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LINEAR SPACES OF SEQUENCES
GEORGE BRAUER

ABSTRACT. If A = (a,k) denotes a non-negative reg-
ular summation matrix and 1 < p < oo, then LP(A) de-
notes the space of sequences s = {sn} such that [|s||, =
lim sup(z anklsk|”)1/p is finite. The sequences in LF(A)

are represented as bounded linear operators from LP'(A) toa
space of continuous functions. The induced operator topolo-
gies are in part related to the strength of the matrix A. Condi-
tions for a sequence to be an extreme point of the unit sphere
of LP(A) are given.

0. Introduction. Let A = (anx) be a non-negative regular
summation matrix, that is, the elements a,x(n =0,1,...;k=0,1...)
of A satisfy the conditions

(i) @nk 20, n=0,1,...; k=0,1,...,

(ii) limp—oo @ng =0, k=0, 1,....

(lll) hmn—v:x; Z:o_l ani =1
(3, p. 43]. By the space LP(A), where p is a number greater than
or equal to 1, we understand the space of sequences s = {s,} such
that |[s|[, = lim sup(}_;2, ank|sk[P)!/P < 0o; two sequence s and t are
identified in LP(A) if ||s — t||, = 0, that is, if A evaluates the sequence
{sn — t)n|?} to 0.

Lau [4] studies similar L? spaces of functions defined on the real
line rather than the set N of natural numbers. He obtains, among
other things, the duals of the L? spaces and a determination of the
extreme points of the unit sphere in his L? spaces. We will obtain
analogous results for the space LP(A); also we regard the elements
of LP(A) as bounded linear operators from L? (A) (throughout, the
symbol p’ will denote the number p/(p — 1) for p > 1) to a space

of continuous functions and we will relate the operator topologies to
the strength of the summation matrix A. The matrix A will always
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514 LINEAR SPACES OF SEQUENCES

be assumed to satisfy (i), (ii) and (iii). The number p will always be
assumed to satisfy 1 < p < oo; often analogous results for the cases
p— 1, thus p’ = 0o or p — 00, can easily be obtained.

In most cases our results hold no matter whether real or complex
sequences are involved. Therefore, we will assume the sequence to be
real or complex, depending on which kind makes the proof simpler.

If E is a subset of N, then the quantity lim, sup)_,  anx will be
denoted by A(E);limp, .o Y_cp ank (if it exists) will be denoted by
Ap(E).

We will be dealing frequently with the Stone-Ceck compactification
BN of the discrete space N of natural numbers; therefore we make a few
remarks about the Stone-Cech compactification. If X is a completely
regular space, then there exists a compact space X in which X is
densely imbedded such that every bounded continuous function on X
can be continuously extended to 3X. For a description of the Stone-
Cech compactification we refer the reader to [2, pp. 82-93]. If f is a
bounded continuous function on the space X we will always denote its
continuous extension to 3X by f?; if v is a point of 83X, the symbol
F# will always express the fact that the function f? has been evaluated
at the point v. The symbol N will always denote the discrete space
of natural numbers. If E C N, the closure of F in SN — N will be
denoted by E*; in particular N* = N — N.

If ¢ is in a sequence space LP (A), then, for each point v in N* the
functional L(t,v) on LP(A) given by

B
W) L)) = (D emsits) s s€ LP(4), p>1,
is bounded and ||L|| = ||t||,». We have

THEO’REM 0.1. The functionals L(t,v)(s) given by (1), as t ranges
over L? (A) and v ranges over N* are weak * dense in the dual of
LP(A).

PROOF. Suppose that s is in LP(A), s 7% 0. Let

t, = |Sk[p—2§k if s # 0,

tr =0if s, = 0.



G. BRAUER 515

Then t € LP'(A) and [|t||,, = ||s|[5’. We have

L(t,v)s = ( i ank|sk|”)f
k=0

There is a point v € B* such that L(t,v)s = ||s||} 7 0. In other works
if all functionals of the form (1) annihilate s, then s = 0. The result
follows. O

1. The sequences in LP as bounded operators on L.
Operator topologies. Throughout, the operator from LP'(A) to
C(N*) corresponding to a sequence in LP(A) will be denoted by the
corresponding capital letter, that is, if s is a sequence in LP(A), then
the operator S is defined by

S(t)(v) = (ianksktk)f» te LP(A), veN*
k=0

In addition to the norm topology and the weak topology on L?(A) we
have

(a) The strong operator topology: A net of operators S(*) corre-
sponding to sequences {s(*)} in LP(A) converges to O in the strong
operator topology if and only if

o
N (@), | _
h;nll,{nsup‘kz QnkS;, tk' =0
=0

for all t € LP'(A).

(b) The weak operator topology: A net {s(®)} in L?(A) converges
to 0 in the weak operator topology if and only if the quantities

{ZZ’;G a)nks;c“)tk} are uniformly bounded and
i B

lim (Z anksia)tk) =0
k=0 v

for each sequence ¢ € LP' (A) and each point v € B*. (cf. [1, p. 265].)
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The summation matrix B is said to include the summation matrix A
if every sequence evaluated by A is evaluated by B to the same value.
Then we have

THEOREM 1.1. If A and B are non-negative reqular summation
matrices, A is invertible and B includes A, then LP(A) C LP(B). Also
the identity mapping injecting LP(A) into LP(B) is continuous relative
to the norm topology.

PROOF. Let (s,) be a sequence in LP(A). Let {u,} and {v,} be
the sequences {} 7 ank|sk|P} and {3 po; bnk|sk|P} respectively, thus
v = BA 'u (clearly v exists). If we let ¢ = (c,x) denote BA~!, then

LUB|v,| <LUB Y |en]
k=0

<LUBY_ |cnk| LUB|up|.
k=0

The fact that B includes A and thus BA~! is regular guarantees that
LUBY ", lcnk| < oo. Hence S is in LP(B). Also, the norm of S in
LP(B) is at most LUB Y ;7 |cnk| times the norm of s in LP(A). This
completes the proof. O

However it is not true that if the regular matrix B strictly includes
the regular matrix A, then the space LP(B) strictly includes the space
LP(A). For example if A is the identity matrix and B is the Norlund
matrix defined by the equations

boo =1,

bn.n = bn.n—l = 1/2a bn.k =0 k # n,k —76 n>1,

then B strictly includes A, yet LP(A) coincides with LP(B) (and the
L(A) norm is equivalent to the LP(B) for all p). However we have a
result in the opposite direction.

THEOREM 1.2. Suppose that the matrices A and B are non-negative
and regular, and that there ezist disjoint subsets E, F of N such that
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(2) Ag(E) does not ezist,

(3) By(E) =0, and

(4) A(F) >0, B(F) > 0, lim, maxxecF bp.x = 0.

Then, for each p > 0, there ezists a sequence of elements {s"™} in

LP(A) N LP(B) which converges to 0 in the norm topology of LP(B) but
not in the weak operator topology of LP(A).

Conditions (2) and (3) insure that B evaluates the sequence 1g (i.e.,
the sequence s = {s,}, where s, =1k € E, s, =0, k¢ E) to0
while A does not evaluate 1g.

PROOF. Let s'™ = 1gyp, (m = 1,2,...) where, for each m, F},, is a
subset of F' such that B(F,,) > 0,lim,,—.~ B(F,;,) = 0. The sets F},
with the stated properties exist because of (4). Certainly {s™)} tends
to 0 in the norm topology of L”(B). On the other hand let t = 1.
Then

lim supZanksLm)tk = A(E) > 0.
k=0

Hence there is a point v € N* such that
L(S(m),t)(ll) =A(E)>0

for all m. The sequence {s(™)(t)} does not tend to 0 pointwise on N*
and hence is not weakly convergent to 0 in C(N*). Thus the sequence
{s(™} does not converge to 0 in the weak operator topology in L”(A).

THEOREM 1.3A. Suppose that A and B are non-negative regular
summation matrices, A is invertible and that B includes A. If, for
each indez o, s*) is in LP(A)N LP(B) and s'®) tends to 0 in the strong
operator topology of LP(A), then {s'®)} tends to 0 in the strong operator

topology of LP(B).
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PROOF. Let t be a sequence in LP(A) U LP(B). For each index « let

oo
usl“) = Z anksia)tk,
k=0

)
V1(1a) = E bnksia)tk.
k=0

We will show that if lim, lim,, supluﬁf')l = 0, then lim, lim, sup|/{*'| =
0 Let C = (cqx) = BA™!. Since C is a regular summation matrix,
{3 <o lenk|} is bounded (cf. [3, p. 43]). We have

oC
limsup |v;| < limsup Z |enk| lim sup |ul®|
n
k=0

for all . Hence if lim, lim,, sup|u'®’| = 0, then limg lim,, sup|»{™| = 0.

Now suppose that lim, lim, sup|d o, anksza) tx] = 0 for all se-
quences t in L”'(A), but lim, suplimnsupEbnksia)w)k > 0 for some
sequence w in LP' (A) not in L? (A). By the uniform boundedness theo-
rem the norms of the sequences {s(®)} are bounded in L?(A). By Theo-

rem 1.1 the norms of the sequences {5(®)} are bounded in L?(B). Hence
without loss of generality we may assume that 352 bn|s\™ P < 1 for

all n and all a. Since w ¢ LP'(A) there is a set E C N such that, for
each positive integer j, there is an index n; such that

4 .
Z an, klwel” > J,
keE

and wy tends to infinity as k tends to infinity through E, while
Y keN—E Ank|wi|? is bounded by some constant M. Let w = w' 4+ w”
where
wy =wy ifk€E,
w,=0ifk & E.
We note that w"” € LP (A) and hence lim,, lim,, sup Sheo anksfca)wg =
0. By what was shown above,

o o)
. (a) —
hén hixln sup | kz_o bnksy wj| = 0.
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By our choice of w there exists a positive constant 7 and arbitrarily
large values of a such that

o0
lim sup , Z bnkSLa)wk‘ 21
k=0

Hence, for arbitrarily large «, there are arbitrarily large integers n such
that

(5) anksk wj, > 1/2
or

oo
(6) Zb ksfca)wfc >n/2

and for such n, Y ;2 bnklw;clpl exceeds a positive constant. But (5) or
(6) can hold only if

s > (n/8n)wi Tt ik € By

or
s < (/8w ik € By

for some subset E; of E such that

> bl = (n/8),

ke E,

where 7 denotes the quantity ;g bnk|w,|?” which is bounded away
from 0 - recall that ) ;7 bnklsia) [P <1 for all n and a. Finally, we let
the sequence w’” be defined by the equations

w;c"—wk keEl,
/// =0 kéE.

There are arbitrarily large n such that

oo
lenksi") "" > (n/87)P +1r50.
k=0
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Also, for all n,

o <
S ankluil 1P < (87/m) Y anlsiP
k=0 k=0

which is bounded. Hence w'” € LP(A). But since the net

{lim,, sup| 3-,=, bnksifY ) wy'} does not tend to 0, neither does the net

{lim,, sup 7% anks\™ w}!’}, by the first part of the proof. Hence {s(®)}

does not tend to zero in the strong operator topology of L?' (A). o

THEOREM 1.3B. Under the hypotheses of Theorem 1.3A, if a net
{s(®)} in LP(A)NLP(B),p > 1, tends to 0 in the weak operator topology
of LP(A), then it tends to O in the weak operator topology L?(B).

PROOF. We first note that if the norms of s(®) are bounded in
LP(A), then thelse norms are bounded in LP(B). We next show that if
te L? (A)N L? (B) and the net

o
()P = ( Z anksi,a)tk)

k=0

B

T

tends to 0 for each v € N*, then so does the net (v(®)? =
i b,,ksﬁf')tk)/,’. To do this we note that v = T(u) where T is
the linear operator represented by the matrix C' = (c,x) = BA™!. The
operator T may be regarded as a linear operator on C(N*) which is
continuous in the norm topology and consequently in the weak topol-
ogy of C(N*) (cf. [1, pp. 422-423].) Hence if the net {u(®)}” tends to
0 pointwise on N*, so does the net {(v(®))?}. To rule out the possi-
bility that the net (anksia)tk)ff does not tend to 0 pointwise on N*

for some sequence w in LP (B) not in LP (A) we use the method of
Theorem 1.3A. This completes our sketch of the proof. O

THEOREM 1.4. If {s(®)} is a net of sequences in LP(A),p > 1
and there erists a subset E of N and an infinite collection of indices
{a'} C {a} such that

A(E) = limsupz ank >21n>0
" keE
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and, for each k in E, either si,“ ) > z for all o' or si,“ ) < —z for all
o', where z is a positive constant, then {s;;')} does not tend to 0 in the
weak operator topology.

PROOF. Let the sequence t be defined by the equations

th =1 ifkeEandsﬁ."l)Z:foralla'

tr =—-1 ifk € F and s(k"’) < —z for all o’
ty = 0 if k # E.

Then
lim sup Z Anps\” "t > nz

for infinitely many indices o', that is, the net {32_" ! does not tend to 0
in the weak operator topology. O

COROLLARY. If, for each integer k such that the Kt column of A

contains infinitely many non-zero elements, there are arbitrarily large
values ny such that a,, x exceeds a positive constant i, then, for each
P > 1, the weak operator topology coincides with the norm topology.

PROOF. Let E denote the set of integers k such that the k-th column
contains infinitely many non-zero elements. By the preceding theorem,
if s(®) tends to zero in the weak operator topology, then lim,.,si'” =0
for each k in E. But then lim||s(®||, = 0.0

The same proof actually works also for the case p = 1.

The preceding results indicates that for weak summation matrices,
that is, matrices evaluating few divergent sequences the various topolo-
gies we are considering coincide. The next result indicates that if the
summation matrix A represents a fairly strong method, there is a con-
siderable gap between the norm topology and the weak operator topol-

ogy.



522 LINEAR SPACES OF SEQUENCES

THEOREM 1.5. If, for each subset E of N such that
Ao(F) = lim Z ank
keE

exists and is positive, there exist disjoint subsets Ey1Fy of E such that
E\UFE; = E, Ag(E,) and Ao(E>) exist and are both equal to Ao(E)/2,
then there is a sequence {s"™} from LP(A) for each p > 1, which
tends to 0 in the weak operator topology but not in the norm topology
of LP(A).

PROOF. Let E be a subset of N such that Ayg(E) > 0. There exist
sets E1;, F12 such that
E=FE; UE

Ao(E1n = Ao(E12 = Ao(E)/2.
Also there exist Fy1, Eag, Fa3, E24 such that Fy; = E3; U Egy, E19 =
E23 U Eyy and Ag(E21) = Ag(E22) = Ao(E23) = Ao(E24) = Ao(E)/4.
In general, we have, for each 7, sets ;41.2;—1F;4+1.2; such that
Eij=FEit12j-1UEi113;
and
Ao(Eir1.2j-1) = Ao(Eit1.25) = Ao(Eij)/2 = Ao(E)/2H
for j = 1,2,...,2". For the construction of the sequence {s(™} with

the stated properties, we use a technique similar to the one used in
constructing the Rademacher functions. Let s(1) = 1g, that is,

s(kl):l ke F

sV =0 k¢E,

And for m > 1, let
s}gm) =1, k€eE, UE,3---E,,om_1,

S(A.m) =-1, k€E,,2UE;; - Em.?"’ y
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3;:") =0, k é U2m1E7nj

Clearly |[s(™)|| does not tend to 0 since |[s™)|[, = (A(E))!/? for all m
and all p. Now let ¢ be a sequence in L? (A). If t is unbounded, then
we may write N = F UG where t is bounded on F and |t;| tends to
infinity as k tends to infinity through values of k& in G. We have, for

each m,
I Z anksim)tkl S Z ankltlc|-

keG keG

But since ), . ank|te|”" is bounded and p' > 1,3 c; ank|ti| tends to
0. Hence we need only show that

. (m) _
s (Seedu) <o

keF

for all points v € N* and for all t € L”I(A). This is shown in the same
way that the Rademacher functions on the unit interval are shown to
converge weakly to 0 in all Lebesque spaces LP[0,1],p > 1 (cf. [1, p.
342]). (In fact the Boolean algebra generated by the diadic subintervals
of the interval [0,1]. Hence the sequence {s™} tends to 0 in the weak
operator topology. O

THEOREM 1.6. Suppose that in addition to satisfying (i), (ii), (iii)
the matriz A is triangular and there exist pairwise disjoint subsets
SM(m=1,2,...) of N such that

(m)
lim sup Z ank|sim)'l) >,
kEeS

for some positive constant 7. Then the sequence {s™} fails to converge
to 0 in the weak operator topology of LP(A).

PROOF. We will construct a sequence t in L? (A) and a double
sequence of integers {n;;}, i = 1,2,..., j = 1,2,...7+ 1, tending
to infinity such that

Zanuksk
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exceeds a positive constant for each value of i and j. To begin with,
there is a positive constant 7 and an integer n; = nq; such that

1
Z anukis;c )tp 21
keSM

We let
ty = Is0P %0 ifke S, k<,
t =0 ifsfcl)zOoerS(”, k< n.
We note that t; is now defined for k < n;.

There exists an integer n12 > n; such that
(2)
Z amz.ktsk |p > 77/2§
keS)
the integer n,2 may also be chosen so large that

> aulsi P < /8, n =
k<n,

Now let the integer n2; be chosen so large that ny; > ny2,

37 anilst P > n/2, ke S

k>ny2

and

Z anklsf)lp S 7’/8

ksnlz

for n > ny;. We define, for nyjs < k < nop:
tr=|sVP2 5 if k € SV and s\ 0,
th=0 ifk¢SMors! =0

The sequence {tx} has now been defined for k < ny;.

We continue in this manner. Suppose that a sequence of integers
n11,M12, N21, N22, N23, - - - , N;; has been chosen and that the sequence ¢,
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has been defined for k < nij. If j <i we choose n; j;1 so that, if j <1,
we choose n; ;41 > n;; and so that

Y ks 2 0/2, ke SUHY

k>n;;

and
E an.i max < js™[P < /8
0<m

k<n;
for n > nij+1. We define ¢, for n;; < k < n; j4+1 by the equation

j+1)p—2 =(j+1)
te = syt P2 50
if k € SYUtY and sVt %0,

tx = 0if k € SUTD or sYH) = 0.

Likewise, for j = i + 1, we first choose the integer n;, ;. j so that

(1
" ank, s P > /2, k> 0y
kesS

and
Y- aumax|s{™” < n/8

k<n;;
for n > n; j,,. In this case we define ¢ for n; i1, < k < n;41.1 by the
equations

=|sVP25Y itk e SM and si! # 0,

tr=0 ifkeSPorsl =0

This completes the inductive definition of the sequence t. We note that,
for each i and j, j <1,

Zank” (J)tA > Z ke S a ‘ISAJ)IP

kest)
k>ng ;1

— Y au max [s" P > /4.
m<j—1

k<ni ;-1
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Hence, if v is a point in N* which is in the closure of {n;;}, then
> ] 3

(7) (D awst) = n/4.
k=0 Y

To show that s(m) does not tend to 0 in the weak operator topology
in L?(A) we need only show that t € L?'(A). We may assume that the
norms ||s""")|| are uniformly bounded, for otherwise, by the uniform
limitedness theorem, the sequence {s\/)} cannot converge in the weak
operator topology. Hence there exists a universal constant M such that

o

Z a,,,klszj)l” < M.

n=0
For n;j <n < n 41,

n o
Do amsltel” < 37 amemax s+ 30 ankitl”
k=0 k<nij—1 k=n; j_1
(7)
<n/8+ Y amls P+ D amlsy VP
keS keSGi+1)
<n/8+2M+1,

provided n is sufficiently large. Similar estimates can be given if
Niit1 < < nip1,. Thus t € LP, and (7) shows that the sequence
{51} does not tend to 0 in the weak operator topology. O

2. Extreme points of the unit ball of L?(A).

THEOREM 2.1. Suppose that the matriz A is triangular. Suppose also
that s is a bounded sequence in LP(A) of norm one such that the set of

integers n for which
n
D an
k=0

for a fized positive constant 6, can be written as a disjoint union of
intervals I,,, arranged in increasing order, and that the intervals I},
complementary to I,, are also arranged in increasing order in such a

Sk|p§1—(5
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way that I}, lies between I,, and I,,4,. Moreover, if I,, is the interval
[, m),] (so that I, is the interval (n',,, nm 41). then suppose that there
exists a positive constant &' < & and an integer ny. such that n,, > ns.
and

(8) nnk/anm+1.k < (1 - 6,)_1
fO0<k<n,nl, <n<nmyi. Finally, suppose that
(9) A(Uyn 1) > 0.

Then s is not an extreme point of the unit ball Q of L?(A).

PROOF. We will show that the sequences s+at, where
t,=1 ifn€u,l,

t, = 0 ifn é U Im

and a is a suitable constant, are in 2. (We note by (9) that ||¢]|, > 0).
If n € I,,, for some n, then, since

n
Zanklsklp S 1- 6

k=0
we have
(10) Zankls;,.iatkI” <1-¥¢
k=0

if a is sufficiently small. If n € UI,,, then n must lie in some interval
(s Mumy1. In this case

n n

Z anklskiatk|p = Z(an.k/an,n+1.k)an,,..H.klskiatk‘p~
k=0 k=0

By (8) and (10) the limit superior of this quantity is at most 1. It
follows that s is not an extreme point of §2. O
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THEOREM 2.2. Suppose that A is as in Theorem 2.1 and that
s € LP(A),||s|l, =1 and moreover that the quantity

o
Z ank|skl?
k=0

tends to 1 as n tends to infinity along a set E = n; such that, for some
positive constant M,

Qn k S Ma,.m.kv 0 S k S Ny,Mm-1 <N S M.

Then s is an extreme point of the unit sphere of LP(A).

PROOF. Suppose that there exists an element ¢ % 0 in L” (A) such
that |[s+t||, = ||s—t||, = 1. Let F be a subset of E; we first show that,
for all such F,3 ;< ank|tr|? tends to 0 as n tends to infinity through
values in F. We use a method of Lau [4, p. 160]. Let L,(a,) denote
the Lebesque space with the measure a,, of a set Q C N given by

an(Q) = Z Ank

keQ

so that the norm in Ly(a,) of a sequence s is

1/p
sl = (3 anelsil”)

keQ

The space L,(a,) is uniformly convex. If the quantity (3 ank|tx|P)/?
does not tend to 0 as n tends to infinity through F', then there exists a
positive constant 7 and arbitrarily large n such that ||t||, > n. Given a
positive number ¢, the values ||s+||.||s—t||. are greater than 1—¢ if n
is a sufficiently large integer in F. Hence there exists a positive constant
6 such that ||s||, = ||((s+ )+ (s —1))/2||n < 1 — 6 for arbitrarily large
n in F. We have a contradiction. It follows that Y.~ an|tx|P tends
to 0 as n tends to infinity through values of n in F; this holds for each
subset F' of E. In other words Zﬁo ank|ti|P tends to 0 as n tends to

infinity through values in E. It remains to show that > o ank|ts|?
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tends to infinity through values not in E. If n is such an integer, say
Npm-1 < n < n,,, where n,,_; and n,, are consecutive integers in F,

n Nm
D ankltslP <MY an, kltil?,
k=0 k=0

and this quantity tends to 0 as was shown above. Hence ||t||, = 0 and
s is an extreme point of the sphere.
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