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ON TRACE FORMS OF ALGEBRAIC FUNCTION FIELDS
ALEXANDER PRESTEL

1. Introduction and results. Let L/K be a finite separable field
extension. The trace form of L/K is the following symmetric bilinear
form over K

LXL—'Ky (:c,y)—»TrL/K(wy)

This form will be denoted by Tk (L,1). If P is an ordering of K, it is
well-known that

sgnpTk (L, 1) = #{extensions of P to L}.
Thus every trace form has totally positive signature over K, i.e.,
sgnpTk(L,1) >0 forall P e Xg.

As usual Xk denotes the set of all orderings of K. Therefore every
(regular) quadratic form p over K which is Witt equivalent to some
trace form over K has totally positive signature. '

In [3] the question has been raised whether, for algebraic number
fields K, the converse also holds, i.e., whether in this case every regular
quadratic form p which has totally positive signature over K is Witt
equivalent to a trace form Tk (L,1) for some finite extension L/K.
Conner and Perlis succeeded in proving this in case K = Q. In a recent
paper W. Scharlau [8] gave a positive answer for all number fields,
reducing the general case to the 1-dimensional case already solved in
[5]. In the 1-dimensional case p = (), the condition of totally positive
signature just means that 3 is a sum of squares in K.

The main result of this paper is

MAIN THEOREM. Let K be an algebraic function field in one variable
over a real closed field R. Then every regular quadratic form p which

The result of this paper has been announced at the Conference on Quadratic

Forms and Real Algebraic Geometry, Corvallis, July 1986.
Received by the editors on November 17, 1986 and in revised form on April 24,

1987.
Copyright ©1989 Rocky Mountain Mathematics Consortium

897



898 A. PRESTEL

has totally positive signature over K is Witt equivalent to some trace
form Tk (L, 1).

The strategy of the proof is the same as in [8]: first reducing
the general case to the 1-dimensional case, and then proving the 1-
dimensional case.

Scharlau’s reduction step used the two facts that algebraic number
fields are hilbertian (i.e., satisfy Hilbert’s Irreducibility Theorem) and
have only a finite number of orderings. While the first fact is still true
for algebraic function fields, the second no longer holds (except for the
case Xk = @). A substitute for this second fact will be that every
algebraic function field in one variable over a real closed field R (as
well as every algebraic number field) allows Effective Diagonalization
(ED) of quadratic forms (see [11] and [7]), i.e., for every quadratic form
p over K, there is a diagonalization

dy 0
p= ..
0 dy,
such that, for each P € X, we have

di+1€P=>di€P.

This means that - independent of P - the positive elements d; always
are on top of the negative ones.

The first theorem we prove corresponds to Scharlau’s reduction step.
(Since the fields in the Main Theorem are of characteristic zero, we will
restrict ourselves to this case.)

THEOREM 1. Let K be a hilbertian field of characteristic zero
satisfying ED. Then every reqular quadratic form p having totally
positive signature over K is isometric to a scaled trace form Tk (L, ()
for some finite extension L/K with 8 being a sum of squares in L*.

A scaled trace form Tk (L, 3) is given by the symmetric bilinear form

over K
LXL—)K? (-'L',y)—)TI'L/K(,B.'L'y),
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where L/K is a finite (separable) extension and 3 € L. It is easy to
prove (see, e.g., [9; Chapter 3, Theorem 4.5]) that, for every P € Xk,

sgnpTk (L, ) =#{extensions P’ of P to L s.t. B € P'}
— #{extensions P' of P to Ls.t. — (3 € P'}.

Thus, as a consequence, we have

PROPOSITION. Let Tk (L, 3) be a scaled trace form with 3 € L. Then
B is a sum of squares in L if and only if, for all P € Xk,

sgnpTk (L, B) = #{extensions of P to L}.

The second theorem we prove will correspond to Corollary 1 of [5].
We will say that a field L satisfies the Norm Theorem (NT) of [5] if,
for every sum of squares 8 € L which is not a square in L, there is
a natural number m such that —m is a Norm of L(y/B) over L, i.e.,
the form (1, —8,m) is isotropic over L. By a theorem of Witt (see [12]
and [4]), every totally indefinite quadratic form of dimension > 3 over
an algebraic function field L in one variable over a real closed field is
isotropic. Thus by taking, e.g., m = 1, every such function field L
satisfies the Norm Theorem.

THEOREM 2. Let L be a hilbertian field of characteristic 0 satisfying
NT. Then, for every sum of squares 3 € L*, the 1-dimensional form ()
is Witt equivalent to a trace form Ty (F,1) over L for some extension
F/L obtained by an irreducible linear trinomial X™*! +aX +b € L[X]
of odd degree.

From these two theorems the Main Theorem follows at once:

Let K be an algebraic function field in one variable over a real closed
field R and let p be a regular quadratic form which has totally positive
signature over K. Since K is hilbertian and satisfies ED, by Theorem
#1 we find a finite extension L/K and a sum of squares 3 € L* such
that

p= TK(Ly ﬂ)
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Since L is again an algebraic function field in one variable over R, it is
hilbertian and satisfies NT. Thus, applying Theorem 2 to L and (3, we
obtain a finite extension F'/L such that

(8) ~ To(F,1) in W(L).

Using the transitivity of the trace and Corollary VII. 1.5 of [6], we
finally get
p~Tkg(F,1)in W(K).o

At the end of the paper we will investigate the property NT for function
fields a little closer.

Concerning notations and basic results about quadratic forms we refer
the reader to [6].

2. Proof of Theorem 1. Since the case X = 0 is already covered
by Scharlau’s paper, we concentrate on the case X # 0.

Let K be hilbertian and satisfy ED. Given a regular quadratic form
p of dimension n over K, we can then assume that p is represented by
a diagonal matrix

d 0
D= with d; € K*
0 d,

such that, for all P € X,
di+l e P=>d;eP.

If we assume sgnpp > 0 for all P € Xk, we know that each d; with
i < [(n+1)/2] is a sum of squares in K. As usual [m/2] denotes
the integral part of m/2. Thus, after rearranging the elements of the
diagonal, we can assume that all d; with odd index d;,ds,ds,... are
sums of squares in K. Multiplying by suitable squares, we may in
addition assume that

da;_1da; # daj_1da;



TRACEFORMS 901

forall 1 <i< j < [(n+1)/2]. We require this condition also for the
case j = [(n+1)/2] and n odd after setting d,+1 := d,.

Using now Scharlau’s argument (see [8]) it suffices to find a symmetric
matrix B € K(™") such that

(i) the characteristic polynomial f(X) of DB is irreducible over K.

(ii) f(X) has exactly sgnpp roots in the real closure (K, P) of K with
respect to P.

As it is explained in [8], by (i) there exists a 8 in L = K[X]/(f) such
that
p= TK(L» /8)

By (ii) the number of extensions of P to L is
SgnPTK(La ﬂ)

Thus by Proposition, 3 is a sum of squares in L.

In order to find such a matrix B, let us start with the symmetric
matrix

01
10
By = 01 o | = (bij)
10
0

The last square in the diagonal of By is the 2-by-2 matrix (? (1)) if n
is even, and the 1-by-1 matrix 1 if n is odd.

Forming the characteristic polynomial
_f()(X) = detn(DBO - XIn)
we find that

fO(X) = H (d2i—1d2i - Xz) 'l(X),

1<i<[n/2]

where [(X) = 1 if n is even and {(X) = d, — X if n is odd. By our
choice of the d; € K we see immediately that

sgnpp = #{zeros of fo in (K, P)}
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for each P € Xg. Thus fy satisfies (ii).

Since, for a fixed ordering P, all the zeros of fq in (K, P) are simple,
any matrix B p which has its elements very close to that of By in (K, P)
yields a polynomial

fp= detn(DBp - XIn)

which has the same number of zeros in (K, P) as fo. Actually, for a
fixed P € Xk we find some ap € P* such that, for all ¢;; € (K, P)
with 0 <p ¢;; <p l/a% and €;; = €j;, the symmetric matrix

Bp. =Bo+ €= (b +€;)
yields a polynomial
fpe =det,(DBp, — XI,,)
having the same number of zeros in (ﬁ) as fo. Thus, in particular,
sgnpp = #{zeros of fp. in (K, P)}.

As we will see there are always choices of ¢;; € K which make fp.
irreducible over K. This gives a positive solution to (i). But now (ii)
can be guaranteed only for the ordering P which we fixed. Thus our
problem is to find some €;; € K which do the job simultaneously for
all P € Xg. This can be achieved in the following way.

For every P € Xk we choose ap € K* as above and consider the
subset Up of Xk consisting of those Q € Xg such that

sgngp = #{zeros of fq . in (K,Q)}
for all ¢;; € (K, Q) satisfying 0 <¢ €;; <o 1/a% and €;; = ¢j;. Clearly
P € Up, since it is well-known X is a compact space with respect to
the topology generated by the subsets

H(c)={P € Xk |ce P}, ceK.

The sets Up are open in this topology. This is a consequence of
Tarski’s Theorem on the Elimination of Quantifiers over real closed
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fields. In fact, it is not difficult to write down a formula ¢(z1, ..., ZTn,¥y)
in the language of ordered fields such that

Up = {Q € Xk | (K, Q) satisfies o(d1,-..,dn,ap)}.
By Tarski’s Theorem there are polynomials
pij», ¢ € Z[X1,..., Xy, Y]
such that ¥(dy,...,dn,a,) is equivalent to
Vic1(ai(d, ap) = 0n Aj_y pi;(d,ap) > 0)

in all real closures (K, Q). Assuming w.l.o.g. that ¢;(d,ap) = 0 for all
i, we thus have 3
Up = Uf=1 ﬂ;zl H(pij(d,ap)).

Hence Up is open in X . By compactness we can therefore find a finite
cover Up, U---UUp,, of Xk. If we now let a = a}, +---+a}_, then
the choice €;; = 1/(a + y7;) with y;; = y;; € K obviously satisfies

1
0 SQ Ei]‘ —<—Q 5 and 611]‘ = €j;
ap

v

for all Q € Up and all 1 < v < m. Thus, if we set

1 .

Yi;

and
fy = detn(DBy — XIn),

by the definition of Up, we obtain

sgngp = #{zeros of f, in (K,Q)}

for all substitutions y;; € K and all Q € Xk. Thus f, satisfies (ii). In
addition we can choose y;; € K such that f, is also irreducible, thus
also satisfying (i). In fact,

Q(X, Vij)

- with g € K[X,V;].
ngi, jgn(a+yz‘2j) !

fy
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As we will show in the next section, g is irreducible over K. Thus,
by the assumption on K being hilbertian, we find y;; € K such that
9(X,7;;) € K[X] is irreducible. This finishes the proof of Theorem 1.
O

Looking carefully at the proof of Theorem 1 we can see that after
having used ED the rest of the proof actually yields

ADDITION LEMMA. Let K be a hilbertian field of characteristic zero.
If p; = Tk (L;, B3;) for some extensions L;/ K and some sums of squares
Bi of L; (for i = 1,2), then p; L pa = Tk (L,B3) for some extension
L/K and some sum of squares 3 of L.

In fact, by Scharlau’s argument we find symmetric matrices B; such
that (i) and (ii) holds for D;B; where D; are symmetric matrices
representing p; (for ¢ = 1,2). Considering now the matrix

_(B;1 O
Bo = ( o Bz)
we can follow the proof of Theorem 1 in order to obtain the Addition

Lemma. O

As a consequence we get

COROLLARY. FEvery closed and open subset of the order space Xk
of a hilbertian field K is the image under the restriction map of some
finite extension L/K.

PROOF. Let A C Xk be open and closed. Then
A=U?:1 ﬂ;»"z*l H(ai]‘), a;j € K*.
Clearly, the sets B; = N}, H(a;;) are the images under the restriction

map for the fields
Li = K(\/ail, ceey \/aimi)

for 1 < i < n. Since the trace forms p; = Tk(Li,1) have non-
vanishing signature exactly on B;, the corollary follows from the Addi-
tion Lemma. O
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This corollary generalizes the corresponding result of Andradas and
Gamboa for real function fields [1, Theorem 4.1].

3. An irreducibility result. The aim of this section is to prove

LEMMA. Assume that K is a formally real field. For1 <i, j <mn
let a;; € K and c;j € K*. Then, for any sum of squares a € K*, the
characteristic polynomial f, of the matriz

Cij .
A, = (a,;j + a +]Y3) with Yi]‘ = in

is a quotient of an irreducible polynomial g, € K|[X,Y;;] and
ngi, jgn(a+ ng)

This lemma applied to the case
A5 = dibij and Cij = di

yields the result used in the proof of Theorem 1.

PROOF. We proceed by induction on n. For the case n = 1 one
obtains
g =an(a+Y3)+ e — X(a+YP).

As a polynomial in X this is clearly irreducible over K[Y};] since
c11 # 0.

Now let us assume by induction that n > 2 and, for all m < n, the
polynomial g,, is irreducible and of degree m in X.

Writing for a moment Z;; for (a + Y;2)™!, we obtain
anntenZn -z app+cieliz

fo=det, | @21+ cuZ12

= (a1 +cenZn = X) foo1 + Z (a1; + c1:Z1;) (a1 + clelj)f,(f_‘Q,
1#4,j
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where f,(f_]; is (up to sign) the det, o of the matrix obtained by
cancelling the 15 and i** columns and 1% and j* rows of A,, — X1,,.
By induction hypothesis we have

f L= gn-1
" M, j<n(a+Y3)

with g,_; irreducible and of degree n — 1 in X and

f(u W) gy(:/)2

S ijme(a+Y3)

with gn 2 irreducible and of degree n — 2 in X. Clearly, in the case

n =2 we let f(2 2) 982’2) = —1. Thus we obtain

= (enn + (e — X)(a+ Y3))6 + (a+ Y1)y

with
6=gn-1(a+Y%)? - (a+Yy)?

y=> w8 [ @+Y)) [] (e+Y2)

1#4,j v#L, i p#lj

for suitable polynomials h(*) € K[X,Y;]: j#1. In particular we find

RO = (enitan(a+ Vi) (en+an(a+Yi))g o (a+ YD) [ (a+Y5)?
J#Li

As a polynomial in Y;; we have
gn = aY121 + 8

with a = y+ a6 — X6 and B = ay + 116 + aa16 — aX6. If
and B would have a common divisor, also é and v would have one. If
(a+Y2), for some 1 < i, would divide 7, then it would also divide A+
and hence ¢;; or ¢;; which is impossible. Since g, _; is irreducible and
degxgn—1 =n — 1 > degx~, there could only be a common divisor of
6 and =, if vy = 0. But this would yield

0= Z (ali + C],’Z]i)(ajl + Cj]le)f:li;jz).
1.
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Observing that

degx r(zz—Jz) < degy fyy =n—2

for i # j one easily sees that the highest coefficients of X cannot cancel.

If g, were reducible in Y7;, then the highest coefficients of o and
in X would differ by a negative square from the field

Quot(K[Yij)(s.)#(1,1))-

This is impossible since they differ by a which is a non-zero sum of
squares in K. Thus g, is irreducible.

4. Proof of Theorem 2. Let f € L[X] be an irreducible linear
trinomial
f(X)=X"" 4 aX +b

of odd degree. The trace form T (F,1) of the extension F = L[X]/(f)
turns out to be (for a computation see [3] or [10])

TL(F,1) ~ (1,m,—md) in W(L),

where
d=m™a™ + (m+1)"*1b™ mod L?.

If we knew in addition that d = Smod L? and that —m is a norm
from L(y/B) over L (assuming that 3 is not a square in L), then
the form (1, —3, m) would be isotropic. Hence the 2-fold Pfister form
(1, -8, m, —Bm) would be zero in W(L). Thus we would get

T.(F,1) ~ (B) in W(L).

We are therefore looking for such a trinomial.

Let us first assume that § is not a square in L, since otherwise we
may take F' = L. Next let us assume w.l.o.g. that —m is a norm from
L(v/B) and m is even. Now let

m+1
)™ m=t
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The polynomial
FXY) =X 4 (BY? =) X + (B1Y? —7)

is irreducible in K [X,Y]. This follows at once by Eisenstein’s Criterion
if we consider f as a polynomial in X over L[Y]. Since L is hilbertian,
we find y € L* such that

fX)= X"+ (By® — )X + (Biy® — )

is irreducible in K[X].

If we now set a = b = B,y%—7 we have found the desired linear trinomial
of odd degree. In fact, we have (observing that m is even) mod L?

d mmam+l + (m-l- 1)m+1bm
=m™a+ (m+ 1)™"!
=By’

=g4.

This finishes the proof of Theorem 2. O

It may be interesting to observe that the converse of Theorem 2
also holds, i.e., assuming that, in L, every sum of squares 3 is Witt
equivalent to a trace form T (F,1) for some F obtained by a linear
trinomial X™+! 4+ aX + b with m even, then L satisfies NT.

In fact, by this assumption we have
(8) ~ (1,m,—md) in W(L)
with d as above. From this Witt equivalence we obtain the isometry
(8,1,-1) = (1, m, —md)

which clearly implies
B = dmod L*.

In particular we obtain that the 2-fold Pfister form (1, m, —mg, —03) is
zero in W(L). But this implies that (1,m,—0) is isotropic. Thus, in
case 3 is not a square in L, this tells us that —m is a norm from L(/f).
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5. More about NT. The remark at the end of the last section
shows that NT is in some sense essential for the result of the Main
Theorem. It will be thus interesting to ask in general which function
fields are satisfying this property. For rational function fields we can
give a complete answer.

THEOREM. Let k be a formally real field. Then the rational function
field k(t) satisfies NT if and only if k is hereditarily pythagorean, i.e.,
k and all its finite formally real extensions are pythagorean.

PROOF. In [2; Chapter III, Theorem 4], it is shown that if k is
hereditarily pythagorean, in k(t) every sum of squares (3 is equal to
a sum of 2 squares. Thus the form (1, -3, 1) is isotropic over k(t).

Conversely, let us assume that there is a finite formally real extension
k1 of k which is not pythagorean. Then there is some a € k; such that
v =1+ o? is not a square in k;. We consider the extensions

k2 = ki(v/7) and k3=k2( \/7—7).

Observing that (/7 —7)(—v/7 —7) =72 =7 =7(y— 1) = 7a? we see
that k3/k; is cyclic with the automorphism

(A=) =vvia

generating the Galois group. The unique extension of ky of degree 2
in k3 is ka. Since k3 is formally real, we find that, for every m € N,
v/—m ¢ k3. On the other hand k3 is not formally real. In fact, v > 1
implies v > /7. Denoting by f(t) the irreducible polynomial of some
generator of k3 over k, we thus find polynomials fi,..., fr € k[t] such
that

—1=f24+-- -+ fZmod f

and deg f; < deg f. If we now assume that k(t) satisfies NT, we could
find some m € N and gy, g2, h € k[t] such that

—mh = gt = (1+ 30 17) g}
i=1
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Since f divides 1+ " f?, we may assume (after cancelling) that f does
not divide h or g;. Thus, computing mod f, we would get that —m is
a square in k3. This contradiction proves the theorem. O

This theorem in particular shows that the field Q(¢) does not
satisfy Theorem 2. More precisely, considering the fields £ = k;
=Q, k2(v2), ks = Q((V2 - 2)2) we see that f = t* + 4t2 + 2 and

—1= )2+ (2t)2 +1%2mod f.
Thus we find that the sum of squares
B=t"+4t +1€Q(2)

is not Witt equivalent to any trace form of a finite extension of Q(¢)
given by some linear trinomial of odd degree.

According to [4] and [11] a formally real function field in one variable
over a field k satisfies ED if and only if k is hereditarily euclidean, i.e.,
k and all its finite formally real extensions are pythagorean and have
just one ordering. Thus the main theorem already holds for algebraic
function fields in one variable over a hereditarily euclidean field, since
also Witt’s Theorem on totally indefinite quadratic forms of dimension
> 3 holds for such function fields (see [4]).
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