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QUASI-CONVEX MAPPINGS OF ORDER «
ON THE UNIT POLYDISK IN C™

XIAO-SONG LIU AND MING-SHENG LIU

ABSTRACT. In this paper, a sufficient condition is first
obtained for the quasi-convex mapping of type B and order o
on the unit ball in a complex Banach space. Sharp estimations
of all homogeneous expansions are then provided for some
quasi-convex mappings f(z) of type B and order a on the open
unit polydisk in C", where f(z) = (f1(2), f2(2),... , fn(2))’
is a k-fold symmetric normalized mapping, or z = 0 is a zero
of order k+1 of f(z) —z. These results generalize some results
in the literature.

1. Introduction. The analytic functions of one complex variable
which map the unit disk onto starlike or convex domains have been
extensively studied. These functions are easily characterized by simple
analytic or geometric conditions. In moving to higher dimensions,
several difficulties arise. Some are predictable, some are somewhat
surprising. In the case of one complex variable, the following well known
theorems have been established.

Theorem A [3, 11]. Suppose that 0 < o < 1, and let f(z) =
z4 Y0 5 anz"™ be a holomorphic function on the unit disk U in C. If
S s(n—a)lan| < 1—a, then f is a univalent starlike function of order
a,0<a<1,ontheunit diskU in C. If >..° ,n(n—a)la,| <1-a,
then f is a univalent convex function of order a, 0 < a < 1, on the
unit disk U in C.
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Theorem B [12]. If f(z) = z+ Y.,—,an2" is a univalent convex
function of order o, 0 < o < 1, on the unit disk U in C, then

]_ n
|an|§ﬁH(k—2a), n=23,....
" k=2

In the case of several complex variables, Roper and Suffridge [13]
provided a sufficient condition for a normalized biholomorphic convex
mapping on the open Euclidean unit ball in C™ in 1999. After that,
Zhu [16] provided a brief proof of the theorem of Roper and Suffridge.
Liu and Zhu [7, 8] gave some sufficient conditions for a normalized
biholomorphic convex mapping on some Reinhardt domains in C™.

With respect to the estimation of homogeneous expansions for sub-
classes of biholomorphic mappings in the case of several complex vari-
ables, only a few results have been given until now (see [1, 5, 9, 10,
15]). In spite of that, investigating these estimations is still interesting
and significant. An important reason is that the estimations of all ho-
mogeneous expansions for starlike mappings on the open unit polydisk
U™ in C™ are similar to the famous Bieberbach conjecture in the case
of one complex variable.

Conjecture 1.1 [1]. If f : U™ — C" is a normalized biholomorphic
starlike mapping, where U™ is the open unit polydisk in C™, then
D™ £(0)(=™)

| H§m||z||m, z€eU", m=23,....
m!

As for the estimation of the homogeneous expansion for quasi-convex
mappings of type B on the Euclidean unit ball in C™, since Roper and
Suffridge [13] provided a counterexample to show that the following
similar conjecture to the above does not hold for m = 2, only the
estimation of the homogeneous expansion shall be studied here for
quasi-convex mappings of type B and order o on U™ in C™.

Conjecture 1.2. If f : BY — C™ is a normalized biholomorphic
quasi-convex mapping of type B, where BY 1is the Euclidean unit ball
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in C", then

D™ f(0) (=)l

! <|l=l™, =ze By, m=23,....

Throughout this paper, let X be a complex Banach space with the
norm ||.||, let X* denote the dual space of X, E be the open unit
ball in X, and U represent the Euclidean open unit disk in C. Also,
let U™ be the open unit polydisk in C”, and let N denote the set of
all positive integers. Let U™ be the boundary of U™, 0yU™ be the
distinguished boundary of U™. Let the symbol ' mean transpose. For
each z € X\ {0}, we define

T(z) ={Te € X*: | Tz|| = 1, To(x) = ||=[]}-

By the Hahn-Banach theorem, T'(z) is nonempty.

Let H(E) be the set of all holomorphic mappings from F into X. It
is well known that, if f € H(E), then

for all y in some neighborhood of z € E, where D" f(z) is the nth-
Fréchet derivative of f at z, and for n > 1,

D"f(z)((y —=)") = D" f(x)(y —x,... .y —x).

n

Furthermore, D" f(z) is a bounded symmetric n-linear mapping from
H;’L:1 X into X.

A holomorphic mapping f : E — X is said to be biholomorphic if
the inverse f~! exists and is holomorphic on the open set f(E). A
mapping f € H(FE) is said to be locally biholomorphic if the Fréchet
derivative D f(z) has a bounded inverse foreachz € E. If f : E — X is
a holomorphic mapping, then f is said to be normalized if f(0) = 0 and
Df(0) = I, where I stands for the identity operator from X into X.

A normalized biholomorphic mapping f : £ — X is said to be
starlike if f(F) is a starlike domain with respect to the origin. Also, a
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normalized biholomorphic mapping f : £ — X is said to be convex if
f(E) is a convex domain.

Definition 1.1. Suppose a € [0,1) and f: E — X is a normalized
locally biholomorphic mapping. If

Re {T[(Df(x) " (D*f(2)(z?) + Df(x)2)]} > afjzll, =€ E,

then f is said to be quasi-convex of type B and order a.

When o = 0, Definition 1.1 is the definition of the quasi-convex
mapping of type B, which was introduced by Roper, Suffridge [13] and
Gong [2]; when X = C, Definition 1.1 is the same as the definition
of the normalized univalent convex function of order o in one complex
variable.

Definition 1.2 [2, 4]. Let f € H(E). It is said that f is k-fold
symmetric if exp(—(27i)/k))f(e?™)/*z) = f(z) for all 2 € E, where
ke Nand ¢ =+—-1.

Definition 1.3 [6]. Suppose (2 is a domain (connected open set) in
X which contains 0. It is said that = 0 is a zero of order k of f(z) if
f(0)=0,...,D*"1f(0) = 0, but D*f(0) # 0, where k € N.

The definition is the same as in the case X = C. According to
Definitions 1.2 and 1.3, it is obvious that « = 0 is a zero of order
k+ 1(k € N) of f(z) — z if f is a k-fold symmetric normalized
holomorphic mapping f(z)(f(z) # x) defined on E. However, the
converse does not hold.

Let S(E) be the set of all normalized biholomorphic mappings on
E, and let K(FE) be the set of all normalized biholomorphic convex
mappings on E. Let QK% (E)(0 < a < 1) be the set of all quasi-convex
mappings of type B and order o on E, and let K,(U)(0 < a < 1) be
the set of all normalized univalent convex functions of order o on the
unit disk U.

In one complex variable, it is well known that K, (U), 0 < a < 1, isan
important subclass of univalent functions; there are a few beautiful and
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significant results for them on the unit disk U (for instance, Theorems A
and B). A natural question arises as to how to attain the generalizations
of these results in several complex variables. The object of this paper
is to answer this question.

The paper is organized as follows. In Section 2, a sufficient condition
for quasi-convex mappings of type B and order « on the unit ball £ in
a complex Banach space is provided. In Section 3, sharp estimations of
all homogeneous expansions are established for quasi-convex mappings
of type B and order « defined on the open unit polydisk U™ in C",
which satisfy some conditions.

2. The construction of quasi-convex mappings of order «a.
The following lemmas are given to obtain the desired theorem in this
section.

Lemma 2.1. Suppose that o € [0,1), and f € S(U). Then

f(Tu(x))

F(z) = ()

z € QKE(E)

if and only if f € K,(U), where ||u|| =1 and

f(Tu(x))

=1
Tu(x) Tu(z):()

Proof. Denote

o) = L),

since F'(x) = g(x)z, we obtain
DF(z)¢ = (Dg(z)§)z + g(x)§, &€ X.
Also, since f € S(U), we have

f'(Tu(2)Tu(z)

[Ty 7% TEE
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Straightforward calculation yields
Dy(z)z _ f'(Tu(x))Tu(x)
9(z) f(Tu(=))
x)) + 1 # 0. It is not difficult to verify that

(
e <5 - gé?i(ié’ji;w)} —¢ fex.

Hence, (Dg(z)x)/(g

DF(z) [

Thus,

1 (. (De())e
(DF() 5‘g<a:>(5 g(x>+Dg<w>w>’ fex

Hence F(z) is a normalized locally biholomorphic mapping on E. Note
that DF(x)z = f'(T,(x))z, we have

D?F(z)(2®)+DF (z)z=D(DF (z)x)r=f"(Tu(z))Tu(z)z+ f (Tu(z))z,
which implies that D?F (z)(z?) = f"(Tu(x))T,(z)z. It follows that

(DF ()" (D*F(z)(«?) + DF (z)z)
=z + (DF(z)) Y(D*F(z)(z?%))

)
—ot (1" pe  Da@z
=vt o (f (Tu@)Tu(@)z = o pa@ye? Tul@)Tul®) >
zeF.
Also,
g(z) _ (@)
9(@) + Dg(@)z  f'(Tu(@))Tu(x)’
it yields that
(2.1) (DF(2))"}(D*F(=)(2%) + DF ()a)
_ 4 T @u@)Tuz),
= (1+ f’(Tu(x)) ) , cE

Thus, by (2.1), we have
Re {T[(DF ()" (D*F(z)(2*) + DF (z)z)]} > of|z||

f"(Tu(x))Ty(x)
¢$%<“"fmﬁav—>2“
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Hence, by Definition 1.1, we obtain that F' € QK&(F) if and only if
f € K,(U). This completes the proof. O

The following lemma can be easily proved.

Lemma 2.2. Suppose that a € [0,1), and f is a normalized locally
biholomorphic mapping on U™. Then f € QK&(U™) if and only if

%egj(z) >a, z=(21,...,2n) €U",
Zj
where g(z) = (g1(2), .- ,9n(2))" = (Df(2))"H(D*f(2)(2*) + Df(2)z2),
z € U™ is a column vector in C™ and j satisfies |z;| = ||z| =
maxi <p<n{|2k|}-

Theorem 2.1. Suppose that o« € [0,1). If f € H(E), f(0) = 0,
Df(0) =1, and

S].—Oé,

= m(m — a)||D™f(0
3 ( )II! £l

m
m=2

where [|[D™f(0)|| = SUP)||g(k) | =1,1<k<m D™ £(0) (™M, 2@, ... ™).
Then f € QKF(E).

In particular, when o = 0, then f is a quasi-convex mapping of type
Bon E.

Proof. First, since

f@)=z+ Y % c H(E),
m=2
we have
(2.2) Df(z) =1+ Z mDmf(:!(@”mfla-)‘

m=2
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Also, since

S~ mm =00, _,

m!

m=2

from (2.2), we obtain

~ mlID™f(0)|lfl™

1Df(z) —1]| <
7;22 m!
1 &~ m(m—a)|[D™f(0)]
- 2—047;:2 m!
l—«
< 5 o <1

Hence we obtain that Df(z) = I — (I — Df(z)) is an invertible linear
operator, see [14, page 192], and

1
I(Df () Y| <
2.9 1—[I-Df(@)] 1
= T D ) el !
Next,
1D f(2) ()] = | Z mim = 1) pm o) ()|
(2.0 <y mm et e bypm )

<(1- a)\lwllz(l = IOl 2).

Hence, from (2.3) and (2.4), we obtain

Re{T,[(Df(x)) " (D*f(2)(=) + Df(x)x)]} — allz]

> (1 - a)|z|| - |To[(Df ()~ D*f () (z*)]]

> (1= a)llzll = [(Df(2)) D f(x) ()]

(1= a)le] - (1= a)llz]*(1 = 37, (m[|D™ £ (O) [l ~2) /mt)
(

Y

1= 3 s (ml[ D™ f(O) [z 1) /m!
1 —a)llz[[(1 = lz[l) = 0.

Y
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Thus, by Definition 1.1, we deduce that f € QK %(E). This completes
the proof. mi

Remark 2.1. (1) Theorem 2.1 tells us that
f@)=a+ Y (D™f(0)(@™))/m! € QKF(E)
m=2

when the coefficients (||[D™f(0)||)/m!, m = 2,3,..., are sufficiently
small.

(2) Setting X = C, E = U in Theorem 2.1; we get the corresponding
result for the normalized univalent convex function of order o on the
unit disk in C of [3]. Furthermore, by setting X = C*, E = U™ in
Theorem 2.1, we get the following corollary.

Corollary 2.1. Suppose that o € [0,1). If f € H({U™), f(0) =0,
Df(0) =1, and

S]-*aa

. m(m — a)||D™f(0
Z_Q ( T)rlll! Ol

where ||[D™f(0)|| = SUD)||,(9) || =1,1<k<m D™ £(0) (M), 23 ... 2m)].
Then f € QKg((U™).

Example 2.1. Suppose that « € [0,1). If

n

Z\akm| <(1-a)/(m(m-1)) form=2,3,...,

k=2

n ’
f(z) = <z1 —}-Zakmz}g’,zg,... ,zn> € QKZ(U™) form =2,3,....
k=2

Proof. Tt is obvious that f is a normalized biholomorphic mapping
on U™. Simple computation yields

(Df(2)) 1 (D*f(2)(2*) + Df(2)z)

n
!
2
= <z1+(m —m) E Akm 2R’y 22, -« - ,zn> .
k=2
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If there exists a j, 2 < j < n, such that |z;| > |2z1|, then we have

(2.5) %eg]'z—(‘z)—a:%e(l—a)>0,

where g(2) = (91(2),--- ,9;(2), - ,9n(2)) = (Df(2))TH(D*f(2)(2?) +
Df(2)z).

If |z| < |21| for all k =2,...,n, then we obtain

§Regl—(z)—a:§)?e [1+(m2—m)kz_2akmzzil] -«

21

n
zl—a—(mz—m)2|akm|20.
k=2

Hence by Lemma 2.2, (2.5) and (2.6), we conclude that

n ’
f(z)= <z1 + Zakmz,T,zQ,... ,zn) € QKZ(U") for m =2,3,...,
k=2

and the proof is complete. u]

In view of Example 2.1, it is easy to know that QK§(U™) C K(U™)
is invalid.

Example 2.2. Suppose that o € [0,1). If

— = dt 21 dt
f(Z) B 0 (1 _tk)(2(1_°‘))/k’z2 0 (1 —tk)(Q(l—a))/k/Zl"-- y

= dt '
Z”/O (1 —tk)(Z(la))/k/Z1> ’

then f(z) € QK& (U™), where the power function is chosen such that

2(1 —
(2.7) (1= hya-a/k _ g _ %tk e
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Proof. First, it is obvious that

= dt .
, = mea-ak € Kall):

By Lemma 2.1, we deduce that

e dt o n
Z/o A= e/ Tul?) € QEEUT),

where |Jul]| = 1.

By taking u = (1,0,...,0)’, notice that T, = (1,0,...,0), we have
T, (z) = z1; thus,

= dt 21 dt
f) = (/0 (1 tk)@(la))/k’z?/o 1 eaaye/ A

i dt / o
z"/o (l—t’“)(z(l*a))/k/“) € QK3 (U™),

and the proof is complete. ]

3. Sharp estimations of all homogeneous expansions for
quasi-convex mappings of order «a. In order to obtain the desired
theorems in this section, we need to establish the following lemmas.
Using a method similar to that in [10], we can derive the inequalities
asserted by Lemma 3.1 below.

Lemma 3.1. Suppose that o € [0,1), and
9(2) = (91(2),92(2), - .. ,gn(2))" € H(U™), g(0) =0, Dg(0) = I.
If Re(g9j(2))/z; =2 a, z € U™, where |z;]| = ||z[| = maxi<k<n{lz:]},
then
1D™g(0)(z")l

<2(1—a)lz||™, z€U", m=2,3,....
m!

Lemma 3.2. If f(z) is a k-fold symmetric normalized locally
biholomorphic mapping on U™, and g(z) = (Df(z)) Y (D*f(2)(z?) +
Df(z)z) € H({U™), then
DFTf(0) (") _ D*lg(0)(=*+)

ket kT = et
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and

DI (0)(4)
(ak + Dah——0 2
_ Do)tk
(gk + 1)!
D*1LF(0)(2F, (D@ DR+ (0) (29 DE+L)) /(((q — 1)k + 1)!))
8 (k+ 1)

+ (k+1)

+--+({(¢g—Dk+1)
DDk 7(0) (28D, (DFg(0)(:441))/((k + 1Y)
(@~ Dk =1 |

X
forze U™, q=2,3,....

. Proof. Since g(z) = (Df(2)) " Y(D?*f(2)(2?) + Df(2)z) € H(U™), we

D*f(2)(*) + Df(2)z = Df(2)g(2).

Notice that

_ DM (Y DHEHLF(0) (2741
fE) ==t =0y T (gk + 1)!
we obtain
2+ (k+ 1)2% +oot (gk + 1>2Dqk+<1qi(3)§§.qk+l) to
= (e IO g PESOET
D?(0)(2?) D*F1g(0)(27*1)
(pat=+ PR PEEOS
oo ZPOOGET) Ly,

Comparing with the homogeneous expansion of both sides of the above
equality, we obtain

Dg(0)z = z, D¥**g(0)(2%**") =0,
1=2,...,k(k>2), ¢=0,1,2,...,
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and
DFHLF(0)(2*F!) _ DF*1g(0)(2**) DFTLF(0)(2*1)
by = wxyr TV T
and
DA (0)(2044)
(ah + 1" =20,
_ D#*Hg(0) (%)
Gk 1] +(k+1)
DFHLF(0) (2%, (Dl DEHLg(0) (209~ VFH) /(g — 1)k + 1))
8 k+ 1)
oot (g =Dk +1)
o DUTDRHLE(0) (247 VF, (DMHg(0) (M) /(R +1)1))
((g — 1)k+1)!
DIFHLF(0)(2%H1) no
+ (gk + 1) @h T 1) , z€eU"™ ¢q=2,3,....
Hence, the desired results hold true, and the proof is complete. a

Lemma 3.3. Suppose that f(z) is a normalized locally biholomorphic
mapping on U™. If z =0 is a zero of order k + 1(k € N) of f(z) — z,

and g(z) = (Df(2))"H(D?*f(2)(2?) + Df(2)z) € H{U™), then for each
z € U™, we have

i )20
(D™g(0)(2™))/m!
m=k+1,...,2k;
= (D7g(0)(z™))/m!
+(E+D[(DMF0)(=", (D™ Fg(0)(z™F)/ (m — k) (k + 1)!]

m =2k + 1.

. Proof. Since g(z) = (Df(2)) " Y(D?f(2)(2?) + Df(2)z) € H(U™), we

D?f(2)(*) + Df(2)z = Df(2)g(2)-
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Notice that

k+1 Zk+1 m Lm
f(z)zz—&—%—i—---—i—%—k-”,
and we obtain
k+1 Zk:—i—l m Zm
z+(k+1)2%+---+m2%+---
k+1 Zk m mel .
= (I+(k+1)%+---+ml} f(oiil : )+---)
D?%g(0)(2*) 2) DFtig(0) (51
'(Dg(o)z+ 7] ' (k+1)!
L CIEC JY

Comparing with the homogeneous expansion of both sides of the above
equality, we obtain

Dg(0)z = z, D'g(0)(z) =0, 1=2,3,...,k k>2,

and
D))
m!
(D™g(0)(z™))/(ml) +m(D™ f(0)(2™))/m!
m=k+1,...,2k;
= (D™g(0)(z™))/(m})
+(k + D[(DFHL(0)(2F, (D™ Fg(0) (=™ W(m — k) /(k + 1)1]
+m(D™ f(0)(z™))/m!, m =2k + 1.
Hence, the desired results hold true, and the proof is complete. ]

Now the main results in this section can be proved as follows.

Theorem 3.1. Suppose that o € [0,1). If f is a k-fold symmetric
quasi-conver mapping of type B and order o, and

DL (0)(2°F 1) <Zapl k1) 2] ),

zeU"”, p=12,...,n, s=1,2,...,
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where
041 1,(0)
apl(Sk—i—l):Taprk, pl=12,...,n s=12,...,
then
||Dsk+1f(0)(zsk+1)|| - anzl((m -1k +2-2a) ||2H8k+1
(3.1) (sk+1)! - (sk+1)-slks ’

zeU" s=1,2,....

All of the above estimations are sharp.

Proof. Fix z € U™\ {0}, set zp = z/||z||. Since f is a k-fold
symmetric quasi-convex mapping of type B and order «, by Lemma 2.2,
Lemma 3.1 (when m =k + 1) and Lemma 3.2 (when ¢ = 1), we have

, zeU",

[D*LFO)EDI _ 2-2a g
(k+1)! S v Rl

which shows that (3.1) holds true for s = 1. Suppose now that (3.1)
holds true for 1 < s < ¢ for some integer g > 2. Then

m=1
(3.2) (sk +1)! - (sk+1)-slks
zeU", s=1,2,...,q.

||D5k+1f(0)(25k+1)|| Hs ((m_ 1)k+2_2a)”2‘|sk+1’

Thus, by (3.2), we have

(33) D F(0) (5t < Um=a{lm = DR+ 2 = 20)

= (sk+1) - stk sk + 1)L

Also
D5k+1fp(0) (1) = “p < Z a‘pl(sk+1)zl5k> 7
=1

ZEU", p:172;---,n,3:1,2,...,q,
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where api(skt1) = (0541 £,(0))/(02p025%), p,l = 1,2,...,n, s =
1,2,...,q. Hence, from (3.3), we have

n sk
Zj zZl
P S (7))
=1
- 2\ _ s ((m = Dk +2 - 20)
2 aitekn |
=1

(sk+1)-slks
where |z;| = ||z|| = maxj<k<n{|2x|}. Especially, when z = e~(i)/(sk) x
||| with a; = arg aji(sk+1), [ = 1,2,... ,n, we obtain

< - (sk+ 1),

" [T, ((m — Dk +2 - 20)
4 : < ==m= . .
(3 ) lz:; |a]l(sk+1)| = (Sk + 1) T (Sk + )

Denote

D(qfs+1)k+1g(0) (Z(qferl)k:Jrl)

= =12,...,q.
w ((q—s+1)k+1)' ) S 5 4y y 4

Notice that

DHAOC) = 2 ( 3 ausn ).
=1
ZEUn7p_1727 7n7s:]‘727 7q
For any A with [A| < 1/(2 — 2«), we have
sk+1 s
9sk+1 D k+1fj(0)(z kaw)
d zZ4+Aw z+ \w z+ Aw
- Dsk+1 3 . o
d\ f](o) 2 ) 2 ) ) 2 ‘)\—0
sk+1

n sk
d | z; + Aw; 21 + Awyg
:dA[J 2 J(Zl_la”“"’*”< 2 ) )]'M

sk 2 (0 a2 wr) + wi (1l ajigsksnz”)
- 2.sk+1 !
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where j satisfies |z;| = ||z|| = maxi<k<n{|2x|}, that is,

(3.5) D*FF1£(0)(2°%, w)

1 " b n .
= [Sk " Zj < Z Gji(sk+1)%] k lwz> + wj < Z Qji(sk+1)2] k)] .
sk+1 — -
Thus, by Lemma 3.1, (3.4) and (3.5), we obtain
Dla—s+Dk+1,(0 (g—s+1)k+1 1
DL f50) (25" 9(0)(z )| =
((g—s+Dk+1)! sk+1

sk—1 1 (g— —s+1)k+1

D(q s+1)k+1 0 (g

sk - —<Zajl(sk+1)< > a0}z ] )>
2]l 2]l ((g—s+1k+1)!

_s —s k+1 n sk

L s T e
((g—s+Dk+1)! £ 2]

sk—lD(q,s+1)k+1gl(O)(z((Jq—s-‘rl)k-‘rl)

Z“J“S’”” <|z||> ((q— s+ 1)k +1)!

_s —s+1)k+1 n sk|T
|D<q DR (0) (257 TR _ 2
2 steken |\ o]

=1 i

((qfs-%-l)k-i-l)!

.
sk Z |a’jl(sk+1)| (” H

|D(qfs+1)k+1gl (0) (Z(()q—5+1)k+1)|
((g—s+ 1)k +1)!

_s s k sk
N |D(q +1)k+1g (0)( (g—s+1) +1 ‘ Z ‘a . <|Zl|>
((g—s+1)k+1)! e 2]l

L Lo ol s 22
~sk+1 (sk+1)-slks

X

- (sk+ 12 - 2a)

+(2””'Hm_fﬁﬁl?iﬂf_Qw'“k+lﬂ
_ (2—2a)H _1(m—-1)k+2-20a) (k1)

(sk+1)-slks
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This implies that

sk ] sk Dla—s+1)k+1 (0)(z(q75+1)k+1)
@6)‘D HL«DGO: (@*5+U;+U! >

< 2-20)]1,_,((m—-1)k+2—2a)
- (sk+1)-slks

-(sk+1)l, 2z €0U™

Especially, when zy € 9yU™, from (3.6), we have

N B e T AAa
(3.7) ‘D "1 1,(0) <Zokv (g—s+1Dk+1)! >‘
o (2= 20) [T, ((m— Dk +2 -~ 20)
= (sk+1)-slks

S(sk+ 1), p=1,2,...,n.

Because

Do (0)< sk Dla—s+1)k+1 (0)(z(q*s+1)k+1)
P ((—s+Uk+D
=12,...,n,

> € H(U™),

by the maximum modulus principle of holomorphic functions on the
unit polydisk and (3.7), we have

_s —s+1)k+1
et p oy (s, DO g0
P ’ ((g=—s+1k+1)!

< (2-2a)[[,-1((m - 1)k+2 - 2a)
- (sk+1)-slks

- (sk+ 1),

20€0U™, p=1,2,...,n

Hence, we conclude that

_s s+1)k 1
D+ 4(0) 22+ Dla +1)k+1g(0)(z q—s+1)k+
0 ((g—s+1k+1)!
<(2—2a)an:1(( —1k+2—2a
- (sk+1)-slks

- (sk + 1)1,
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which implies that
D(q—s+1)k+lg( q s+1) k+1
3.8 Dsk+1 0 sk
(38) ‘ FO(= ((qfs-i-lk—f-l

(2 —20) Hms —1((m—1)k+2—20) +1)k+
< . + 1)) 2| (T DRHL,
- (sk+1)-slks (sk M=l

According to Lemma 3.2 and (3.8), we obtain

((q+ Dk + 1) (g + L)k|| Dl DE+L £ () (2(a+ DR+
((g+ Dk + 1)!
< || DatDE+Lg(0)(2latDEFL)|
- ((q+ 1)k +1)!
| DFFL£(0) (2%, [DTFF1g(0) (27 1)/ (gk + 1)1]) |
(k+1)!

+(k+1)

+-+((g-Dk+1)
o DD F(0) (207D, [D2RHg(0) (225 1) /(2K + 1))

((g— Dk +1)!
DT+ F(O) (%, DM 1g(0) (1), (k + 11|
+ (gk + 1) 1)
< (@ - 20041 ¢ 1+ ) EZIE 2D s

+-+((g-Dk+1)
(2 —2a) Hgn_zll((m -1k +2-2a) ||Z||(q+1)k+1
((g=1)k+1)-(g—1)ka~!
(2 - 2a) HZn=1((m — 1k +2—20a) ||Z||(q+1)k+1
(gk+ 1) qlka
(2 - 20)(2 - 20)
A +
N (2 - 2a) an;ll((m —1)k+2-2a)
(¢ — 1)'kq !
" (2 —20) [[= 1((”€ -1k +2 - 20a) 2| (@t D41

+1
Hq (( _1)k+2_2a)||z||(q+1)k+1
qlke '

+ (gk + 1)

= (2-2a+
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This implies that
DLt DR £(0) (20t DRH) |
((g+ )k +1)!
[Tosy ((m = 1)k +2 - 20) ey
(g +1)k+1)- (q+1)lka+?
Therefore (3.1) holds true for s = ¢+ 1.

< ze U™

Finally, we verify that the inequalities (3.1) are sharp. By Exam-
ple 2.2, it is easy to verify that

NG dt & dt
f(z) = o (1 tk)ea—a)/E %2 o (1 th)Ca-a)/E /2150,

- dt '
Zn/o (1 — tk)(2(1=a))/k /21> , z2€U

satisfies the condition of Theorem 3.1, where the power function is
chosen such that (2.7) holds.

Taking z = (r,0,...,0), 0 <7 < 1, then
[P FO) ()| 1%, (m — Dk +2 — 2a)

m=1

(gk +1)! a (gk +1) - qlka

Hence, the estimations (3.1) of Theorem 3.1 are sharp, and the proof
is complete. ]

raftlg=1,2,....

Remark 3.1. Setting k = 1, @ = 0 in Theorem 3.1, we get Theorem 3.1
in [9]; setting X = C, E = U, k = 1 in Theorem 3.1, we obtain the
corresponding results of normalized univalent convex function of order
a,0<a<l,in[12].

By Theorem 3.1, making use of a method similar to that in [9], the
following corollaries can be proved (the details of the proof are omitted
here).

Corollary 3.1. Suppose that o € [0,1). If f is a k-fold symmetric
quasi-conver mapping of type B and order o, and

DI O = 5 (Y apuenf*). 2 U™
=1

p=L12...,n,¢q=1,2,...,
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where

011 £,(0)

, pl=12,...,n q=12,...,
8zp82lqk

Apl(qk+1) =

then

Il i@t )
If ()| < /0 (1= F)Ca-a)/k’ 2€U".

The above estimation is sharp.

Corollary 3.2. Suppose that o € [0,1). If f is a k-fold symmetric
quasi-conver mapping of type B and order o, and

n
DI O = 5 (Y apenf*). 2 U™
=1
p=12...,n q=1,2,...,

where
91 £,(0)
a =— = pl=12,...,n, ¢q=1,2,...,
pl(gk+1) szazlqk
then
IDf(2)z] < Iz ceum.

(1= [|zf[*)Gmen/k?

The above estimation is sharp.
By Example 2.2, it is easy to verify

N dt 2 [ dt
F@=\ ), GomecaE s, ), GomecaE

zn [P dt ! n
2 ) e

satisfies the condition of Corollaries 3.1 and 3.2, where the power
function is chosen such that (2.7) holds.
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Taking z = (r,0,...,0)’, 0 <r < 1, we have

r

" dt
I ()]l :/o ma IDf(2)z] = (1 — rk)@I-a))/k"

Hence, the estimations of Corollaries 3.1 and 3.2 are sharp.

Remark 3.2. Setting k = 1, a = 0 in Corollaries 3.1 and 3.2, we
get Corollaries 3.1 and 3.2 of [9]; setting X = C, E =U, k =1
in Corollaries 3.1 and 3.2, we obtain the corresponding results of
normalized univalent convex function of order o, 0 < a < 1, in [3].

Theorem 3.2. Suppose that o € [0,1), k € N and f € QK&(U™).
If z =0 is a zero of order k+ 1 of f(z) — z, and

D™, (0)(z™) = zp(zaplmzznl),
=1
ceU", p=1,2,...,n, m=k+1,k+2,...,2k+1,

where

9™ f,(0)

azpazl’"_l’
pl=12,....,n, m=k+1k+2,...,2k+1,

then for all z € U™,

Aplm =

g 1D7FOE]

’ m!
- {(2204)/(m(ml))||z||m m=k+1,k+2,...,2k;
T2 =20)(k+2 - 2a)/m(m - 1)E]||z]|™ m=2k+1.

When m =k + 1 or m = 2k + 1, the above estimations are sharp.

Proof. When m =k+1, k+2,...,2k. By Lemmas 3.1 and 3.3, we
have
D™ £(0) ™)l 1 ID"g(O)E™)I . 2-2a

— < mozeU".
m! m(m — 1) m! ~m(m — l)HZ” »
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When m = 2k + 1. By applying a method similar to the proof of
Theorem 3.1, we can deduce that

[DEFLF(0) (2%, [D™*g(0) (2™ %) /(m — k)1])|

(k+1)!
(2 — 20[)2 m ) _

Hence, it follows from Lemma 3.3 that

SN .7, TEY
_ [|P™g(0)(=™) DFHLF(0) (2%, [D™ *g(0)(z™ %) /(m—k)1])|
_H mi TR (k+1)! |
< ||Dm9(0?(zm)||

' DFFLF(0) (2%, [D™Fg(0)(2™ %) /(m — k)!

+(k+1)“ (0)(="% [ . i(l))!( )/( )'DII

< @2l + + 1) T el

2-2a)(k+2-2
:( Oé)(k+ O‘)”ZHm, ZEU”, m=2k+1,

which implies the inequalities (3.9) hold true.

Finally, we verify the inequalities (3.9) are sharp for m = k + 1 or
m = 2k + 1. By Example 2.2, it is easy to verify that

— = dt 21 dt
fle) = o (1 —tk)20a=a)/k’ 2 o (1—th)@I-a)/k [Z1y s

- dt '
Z"/O (1— Ry -/ /Zl> , zeU

satisfies the condition of Theorem 3.2, where the power function is
chosen such that (2.7) holds.

Taking z = (r,0,...,0)’, 0 < r < 1, we have
1D™ f£(0) (=)l
m!
_ (2 -2a)/(m(m—1))r™ m=k+1;
[(2=2a)(k+2-2a)]/(m(m—1)k)r™ m=2k+1.
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Hence, the inequalities (3.9) of Theorem 3.2 are sharp for m =k + 1
or m = 2k + 1, and the proof is complete. ]

Remark 3.3. Setting X = C, E = U in Theorem 3.2, we get the
corresponding result of a normalized univalent convex function of order
a,0<a<]l.

By Lemmas 3.1 and 3.3, the following corollary can be easily proved.

Corollary 3.3. Suppose that o € [0,1), k € N and f € QKZ(U™).
If 2 =0 is a zero of order k + 1 of f(z) — z, then

(D" FOE)] o 2= 20
m! ~ m(m—1)
zeU"”, m=k+1,k+2,...,2k.

(B

When m =k + 1, the above estimation is sharp.

Remark 3.4. Setting @ = 0 in Corollary 3.3, we obtain the corre-
sponding result of [10].

Corollary 3.4. Suppose that o € [0,1). If f € QK&(U™), then

(2 — 20|z

, zeU".
1— |2l

I(Df(2)) " D*f(2)(2*)] <

The above estimation is sharp.

Proof. Set

9(2) = (Df(2))TH(D*f(2)(2*) + Df(2)2)-



QUASI-CONVEX MAPPINGS 1643

From Lemma 3.1 and the hypothesis of Corollary 3.4, we obtain

I(DF(2)" D (2 H_HZ;BE%%giw

D™g(0)(z™
S}:H 50"

(2 —2a)]=[I™

M8

2

(2 20|
T

3
||

—~

ze U™

Hence, the desired result holds true.

Finally, it is easy to verify that

= dt dt
f(Z) = </0 (1 — t)2(lfoc) » 22 (1 — t)2(170‘) /Zlv R

dt ' .
m/a) y zeU

satisfies the condition of Corollary 3.4, where the power function is
chosen such that (2.7) holds.

Taking z = (r,0,...,0)’, 0 <r < 1, we have

Zn

(2 — 2a)r?

I(DF()7 DR =

Hence, the estimation of Corollary 3.4 is sharp. This completes the
proof. ]

Remark 3.5. Setting X = C, E = U in Corollary 3.4, we get the
corresponding result of normalized univalent convex function of order
a,0<a<]l.
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