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A COMBINATORIAL CHARACTERIZATION
OF JACOBI FORMS

YOUNGJU CHOIE AND OLAV K. RICHTER

ABSTRACT. We present a combinatorial characterization
of Jacobi forms & la Henri Cohen.

1. Introduction. Cohen [3] establishes a lift from elliptic modular
forms to Hilbert modular forms over real quadratic fields. A key
tool in Cohen’s proof is a combinatorial characterization of modular
forms in two variables. In this paper, we extend Cohen’s combinatorial
characterization of modular forms to Jacobi forms on H? x C2. It would
be interesting to see if our result could be used to construct a lift from
Jacobi forms in the sense of Eichler and Zagier [4] to Jacobi forms over
real quadratic fields.

2. Notation and statement of results. Let H C C be the usual
complex upper half plane. We write variables 7 = (71, 72) € H? and
7 = (21,22) € C2. We define the following slash operator on functions
f:H? — C. For fixed ¢ = (k, k2) € N2, where Ny denotes the set of
nonnegative integers, set

2
aym + by a27’2+b2>
1 +d;)

@) (f le M ]1;[1 7 f<C1T1+d1 coTo + da

for M = <<a1 bl) , <a2 b2 )) € SLy(R)% Furthermore, we define the

C1 dl Cc2 dz
following two slash operators on functions f : H? x C?2 — C. For a
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fixed € = (k1, k2) € NZ and m = (my, mo) € N3, set

@
2 2 2
(7 lem M) (22) = [Ty ) S exp { = 2mi Yomy 02}
i=1 !

= c;jT; +d
‘f<a1T1+b1 asT2 + by 21 22 >
1T +di’ cama+da’ e +di coma + da

for M = ((al bl) , (aZ b2 )) € SL2(R)?, and also

C1 d1 Cc2 d2

5 O e {m > m + 2%)}

f (T, Ty 21+ AT+ pa, 22 + AoTo + p2)
for P‘nu'] = ()\1,>\2,,U,1,,U,2) € R%.

Of particular interest are the elements invariant under the actions in
(1), (2) and (3). The most important case occurs when one restricts
to M € T and [\, u] € O%, where T is a subgroup of finite index of
SL2(Ok) and where Ok is the ring of integers of a real quadratic field
K. In that case, a Hilbert modular form f : H2 — C is invariant under
the action (1) and a Hilbert Jacobi form f : H? x C? — C is invariant
under (2) and (3). For more details, see Freitag [5], Garrett [6] and
Skogman [7].

We now introduce the function on H x C which will play the main

role in our characterization of Jacobi forms. Let f : H> x C* — C be
holomorphic and k,m € Ny. Set k = (k, k), m = (m,m),

., (heat operator),

1
a=k— 3 and L; = 8mimd., — 9?
0 0
or; Y 9z’
and where j = 1,2. If x € C, then we write z! = T'(z + 1),

where I'(-) denotes the Gamma function. For every v € Ny, define
®,[f] :Hx C — C by

Or, =

(L' Lo* f) (77, 2, 2)
(vi)l(v2)! (@ 4+ v1 — D+ v — 1)

4) 2ulflm2)= ) (-1

vy tva=v
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The following theorem gives a combinatorial characterization of Ja-
cobi forms on H? x C? in terms of functions on H and on H x C. In
particular, we extend Theorem 2.2 in Cohen [3] to Jacobi forms.

<Z Z) € SLy(R),

= (505 )

Then statements (G1) and (G2) are equivalent:
(G1):

Theorem 1. Let

and set

(i) For all v € Ny,

2

@, /] (ZI‘LZ, c,id) = (cr +d)**** exp {4m'm ciid} B, [f](7, 2);
(ii) For all uy,us,v1,v9 € Ny and r, s € {0,1},

(3};1187?228;1 9s, Ly Ly [f |E’m M — f]) (r,7,0,0)

_ <6$128;‘218318§2L§’1L§2 [ lgn M- f]) (r,7,0,0);
(ili) If v1,v2 € Ng such that
(L3 LE1f 1 M = 1) (7,7,2,2) =0,

then (azlazzL;’ngz [ 7 M~ f]) (r,7,2,2) = 0.

(G2):

<f |7 M) (11,72, 21, 22) = f(71,72, 21, 22).

Let (\, ) € Z% and [\ p] = (M A\, p,pn). Then statements (H1) and
(H2) are equivalent:
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(i) For all v € Ny,
D,[f] (1,2 4+ AT+ p) =exp {—47rim()\27' + 2)\z)} @, [f](r,2);
(ii) For all uy,us,v1,v9 € Ny and r,s € {0,1},
(0pr0%20z, 05, L Ly [f | [N\, ] = f]) (7,7,0,0)

= (3% 817{; 8; 822 Lll)1 L12)2 [f |r'r2 [)‘7 ,u] - f]) (Tv 7,0, 0);
(ili) If v1,v2 € Ng such that
(LII)ILIZ)2 [f |ﬁi [)" /“‘] - f]) (T’ T %y z) =0,

then (02,02, Ly* Ly*[f |m [N, p] = f1) (7,7, 2,2) = 0.

(H2):

(f |T7L P‘Hu]) (T177-27Z1722) = f(TlaT2azlaz2)-

In particular, f s a Jacobi form of weight k and indez m with respect
to the subgroup SLo(Z) x Z? (acting diagonally) of the Hilbert Jacobi
group of a real quadratic field if and only if f satisfies (G1) and (H1)

for all (j 3) € SLy(Z) and (A, p) € Z2.

Remark 1. Note that all of the conditions in (G1) and (H1) are
necessary. For example,

f1(71, 72,21, 22) = (21 — 22)27
fo(T1,72, 21, 22) = 27 + 23,
and

1
4mim

(1 —72) + 21 — 23

f3(T1, T2, 21, 22) =

do not satisfy (G2) and (H2). On the other hand:

(1) fy satisfies (G1) (i), (G1) (ii), (H1) (i) and (H1) (ii), but f; does
not satisfy (G1) (iii) and (HI) (iii) for v; = v2 = 0.
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(2) f, satisfies E;G (i), (G1) (iii), (H1) (ii) and (H1) (iii), but f

does not satisfy (

(3) f3 satisfies (G1 (
not satisfy (G1) (ii) and (
Uy = 1.

iii), (H1) (i) and (H1) (iii), but f3 does
ii) forug = r = s =v; = vz =0 and

As a conclusion, none of the conditions in (G1l) and (H1) can be
omitted. However, if one additionally assumes that f (7,72, 21,22) =
f (72,71, 22, 21), then conditions (G1) (ii) and (H1) (ii) are automatically
satisfied. Hence conditions (G1) (i), (G1) (iii), (H1) (i) and (H1) (iii)
alone already characterize such symmetric Jacobi forms on H? x C2.

3. Proof of Theorem 1. First we need the following proposition:

Proposition 1. Let M = ((’“ b1>,<a2 b2>> € SLy(R)?, and

c1 di c2 da

suppose that f : H? x C? — C satisfies

(5) (f |€,m M) (7_:’ Z) = f(%'a Z)

for some & = (ki, k2), m = (my,m2) € N2. Define

s Ly Lz (f) (7, %) v v
O 1nsn = +Z ()M (w2) o + 01 — iz + vz — 1L 720

where T = (z1,x4) € C?,

1
aj:kj—§

and Ly,; = 8mim;0,, — afj for j =1,2. Then

(7) f a1T1+b1  axTa+b 21 22 z1 z2
ciTi+dy? catatde? ciTi+di? caTatd2? (c1T1+d1)?? (caTe+d2)?

2

ci(# +42)\\ 7= o =
H (cjTj +dj) Jexp{27rz ij< p— f(7,2,@).
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Proof. Let v = (v1,v2) € NZ. An induction on v; + vy shows that

®) (Lo, L3z, (f) levzom M) (7, 2)

2 . vi—lj
_ Z <H(vj)! <aj+vj—1> <8mmjcj> >
timene o PN v =l AT+ d

0<l;<v;
' Lf?%ll Lf’?),z (f) (7_-'7 5)7

where the sum on the right side is over all vectors (I1,l2) € N2 such
that 0 < I; < w; for j = 1,2. It is easy to check that (8) implies
(7). o

Remark 2. (1) Proposition 1 can obviously be extended to functions
f:H" xC" — C, for any n > 2.

(2) Let f; and f; be Hilbert Jacobi forms over a real quadratic field K.
Then f; and fy satisfy (5) for all M € SLy(Ok) and computing the
coefficient of z]'zs? in fi (7,2, my f)fg(?, Z,—my &) yields an explicit
formula for the Rankin-Cohen bracket for Hilbert Jacobi forms. For
details on Rankin-Cohen brackets for Jacobi forms on H x C, see [1,

2].

Now we turn to the proof of Theorem 1. Assume that (G2) is true.
Then (G1) (i) follows from Proposition 1 after setting 7 = 71 = 72,
z=21 =29, k = k1 = ko, m = m; = mg, z; = —mz and z2 = mz.

Clearly, (G1) (ii) and (G1) (iii) hold.
Conversely, suppose that (G1) is true. Define g : H?> x C? — C by

(9) 9(7'1,7'2,21,22) = (f ‘E,m M) (7'1,7'2,21,22) - f(7'1,7'2721,22)-
Consider the Taylor expansion of g around (7,72, 0,0) to see that

g =0<= For all 7 € H, uy,us,v1,v2 € Ny, and r,s € {0,1},
(07107202, 0z, Li* Ly g) (7, 7,0,0) = 0.

Now we come to the key step. We will verify that (L7* Ly~ g)(, T, 2, 2)
= 0 forall 7 € H, 2 € C and v; < v by inducting on v. Set
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v = 0 in (G1) (i) to see that g(r,7,2z,2) = 0. Suppose that
(LY LY~ g)(7,T, 2, 2) = 0. With the help of (G1) (i) and (G1) (iii),
one may check that

(10) (L{* Ly~ " g) (7,7, 2,2) = (—=1)"" (L3g)(7, T, 2, 2).
An induction on v; + v9 shows that

L' Ly g(1, 72,21, 22) + L' Ly (f)(7, Z)

2
(2 (atv;—1)! (—Swimc)vjflj . cz?
— J J J
- xp { — 2mim i
I1,12)ENZ j=
0<l;<v;

. Llll Ll22 (f) (a17—1+b1 a272+bo 21 22 >’

c1Ti+d1? cate+d2’ ciTi+d1? caTa+d2

which, in combination with (G1) (i), yields (with a computation like in
[3]) that

_ e (Ly*Lyg) (.7, 2, 2)
0 = vl%ﬂ( 1) (vl)!(vg)!(la +2v1 — D+ vg —1)!
1 v
(1) (;_ (on)!(v2)!(a + 01 — 1)l{a+ vz — 1)!) (L29) (77,2, 2).

Hence, 0 = (LYg)(7, T, 2,2) &) (LT*Ly “*g)(7,T,2,2). Then (G1) (ii)
and (G1) (iii) imply that (03103207, 05, L1* Ly*g)(T,7,0,0) = 0 for all
T € H, uj,us,v1,v3 € Ny and r,s € {0,1}. We conclude that (G2)
holds.

The proof of the equivalence of (H1) and (H2) is similar and we omit
the detailed proof. a
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