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DIFFERENTIAL-BOUNDARY OPERATORS AND ASSOCIATED
NEUTRAL FUNCTIONAL DIFFERENTIAL EQUATIONS

JOHN A. BURNS*, TERRY L. HERDMAN AND HARLAN W. STECH**

1. Introduction. It has been known for some time that differential-
boundary operators play an important role in the adjoint theory of linear
differential operators with general boundary conditions. In addition to
the classical work of Feller [10] and Phillips [21], the theory of differential-
boundary operators has been applied to such diverse fields as spline
analysis (Brown [2], Brown and Krall [3]), variational and oscillation
theory (Reid [22, 24]), boundary control of parabolic (Seidman [27])
and hyperbolic (Russell [25, 26]) partial differential equations. However,
it is interesting to note that although the early work of Feller and Phillips
was concerned with the well-posedness of Cauchy problems associated
with these operators most of the current literature on differential-boundary
operators does not consider this problem. Since 1960 the theory has
generally been devoted to the study of adjoint operators, derivation of
Green’s matrices and eigenfunction expansions (see [14-19] and the
survey paper by Krall [20]). In this paper we study a general class of 1st
order differential-boundary operators and derive necessary conditions and
sufficient conditions for these operators to generate Cy-semigroups. More-
over, we show that there exists a fundamental relationship between these
operators and Cauchy problems for neutral functional differential equa-
tions. Although we shall not pursue the point, similar observations have
recently been used to develop numerical methods for approximating solu-
tions and optimal controls for certain integro-differential systems (see [7]).

Notation used in the paper is fairly standard. For example, L, =
Ly([0, 1]; R”) denotes the usual Lebesgue space of R#-valued ““functions™
on [0, 1] whose components are square integrable. We shall also make
use of the Sobolev space H1 = HY([0, 1]; R”) and the Banach space of
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continuous functions C = C([0, 1], R#). If X and Y are Banach spaces,
then the space of bounded linear operators from X into ¥ will be denoted
by #(X, Y). The symbol |-| is used to denote the norm in a Banach space,
the precise space being clear from the context. Given a function
x: [0, + o0) > R* and ¢ = 0, the function x,: [0, 1] - R” is defined by
x[s) = x(t + s).

The remainder of this section is devoted to the statement of the basic
problem and preliminary results needed in §2 and §3. Proofs can be found
in the cited references. §2 contains the statement of our main results along
with illustrative examples. The proofs of these results are given in §3.

Let L and D be linear R#-valued functions with domains %(L) and 2(D)
satisfying H1 € 9(L) (| 2(D) £ L,. At this point we make no continuity
assumptions on L and D. Let H(-) be an n x n matrix-valued function
whose columns belong to H1, and define the differential-boundary opera-
tor T by

(L.1) 2T) = {¢p e L;|$ € H', D¢ = 0}
(1.2) [Tgl(?) = ¢(t) — H(1)Lg.

Our primary concern will be the question of whether or not T generates
a Cy-semigroup on L,. However, we shall see that this question is closely
related to the “well-posedness” of an associated neutral functional dif-
ferential equation. In order to make this statement more precise, we
define the operator 4 in R* x L, by

(1.3) 2(4) = {(7n, ) eR" x Ly|¢pe HL, Dp =p}
(14) AQ, §) = (Lg, §)-
The next two theorems may be found in [4] and [5].

THEOREM 1.1. If A defined by (1.3)—(1.4) is the infinitesimal generator of
a Cy-semigroup {S(t)},20 on R* x Ly, then

(i) both L and D belong to #(H', R*); and

(i) if (n, @) € D(A), there is a unique x: [0, +o0) — R” such that for
eacht =z 0, x, € H1, DX, is continuously differentiable and

(1.5) _“117 Dx, = Lx,
with

(1.6) X = ¢.
Moreover,

1.7 S(t)(n, ) = (Dx,, x,).
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Part (ii) of this theorem shows that in a generalized sense, the Cauchy
problem associated with the neutral functional differential equation (1.5)
is well-posed with initial data in R* x L, whenever 4 is the generator
of a Cy-semigroup on R” x L,. Under additional hypotheses on D, the
converse is true as well. In particular, we assume D e #(C, R*). Then
standard representation theorems imply that there is a matrix-valued
function z: R — R™" whose entries are of bounded variation, continuous
from the right on (0, 1), u(s) = w(0) for s =0, u(s) = w(1) fors = 1
and such that for each ¢ € C

(1.8) D¢ = ﬁ [d1(5)15).

The operator D is said to be atomic at s €[0, 1] if the jump J(s) =
u(s) — p(s7) is nonsingular.

A crucial step in the proof of part (i) of the following theorem is show-
ing that for (3, @) € 2(4) the problem (1.5)—(1.6) has a unique H' solution
fort =z 0.

THEOREM 1.2. Let Le B(H!, R”), D e %(C, R?) and A be defined by
(1.3)-(1.9).

(i) If D is atomic at 1, then A generates a Cy-semigroup on R* x L.

@ii) If D is atomic at O and 1, then — A generates a Cy-semigroup on
R* x L,. Hence, A generates a Cy-group on R* x L.

Neither the necessary conditions of Theorem 1.1 nor the sufficient
conditions of Theorem 1.2 are sharp. In fact, a condition (on D) that
is both necessary and sufficient is currently unknown (see [4]).

In order to relate the neutral functional differential equation (1.5)—(1.6)
to the differential-boundary operator T defined by (1.1)-(1.2) we shall
make use of a result due to R. Vinter (see [28, 29]). Let X and Y be Banach
spaces and A4, B, F be linear operators satisfying

A: 9(A) - Y, 2(A) S Y, 2(A) dense in Y,
B: 9(B) - X, 2(B) = 9(A),
F: 9(F) - X, 2(F) 2 2(4),

and denote by A4 the restriction of 4 to Ker B. Define the operator 4
inX x Yby

(1.9) 2(d) = {(x, ) e X x Y|yeD(4), By = x}
(1.10) A(x, y) = (Fy, 4y).

THEOREM 1.3. Assume that B has a bounded right inverse B+ such that
AB*, FB* are bounded and F is (Ay — BtF)-bounded (i.e., there are con-
stants ¢y and cy such that |Fy| < ¢, |y| + co| (49 — B*F)y| for all yeKer B).
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Then, Ay — B*F (with domain 9(A,)) generates a Cy-semigroup on Y if
and only if A generates a Cy-semigroup on X x Y.

REMARK 1.4. The proof of Theorem 1.3 is essentially contained in
Vinter’s proof of Theorem 2.1 in [29], although his statement of the
result differs from ours. In fact, Theorem 1.3 appears in [29] with the
(4y — B*F)-boundedness of Freplaced by the conditions that [BH]| < 1
and Fis Ap-bounded. It is asserted in [29] that these two conditions imply
the (4, — B*F)-boundedness of F. However, this conclusion is unwar-
ranted as the following example shows.

Let Y be the Banach space ¢, (the set of real sequences {e,,}o, such
that e,, » 0 as m — + o, with the sup norm). Let X = R and define
9(A) = 9(B) = 2(F) to be the set of all finite sequences in c;. The
operators 4, Band Fare defined by A{e,.} = {X-,€,,0,0, ...} Be,} =
2e; and F{e,} = 2 X5, e, respectively. A right inverse B+ is given by
Bty ={9/2, 0,0, ...} and clearly, B*, AB* and FB* are all bounded.
It is easy to check that |B*| < 1and Fis Ay-bounded. Since 49 — BtF = 0
and Fis not bounded, F can not be (4, — B*F)-bounded.

We now direct our attention to the study of the differential-boundary
operator T defined by (1.1)-(1.2).

2. Statement of results and some examples. We consider the operator T
of §1 defined by

@ o(T) = {$pe Lyl H', Dg = 0}

22 (Tgl(r) = ¢(t) — H(1)Lg,

with the same conditions on L, D and H(-) as given there (see (1.1)-(1.2)).
We have the following necessary conditions on L and D analogous to
those stated in Theorem 1.1 (part (i)).

THEOREM 2.1. Let L, D, H(-) and T be as above and assume that the
column vectors of H(-) are linearly independent in L,. If T defined by
(2.1)-(2.2) generates a Cy-semigroup on L,, then L and D belong to #(H?,
R*). Moreover, D ¢ %(L,, R").

The need for the “nondegeneracy” assumption in H(-) is clear. Indeed,
if V.={beR*| H(-)b = 0 (in Ly)} is nontrivial and T generates a Cy-
semigroup on Ly, then we may perturb L by any linear map of H into
V without altering the form of 7. In light of this theorem, we will proceed
under the assumption that Le #(H1, R”»). Consequently, standard repre-
sentation theorems (see [1]) imply that there exist # x »n matrix-valued
functions A4(-), B(-) whose columns belong to L, and such that if ge H1,
then
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@.3) 1= ; {AG$)P(s) + B(s)g(s)}ds.

Concerning sufficient conditions on L and D so that T generates a
C,-semigroup on L,, we first state a lemma important for our analysis.
It allows us to convert the problem to a more manageable one concerning
the generation of semigroups on product spaces. Let K = D(H(-)) and
define the operator 4, in R* x L, by

(2.4) D(Ay) = {(}, ) €R* x Ly|$e HY, D§ = 7}
(2.5) Ay, §) = (KL, §).

LEMMA 2.2. Assume that L € Z(H1, R"). If K = D(H(-)) is nonsingular,
then T (—T) generates a Cy-semigroup on L, if and only if A,(—A,)
generates a Cy-semigroup on R* x L.

Note that K being nonsingular implies that the column vectors of H(-)
are linearly independent in L,. As a consequence of this lemma, we have
the following sufficient condition for T to generate a Cy-semigroup on L.

THEOREM 2.3. Assume that Le #(H!, R*), De #(C, R") and K =
D(H(-)) is nonsingular.

(i) If D is atomic at 1, then T generates a Cy-semigroup on L,.

(ii) If D is atomic at 0 and 1, then T generates a Cy-group on L.

Observe that Theorem 2.3 and Theorem 1.2 are very similar. Indeed,
the relationship between the differential-boundary operator T and the
neutral functional differential equation (1.5)-(1.6) is clear. Under the
assumption that K = D(H(-)) is nonsingular, T is a generator if and
only if (1.5)—(1.6) is well posed. In order to illustrate the theorem, we
consider a few examples.

ExAMPLE 2.4. Let D € #(C, R*) be atomic at 1 and L € #(L,, R”). Then
T generates a Cy-semigroup on L, under less restrictive assumptions on
H(-). In fact, if H(-) is anyn x n matrix-valued function whose columns
belong to L,, then [T¢](¢) = qi(t) — H(t)L¢ can be viewed as a bounded
perturbation of the operator

[T:81(t) = ¢(t) = §(r) — €24 .0

with domain 2(T;) = X(T) = {¢p€ L,|p€ H!, Dp = 0}. Since K; =
D(e*DI) —» J(1) as A —» +o0, K; is nonsingular for large A. If Le
B(La, R"), then B(:) = 0in (2.3) and Theorem 2.3 implies that T, gen-
erates a Cy-semigroup on L,. Since T is a bounded perturbation of Tj,
T also generates a C-semigroup. Note also that if H(-)Lg = 0, then the
operator [Tg](t) = §(¢) lies withing the scope of this example.
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Example 2.4, Example 2.7 below and others not presented here lead
us to conjecture that both the regularity conditions on H and the non-
singularity of K = D(H(-)) (while important for our approach) can, in
general be relaxed.

REMARK 2.5. We note that a similar perturbation argument implies
that Theorem 2.3 remains valid if T is replaced by

[T3(1) = (1) — H(L + °p,
where 2" € #(Ly, Lp). Such operators include a large class of integro-
differential-boundary operators.

ExaMPLE 2.6. Let P(-) be an n x n matrix-valued function whose
entries are essentially bounded on [0, 1] and let Q(-) be an n x n matrix-
valued function whose columns belong to L;. We assume that the columns
of H(-) belong to H! and that C, G, E and F are n x n matrices. For
¢e H! let

Dg = EGO) + Fo() + | 0(s)(s)ds,
Lg = CHO) + Go(1),

and consider the differential-boundary operator T defined on

AT) = {peLalge Y, E0) + F() + | 0)p(s)ds = o}
by
[Té(t) = 4(t) + P(t)g(t) — H()CHO) + Gg(1)].

Operators of this form have been considered by a number of investigators
during the past twenty years (see [20] and the references therein). Observe
that if the matrices F and EH(0) + FH(1) + [} Q(s)H(s)ds are non-
singular, then T generates a Cy-semigroup on L,. If in addition E is
nonsingular, then 7" generates a Cy-group. By Theorem 2.3 the results
of this example remain valid if L is replaced by any operator belonging
to #4(H!, R"). Moreover, the measure defining D could have additionally
an infinite number of jumps on (0, 1). Thus, this example includes differ-
ential-boundary operators with multipoint and Stieltjes boundary condi-
tions (see [19, 20)).

The underlying spaces here are reflexive. Thus, 7((4,) generates a Cy-
semigroup if and only its adjoint T*(4}) is a generator. Exploitation of
this fact can, in some cases, allow one to consider operators 7 not satisfy-
ing the hypotheses of Theorem 2.3. The use of T* is illustrated in the
following example; the derivation and an application of 4} is given later.



DIFFERENTIAL-BOUNDARY OPERATORS 131

ExampLE 2.7. Let C, G, E, F be as in Example 2.6, O(-) an n x n
matrix-valued function whose columns belong to H! and assume that H(+)
is an n x n matrix-valued function whose columns belong to L,. Define
the operator Tin L; on

AT) = {p e Lyl$ € H, Dg = 0}
by
[TSI(t) = (t) — H(ICHO) + GH(1)],
where

D = EO) + F4() + | 06)p)ds.

We require that F is nonsingular; without loss of generality we set F = I,
the n x n identity. It follows that (see [20]) T is densely defined and has
adjoint T* defined on

AT*) = {pe Ly H', D+p = 0}
by
(T*410) = —$(0) — Q%0 $(1) — G* || H*©)g(s)ds |
where D7 is defined by
D¢ = §(0) + E*g(1) + [C* — E*G*] || H*6)p(s)ds.

Define the isometry U: L, — L, by [Ugl(t) = ¢(1 — 1), te[0, 1]. Tt
follows that U~1 = U and T* generates a Cy-semigroup on L, if and only
if T = UT*U (with domain 9(T) = U9(T*)) is a generator.

Easy calculations show

Q8 [THt) = §(t) — Q*(1 — z)[¢(0) —G* j: H*(1 — s)¢(s)ds]
with

(2.9) 2(T) = {p e L,| ¢ H, D¢ = 0}

where

(2.10) D¢ = g(1) + E*§(0) + [C*— E*G*] _f (1) H¥(1 — s)g(s)ds.

The operator T defined by (2.8)—(2.10) is of the form treated by Theorem
2.3. Consequently, T (and hence T) generates a C-semigroup on L, if the
matrix
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Q*(0) + E*Q*(1) + [C*— E*G*] [ H*(©)0*()ds

is nonsingular. If Q(-) = 0, then Example 2.4 can be applied to show
that T is a generator.

The scalar case with Q(\)=0,E = G=0,F = C=1and |H(-)|2 £ 2
was used by Phillips [21] to illustrate that maximal dissipative extensions
of dissipative differential operators do not have to be contractions of
maximal operators (see [20]).

We close this section by considering the adjoint of the operator 4,
defined by (2.4)-(2.5) and giving an example to illustrate how this can
be applied to a larger class of differential-boundary operators. Moreover,
the adjoint itself is of interest in the theory of neutral functional differential
equations since it generates the adjoint semigroup. Having the form of 4}
is a also important in state space decompositions for neutral equations
(see [12, 13]) and in the study of certain optimal control problems (see
[9, 11)).

If (9, @) and (&, ¢) belong to R* x L,, then we denote by ( , ) the
usual inner product on R” x L, defined by

0 9 @& 9> = 19> + [ G, o),

where {7, ¢) = y*¢. If Le #(H!, R*) has the representation (2.3) and
(& e R* x Ly, then it is convenient to define the function ¥(-) =

U, ¢)(-) € Ly by
@.11) U(t) = [B*K*¢ + ¢](0).

Concerning the adjoint operator AF of 4, defined by (2.4)-(2.5), we have
the following result.

THEOREM 2.8. Let L € #(H, R*) have the representation (2.3), D € %(C,
R") have the representation D¢ = [} dy(s)¢(s) and assume D is atomic at
1. The adjoint Af of A, is defined by

2.12)  2(4F) = {(& ) eR* x Ly | U(+) is of bounded variation,
[P() + p*OI*DI ¥(17)] e HY and ¥(0) = J*O)L*(DI™ (17},
(2.13)  AFE P = O A7), A*()K*¢
=[U() + OO ),
where U(-) is defined by (2.11) (here prime ' denotes differentiation).

REMARK 2.9. Note that if L € #(H?, R”), then the representation (2.3)
is not unique. Therefore, it might appear that A¥ depends on the particular
representation of L. To see that this is not the case, assume that Ay(-),
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Ay(+), By(+) and By(-) are n x n matrix-valued functions whose columns
belong to L and for each ¢ € H!

L$ = 5; (AL)$(s) + BL)G(s))ds, i=1,2.
It follows that for ¢ € H!
 {416) = 4s)65) + (Bi(s) = Bos)g(s)}ds = 0.

Hence, the Fundamental Lemma of the Calculus of Variations (see
[23, page 112]) implies that (B; — B,)(-) is absolutely continuous on [0, 1],

@149 By = BYO) = || (41(5) — Ax)ds
and
@15) (B1 = B)O) = (B — BY(D) = 0.

Conversely, if 4,(-), B,/(-) are any matrices satisfying (2.14)-(2.15), then
they determine the same operator L € Z(H1,R7). The definition of ¥, the
form of A4} and the expressions (2.14)-(2.15) together imply that AF is
defined independently of the particular representation of L.

ExaMPpLE 2.10. Let x; € (0, 1), F(-) be an n X n matrix-valued function
whose columns belong to L, and C, C be n x n matrices. We consider the
system of partial differential equations

(2.16) %y(t, X) = —a%y(r,x)—F(x)y(t,l); t>0,0<x<l,

with boundary conditions

(.17 Y, ) + ¥,00=0; >0
(2.18) Cyt, ) + y(t, x}) — yt, x)) =0; t>0
and initial condition

.19 ¥, -) = ¢(-) € L,.

The term F(x)y(t, 1) can be viewed as a boundary control term in feedback
form. Equation (2.16) is a regular mixed boundary condition while (2.17)
represents an interface condition at x = x;. The problem (2.15)-(2.18)
can be written in the abstract form

(2.20) ditz(z) —T:t), >0

(2.21) Z(O) = ZOa
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where T is the operator defined on
2(T) = {¢e Ly| s a.c. on (0, x;) and (xy, 1), § € La,

(2.22) N

/ C(D) + 0) = 0, C(1) + (xi) — (x7) = 0}
by
(2.23) [TYIx) = —¢(x) — Fx)D).

We will show that the system (2.16)—(2.19) is well-posed in the sense that
the corresponding abstract Cauchy problem (2.20)—(2.21) is well-posed for
zy€ 9(T) (i.e., the operator T with domain 9(T') generates a Cy-semigroup
on L,).

The general schme is to apply Theorem 1.3 to convert the problem to
one involving the generation of semigroups on a product space. To this
new problem we will apply Theorem 2.8 and finally Theorem 1.2. (Our
presentation is in reverse order, however.) A number of operators must
be defined. In particular, the operators L and D (with 2(L) N 2(D) 2
H?1) are defined by

(2.24) L¢ = ¢(0)

and

(225 Dp = $(1)+ C*g(x) + C*9(0) + [ (FG) — HO ()

where H(-)is any matrix-valued function satisfying the conditions that
its columns belong to H([0, x;]; R%) and Hl([x;, 1]; R%), CH(1) +
H(x{) — H(x7) = 0 and CH(1) + H(0) = I. Clearly, Le Z(H!, R?),
D e (C, R*) and D is atomic at 1.

With these operators so defined, Theorem 1.2 (part (i)) implies that the
operator 4 defined on

D(A) = {(n, P eR" x Ly| ¢ H', Dp = 7}
by '
Ap, §) = (L. §)

generates a Cp-semigroup on R” x L,. The adjoint 4* of A4 (as given
by Theorem 2.8 with K = I) has domain 2(4*) = {(¢, )R x Ly|is
absolutely continuous on (0, x;) and (x;, 1), ¢ € Ly, C(1) + ¢(xf) —
d(x7) = 0and C¢(1) + ¢(0) = &} and value A*(¢, ¢) = (K1), — ¢(+) —
[F(-) — H(-)I(1)). Since R” x L, is reflexive, A* generates a Cop-semi-
group on R” x L,. )

Now, define 4: 2(4) — Ly by (A)(x) = — ¢(x) — [F(x) — Hx)l(1)
with domain 9(4) = {¢ € Lz| ¢ is absolutely continuous on (0, x;) and
(x1, 1), ¢ € Ly and C¢(1) + (x) — (x2) = 0}, B: 2(B) = 9(4) — L,
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by B = Cf(1) + ¢(0), B+: R* - 9(A) by B*¢ = H(-)¢ and F: 9(F) =
29(A) - R*by F = ¢(1). By our choice of H, Btis aright inverse for B
and clearly B*, AB* and FB™* are bounded.

With these operators 4* may be expressed as A*(&, ¢) = (F¢, Ag) with
domain 2(4*) = {(§, ) eR” x Ly|¢ € 9(A), By = &}. Furthermore,
T (defined by (2.22)—(2.23)) can be expressed as T¢) = A¢p — BTF¢) with
domain 9(T) = {¢ € 2(4) | By = 0}. Theorem 1.3 applies to show that
T (with domain 9(T)) generates a Cy-semigroup on L,. Indeed, one need
only establish that Fis (4 — B*F)-bounded on {¢e 9(4) | By = 0}. To
see this, let 0 < ¢ < 1 — x;. Then

o) =g + [ o, 1-e<i<1y

so that

[1+ [ Fos [pv) = o) + [ 166) + Fo)pwlds

on (1 — ¢, 1). Integrating both sides over (1 — ¢, 1), one obtains
el + K = | @0+ [g6s) + FO)JDMds),

where K, is a matrix satisfying |K,| — 0 as ¢ — 0. Thus for ¢ sufficiently
small,

mmgruu+mﬂ«ﬁwamyz

+ 20 ( j 1_5 | [(4 = BYF)JIs) I2 ds)l’z}
= aldl + cz2| (4 — BYG)¢|

for appropriate ¢y, ¢».

Finally, we remark that a similar application of Theorem 1.2 (part (ii))
shows that T (with domain (7)) generates a Cy-group on L, provided C
is nonsingular.

3. Proofs. The proof of Theorem 2.1 relies on the following technical
lemma whose proof is left to the reader.

LeMMA 3.1. For A € C, define M;: L, — L, by

(Mil(0) = [ ee-9g(s)as.

Then
() R(M;) = H} = {¢ e H|$(0) = 0},
(i) M; € B(L,, HY),
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(iii) [M;]? exists and [M;]7! € #(H}, L,).

PrROOF OF THEOREM 2.1. Assume that T defined by (2.1)-(2.2) generates
a Cy-semigroup on L,. By the Hille-Yosida Theorem (see [6]), all large
A > 0 lie in the resolvent set of the operator T. That is, for all real A > 0
sufficiently large

(€R)) [Tg)®) — Ag(1) = ¢(t),  ¢(-) e AT)

has a unique solution that varies continuously in L, as ¢ varies in L,.
By the definition of T, (3.1) reads

G2 (1) — H(t)Lg — 2g(t) = (1)
(3.3) D¢ = 0, ¢e HL.
The equation (3.2) implies that ¢ has the general form

(1) = aeit + j' ; 2= [H(s)b + ¢(s)ds
= ae¥ + MGIH(-)b + $(-))(2)

(3.4)

for some choice of a, b € R”. In fact, a and b must satisfy
3.5 L =0b
3.6) D¢ = 0.

With a, b so chosen, clearly ¢ belongs to H1.

Let A be a point in the resolvent set of 7. We claim that a = a(¢)) and
b = b(¢) belong to B(L,, R”). Indeed, linearity in ¢ follows from the
uniqueness of solutions of (3.1). For continuity, note that the right side of

eta(y) + MIIH()N()b(g) = ¢(-)— M3lg()(-)
is continuous in ¢ since ¢ varies continuously with ¢ (by assumption)
and M; is a bounded linear operator on L,. It follows that the map

G.7) & - alg) + _"0 e H(u)du b(g)

is a bounded map on L, with finite dimensional range. Accordingly, the
map

¢ - Tid? |:a(¢) + j; e H(u)du b(sf’)} = e *H(5) b(¢)

is continuous in ¢). By our assumption on H(-), it follows that ¢ — b(¢) is
continuous; (3.7) implies ¢) — a(¢) is continuous as well.

Substituting (3.4) into (3.5) and (3.6) we see that a, b must solve sim-
ultaneously
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L(e*)a + LM [H(-)Db — b = L(M;[¢(-)])
and
D(e*)a + D(M[H(-))b = D(M;[¢(-)D.

By the previous claim, the left sides of these equations vary continuously
as ¢ varies in L,. Therefore LM; € %(Ly, R”) and L = LM;M;* € (Hj},
R"). Because H! =~ R” x H}, we conclude that L € #(H1, R”). The argu-
ment is the same for D.

The final assertion follows easily from the fact that (again by the
Hille-Yosida Theorem) 2(T) must be dense in L, if T generates a Cy-
semigroup on L.

Recall that if L e #(H1, R”), then the representation (2.3) is not unique.
We take advantage of this fact to establish the following lemma that is
needed in the proof of Lemma 2.1.

LemMMA 3.2. If Le #(H1, R"), then there exist n x n matrix-valued
functions A(-) and B(-) whose columns belong to L, such that for ¢ € HY,
Lo = [§ {A(s)$(s) + B(s)¢(s)}ds and the matrix 1 — [y B(s)H(s)ds is non-
singular.

Proor. The Riesz Representation Theorem applied to H! implies that
there exists an » x n matrix-valued function Z(-) whose columns belong
to H1 such that L has the representation

(3.9) 14 = [ {20 + 20ds)ds, e HL

Let Y(-) be any n x n matrix-valued function whose columns belong to
H1 satisfying

(3.9) Y(0) = ¥(I) = 0
and
(3.10) j:|z'(s) — Y(s)| | H(s)|ds < 1]2.

Define the matrices 4(-) and B(-) by A(s) = Z(s) — Y(s) and B(s) =
Z(s) — Y(s), respectively. Observe that(Z(-) — B(-)) = Y(-)is abso-
lutely continuous, (Z(t) — B(t)) = 8(Z(s) — A(s))ds and (Z — B)0) =
(Z — B)(1) = 0. Consequently, it follows from Remark 2.9 that L also
has the representation

Lp = j :{A(s)qS(s) + B(s)d(s))ds.

Moreover, since



138 J.A. BURNS, T.L. HERDMAN AND H.W. STECH

| Bo#eas| s | 126) - YOUHEES < 12,

the matrix I — [§B(s)H(s)ds is nonsingular.

PROOF OF LEMMA 2.2. The lemma follows almost directly from Theorem
1.3. Let X = R", Y = Ly, 9(A) = 9(B) = 9(F) = HY, [A4](t) = (1),
F¢ = KL and B¢ = D¢. The operator B has a bounded right inverse
[B7)(t) = H(t)K~1y with range in H1. Clearly AB* and FB* are bounded.

To see that F is (4 — BTF)-bounded we select a representation (2.3)
for L for which I — [§B(s)H(s)ds is nonsingular and compute

KL$ = K j ; A$(s)ds + K 5 (1) B(s)(s)ds
G.11) K j' ; A©)(s)ds + Kj'; B()4(s) — H(s)K-1KLglds
+K _" ; B(s)H(s)K'KLgds.

It follows that

[1— K ;B(S)H(S)K‘lds}KLq'; = K [ 46)p(s)ds
+ K _f :B(s)[Aqu — BHF|(s)ds

for all ¢ez(4) 2 2(4y). Since I — K[} B(s)H(s)dsK™! = K[I—
{ B(s)H(s)ds]K1, this matrix is nonsingular and we obtain

Fé = KL$ = [I—K _f : B(s)H(s)K‘ldsTl K j zA(s)qs(s)ds
+ [I—Kj: B(s)H(s)K-ldsTK | : B(s)[Ay§ — BFGI(s)ds.

The Cauchy-Schwarz inequality yields the existence of constants c;, ¢
such that

[Fgl < c1 1¢() + col(Ag — BYF)g|.

This establishes the (4, — B*F)-boundedness of F. The result now follows
by setting 4 = A4, and applying Theorem 1.3.

The assertions concerning —7 and — A4, are proved similarly; i.e.,
let [Agl(t) = —§(t), Fp = —KL¢@, Bp = D¢, and [Bry)(t) = H(t)Ky.
From (3.11) the equation
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[1- K j' :B(s)H(s)dsK“l:I( —KL§)= — Kj: A()(s)ds
+ KS: B(s){ — §(s) — [H()K-1)( — KLg)}ds

leads to the (4y — B*F)-boundedness of F and Theorem 1.3 can again
be applied with 4 = — 4,.

PROOF OF THEOREM 2.3. By Lemma 2.2 we have that T generates a
C,-semigroup on L, if and only if 4, generates a Cy-semigroup onR” x L.
We define L, e #(H1, R)* by L,¢ = KLp. Then Theorem 1.2 (part (i))
implies that A, generates a Cy-semigroup on R* x L, if D is atomic
at 1.

If in addition D is atomic at O, then Theorem 1.2 (part (ii)) implies
that —4 = — A4, generates a Cy-semigroup on R* x L,. Consequently,
both T and — T are generators which implies that T generates a Cyp-
group on L,.

PROOF OF THEOREM 2.8. Let (&, ¢) belong to 2(A4F). By definition there
exists (§, §) € R* x L, such that

(3.12) 0 = {Ay(n, ), (& )Y — L(n» @) G, D)
for all (3, ¢) € 2(4,) and
(3.13) A¥E ) =& @)

We assume that L and D have the representations D¢ = [3du(s)(s)
and L= [}{A(s)g(s) + B(s)¢p(s)}ds, respectively. Therefore (3.12) can
be written as

0= j: {P(s), A*(S)K*E—((s)) ds + 5: <¢'(s)’ B*(s)K*£+(s))ds
(.19

= §, dup(s), &>

Integrating the last term by parts we obtain
1 .
0 = [ <g0), A*K*E = Jls)yds

(3.15) + j: {P(s), BX()K*E + J(s) + p*(s)EDds

+ {u(07)g(0) — p(D)g(1), £>.

Note that each element of the form (D¢, ¢) with ¢ € H1, $(0) = ¢(1) = 0,
belongs to 2(4,) and for such an element the last term in (3.15) becomes
zero. Consequently, the Fundamental Lemma of the Calculus of Varia-
tions yields the absolute continuity of [B*K*§ + ¢ + u*€](+) and
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(3.16) [B*K*¢ + ¢ + p*EI'(t) = [4*K*¢ — J)(0)

holds almost everywhere in [0, 1]. Moreover, the left side of (3.16) belongs
to L, and since y*(-)& is of bounded variation, we have that

(3.17) U(t) = [B*K*¢ + ¢I(t)
is of bounded variation and
(3.18) (1) = AXOK*E — [U(@) + p*()E].

Equation (3.15) can now be written as

0= f : (B(), (T(s) + p*()H)>'ds + (u0)g(0) — p(Dg(D)), &>,
which implies that for each ¢ € H!

0 = {g(0), —(¥(0) + p*(O"E + p*(0)8))
+ gD, (A7) + p*(17) & — p*(DED.
Consequently, it follows that

(3.19)

(3.20) V(0" = [*(0h) — u*(0))E = J*(0)E
and
(3.21) U(17) = [p*() — p*1DJE = J*()E

Since J*(1) is nonsingular, we can solve (3.21) for & and substitute this
solution into (3.20) to obtain

(3.22) &=t
and
(3.23) ¥o") = J*O)*DI 1 ¥1H).

Substituting (3.22) into (3.17) yields
(3.24) 1) = A*OK*¢ — [V(@) + p*OU*DOI TA)].

Thus we have shown that if (§, ¢)) € 2(4F), then ¥(-) is of bounded varia-
tion, ¥(-) + £*()[V*(1)]71¥(17) belongs to H1, ¥(-) satisfies the boundary
condition (3.23) and 4}, ¢) = (§, ¢) where § and ¢ are defined by
(3.22) and (3.24), respectively. To complete the proof there remains only
an elementary calculation to show that all (£, ¢) that satisfy these condi-
tions belong to 2(A4¥).
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