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SUM-PRODUCT PHENOMENON IN FINITE FIELDS
NOT OF PRIME ORDER

CHUN-YEN SHEN

ABSTRACT. Let F = Fpn be a finite field and A a subset
of F so that for any A’ C A with |A’| > |A|'5/16 and for
any G C F a subfield (not necessarily proper) and for any
elements c,d € F if

A" C G +d,

then
|A'| < G2

Then it must be that
max(|A + A],|F(A, A)|) & |A['T/16

where F' : F, X F, — Fj is a function defined by F(z,y) =
z(g(x) + cy), where c € Fy and g : F — Fj is any function.

The case g = 0 and ¢ = 1 improves the exponent in [6] from
20/19 to 17/16.

0. Introduction. Let A be a subset of I’ = Fpn, the field of p”
elements with p prime.

We let
A+A={a+b:aecAbe A},

and
AA={ab:ac A be A}

After breakthrough work by Bourgain, Katz and Tao [2], with subse-
quent refinement by Bourgain, Glibichuk and Konyagin [1], much work
has been done to give a quantitative lower bound on max(|]A+ AJ, |AA|)
for the case n = 1 (see e.g., [4-9]). It is known that the problem is
more complicated in fields not of prime order due to the presence of
non-trivial subfields or their dilates. Recently, Tao [8] obtained a rigor-
ous formulation of the sum-product phenomenon in arbitrary rings, and
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Katz and the author [6] also obtained an analogous result in the sets
of fields which are not necessarily of prime order under the hypotheses
that A has less cardinality than the square root of the cardinality of
the field, and interacts in a less than half-dimensional way with any
subfields (see the Theorem). It is very interesting to try to find bounds
which are numerically as strong as possible, and the present paper is
an example of this endeavor. In this paper we extend the sum-product
theorem in [6] to a more general setting and improve the exponent from
19/20 to 17/16. Precisely, we prove

Theorem. Let F' = Fp» be a finite field and A a subset of F' so that
for any A’ C A with |A'| > |A|**/16 and for any G C F a subfield (not
necessarily proper) and for any elements c,d € F if

A CcG +d,

then
A< |G

Then it must be that
max(| A+ A, |F(4, A)]) g |A['T/1
where F : F, x F,, — F,, is a function defined by F(z,y) = z(g9(x) +by),

where b € Fy and g : F, — F), is any function.

1. Preliminaries. Throughout this paper A will denote a fixed set
in the field F' = Fj,» of p™ elements with p a prime. For B, any set, we
will denote its cardinality by |B|.

Whenever X and Y are quantities we will use
X3v,

to mean

X <cy,

where the constant C' is universal (i.e., independent of p and A). The
constant C' may vary from line to line. We will use

X 3Y,
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to mean

X < C(logl|A])™Y,
where C' and o may vary from line to line but are universal.

We state some preliminary lemmas; most of them were proved in [5,

6].

Lemma 1.1. Suppose A C F' and

A—A
Z > 1412,
\A_A\_fu

Then there are a1, as,by,by € A with

(a1 — az) A+ (b1 — b2)A| 2 |A].

Lemma 1.2. Suppose AC F and x € F withx ¢ (A— A)/(A— A).
Then

1A+ Al = A,

Lemma 1.3. Suppose A C F with cardinality at least 3 and G is a
subfield of F' with
A-A ca
A-A '

Then there exist c¢,d € F with

ACceG+d.

Lemma 1.4. Let X, By,..., By be any subsets of F},. Then there is
an X' C X with | X'| > 1/2|X]| so that

|X + B _
4|X|k 1

X'+ By +---By| <
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Lemma 1.5. Let C and D be sets with |D| 2 |C|/K and with
|C + D| < K|C|. Then there is a C' C C with |C’'| > 9/10|C| so that
C' can be covered by ~ K? translates of D. Similarly, there is C"" C C
with |C"| > 9/10|C| so that C" can be covered by ~ K? translates of
—D.

Proof. To prove the first half of the statement, it suffices to show that
we can find one translate of D whose intersection with C' is at least
|C|/K?2. Once we find such a translate, we remove the intersection and
then iterate. We stop when the size of the remaining part of C' is less
than |C|/10. To prove the second half of the statement we have to
show there is a translate of —D whose intersection with C' is at least
|C|/K?. First, by Cauchy-Schwartz inequality, we have that

C1*|D|?
c,d,d,d)eCxDxCxD:c+d=c +d >|7,
(e ) > 1OHEL
which implies that
C||D|?
|(c,d,c',d’)erDxCxD:c—i—d:c'—i—d'\2%.

The quantity on the left hand side is equal to

Y Y e+ D)yn(C+d)|

ceCd'eD

Thus we can find ¢ € C and d' € D so that
! |D| 2

Hence, |(c — d' + D) N C| 2 |C|/K? which is just what we wanted to
prove. To prove the second half of the statement we start with the

inequality
IClIDJ?
ZZKC_D)Q(C_CM Z 7
deD ceC
Proceeding as above, we find ¢ € C' and d € D such that
l(c+d-D)nC| 2 |C|/K?,

and the result follows. O
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2. Proof of Theorem. We start with |A + A] < K|A| and
|F (A, A)| < K|A|. By using Pliinnecke’s inequality, we can find A’ ¢ A
with |A’| 2 |A] so that

|A"+ A"+ A'| S K?|A
and
A"+ A+ A+ A" S KPIAL
First, by the Cauchy-Schwartz inequality, we have that

Y D lalgla) + eA)Nd(g(a)) +ed)] 2 |APK.

acA’ a’€A’

Therefore, following Garaev’s arguments [3], we can find A” C A’ and
ag € A’ so that
A" 2 K774,

for some B > 0 and for every a € A” we have
la(g(a) + cA") Nag(g(ao) + cA')| Z K ~1Al.

As in the argument of Garaev, the worst case is 8 = 0, so let us
assume that for simplicity. Now there are three cases. In the first
case, we have that (A" — A")/(A"” — A") is a field G C F. If we
have [A”| < |A|**/15, then we already have the desired result since we
have |A"| 2 la(g(a) + cA") Nag(g(ao) + cA’)| 2 |A|/K which implies
K Z, |A|'/1¢ which is what we wanted. Otherwise, by Lemma 1.3, we
have that A" is contained in an affine image of G so that by hypothesis

AT AT
| 2 14"

Thus by Lemma 1.1 we can find a1, as, by, by € A” so that

|A"1? S [(a1 — a2) A" + (br — by) A"
< a1 A" — ax A" + b1 A" — b A”|
= la1g(a1) + a1cA” — azg(az) — azcA” + b1g(b1)
+bycA” — bag(by) — bacA”|
= |a1(g(a1) + cA”) — az(g(az) + cA”) + bi(g(b1) + cA”)
— ba(g(b2) + cA")|.
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Now we apply Lemma 1.5 to find A" whose size is at least 6/10 of
A" so that ai(g(ay) + cA"), az(g(az) + cA"), bi(g(b1) + cA"") and
b2(g(b2) +cA™) can be covered by ~ K? translates of ag(g(ap) +cA’),
—aop(g(ag)+cA"), ap(g(ap)+cA") and —ag(g(ag) + cA"") respectively.
But then ai(g(a1) + cA”) — a2(g(az) + cA"") + bi(g(b1) + cA") —
b2(g(bz) + cA") can be covered by ~ K® translates of ag(g(ag) +
cA’) + ao(g(ao) + cA’) + ag(g(ao) + cA’) + ao(g(ap) + cA’). Since
|a0(g(a0) +cA") +ao(g(ao) +cA’) +ao(g(ao) +cA’) +ao(g(ao) +cA’)| =
|A"+ A"+ A"+ A'| < K3|AJ, by the definition of A’. Thus we get

|a1AIII _ a2AIII + a3A'" _ a4A"'\ S K11|A‘
Therefore
A" < KA

which implies that K % |A|'/1! X | A|*/16, so that we have more than we
need in this case. We restrict to the setting where (4" — A") /(A" — A")
is not a field. Now there are two remaining cases, either

AT — A A" — A A — A"
A — AT Al — AN ¢ A — AT

AT AN A — A" A — A" Al — AN AT — Al
At — A At — AV = At — A" ) A — A + At — A
A — Al

¢ Al 7AII'

or

In the first case, for some a;, b;, c;,d; € A”, we have

a1 7[)1 agfbg ¢ A”*A”
C1 — dl Cy — d2 Al — AT

which can be rewritten as

a; — bl ay ay; —C1 C1 as — b2 ¢ Al — A"
a1 a; —C1 C1 C1 — d1 Cy — d2 Al — A )

From this we deduce that for some a,b, z,y,2,t € A”, we have

a—br—y ¢ A" — A
a z—t A" - A"
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Thus
|A"]? < |(a —b)(z —y)A" +a(z — ) A"

<la(z —y)A" —b(x — y)A" + a(z — t) A"|.
We now apply Lemma 1.4 with X = a(z — y)A” to get

|ad" — bA"|[(x — y) A" + (= — 1) A"
Al
a(g(a) +cA”) = b(g(b) + cA")||A]
z(g(x) + cAlA]) — y(g(y) + cAJA]) + 2(g(2) + cAlA])
Al

A" <

S
o |

—t(g(t) + cAl4])|
Al '

Proceeding as above, this implies that
4”2 S KA,

which implies that K % |A|'/16. In the second case, for some a;, b; € A”

we have
ay — az az — Qg A” - A”

by by by by © AT AT
which, in view of (A" — A")/(A" — A")(A" — A)/(A" — A") = (A" —
A'")/(A" — A"), implies that there exist elements a’,b’,¢,d' € A" such
that

a’—b’ b3—b4a1—a2
1= 1
led/—i_ a37a4b17b2+
b37b4 a; — as A”*A”
= —asbz —b _— .
a3—a4<b1—b2+a3 a4b3 4>¢A,,_Au

Thus we have
‘A//‘z < |(C/ _ dl)AII + (a/ _ bl)AIl + (C/ _ d/)A”|.
Now by applying Lemma 1.4 , we get

|A+ Al

A"* <
A

‘(a/ - b/)A// + (c/ - d/)A”‘.
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Applying the same argument as above, we get
[A"? S K24,
so that we get more than we need in this case.
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