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BASKAKOV TYPE OPERATORS
ZBIGNIEW WALCZAK

ABSTRACT. The actual construction of Baskakov opera-
tors and its various modifications requires estimations of infi-
nite series which in a certain sense restrict their usefulness
from the computational point of view. Thus the question
arises whether the Baskakov operators cannot be replaced by
a finite sum. In connection with this question we propose a
new family of linear positive operators.

1. Introduction. Approximation properties of the Baskakov
operators

W Vfo=Y ("R ) (5),

k=0

z € Ry :=[0,+00), n € N :={1,2,...} in polynomial weighted spaces
Cp were examined in [2]. The space Cp, p € Ny := {0,1,2,...},
considered in [2] is associated with the weight function

(2) wo(z):=1, wy(z):=(1+2P)t, ifp>1,
and consists of all real-valued functions f, continuous on Ry and such

that wp,f is uniformly continuous and bounded on Ry. The norm on
C)p is defined by the formula

(3) 1o =17 C)llp = sup wy(@) [ £()]

For the reader’s convenience we will summarize here the properties
of V,,f and related formulae which will be needed later. Most of these
can be found in [2].
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A. V, f is a positive linear operator Cp — Cp,.
B. V,.(1;z) =1, V,, f preserves constants.
C. For f € Cp, p € Ny,

w @) - S < K (0 1),

z € Ry, neEN,

where wa(f;-) is the modulus of smoothness of order 2 and K (p) is a
positive constant.

D. ForfECIZ, ={feCp: f,f"eCp}, p€ Ny,

lim n(Va(fiz) — f()) = “0 D p1(a), w e Ry,

n—oo 2

E. For every fixed 2 < g € N there exist algebraic polynomials P; 4,
0 < j < ¢, on the order m < g and with coefficients depending only on
j and ¢ such that

(5) Va((t—2)ha) =Y 2055 zeRy, neN,

where [¢/2] denotes the integral part of ¢/2. Moreover, V,,(t%;0) = 0
for all n € N and g € N, see [10, page 125].

From (4) it was deduced that

(6) lim Vi.(f;2) = f(z),

n— 00
for every f € Cp, p € No and x € Ry. Moreover, the above convergence
is uniform on every interval [z, zs], 21 > 0.

Very recently Gupta [3] and Zeng and Gupta [13] estimated the
rate of convergence of functions of bounded variation for the Bézier
variant of the Baskakov operators for the cases 0 < a < 1 and
a > 1, respectively. Their results improve other related results in
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the literature. We refer the readers also to Ispir and Atakut [1], Gupta
and Maheshwari [4], Rempulska and Walczak [6], Walczak [10] and Xie
and Zhang [12].

Our paper proposes to replace the infinite sum in the Baskakov
operators by a truncated sum. It shows that the truncated operators
give the same approximation properties as operators V,,. This is done
in one and two dimensions.

In this paper by K;(«o,8), ¢ = 1,2,..., we shall denote suitable
positive constants depending only on indicated parameters « and S.

2. Approximation of the function of one variable. This note
was inspired by the results given in our previous papers.

We introduce the following class of operators in Cp, p € N.

Definition 1. We define the class of operators A,, by the formula

[n(z+an)]
_ k
o A= S0 (")t (1),

k=0
xr € Ry, neN,

where (a,,){° is a sequence of positive numbers such that lim,,_, o, v/na,
= oo and [n(z + a,)] denotes the integral part of n(z + a,).

Observe that the operator A,, is linear and positive.

Now we shall give the approximation theorem for A,.
Theorem 1. Fixz p € N. Then for A, defined by (7) we have
®) T {An(fianiz) — f@)} =0, feC,

uniformly on every interval [zy, T3], 2 > 1 > 0.
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Proof. We first suppose that f € Cp, p € N. From (1) and (7) we
obtain

An(f;an; ) — f(2)
_ ["(g")] (") e (2 - s

() e (3) e

_ k
_ Z (n ;+k>mk(1+w)_"_kf<—>
n
k=[n(z+an)]+1
=Vu(fi2) = f(x) — Mu(f;an;2), € Ro, neN.
By our assumption, using the elementary inequality (a + b)¥ <
2k=1(a* +b%), a,b > 0, k € Ny, we get
o 7] < KoL+ 12) < Ka(L+ (It — 2] + 2)?)
< Ko(1+2°7 (|t — x| + 2P)).

From this and by (1) we get

| My (f; ansz)|
- n—1+k\ & k|
< _
< Z ( & > z"(1+x) f (n
k=[n(z+an)]+1
- n—1+k\ & nk
< Z ( i > z*(1+z)
k=[n(z+an)]+1

xK2(1+2p1<‘E—ac
n

”W))

< Ky ((1 + 2P 12P)

i (n—;+k>

k=[n(z+an)]+1

y mk(1+m)—n—k+2p—lz (n—;—i-k)

k=0
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)
:K2<(1+2p_1:cp) i <"‘;+k>

k=[n(z+an)]+1

l‘k(l + x)fnfk

— =
n

e*(1+ )™ F 42271, (|t — 2P, x))

We remark that

o0

3 ("‘Iff’“) 2*(1+z)"

k=[n(z+an)]+1

- n—1+k\ & nk
< Z ( i >:L‘ (1+2)
an<|k/n—x|
ad n—1+k k 7n7k|(k/”)*x|p
an<|k/n—x|
L (n—1+k\ & k| K P
SEZ< >x(1+x) .
k=0
— V(= aPs)
- ag n T ,.’L'

This implies that

14 2p—1gP
M, (f;an.;2)| < K3 &4—2”_1 Vo ([t —zP;2).
o7

n

From this and in view of (5), the Holder inequality and the property
Vn(1;2) = 1, we further have

1+ 92p=1p
M, (fiani)] < Ko (U2 )

n

x Vo ((t — 2)2;2) Vi, (1;2)} /2

(1+ 2P 1zP) ) P, 1/2
= K4(4ap + 2P~ Z 2p :

n

K (1+2P*1xp P 1/2
(T ) S rae)
Jj=

n
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The properties of a,,
lim v/na, = oo

n—o0

imply that
lim M, (f;an;2) =0

n—roo

uniformly on every interval [z, z3], z3 > 1 > 0. From this and by (6)
we obtain

nlggo {An(fian;z) = f(z)} =0,

uniformly on every interval [z, z2], 2 > @1 > 0. This ends the proof
of (8). O

Similar results for the modified Szasz-Mirakyan operators are given
in [11].

3. Approximation of the function of two variables. Now we
shall introduce certain linear positive operators in polynomial weighted
spaces of the function of two variables.

Let p,q € Ny, and let
(10)  wpq(@,y) = wp(z)wy(y), (z,y) € R := Ro x Ry,

where w,(-) is defined by (2). Denote by C,, , the weighted space of all
real-valued functions f continuous on R? for which w, . f is uniformly
continuous and bounded on R3. The norm on C), , is defined by

(11) 1/

|p,q =|f(0) ||p,q ‘= Ssup wp,q(%y) f(z, )l
(z,y)eR?

Approximation properties of certain linear positive operators

. o 1 LR m n
Lm,n(fa vay) = Ot @rm D)™ (1t (ytn-1)2)" Z Z ( ) <k‘)

=0 k=0 \J

) . —1,2 —1y2
X (I + mil)% (y + nil)Zkf<](17:((zz:$—1)) )ak(l,,j(;itlnfl)) )>

in polynomial weighted spaces of functions of two variables were exam-
ined in [9].
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The Baskakov operators of the function of two variables are defined
by the following formula

S (7o (1

(L8,

)
m n

Arguing, for example, as in the proof of Theorem 2 [9, pages 28-29]
it is easy to prove the following theorem.

Theorem 2. Suppose that f € Cp, 4, p,q € No. Then there exists a
positive constant Ks(p,q) such that for all (z,y) € R3,

(13)  wpq(z,y) |Vimn(fiz,y) — f(z,y)]
< Ks5(p,q) w1 (f, o \/5”(137: U} \/y(y + 1))7

n

m,n € N, where

(14) wi1(f,Cpgit,s) == sup [[Ansf()lpgs t,82>0,
0<h<t
0<6<s

Apsf(z,y) = f(z+h,y+8)—f(z,y), (x+h,y+6) € R} is the modulus
of continuity of f € Cy 4.

From (14) it follows that

(15) lim wi(f,Cpqst,s) =0

t,s—0+

for every f € Cp 4, P,q € Ny. From this it was deduced that

(16) hm Vo n(fi2,y) = fz,9), (z,y) € R

m,n— 00

uniformly on every rectangle 0 < z < xg, 0 < y < yo-
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In this section we shall give some properties of the following operators.

Definition 2. Fix p,q € N. We define the class of operators A,,
by the formula

(17) Am,n(f,am,bn,m,y)

m(z+am)] [n bn
[m(z+am)] [n(y+ )]<m1+j

J

n—1+k k —n—k ] k
1 4z
feChy (m,y) ER%:

)x%1+x)"lj

§=0 k=0

where (a,,)$° and (b,,)$° are given sequences of positive numbers such
that lim,,, o v/ma., = oo and lim,,_, o, v/nb, = co.

Observe that the operator A, , is linear and positive.

Applying Theorem 2 and (12), we can prove the basic property of
Amon-

Theorem 3. Fizp,q € N. Then for A, defined by (17) we have

(18) Um Ao (f; @m, bns 2, y) = f(2,y),  f€Cpy

m,n—00

Moreover, (18) holds uniformly on every rectangle 0 < z < o,
0 <y <yo.

Proof. Suppose that f € Cp 4, p,qg € N. This implies that

|7 (t,2)] < Ke(1+t7)(1 + 27)
< KoL+ 2070 (Jt = 2P +27)) (1 + 277" (|2 = y]7 +y)).

From (17) and (12) we have

Am,n(f; amabn; x,y) - f(xa y)
= Vm,n(f; x,y) - f(xay) - Mm,n(f; Ay bn;xa y)
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where

Mm,n(f; am’bn; xay)

o0 o0

- ¥ 3 <m_j1+j>a:j(1+:v)_m_j

j=Im(z+am)l+1 k=[n(y+bs)]+1

n—1+kY\ & . 2
X< k >y(l+y) f(man ) (:E,y)ERo-
Observe that
(19)  [Mp,n(f5 @y bns 2, 9)|

= i i (m]~1+j>yj(1+y)’"j

j=[m(z+am)]+1 k=[n(y+bn)]+1
_ |k
(e
m n

k
— m—1+j
<K :
<k > (M)
i=[m(z+am)]+1
xxj(1+x)—m—j<1+2p—1<i—x
m
St n—1+k
< ox (")

k=[n(y+bn)]+1

> (14 z)™k

"))

k
X yk(l + y)fn*lg (1 + 2q1< o y

Arguing as in the second part of Theorem 1, we derive

q
+yq>).
p
)
K, [(1+20=1gP ~ P 1/2
<o (M ) (e}
m =0
o —1+k k|t
Z <" k+ )xk(1+x)—"—k(1+2q—1<‘ﬁ—y +y‘1>)

k=[n(y+bn)]+1
K 1429 1y9) - q 1/2
< nq/sz <( pd +207 E :Pj,Zq(y) .

(oo}

0 e e

j=[m(z+am)]+1




990 ZBIGNIEW WALCZAK

From this and in view of Definition 2, we get

lm My o (f; am,bas z,y) =0

m,n— oo

uniformly on every rectangle 0 < z < zg, 0 < y < yo. Applying (16)
and (19), we immediately obtain (18).

4. Remarks. Now we shall give some examples of operators of the
Apnf (Amnf) type defined by (7) and (17).

It is similarly verified that analogous approximation properties hold
for the following two operators

(20)  Bulfiz)=> (n o k> w +m>—"-kf(§),
k=0
f € 0[071], S [0, l), n < N,

Bt = 55355 (714 it e

=0 k=0 J

n — 1+k k —n—k .7 k
1 J 2
X( P >y( +v) f< )
f € C[O,l],[O,l}a (xay) € [07 1) X [0’1)7 m,n € N.

Observe that the operators B,,, n € N, are obtained from (7) for
an=1—z,x€][0,1).

Analogously, we obtain

Apn(fsl—a,1 —y;z,y) = By o(fi7,y),
(z,y) €[0,1) x [0,1), m,n € N.

Note that we constructed, for any function f € Cfo 1}, the sequence
of operators (B,,){° very similar to a sequence of polynomials

o) cutrio) =3 (1) a-aro(7)
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z € [0,1], n € N. We mention only that these polynomials (21),
called Bernstein polynomials, play an important role in computer-aided
geometric design and in the theory of multi-dimensional probability
distributions.

Moreover, arguing as in the proof of Theorem 3 and applying some
properties of the Szdsz-Mirakyan operators (see, for example, [2, 7]), it
is easy to prove the following

Theorem 4. Fixz p,q € N. Then

(22)  lim Dy n(f;am, bns@,y) = f(2,y), f€Cpg (w,y) € RE,

m,n—00

where

Dm,n(f; Am,, bn; z, y)
[m(z+am)] [n(y+bn)]

= MY Z Z (mT)J (ny')k f <17 E>7
= Pt 7! k! m'n

(am)5° and (b,)5° are given sequences of positive numbers such that
lim,, 00 vV/May = 00 and lim,_,o 1/nb, = co. Moreover, (22) holds
uniformly on every rectangle 0 < x < xg, 0 <y < yp.

The methods used to prove the theorems are similar to those used in
the construction of modified Szdsz-Mirakyan operators [5, 8, 9].

Recently in many papers various modifications of operators V,, were
introduced.

In [3] and [13] the more general Baskakov operators

0o N k
Enalfio) = Y@@ (1)
k=0
a>lor0<a<l, neN, z¢€ Ry,

were considered where Qiall(m) = J3p(z) = I (2) and Jp k(z) =

Z;’ik ("_;H) 2/(1 + )~ 9. Thus, the question arises whether the
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Baskakov-Bézier operators examined in [3, 13] cannot be replaced by
a finite sum.

Moreover, we propose the same method to replace the infinite sum in
the Durrmeyer variant of V,

Fafio) = DY (" et
k=0

x/ (";+k>tk(1+t)”’“f(t)dt, z € Ry, n€EN,
0

by a truncated sum.

These questions are open problems for the readers.
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paper.
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