-module.

Corollary 3.3. Let S be a multiplicative subset of a commutative ring
R and ¢ : Mp — Ngr an R-homomorphism.

(i) If ¢ : Mg — Ng is a flat preenvelope of R-modules, then
S~y : STIM — S7IN is a flat preenvelope of S~ R-modules.
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(i) If STlp : ST'M — S™IN is a flat envelope of R-modules, then
S7lp:STIM — STIN is a flat envelope of S~' R-modules.

Proof.

(i) Note that any flat S~!R-module is a flat R-module and A ®
STIR =~ S71A is a flat S~!R-module for any flat R-module A. Then
Theorem 3.1 applies.

(i) Since vg-1n : STIN — S7I!N ®g ST!R is an isomorphism by
[10, Lemma 3.75], the conclusion follows from Corollary 3.2. O

Recall that a right R-module M is F P-injective [11] if Ext (N, M) =
0 for all finitely presented right R-modules N.

Lemma 3.4. Let R — S be a ring homomorphism with rS flat. Then
any F P-injective right S-module is an F P-injective right R-module.

Proof. Let Ng be an F P-injective right S-module and Ap a finitely
presented right R-module. Then A®pg S is a finitely presented right S-
module. From [10, Theorem 11.65], Exth(A, N) = Ext5(A®rS, N) =
0. So Ng is an F P-injective right R-module. |

It is known that every right R-module has an F P-injective preen-
velope over any ring R by [5, Proposition 6.2.4], but not every right
R-module has an F'P-injective envelope by [6, Corollary 6.3.19].

Recall that R is a right coherent ring if every finitely generated right
ideal is finitely presented.

Proposition 3.5. Let S be a multiplicative subset of a commutative
coherent ring R and ¢ : Mp — Ngr an R-homomorphism.

(i) If ¢ : Mp — Ng is an F P-injective preenvelope of R-modules,
then S~Yp : ST'M — STIN is an FP-injective preenvelope of
S~ R-modules.

(i) If S™tp : ST'M — STIN is an FP-injective envelope of R-
modules, then S~'¢ : ST'M — S™IN is an FP-injective enve-
lope of S~ R-modules.
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Proof. By Lemma 3.4, any F P-injective S~!R-module is an FP-
injective R-module. By [9, Theorem 3.21], B® S~!R = S~'B is an
F P-injective S~'R-module for any F P-injective R-module B since R
is a coherent ring. So (i) holds by Theorem 3.1 and (ii) follows from
Corollary 3.2. O

Theorem 3.6. Let ¢ : R — S be a ring homomorphism, Cr a class
of right R-modules, Dg a class of right S-modules with (Ds)r C Cgr
and (Cr ®r S)s C Dg, ¢ : Mg — Ng a right S-homomorphism with
Mg € Dg. Consider the following conditions:

(i) ¢ : Mg — Ng is a Dg-precover.
(ii) un(p®r1l): M ®@r S — Ng is a (Cr ®g S)sg-precover.
(iii) ¢ : Mr — Ng is a Cr-precover.

Then (i) = (ii) < (iii).

Proof.

(i) = (ii). For any Qg € Cr and any S-homomorphism o : Q®gS —
Ng, by (i), there exists § : Q ®g S — Mg such that the following
diagram is commutative.

HQ®RS

(Q®erS)®r S Q®RS

B&R1 l i B
a®rl @ .
.

M®rS—NQ®grS Ng
YRRl

” Ms.

Thus, we obtain un(¢®@r1)(B@Rr1)(VQ®R]) = un(a®@r1)(VQ®R]) =
Oz/,LQ®Rs(VQ®Rl) =a. So /.LN(QO@Rl) :M®prS — Ngisa (CR®RS)S'
precover.

(ii) = (iii). For any Gg € Cr and any R-homomorphism f : Gr —
Np, there is an S-homomorphism g : GRr S — M ®p S such that the
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following diagram commutes.

Ngr

G®RS&R1>N ®p S

: x
9
Y

Mars " Nop s o Ng.

This implies that p(upmgre) = un(e @r gre = pn(f Qr Vg =
unvnf = f. Sop: Mr — Ngis a Cr-precover.

The proof of (iii) = (ii) is similar to that of (i) = (ii). O

Corollary 3.7. Let ¢ : R — S be a ring homomorphism, Cr a class
of right R-modules, Dg a class of right S-modules with (Ds)r C Cr
and (Cr ®r S)s C Dg, ¢ : Ms — Ng a right S-homomorphism with
Mg € Dg and vy; an isomorphism. Consider the following conditions:

(i) ¢ : Ms — Ng is a Dg-cover.
(ii) un(p®r1l): M ®r S — Ng is a (Cr ®r S)s-cover.
(iii) ¢ : Mg — Ng is a Cr-cover.

Then (i) = (ii) < (iii).

Proof. Since vy, is an isomorphism and uasvp; = 1, we have vy is
an S-isomorphism. It is easy to see that any R-homomorphism from M
to M is also an S-homomorphism, and so the result is a consequence
of Theorem 3.6. ]

It is known that every right R-module over any ring R has a flat
cover by [5, Theorem 7.4.4] and every right R-module over a right
coherent ring R has an F P-injective cover by [9, Theorem 4.9] and the
remark following it.
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Corollary 3.8. Let S be a multiplicative subset of a commutative ring
R and ¢ : Mrp — Ngi an R-homomorphism.

(i) S7lp:S™IM — S™IN is a flat precover (respectively, flat cover)
of R-modules if and only if S™'¢ : S™'M — S7IN is a flat
precover (respectively, flat cover) of S™'R-modules.

(ii) If R is coherent, then S~1p : S™'M — SN is an F P-injective
precover (respectively, F P-injective cover) of R-modules if and
only if S~lv : ST'M — SN is an FP-injective precover
(respectively, F P-injective cover) of S~ R-modules.

Proof. This is a direct consequence of Theorem 3.6 together with
Corollary 3.7. |

Proposition 3.9. Let R — S be a ring homomorphism with rS flat,
Cr a class of right R-modules, Dg a class of right S-modules with
(Ds)r € Cr and (Cr ®r S)s C Ds, ¢ : Mg — Ng a right S-
homomorphism.

(i) If ¢ : Mg — Ng is a special Dg-precover, then ¢ : Mr — Ng is
a special Cr-precover.

(ii)) If ¢ : Mr — Ng is a special Cr-preenvelope, then ¢ ®p 1 :
M ®grS — N®gS is a special Dg-preenvelope.

Proof.

(i) There is an exact sequence 0 — Kg — Mg — Ng — 0 of
right S-modules with Mg € Dg and Kg € ng. Hence, we get the
exact sequence 0 - Kr — Mpr — Nr — 0 of right R-modules with
Mp € Cpg.

For any Ag € Cr, A®gr S € Dg. By [10, Theorem 11.65], we have
Exth(A, K) = Exty(A®RrS, K) = 0. So K € Ci. Thus ¢ : Mg — Ng
is a special Cg-precover.

(ii) By hypothesis, ¢ is monic. Thus, there is an exact sequence
0 - Mg - Ns — Lg — 0 of right S-modules, which gives rise to
the exactness of the sequence 0 — Mr — Nr — Lr — 0 of right
R-modules with Ny € Cgr and Lg € 1Cx.

Since rS is flat, we obtain the exact sequence 0 — M ®r S —
N®rS - L®r S — 0 of right S-modules with N ®r S € Dg.
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For any Bs € Dg, Bg € Cr. By [10, Theorem 11.65], we have
Ext5(L ®p S,B) = Exth(L,B) = 0. Hence, L ®p S € 1Dy, and
S0 pRprl: M®gpS— N ®pgS is a special Dg-preenvelope. |

4. Special ring homomorphisms. In this section, we apply the
results of the previous sections to study the properties of (pre)covers
and (pre)envelopes under some special ring homomorphisms.

We first discuss the (pre)covers and (pre)envelopes under surjective
ring homomorphisms. The following lemma is needed.

Lemma 4.1. Let R — S be a surjective ring homomorphism and Mg
a right S-module. Then Hompg(S, M) =2 Ms = M ®r S.

Proof. 1t is routine. |

Theorem 4.2. Let R — S be a surjective ring homomorphism,
Cr a class of right R-modules, Ds a class of right S-modules with
(Ds)r C Cr and (Homg(S,Cgr))s C Ds, ¢ : Ms — Ngs a right S-
homomorphism.

(i) ¢ : Ms — Ng is a Dg-preenvelope (respectively, Dg-envelope)
if and only if ¢ : Mg — Ng is a Cr-preenvelope (respectively,
Cr-envelope).

(ii) If ¢ : Mp — Npg is a Cr-precover (respectively, Cr-cover), then
¢ : Mg — Ng is a Dg-precover (respectively, Dg-cover).

Proof.
(i) follows from Theorem 2.3, Corollary 2.4 and Lemma 4.1.
(ii) holds by Theorem 2.1, Corollary 2.2 and Lemma 4.1. O

Immediately, we have

Corollary 4.3. Let R — S be a surjective ring homomorphism with
rS flat, ¢ : Mg — Ng a right S-homomorphism.

(i) ¢ : Ms — Ng is an injective preenvelope (respectively, injective
envelope) of S-modules if and only if ¢ : Mg — Ng is an injective
preenvelope (respectively, injective envelope) of R-modules.
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(ii) If ¢ : Mg — Ng is an injective precover (respectively, injective
cover) of R-modules, then ¢ : Mg — Ng is an injective precover
(respectively, injective cover) of S-modules.

Corollary 4.4. Let R — S be a surjective ring homomorphism with
rS flat and Sg projective, p : Mg — Ng a right S-homomorphism.

(i) ¢ : Ms — Ng is an FP-injective preenvelope (respectively, F'P-
injective envelope) of S-modules if and only if p : Mp — Npg is
an F P-injective preenvelope (respectively, F P-injective envelope)
of R-modules.

(ii) If ¢ : Mr — Ng is an FP-injective precover (respectively, FP-
injective cover) of R-modules, then ¢ : Mg — Ng is an FP-
injective precover (respectively, F'P-injective cover) of S-modules.

Proof. We first claim that Homp(S, A) is an F P-injective right S-
module for any F P-injective right R-module Agr. Indeed, if Bg is a
finitely presented right S-module, then Bpy is a finitely presented right
R-module. Thus, Extg (B, Homp(S, A)) = Extg(B,A) = 0 by [10,
Theorem 11.66]. So Homp(S, A) is an F P-injective right S-module.

In addition, any F'P-injective right S-module is an F P-injective
right R-module by Lemma 3.4. So the result is a direct consequence of
Theorem 4.2. (]

Corollary 4.5. Let R — S be a surjective ring homomorphism with
Sgr flat, ¢ : Mg — Ng a right S-homomorphism.

(i) ¢ : Mg — Ng is a cotorsion preenvelope (respectively, cotorsion
envelope) of S-modules if and only if ¢ : Mr — Ng is a cotorsion
preenvelope (respectively, cotorsion envelope) of R-modules.

(ii) If ¢ : Mg — Ng is a cotorsion precover (respectively, cotorsion
cover) of R-modules, then ¢ : Mg — Ng is a cotorsion precover
(respectively, cotorsion cover) of S-modules.

Proof. By Lemma 2.6, Hompg/(S, A) is a cotorsion right S-module
for any cotorsion right R-module Ag. In addition, any cotorsion right
S-module is a cotorsion right R-module by [13, Proposition 3.3.3]. So
the result follows from Theorem 4.2. |
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Theorem 4.6. Let R — S be a surjective ring homomorphism, Cr a
class of right R-modules, Ds a class of right S-modules with (Dg)r C
Cr and (CR ®r S)s C Dg, ¢ : Mg — Ng a right S-homomorphism.

(i) ¢ : Mg — Ng is a Dg-precover (respectively, Dg-cover) if and
only if p : Mp — Npg is a Cr-precover (respectively, Cr-cover).

(ii) If ¢ : Mr — Ng is a Cr-preenvelope (respectively, Cr-envelope),
then ¢ : Mg — Ng is a Dg-preenvelope (respectively, Dg-

envelope).
Proof.
(i) follows from Theorem 3.6, Corollary 3.7 and Lemma 4.1.
(ii) holds by Theorem 3.1, Corollary 3.2 and Lemma 4.1. O

Following Theorem 4.6, we have

Corollary 4.7. Let R — S be a surjective ring homomorphism with
Sgr flat, ¢ : Mg — Ng a right S-homomorphism.

(i) ¢ : Mg — Ng is a flat precover (respectively, flat cover) of
S-modules if and only if ¢ : Mr — Ng is a flat precover
(respectively, flat cover) of R-modules.

(ii) If ¢ : Mr — Ng is a flat preenvelope (respectively, flat envelope)
of R-modules, then ¢ : Mg — Ng is a flat preenvelope (respectively,
flat envelope) of S-modules.

Corollary 4.8. Let R — S be a surjective ring homomorphism with
Sgr projective, o : Mg — Ng a right S-homomorphism.

(i) ¢ : Mg — Ng is a projective precover (respectively, projective
cover) of S-modules if and only if ¢ : Mr — Ng is a projective
precover (respectively, projective cover) of R-modules.

(ii) If ¢ : Mg — Ng is a projective preenvelope (respectively, projec-
tive envelope) of R-modules, then ¢ : Ms — Ng is a projective
preenvelope (respectively, projective envelope) of S-modules.

Next, we consider the (pre)covers and (pre)envelopes under (almost)
excellent extensions of rings. Recall that a ring S is said to be an almost
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excellent extension of a subring R [14] if the following conditions are
satisfied:

(i) S is a finite normalizing extension of R, namely, R and S have
the same identity and there are elements s1, ..., s, € S such that
S=Rs;+---+ Rs, and Rs; =s;Rforalli=1,...,n.

(ii) grS is flat and Sy is projective.

(iii) S is right R-projective, namely, if Mg is a submodule of Ng and
Mg is a direct summand of Ng, then Mg is a direct summand of
Ng.

Further, S is called an excellent extension of R [8] if S is an almost
excellent extension of R and S is free with basis s1,...,s, as both a
right and a left R-module with s; = 15.

Theorem 4.9. Let S be an almost excellent extension of a subring
R, Cgr a class of right R-modules, Ds a class of right S-modules with
(Ds)r C Cr and (Hompg(S,Cr))s € Ds, ¢ : Mg — Ng a right R-
homomorphism with Mg € Cr. Then the following are equivalent:

(i) ¢ : Mr — Ng is a Cr-precover.
ii) ¢« : Homp(S, M) — Homp(S, N) is a Dg-precover.

(i) ¢
(iii) @s : Homp(S, M) — Hompg(S, N) is a (Hompg(S,Cg))s-precover.
)

(iv) wepnr : Hompg(S, M) — Ng is a (Homg(S,Cg))g-precover.
Proof. By Theorem 2.1, it is enough to show that (iv) = (i).

Let Gr € Cr. By [15, Lemma 2.6], there exists a positive integer ¢
such that G is isomorphic to a direct summand of (Hompg(S,G))".

By (iv), we get the exact sequence
Homp(Hompg(S, G),Hompg(S, M)) — Hompg(Hompg(S,G), N) — 0,
which induces the exact sequence
Hompz(Hompg (S, G)t, Homg(S, M)) — Homp(Homz(S,G)", N) — 0.
So we obtain the exact sequence
Homp(G,Hompg(S, M) — Hompg(G,N) — 0,

which gives the exactness of the sequence Hompg (G, M) — Hompg(G, N)
— 0. Thus, ¢ : M — Npg is a Cg-precover. O
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Theorem 4.10. Let S be an excellent extension of a subring R,
Cr a class of right R-modules, Ds a class of right S-modules with
(Ds)r € Cgr and (Homg(S,Cr))s € Ds, ¢ : Mg — Ng a right S-
homomorphism with Ng € Dg. Then the following are equivalent:

i) ¢« :Homp(S, M) — Hompg(S,N) is a Dg-preenvelope.

1) ©snnr 2 Mg — Homp(S, N) is a (Hompg(S,Cr))s-preenvelope.
iii) ¢ : Mg — Ng is a Cr-preenvelope.

iv) ¢ : Mg — Ng is a Dg-preenvelope.

Proof. (i) = (ii) < (iii) follow from Theorem 2.3.

(iii) = (i). For any Ag € Dg, Ar € Cg. Thus, we get the exact
sequence Hompg(N, A) — Hompg(M,A) — 0. Since S is an excellent
extension of R, we have pSr = grR}. Thus Hompg(S,N) = N}, and
Homp (S, M) = MF. So we get the exact sequence

Homp(Homp (S, N) ®¢ S, A) — Hompg(Hompg(S, M) ®s S, A) — 0

which induces the exact sequence

Homg(Hompg(S, N), Hompg(S, A))
— Homg(Hompg(S, M), Hompg(S,A)) — 0

Since Ag is isomorphic to a direct summand of Hompg(S, A) by [14,
Lemma 1.1], we have the exact sequence

Homg(Homp(S, N), Ag) — Homg(Homp(S, M), Ag) — 0.

So ¢, : Hompg(S, M) — Hompg(S, N) is a Dg-preenvelope.
(i) = (iv) = (ii) are straightforward by [14, Lemma 1.1]. O

Theorem 4.11. Let S be an excellent extension of a subring R,
Cr a class of right R-modules, Dg a class of right S-modules with
(Ds)r € Cr and (Cgr ®r S)s C Ds, ¢ : Mg — Ng a right S-
homomorphism with Mg € Dg. Then the following are equivalent:

(i) p@r1: M ®rS — N ®grS is a Dg-precover.

(ii) un(p®r1l): M ®@r S — Ng is a (Cr ®g S)s-precover.
(iii) ¢ : Mr — Ng is a Cr-precover.
(iv) ¢ : Mg — Ng is a Dg-precover.
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Proof. (i) = (iv) is easy by [14, Lemma 1.1]. (iv) = (ii) < (iii)
hold by Theorem 3.6.

(iii) = (i). For any Ag € Dg, Ar € Cr. Therefore, we get the exact
sequence Homp (A, M) — Hompg(A, N) — 0. Since rSr = rR}, we
have M ®@p S = Mj and N ®@r S = Nj. So we get the exact sequence

Hompg(A, Homg (S, M ®gr S)) — Hompg (A4, Homg (S, N ®g S)) — 0,
which induces the exact sequence
Homg(A®pr S,M ®r S) — Homg(A®r S,N ®r S) — 0.

Since Ag is isomorphic to a direct summand of A ®p S, by [14,
Lemma 1.1], we have the exact sequence Homg(Ag, M ®p S) —
Homg(Ag, N ®g S) — 0. Thus, p®rl: M ®rS - NQrSis a
Dg-precover. O

Theorem 4.12. Let S be an excellent extension of a subring R,
Cr a class of right R-modules, Ds a class of right S-modules with
(Ds)r € Cr and (CrR ®r S)s € Ds, ¢ : Mr — Ngr a right R-
homomorphism with N € Cr. Then the following are equivalent:

(i) ¢ : Mr — Ng is a Cg-preenvelope.

i) p@rl: M ®r S — N Qg S is a Dg-preenvelope.

(iii) p®@rl: M @S — N®gS is a (Cr ®r S)s-preenvelope.
(iv) vno : MR = N ®gr S is a (Cr ®r S)g-preenvelope.

Proof. By Theorem 3.1, it is enough to show that (iv) = (i).

Let Gr € Cgr. Since rSg = R]%TI_LE7 GQRrS G% By (iV), we get
the exact sequence

Homp(N ®r S,G ®r S) — Hompr(M,G ®r S) — 0,
which induces the exact sequence
Homp(N ®g S,G)" — Homg(M,G)" — 0.
Thus, we obtain the exact sequence
Homp(N ®g S,G) — Homp(M,G) — 0,

which yields the exactness of the sequence Hompg (N, G) — Hompg (M, G)
— 0. So ¢ : Mrp — Ng is a Cr-preenvelope. O
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Finally, we investigate the special preenvelopes and precovers under
(almost) excellent extensions.

Theorem 4.13. Let S be an almost excellent extension of a subring
R, Cr a class of right R-modules, Dg a class of right S-modules with
(Ds)r C Cgr and (Hompg(S,Cr))s C Ds, ¢ : Mg — Ng a right S-
homomorphism with Ng € Dg. Consider the following conditions:

(i) ¢« : Hompg(S, M) — Hompg(S, N) is a special Dg-preenvelope.
(ii) ¢ : Mg — Ng is a special Dg-preenvelope.
(iii) ¢ : Mr — Ng is a special Cr-preenvelope.

Then (i) = (ii) < (iii). Moreover, if S is an excellent extension of R,
then (i) = (i).

Proof.

(i) = (ii). Since ¢, : Hompg(S,M) — Hompg(S,N) is monic,
¢ is monic by [14, Lemma 1.1]. So there is an exact sequence
0 - Mg — Ng — Lg — 0 of right S-modules. Applying the functor
Hompg(S, —) to it, we get the exact sequence

0 — Hompg(S, M) — Hompg(S, N) — Hompg(S,L) — 0

of right S-modules with Homp(S,L) € +Dg. Since Lg is isomorphic
to a direct summand of Hompg(S,L). Lg € +Dg. So ¢ : Mg — Ng is
a special Dg-preenvelope.

(ii) = (iii) follows from Proposition 2.8 (ii).

(iii) = (ii). By (iii), there is an exact sequence 0 — Mg —
Ng — Lg — 0 of right S-modules with Lr € +Cgr. For any
Bs € Dgs, B € Cgr. Thus, by [10, Theorem 11.66], we have
Extg(L,Homg(S, B)) = Extg(L,B) = 0. But, By is isomorphic to
a direct summand of Hompg(S, B). Hence, Extg(L, B) = 0, and so
Lg € *Dg. Thus ¢ : Mg — Ng is a special Dg-preenvelope.

(ii) = (i). There is an exact sequence 0 — Mg — Ng —
Ls — 0 of right S-modules with Lg € +Dg, which induces the
right S-module exact sequence 0 — Hompg(S, M) — Hompg(S,N) —
Homp(S,L) — 0. Since rSr = rR%, Homp(S,L) = L%. Let Ag €
Ds. Then Hompg(S, A) € Ds. So Ext(Hompg(S, L), Hompg(S, A)) =
Extn (L™, A) = Exty(L, A)" = Extg(L, Homp(S, A))" = 0. Since Ag
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is isomorphic to a direct summand of Homg(S, A), Homg(S, L) € 1 Dsg.
It follows that ¢, : Hompg(S,M) — Hompg(S,N) is a special Dg-
preenvelope since Hompg(S, N) € Ds. a

Theorem 4.14. Let S be an almost excellent extension of a subring
R, Cgr a class of right R-modules, Ds a class of right S-modules with
(Ds)r C Cgr and (Homg(S,Cgr))s C Ds, ¢ : Mg — Ng a right S-
homomorphism with Mg € Dg. Consider the following conditions:

(i) ¢ : Mr — Ng is a special Cg-precover.
(ii) ¢« : Homp(S, M) — Hompg(S, N) is a special Dg-precover.
(iii) ¢ : Mg — Ng is a special Dg-precover.

Then (i) = (ii) = (ili). Moreover, if S is an excellent extension of R,
then (i) = (i).

Proof. (i) = (ii) follows from Proposition 2.8 (i).

(ii) = (ili). Since ¢, : Homp(S, M) — Hompg(S,N) is epic, ¢ is
epic by [14, Lemma 1.1]. So there is an exact sequence 0 — Kg —
Mg — Ng — 0 of right S-modules, which induces the exact sequence
0 — Homg(S,K) — Hompg(S, M) — Homg(S,N) — 0 of right S-
modules with Homp(S, K) € D&. Since Ky is isomorphic to a direct
summand of Hompg(S, K), Ks € D&. So ¢ : Mg — Ng is a special
Dg-precover.

(ii) = (i). By (ii), there is an exact sequence 0 — Kr — Mpr —
Nr — 0 of right R-modules. For any Ar € Cr,Hompg(S,A) € Dg.
Also, rSr = grR}%, Hompg(S,A) = A}. Hence, Extp(A", K) =
Ext},(Hompg(S, A), K) = Extg(Hompg(S, A), Homg(S,K)) = 0. So
Exth(A, K) = 0. Thus ¢ : Mp — Ng is a special Cg-precover. O

Theorem 4.15. Let S be an almost excellent extension of a subring
R, Cr a class of right R-modules, Dg a class of right S-modules with
(DS)R C Cgr and (CR ®R S)S C Dg, ¢ : Mg — Ng a right S-
homomorphism with Mg € Dg. Consider the following conditions:

(i) o®rl: M ®rS — N ®RrS is a special Dg-precover.
(ii) ¢ : Mg — Ng is a special Dg-precover.
(iii) ¢ : Mr — Ng is a special Cr-precover.
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Then (i) = (ii) < (iii). Moreover, if S is an excellent extension of R,
then (i) = (i).

Proof.

(i) = (ii). Since p®prl: M®rS — N®pg S is epic, ¢ is epic by [14,
Lemma 1.1]. So there is an exact sequence 0 - Kg — Mg — Ng — 0
of right S-modules. Applying the functor —®pr .S to it, we get the exact
sequence 0 > K ®p S - M ®r S — N ®r S — 0 of right S-modules
with K @ S € Dﬁ. Since Kg is isomorphic to a direct summand of
K ®r S, Ks € D&. So p: Mg — Ng is a special Dg-precover.

(ii) = (iii) follows from Proposition 3.9 (i).

(iii) = (ii). There is an exact sequence 0 - Kg — Mg — Ng — 0
of right S-modules with K € sz-. For any Ag € Dg, Agr € Cr. So
Exts(A®RS, K) = Exty(A, K) = 0 by [10, Theorem 11.65]. But Ag is
isomorphic to a direct summand of A®p S, and so Extg(Ag, Kg) = 0.
Thus, Kg € Dé. Hence, ¢ : Mg — Ng is a special Dg-precover.

(ii) = (i). There is an exact sequence 0 - Kg — Mg — Ng — 0
of right S-modules with Kg € Dg:, which induces the exact sequence
0> K®rS—>M®rS— N®gS — 0 of right S-modules. Since S
is an excellent extension of R, pSr = rR}%. Thus, K ®r S = Kj. For
any Ag € Dg, A®r S € Dg, and so we have

Exts(A®Rr S, K @ S) = Exth(A, K") = Exth(A, K)"
>~ Ext5(A®gr S, K)" = 0.

But Ag is isomorphic to a direct summand of AQrS. So KQRrS € Dg-,
whence p ®r1: M ®r S — N ®g S is a special Dg-precover. O

Theorem 4.16. Let S be an almost excellent extension of a subring
R, Cr a class of Tight R-modules, Ds a class of right S-modules with
(Ds)r € Cr and (Cr ®r S)s € Ds, ¢ : Mg — Ng a right S-
homomorphism with Ng € Dg. Consider the following conditions:

(i) ¢ : Mr — Ng is a special Cr-preenvelope.
(ii)) p®r1: M @S — N Qg S is a special Dg-preenvelope.
(iii) ¢ : Mg — Ng is a special Dg-preenvelope.

Then (i) = (ii) = (iii). Moreover, if S is an excellent extension of R,
then (i) = (i).
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Proof.
(i) = (ii) follows from Proposition 3.9 (ii).

(ii) = (iii). Since ¢ ®r 1 : M ®r S — N ®p S is monic, ¢ is
monic by [14, Lemma 1.1]. So there is an exact sequence 0 — Mg —
Ng — Lg — 0 of right S-modules, which induces the exact sequence
0 > M®rS - N®rS — L®gS — 0 of right S-modules with
L®prS € 1Dg. Since Lg is isomorphic to a direct summand of L&g S,
Ls € *Dgs. So ¢ : Mg — Ng is a special Dg-preenvelope.

(ii) = (i). There is an exact sequence 0 - Mr — Ngp — Lr — 0
of right R-modules, which induces the exact sequence 0 - M ®p S —
N®rS — L®rS — 0 of right S-modules with L ® S € +Dg. For
any Ar € Cr, A®r S € Dg. Since pSr = R, A®r S = A’. Hence,
Exth(L, A") = Exth(L,A ®r S) = Extg(L ®r S,A®r S) = 0. So
Exty(L, A) = 0. Thus, ¢ : Mr — Ng is a special Cg-preenvelope. [
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