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PARA-ORTHOGONAL POLYNOMIALS
IN FREQUENCY ANALYSIS

LEYLA DARUIS, OLAV NJASTAD AND WALTER VAN ASSCHE

1. Introduction. By a trigonometric signal we mean an expression
of the form

I
1.1 z(m) = ;e 4o setme-i) |
j J
j=1
and we assume a_; =@, and w_; = —w; € (0,7) for j =1,2,... 1.

The constants «; represent amplitudes, the quantities w; are frequen-
cies, and m is discrete time. The frequency analysis problem is to
determine the numbers {a;,w; : j = 1,2,...,I}, and ng = 2I when
values {z(m) : m =0,1,... ,N — 1} (observations) are known.

The Wiener-Levinson method, formulated in terms of Szeg6 poly-
nomials, can briefly be described as follows (the original ideas of the
method can be found in [12, 20]). An absolutely continuous measure
¥ is defined on [, 7] (or on the unit circle T through the transfor-
mation 6 — z = €'?) by the formula

N—-1 2
d’l/}N _ i —imb
(1.2) = o n;x(m)e

Here N is an arbitrary natural number. The measure gives rise to a pos-
itive definite inner product which determines a sequence {®,(¢n, 2) :
n =0,1,2...} of monic orthogonal polynomials (Szegd polynomials).
All the zeros of @, (1, 2) lie in the open unit disk.

Let v, (¥, 2) be the orthonormal polynomials (with positive leading
coefficient k) with respect to ¥n. Then we have

(13) QOYL(%[}NaZ) = Hﬁ[q)"(wl\/vz)7
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where

(1.49) (1_1 (1~ ®;(4w, 0)| >)1/2.

For the basic theory of Szegé polynomials, see e.g., [1, 2, 7, 18, 19].

Let {¢x: k=1,2,...,np} be a numbering of the so-called frequency
points {e™i : j = £1,+2,... £}, and set A\, = |a;|? for ¢, = ™.
Let 1 be the discrete measure defined by

(15) 50 = 3 Md(e
k=1

Then the measures /N converge in the weak* sense to 1 (see [6,
15]).

For a fixed degree n, n > ng, every subsequence of {®,,(¢¥n,z): N =
1,2,...} contains a subsequence converging to a polynomial of the form

(1.6) P (2) = Qnony( H 2 —eWi)(z — i),

where Qn_n,(2) is a polynomial of degree n — ng. It follows that ng
of the zeros of ®,(¢n,z), closest to the frequency points, converge
to these frequency points (see, e.g., [6, 8, 9, 15]). Furthermore, for
every n there is a constant K, < 1 such that n — ngy of the zeros of
@, (N, z) are contained in the disk {|z| < K,} for all N, (see [13,
15] and also [14] where more general orthogonal rational functions are
used in frequency analysis problems). These properties make it possible
to determine the number ng of frequency points and to localize these
frequency points from the behavior of the zeros of @, (¢¥n,z) as N
increases. For a survey on the use of Szegd polynomials in frequency
analysis, see [11]). See also [17] where a matrix approach is discussed.

In this paper we shall sketch a different approach to the frequency
analysis problem, which uses zeros of para-orthogonal polynomials in-
stead of zeros of orthogonal polynomials. A para-orthogonal polyno-
mial is a polynomial of the form

(17) Bn(,(/)NvT7 Z) = q’n(¢N72’) + T¢Z(¢n;z)a TE Ta
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where @ (z) = z"®,(1/2) is the reversed polynomial. For conve-
nience we shall suppress the 7 in all notation when we are consider-
ing a fixed value of 7. The polynomial B, (1y,z) has n simple zeros

2V 2V .0 2N all lying on T. The following convergence result will

’n

be fundamental in the sequel. A proof can be found in [10].

Theorem 1.1. Let {Ny : k =1,2,...} be an arbitrary subsequence
of the sequence of natural numbers, let T be an arbitrary point on T, and
let n > ng. Then there exists a subsequence {Ny(,y} and a polynomial
Wh—no(2) of degree n — ng such that

o

(1'8) VILH;O BTL(¢Nk(u)’Z) = Wn—no(z) H(Z - Ck)a
k=1

where (i are the frequency points.

It follows that some of the zeros zi¥,zl,... 2N of Bn(YNyyr 2)

converge to the frequency points, and the rest converge to zeros of
Wh—n,(2). A frequency point may also be a zero of W,,_,(z). We shall
occasionally write By, (z) for the polynomial W, _,, () [T;2,(z — ().
We will use the weights in the Szeg6 quadrature formula for Szegé
polynomials to distinguish the frequency points from the zeros of
Wi—n,(2). These quadrature weights will also determine the numbers
Me = |aj|? for ¢ = €™ and therefore provide useful estimates of the
modulus of the amplitudes in the signal.

2. General results The zeros 21" ,... ,zN of B,(¢n,z) are nodes

in a Szegd quadrature formula for Szegé polynomials with respect to
the measure ¢y (0)/N. The weights A\l are given by

(2.1) AN = e LY (e dpn(0), k=1,2,...,n,
where
(2_Z{V)'"(2_lecv—l)(z_zljcv+1)"'(z_zr]y)

Ny —
(2.2) LY (2) =)@ = )E -2 )G - 2)
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are the fundamental polynomials of Lagrange interpolation (see [1, 2,
7]). The weights may also be expressed as (see [3, 5])

(23) AN = (Z sojww,zw)_l.

J=0

For more information on Szegd quadrature formulas, see [1, 2, 3, 5,
7].

In the following we shall always assume that n > ng. The following
general result holds.

Theorem 2.1. Let )\kN, k=1,2,...,n, and \p,, m = 1,2,... ,ng,
be defined as in the foregoing. Then

(2.4) lim En: ANV = i A
k=1 m=1

N—o0

Proof. On the one hand, since ¥n(0)/N = 1(6), we have

lim %/W dwN(e)—/_T; dw(e):;xm.

On the other hand, since the Szegd quadrature is exact for the function

f(0) =1, we have
1 7 =\ N
k=1
for all N. From this the result follows. ]

We note that the above result is valid irrespective of whether the
sequence {B,(¢¥n,z) : N =1,2,...} converges or not, or of whether
the zeros of the limiting polynomials B,,(z) of convergent sequences are
simple or not.

For the sake of completeness, we give a proof of a convergence result,
which will be used when convergence of weights belonging to individual
zeros is discussed.
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Theorem 2.2. Assume that the sequence {f, : p = 1,2,...} of
continuous functions on T converges uniformly to f on T. Then

(2.5) lim L fo(€) dip,(0) = _ﬂ f(e®) dy(h).

p=oop ) o

Proof. Let € > 0. Since v, /p converges to ¢ in the weak™ topology,
we have | .
. , €

e ane - [ et <

for p sufficiently large. Since f, converges uniformly to f we have
1 , 4
2 [ e - e auy0)| <

T
PJ =

N ™

for p sufficiently large, since all the measures v, /p have finite total

mass
1

HIRCOE >
It follows that
= e ane - [ e ave)| <

for p sufficiently large, which completes the proof. ]

Simple zeros in the limit. If the zeros (i,...,(ng; Cno+1s--- 5Cn
of By(z) = Wy_ne(2) [T52, (# — (&) in Theorem 1.1 are distinct, then
we set

(=) (2= Gm-1)(z = Gmy1) -~ (2 = Gn)
3.1) An(z) = .
B Anl) = ) o — i) o = Gt~ (2n — G

We note that A,,(¢;) = 0y, j, and hence

(3.2) / A (€)Y dp(0) = N\,  form=1,2,... ng,

—T

(3.3) A (e9)dip(0) =0, form=mng+1,...,n.

—T
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We can now prove the following result.

Theorem 3.1. Let the situation be as in Theorem 1.1, and assume
that the zeros of the limiting polynomial By (2) = By(¥n,,,,2) are

distinct and that lim,, _, o zﬁk(") = (m- Then

(3.4) lim At = Am, form=1,2,... nog,
(3.5) lim /\xk(u) =0, form=mng+1,...,n.
V—00

. Ny
Proof. Since z,*" converges to (,, as v — oo, we conclude that

LfX’“(”(ew) converges to A,,(e??) uniformly for § € [—x,7]. Thus by
letting L%k(” play the role of f,, A, the role of f, and ¢n,,, the role
of 1, in Theorem 2.2, we find that

tim [ L din,0) = [ A do0),

V=00 Ng(v) J—7 -7
Taking into account (2.1)—(2.2) and (3.2)—(3.3), we conclude that
(3.4)—(3.5) hold. o

Corollary 3.2. Assume that every subsequence {Ny : k =1,2,...}
has a subsequence { Ny : v =1,2,...} such that the limiting polyno-
mial Bn,({Nyw)},2) has n distinct zeros. Then

(3.6) A}im MV =\, form=1,2,... ng,
— 00
(3.7) Nlim M =0 form=mng+1,...,n.

Thus the ng zeros of B,(¥n,z) corresponding with the eventually
largest weights in the quadrature formula approach the frequency points

41,-“ 7<n0'

Proof. 1t follows from Theorem 3.1 and the assumption in Corol-
lary 3.2 that every subsequence {A\N* : k = 1,2,...} has a subsequence
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{)\ixk(”) : v =1,2,...} which converges to \,, for m = 1,2,... ,ng,
and to 0 for m = ng + 1,... ,n. A general convergence property for
sequences then ensures that the whole sequence {\Y : N = 1,2,...}
converges to A, or 0, respectively. ]

It follows from Corollary 3.2 that if, in particular, the sequence
{Bn(¥n,2z) : N = 1,2,...} itself converges to a polynomial B,(z)
with distinct zeros, then (3.6)—(3.7) holds.

Example 3.1. We consider the signal
(3.8) z(m) =« (e’”m‘/2 + e*’rmim) , a>0.

The frequency points are (; = i and (; = —i. By using the Szeg6
recursion formulas (see, e.g., [7, 18]) it can be shown that, for n =
3,4,5, the para-orthogonal polynomials B, (¢n,z) converge to the
polynomial

(3.9) Bo(1,2) = (2" 2 +71)(2 — ) (2 +1).

Let n = 3 and 7 = —1. Then in addition to the frequency points (3
and (o, the polynomial B, (—1,z) has the zero (3 = 1. By a suitable
ordering of the zeros 21¥, k = 1,2,3, of B3(¢n,z) we have zi¥ — (j
as N — oco. Then AV — a2, A\Y — a2, and \3 — 0 as N — oo.
Observations of the limiting behavior of zeros and weights will here
indicate that ng = 2, with two frequency points £i. For the amplitude
we can conclude that the modulus is a.

Example 3.2. With the signal as in Example 3.1, with a = 1,
n =4 and 7 = ¢ we get the following numerical results. First, we have
computed the modulus of the zeros of the Szegd polynomials w4 (1, 2)
for some values of N (Table 1). Observe that two of the zeros have
modulus close to 1 and the remaining two zeros have small modulus.
The zeros with modulus close to 1 approach the frequency points 4.
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TABLE 1. Modulus of the zeros of Szegd polynomials.

N =21

N =41

N =81

N =201

N =301

0.948387

0.974646

0.987417

0.994987

0.996661

0.948387

0.974646

0.987417

0.994987

0.996661

0.230094

0.160236

0.112527

7.08899E—-02

5.78321E—-02

0.230094

0.160236

0.112527

7.08899E—02

5.78321E—-02

Next, we have computed the quadrature weights AY in the Szegé
quadrature formula for some values of N' (Table 2). Observe that two of
the weights are close to 1 (which is |a|?) and the remaining weights are
small. The weights near 1 correspond to the zeros near the frequency

points +1.

TABLE 2. Quadrature coefficients of the Szeg6 quadrature.

N =21 N =41 N =281 N =201 N =301
0.9567102 0.9767705 0.987955 0.9950733 0.9967007
0.9567102 0.9767705 0.987955 0.9950733 0.9967007

9.090903E-02

4.761901E-02

2.439022E-02

9.900983E-03

9.090903E-02

4.761901E-02

2.439022E-02

9.900983E-03

Example

3.3.

observations from the signal

(3.10)

As a numerical example we take N

65536

4
x(m) = Z (Ag cos(mwy) + By sin(mwy)) + Zp,
k=

1

which contains some noise Z,,, which we have taken to be white noise
with variance 0.000036 (i.e., all Z,, are uncorrelated random variables).
We have taken the following values for the parameters:

6.622512E-03
6.622512E-03
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k W Ap By,

11 0.44821001146034 | 0.13694483364390 0.2190355252614
2 | 1.34558877237344 | —0.17193901065310 | —0.00965099052822
3] 0.22410500573017 0.15 —0.175

41 0.67279438618672 0.125 0.09

This was obtained by taking the two main frequencies wj,ws of the
sound of some flute, to which harmonics were added (w3 = w;/2 and
w4 = wa/2). The resulting sound can be heard as bill.wav'. The zeros
of the para-orthogonal polynomial of degree 100 (with 7 = —1) were
computed as the eigenvalues of a unitary Hessenberg matrix following
[4, 5] and the weights of the Szegb quadrature were obtained from the
first components of the corresponding eigenvectors [5, 16]. Figure 1
gives the weights \;, as a function of ), where e'* = zr'. The values
of the largest weights and the corresponding 6 are given in Table 3.

0.018 I I I I I I I

0.016

0.014 — 1

0.012 — ]

0.01 — —

0.008 — —

0.006 * *

0.004

0.002

' ' . | \ ' n
0 *t LR e E e s s s e s s sy (L3 LR L s s LEE S e s o

-4 -3 -2 -1 o] 1 2 3 4

FIGURE 1. Weights for the Szeg® quadrature for 100 nodes.
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TABLE 3. The largest weights in the Szegd quadrature.

6 A (A2 + B?)/4
+0.4482264345 | 0.0166596342 | 0.0166826152
+1.3455856216 | 0.0074091825 | 0.0074140413
+0.2241051893 | 0.0132797435 | 0.01328125
+0.6727401886 | 0.0058919407 | 0.00593125

Observe that the signal (3.10) can be written as

4 . .

Ay —iBy ; A B, _,
(3.11) J;(m): E (kfzkezmwk_’_ k—;Z ke—zmwk> +Zm7
k=1

so that ap = a—x = (Ax — iBx)/2. According to Corollary 3.2, the
weights corresponding to the zeros near the frequency points converge
to |ay|? = (A7 + B?)/4.

4. Zeros that are not frequency points. In this section we
shall show that for zeros of W,y ({ Nk}, 2) which are not frequency
points, the weights associated with the corresponding zeros of the para-
orthogonal polynomials tend to zero. We recall the connection between
the monic orthogonal polynomials ®,(¢y,z) and the orthonormal
polynomials ¢, (9N, z) given in (1.3)—(1.4), as well as the expression
(2.3) for the weights A\Y. We shall also make use of the fact that for
n < ng we have

(4.1) i (i, 2) = @ (9, 2),
with ¢ given by (1.5), (see [8, 15]) and that
(4.2) [ @ (¥, 0) = 1
(see, e.g., [7]).

In the following theorem, we assume the same situation as in
Theorem 1.1.
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Theorem 4.1. Let n > ng, and suppose that the sequence
{ng(") rv = 1,2,...} of zeros of Bn(Yn,,,,2) converge to a zero
Cm of Whn—ng({ Nk}, 2) which is not a frequency point. Then
(4.3) lim An*™ = 0.

V—00

Proof. We observe that |, (VN ZhF) 12 ig a term in the denom-
inator of (2.3). From (1.3)—(1.4) we get

N
|(I)no (’lek(u) ) Zm ))|2

[12, (1= [®;(¥n, ., 0)[?)

Ny
(44)  lon(¥nyg) 2m™ )P =

The numerator |®,,, (ka(V),sz("w tends to [Py, (¢, Cm)|, which is dif-
ferent from zero (since ¢, is not a frequency point), while |®,,, (¥n,,,,0)|
tends to 1 by (4.2). It follows from (4.4) that

v)?

: Nig
.l (20 = o0,
and hence by (2.3) that (4.3) is satisfied. u]

The result of Theorem 4.1 is valid for the weights correspond-
ing to zeros zﬁ’*‘(” tending to (,, for any convergent subsequence
{Bn(¥Ny»2) 1 v = 1,2,... 1 It is thus not required that ¢, is a
simple zero of Wi,y ({Ng()}, 2) for any convergent subsequence, only
that (,,, is not a frequency point.

5. Multiple zeros in the limit. We shall now consider a simple
case of the situation where the frequency points (and in principle also
other zeros (,) occur as multiple zeros of B, ({Ny@)},2). Without
loss of generality we formulate the results in terms of convergence of
the whole sequence {B, (¥n,2) : N =1,2,...} and hence of the whole
sequences {2z : N =1,2,...}, m = 1,2,... ,n, to avoid troublesome
formulations and notation in terms of subsequences.

As before, let 2z, m = 1,2,... ,n, be the zeros of B,(¢n,z), and

mo

recall that they are all distinct. To simplify the notation we shall
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suppress the index N in the following calculations. We introduce the
polynomial T;, as

(5.1) Th(z) = (2 —23) (2 — 2zn)-
Then the polynomials L; and Ly in (2.2) may be written as

(z = 22)T0(2)
(21— 22)T(21)

(z — 21)Tn(2)

(5.2) Li(z) = (22— 21)Tn(22)”

La(2) =

We easily find that

Tn(2) [(= = 22)Ta(22) — (2 = 21)Tu(21)]

(5.3) Li(2) + La(2) = (z1 — Zz)Tn(Zl)Tn(ZQ)

In the following proposition we do not need to require that the values
of the z; are distinct.

Proposition 5.1. We may write

T.(2)P(z)

(5.4) Ly(2) + La(2) = To(21)To(29)

where P is a polynomial with the property

(5.5) P(z1) =Tu(z1), when 29 = 2.

Proof. From (5.3) we find

(z = 22)Th(22) — (2 — 21)Tn(21)

Pla) = 21— 2
_ 2(Ta(22) = Th(21))  22Tn(22) — ZlTn(Zl).

Here T),(z2) is a polynomial in z. The numerators are both divisible by
z9—21, hence (T}, (z2) =T, (21))/(21—22) and (20T}, (22) — 21T (21)) /(21—
29) both extend to polynomials in z5, which are also defined for zo = 2.
From this expression it follows immediately that P(z1) = T,(22), and
hence by continuity we have P(z1) = T;,(21) when z5 = 2. i
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We again consider a fixed degree n. We now assume that z¥ — ¢,

as N - ooform=12,...,npand m =ng+p+1,...,n, and that
ZTJXH-J' — (jforj=1,...,p, where 1 < p < ny. Here it is assumed that
Ck # Cnfor k=ng+p+1,... ,nand m = 1,... ,ng, and that the
points Cny4p+1,--- ,Cn are distinct. Thus frequency points may have

multiplicity at most 2 as zeros of B, (z), while zeros of B, (z) which
are not frequency points are simple. In other words, it is assumed that
Wy —n, has only simple zeros. We introduce the notation

(5.6) Ti(2)=(z—21) (2= 2z 1)z —241) -
(2 — Zvjx)-&-j—l)(z - Zvjx)+j+1) (2= ery)v

for j =1,...,p. It follows from Proposition 5.1 that for j =1,... ,p
we may write

. Ti (2)P;(2)
N N _'n J
(5.7) Jim (1) 4 1 0] = H
with z¥ replaced by ¢, form=1,... ,npand m=ng+p+1,...,n,
and zﬁ{)ﬂ- replaced by (; for ] =1,...,p. Here P;(z) is a polynomial
with the property P;(¢;) = T7(¢;). Furthermore
(5.8) Jim LY (2) = A (2),
form=p+1,... , npand m=ng+p+1,...,n, where
(5.9) Am(2)

(=62 (2=¢p) 2 (2=Cpr1) - (Z=Cm—1) (2=Cma 1) (2—=Cn)
(Cm*(l)z'“(gm*Cp)z(Cmfczﬂrl)"'(Cm7<M71)(Cmfcm+1)“'(<m7<n) ’

The Cng+1s- - - » Cno+p do not exist and do not occur in (5.9). We note
e (G)P(6)
TG B5(G :
el ol — 1, forj=1,...,p,
Tn(Cj)2
e T,(G) P (6)
n(Cr ) Pj (Cr ,
— === =0, fork#j.
Tn(Cj)2

Similarly Ay, () =1form =p+1,... ,npand m=ng+p+1,... ,n,
while A,,(¢x) =0 for k # m.
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Theorem 5.2. Let zY — (, as N — oo form = 1,... ,ng and
m=no+p+1,...,n, and z,]l\gﬂ — ( forj=1,...,p. Assume that
Cls- 3 Cngs Cno+p+1s - - - - Cn are distinct points. Then

. ™ Tj(eie)P-(ew)
N N _ n J
(5.10) Jim O %) = [ i o),

forj=1,....p, and

(5.11) Jim MV = [ A dip(6),

form=p+1,... ngandm=ng+p+1,...,n.

Proof. TFrom the assumptions it follows that L;-V (z) + LY +;(2)

converges uniformly to T7(z)P;(z)/T,(¢;)*> on T for j = 1,...,p and
that LY (2) converges uniformly to A,,(z) on T for m =p+1,... ,ng
and m =ng+p+1,...,n. The result then follows from Theorem 2.2
in the same way as Theorem 3.1 does. ]

Corollary 5.3. Let the assumptions be as in Theorem 5.2. Then

(5.12) Jim AN+ ) =X, forj=1,....p,

(5.13) Jim AY =g, for k=p+1,..., ne,

(5.14) A}im MV =0, form=no+p+1,...,n.
—00

Proof. The result follows from Theorem 5.2 and the remarks preced-
ing it, together with the definition of the measure . o

Remark. The argument can be extended to allow double zeros
among the zeros (py4p+1,--- ,Cn. Furthermore in order to obtain the
results (5.12)—(5.13) it is not necessary to make any assumptions on
Cro+p+1s- -+ »Gn, except that they are all different from (i, ..., (p,-

Example 5.1. Let the signal be as in Example 3.1, with n = 3 and
7 = —i. Then Bs(—i,z) = (2 —i)?(z +i). Here (1 = i, (o = —i,
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(3 = ¢ = 4, with \{ = X2 = o2 By numbering the zeros of
Bs(¢n, —i, 2) such that 2 — (1, 28 — (o, (&Y — (1, we conclude
from Corollary 5.3 that

AV 4AY —a? A = a2

Observations of the limiting behavior of zeros and weights will here
indicate that ng = 2, that the frequency points are +i, and that the
amplitudes have modulus a.

Example 5.2. Let the signal be as in Example 3.1, with n = 5 and
T =1. According to (3.9) we have
Bs(i,2) = (2° +i)(2 — i) (2 + 1)
= (z —i)2(z+i)(z - %[\/5— z']) (z+ %[\/54-2']).
Here we set (1 = i, 2 = —i, 3 = [V3—i]/2, &4 = —[V3+1]/2,

(s = i. We number the zeros of Bs(¢n,i,z) such that 28Y — ( for
k=1,2,3,4, and z¥ — (3. It follows from Corollary 5.3 that

Jim O 38) =, M = Jim Y = i =0

Observations of the limiting behavior of z¥ and A} will indicate that
ng = 2, that the frequencies are +7/2, and that the amplitudes have
modulus a.

ENDNOTES

1. Available at http://www.wis.kuleuven.ac.be/bill.wav
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