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CO-ORDINATED LR-CONVEXITY VIA GENERALIZED FRACTIONAL
INTEGRALS

HASAN KARA, MUHAMMAD AAMIR ALI, AND HUSEYIN BUDAK

ABSTRACT. In this paper, we first obtain some new Hermite-Hadamard-type inequalities for interval-
valued LR-convex functions. Afterwards, we investigate Hermite-Hadamard-type inequalities for
interval-valued co-ordinated L R-convex functions. New results are obtained by making special choices
in newly established inequalities in the case of interval-valued LR-convex functions and interval-
valued co-ordinated LR-convex functions. It is also shown that the newly established inequalities are
extensions of comparable results in the literature.

1. INTRODUCTION

The Hermite-Hadamard inequality, as discovered by C. Hermite and J. Hadamard (as presented in
references such as [12], [34, p.137]), stands as one of the most firmly established principles within the
realm of convex function theory. This inequality not only possesses a geometric interpretation but also
finds numerous practical applications. These inequalities articulate that when considering a convex
function f : I — R defined on a real number interval I, and selecting two distinct points a¢ and b within
I such that a < b, the following relationships hold:

(L1) f<a+b>§ L jf(x)dxsf(“”f(b).

2 b—a 2

If f takes a concave form, the inequalities exhibit an inverse correlation. A multitude of mathe-
maticians have played a role in solidifying the Hermite-Hadamard inequalities. It’s worth observing
that the Hermite-Hadamard inequality could be contemplated as a honing of the concept of convex-
ity, effortlessly stemming from Jensen’s inequality. The Hermite-Hadamard inequality concerning
convex functions has undergone a revitalization in recent times, fostering a notable array of en-
hancements and extensions that have been explored extensively (refer, for instance, to works such
as [2], [9], [13], [33], [36], [39]).

Interval analysis, which is utilized in mathematics and computer models as one of the ways for
resolving interval uncertainty, is an important material. Despite the fact that this theory has a lengthy
history dating back to Archimedes’ estimate of the circumference of a circle, substantial research on
this topic was not published until the 1950s. In 1966, Ramon E. Moore, the pioneer of interval calculus,
released the first book [29] on interval analysis. Following that, a slew of researchers delved into the
theory and applications of interval analysis.

In the context of this article, we introduce the notation ]R}' to represent the collection of all positive
intervals within the real numbers. The set comprising all interval-valued functions that are Riemann
integrable and real-valued functions on the interval [a, b] is denoted as IR ((a,p)) and R([q,p)), respectively.
The subsequent theorem establishes a connection between functions that are integrable in the sense
of (IR) and functions that are Riemann integrable (R-integrable). Moreover, for [U, U] and [V, V]
belonging to R;, the symbol ”C” is employed to indicate the inclusion relationship, where [ZA , ﬁ] is
considered to be a subset of [y,ﬂ. This inclusion holds true if and only if the condition ¥ < U and
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2 HASAN KARA, MUHAMMAD AAMIR ALI, AND HUSEYIN BUDAK

U <V is satisfied. Many authors have recently focused on integral inequalities derived from interval-
valued functions. Sadowska [35] discovered the Hermite-Hadamard inequality for set-valued functions,
which is a more general form of interval-valued mappings:

Theorem 1. [35] Suppose that F : [a,b] — RE is interval-valued convex function such that F(t) =
[F(t), F(t)]. Then, we have the inequalities:

b
(1.2) F(““’) 5 1 (IR)/F(J:)de F(a) + F(b)

2 “b—a 2

Furthermore, well-known inequalities such as Ostrowski, Minkowski and Beckenbach and their some
applications were provided by considering interval-valued functions in [7,8,14,32]. In addition, some
inequalities involving interval-valued Riemann-Liouville fractional integrals were derived by Budak et
al. in [4]. In [26], Liu et al. gave the definition of interval-valued harmonically convex functions,
and so they obtain some Hermite-Hadamard type inequalities including interval fractional integrals.
In [10] and [11], the authors gave the variant of Jensen’s inequality for interval-valued functions via
fuzzy integrals and proved different integral inequalities. Mitroi et al. proved Hermite-Hadamard
type inequalities for set-valued functions in [28] and in [16, 31], the authors used general forms of
interval-valued convex functions to prove Hermite-Hadamard type inequalities. Some Gronwal type
inequalities for interval-valued functions were obtained by Romén Flores et al. in [15]. In [42,43], Zhao
et al proved different types of integral inequalities for interval-valued functions.

Jleli and Samet obtained new Hermite-Hadamard type inequalities involving fractional integrals
with respect to another function in [17]. In [38], Tung introduced firstly fractional integrals of a
function with respect to the another function. Katugompala established a new fractional integration,
which generalizes the Riemann-Liouville and Hadamard fractional integrals into a single form. Budak
and Agarwal established the Hermite-Hadamard-type inequalities for co-ordinated convex function
via generalized fractional integrals, which generalize some important fractional integrals such as the
Riemann—Liouville fractional integrals, the Hadamard fractional integrals, and Katugampola fractional
integrals in [3]. Kara et al. [18] defined interval-valued left-sided and right-sided generalized fractional
double integrals. In recent years, many authors have focused on interval-valued functions. In [44], the
authors gave a new concept of interval-valued general convex functions to prove several new variants of
Hermite-Hadamard type inequalities. Moreover, in [5], the authors gave a fractional version of Hermite-
Hadamard type inequalities for interval-valued harmonically convex functions. Recently, in [20-23,37],
several researchers extended the concept of interval-valued convexity and defined different kinds of LR-
convexity for interval-valued functions. They also obtained many Hermite-Hadmard type inequalities
for LR-interval-valued convex functions.

Inspired by the on going studies, we give the notions about generalized fractional integrals for the
two variables interval-valued functions to prove Hermite-Hadmard type inequalities for convex and co-
ordinated convex functions. The main advantage of the newly established inequalities is that these can
be turned into Riemann-Liouville fractional Hermite-Hadamard integral inequalities, Hadamard frac-
tional Hermite-Hadamard integral inequalities, Katugampola fractional Hermite-Hadamard inequali-
ties and classical Hermite—Hadamard integral inequalities for L R-convex and coordinated L R-convex
interval-valued functions without having to prove each one separately.

The following is the structure of this paper: Section 2 provides a brief overview of the fundamentals
of interval-valued calculus as well as other related studies in this field. We give some generalized
fractional integrals for two variables interval-valued functions in Section 3. In Section 4, we establish a
new Hermite-Hadamard type inequality for interval-valued LR-convex functions. For Interval-valued
coordinated L R-convex functions, several Hermite-Hadamard type inequalities are parented in Section
5. The relationship between the findings reported here and similar findings in the literature are also
taken into account. Section 6 concludes with some recommendations for future research.

2. PRELIMINARIES

In this section we recall some basic definitions, results, notions and properties, which are used through-
out the paper. A positive interval is an interval that tells you that the left and right endpoints of the
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interval are also positive. We denote R% the family of all positive intervals of R. The Hausdorff

distance between [X, X] and [Y, Y] is defined as
d(X, X, Y, 7)) = max {|X — Y|, [X -V},

The (Rz,d) is a complete metric space. For more details and basic notations on interval-valued
functions see ( [30,41]).
We now give the properties of fundamental interval analysis operations for the intervals ¢ and V as

follows:
U+V = U+VU+V],
U-v = U-V,u-Yyj,
UY = [minA,maxA] where A={U VUV, UV, UV},
U/V = [minA, maxA] where A = {U/V,U/V,U/V,U/V} and 0 ¢ V.

Scalar multiplication of the interval U is indicated by

lou, 0], 6>0
U =0 Uul ={ {0}, 0=0

6, 0u], 6<o0,

where 0 € R. o
For [QL L{] , [E,ﬂ € R}r, the inclusion ”C” is defined by [Q,m C [Z,ﬂ ,andonly if, Y <U, U < V.
(1) The relation "<, ” defined on Rz by [Q, ﬁ] <p [X, V] ifand only if U < V, U < V, for all
[Q{ ,m , [y, V] € R; , it is an pseudo order relation. For given [Q{ , H] , [E, V] € Rz, we say that

U, U] <, [V.V]ifand only if U <V, U < V.
(2) It can be easily seen that "<, ” looks like ”left and right” on real line R, so we call "<, ” is

"left and right ”(or " LR” order, in short).

It is remarkable that Moore [29] introduced the Riemann integral for the interval-valued functions.
The set of all Riemann integrable interval-valued functions and real-valued functions on [a,b] are
denoted by ZR((4,5) and R[4y, respectively. The following theorem gives relation between (IR)-
integrable and Riemann integrable (R—integrable) (see [30], pp. 131):

Theorem 2. Let F : [a,b] — Rz be an interval-valued function such that F(t) = [E(t), F(t)].
F € TR (jay) if and only if F(t), F(t) € R (ja,p)) and
b b b
(IR)/F(t)dt: (R)/E(t)dt, (R)/F(t)dt
a a a

In [41,42], Zhao et al. introduced a kind of convex interval-valued function as follows:
Definition 1. Let h : [¢,d] — R be a non—negative function, (0,1) C [¢,d] and h # 0. We say that
F :[a,b] — RY is a h—convex interval-valued function, if for all z,y € [a,b] and t € (0,1), we have
(2.1) h(t)F(z)+ h(1 —t)F(y) C F(tx + (1 — t)y).
With SX (h, [a,b], RF) will show the set of all h—convex interval-valued functions.
The usual notion of convex interval-valued function corresponds to relation (2.1) with h(t) = ¢, see [35].
Also, if we take h(t) = ¢° in (2.1), then Definition 1 gives the other convex interval-valued function
defined by Breckner, see [1].

Otherwise, Zhao et al. obtained the following Hermite-Hadamard inequality for interval-valued func-
tions by using h—convex:
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Theorem 3. [/1] Let F : [a,b] — R¥ be an interval-valued function such that F(t) = [E(t), F(t)] and
F € IR (ay),h : [0,1] = R be a non-negative function and h (l) #0. If F € SX(h,[a,b],RY), then
1
1 a+b 1
2.2 F ) (IR) | F(z)dz 2| h(t
@2) 2h (3) (2)-1) / * /
0
Remark 1. (i) If h(t) =t, then (2.2) reduces to the following result:
() agtm v

which is obtained by [35].
(i) If h(t) = t°, then (2.2) reduces to the following result:

b
271 (a;b) > r(IR)/F(x)dx > L“S)if(b)

which is obtained by [16].
In [27] Lupulescu defined the following interval-valued left-sided Riemann—Liouville frac-
tional integral.

Definition 2. Let F : [a,b] — Rz be an interval-valued function such that F(t) = [E(t), F(t)] and let
a > 0. The interval-valued left-sided Riemann—Liouville fractional integral of function f is defined by

x

o Fz) = %a)(m) / (@) F)dt, x> a

a

where I is Fuler Gamma function.

Based on the definition of Lupulescu, Budak et al. in [4] gave the definition of interval-valued right-
sided Riemann—-Liouville fractional integral of function F' by

b

T F(x) = ﬁ(m) / (s —x)* ' F(t)dt, x <b.
x
where I' is Euler Gamma function.
In [38], Tung gave following fractional integrals for interval-valued functions and corresponding
inequalities of Hermite-Hadamard type as follows:

Definition 3. Let g : [a,b] — R be an increasing and positive monotone function on (a,b], having a
continuous derivative g'(x) on (a,b) and F' € TR jq)). The interval-valued left-sided (J&¢. F(x)) and
right-sided (Jbo‘_;gF(x)) fractional integral of F with respect to the function g on [a,b] of order a>0
are defined by

x

o P(z) = ——(IR) / IO piat, v>a
(@)™ 7S [g(x) — g(®)]
and
b
1 g'(t)
a_Fx——IR/ F(t)dt, = <b
Pl T ) o -t
respectively.
Remark 2. (i) If we choose g(t) = Int in Definition 3, the operators Ig. F(z) and Ji_ F(z)

reduce to Hadamard mtemal valued fractional integrals o+, F( ) and b=y F(x), respectively.

(ii) Considering g(t) = p, p > 0 in Definition 3, the opemtors Igs  F(@) and Iy F(x) reduce
to Katugampola interval-valued fractional integrals PI%, F( ) and PI F(m), respectz'vely.
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Theorem 4. [38] Let F : [a,b] — RF be an interval-valued convex function on [a,b] such that F (z) =
[F (2), F(2)] for allz € [a,b] with and g : [a,b] — R be an increasing and positive monotone function
on (a,b] having a continuous derivative g’ (x) on (a,b), then we obtain the following relation

Jg+;gF (l‘) = [Jng;gE(x)’Jng;gF(x)]
TP (@) =[S F(2), Ji  F ()]
where
. I S ') .
Fal @) = nm!wwwwmﬁwm”“ i
b
Kul@ =ty [ s O 7 <

which are defined by Kilbas et al. in [25].

Theorem 5. [17] Let g : [a,b] — R be an increasing and positive monotone function on (a,b], having
a continuous derivative g'(x) on (a,b) and let a > 0. If f is a convex function on [a,b], then

a+b D(a+1) N N f(a)+f(b)

(2.3) f( 5 > < 47g(b) —g(a)]a [Ja+;gc(b)+‘]b—;g§(a)} < -5

where ((z) = f(x) + f(a+b—z) forz € [a,b].

Theorem 6. [38] Let g : [a,b] — Rz be an increasing and positive monotone function on (a,b], having

a continuous derivative g'(x) on (a,b) and let o > 0. If F is an interval-valued convez function on
[a,b], then

F(a)+ F (b)
2

aer F(Ol+1) o a
24) F(*57) 2 T gt Wrea®®) + 35 #(0)] 2

where ®(x) = F(z) + F(z) and F(z) = F(a+b— ) for = € [a,b].
3. INTERVAL-VALUED DOUBLE INTEGRAL AND CO-ORDINATED CONVEXITY
A set of numbers {t;_1,&,t;}, is called tagged partition P; of [a,b] if

P:a=ty<t; <...<t,=b
and if t;_ 1 < & < t; forall i = 1,2,3,...,m. Moreover if we have At; = t; — t;_1, then P; is said
to be d—fine if At; < ¢ for all i. Let P(J,[a,b]) denote the set of all 6—fine partitions of [a,d]. If
{ti-1,&i,ti}i2, is a d—fine Py of [a,b] and if {s;_1,7;,s;}}_; is —fine P of [c,d], then rectangles

Ay = [tir,ti] X [s5-1, 5]

are the partition of the rectangle A = [a,b] x [¢,d] and the points (&;,7;) are inside the rectangles
[ti—1,t:] X [sj—1,s;]. Further, by P (4, A) we denote the set of all §—fine partitions P of A with P; x P,
where P; € P(6,[a,b]) and P, € P(4,[c,d]). Let AA; ; be the area of rectangle A; ;. In each rectangle
A, j, where 1< i <m, 1 <j <mn, choose arbitrary (&;,n;) and get

S(F,P,6,A) = > F(&,mj)A4 ;.

i=1j=1
We call S(F, P,6,A) is integral sum of F associated with P € P(d,A).
Now we recall the concept of interval-valued double integral given by Zhao et al. in [42].

Theorem 7. [j2]Let F : A — Rz. Then F is called ID—integrable on A with ID—integral U =
(ID) [[ F(t,s)dA, if for any € > 0 there exist 6 > 0 such that
A

d(S(F,P,,A)) < e
for any P € P(5,A). The collection of all I D—integrable functions on A will be denoted by TD ().
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6 HASAN KARA, MUHAMMAD AAMIR ALI, AND HUSEYIN BUDAK

Theorem 8. [42]Let A = |a, ¢, d). If F: A — Rz is ID—integrable on A, then we have

(ID) // F(s,t)dA = IR)/( )/ F(s,t)dsdt.

Definition 4. [6/Let F' € L ([a,b] x [c,d]).The Riemann-Lioville integrals jf_fc_ir,j(f‘fd ,+jb_ ot
and Jgf@f of order a,, B > 0 with a,c > 0 are defined by

z

jf+ﬁc+F( y) = F(a;F(B)(IR)//(a:t)O‘l (y—s)’ " F(t,s)dsdt, =>a, y>c,
T d

..7a+”8d F(z,y) = m(ﬂ%)//(m—t)a_l(s—y)ﬁ_lF(t,s)dsdt, T >a, y>d,
1 ab yy

Jb_’ﬁH_F( y) = m(ﬂ%)//(t—x)afl (y—s)ﬁle(t,s)dde x<b, y>c,
b d

jb(f)ﬁdfF(x,y) = I‘i // (s — y)ﬁ_lF(t,s)dsdt, T <b, y<d,
Ty

respectively.

Definition 5. Let g : [a,b] — R be an increasing and positive monotone function on (a,b], having
a continuous derivative g'(z) on (a,b) and let w : [e,d] — R be an increasing and positive monotone
Junction on (c,d], having a continuous derivative w'(y) on (c,d) and F € TR (jqp)x[c,a)- The interval-
valued left sided and right sided fractional integral operators for functions of two variables are defined

by
B o) e — [ [ a0 w/(s) dedh e
Jatretigut (T,Y) T (@) () (IR)G/C/[Q(”“)_Q“)]l_a [w(y)—w(s)]lfﬂF(t’ Ydsdt, x>a, y>c,
z d
5 pe 1 g() w/(s) e
Yok 0= prgrE / / @) — a0 o) (2 e T e sl
by
1 J() w/(s) s )
N A CRNE F(@)F(ﬁ)(IR)x/C/[g(t)—g(x)]lO‘ o) o FF(t,s)dsdt, w<b, y>c
and
1 (0w )
a6 o) e g w'(s Odsdi.
Tty F(“mﬂ)(m)z/ / 90— 9@ (o) w7 O < s
for a, 8 > 0.

Similar the above definitions, we can give the following interval-valued integrals:

ol <;d> = F(lm”R)j 9(2) i/(gtgt>11—“F(t’C;d)dt’ e

Jiof (n57) = F(lnw)(m)/b 90 —glg(gcn”F(t’C;d)dt’ reb
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y
a+b 1 w'(t) a+b
JCB .wF(,y> =—(R / F ,s ) ds, y>c,
A2 ] - w2
and
y
a+b 1 w'(t) a+b
3 <y) —(IR)/ F s )ds, y<d.
A2 L@ ) fw(s) —w(y)] ™"\ 2
Remark 3. (i) Ifwe choose g(t) =Int, w(s) = lns in Definition 5, the operators J]a+ g (T, Y),
Jgﬁd_;g’wF( y), ,,]]b et gl (2,y) and Jb d—g.w L (@, y) reduce to Hadamard interval-valued
fractional integrals \jaﬁchF(:E,y) \jafd F(z,y), 3?;€C+F(m,y) and Js‘fdfF(as,y), respec-
tively.
(ii) Considering g(t) = ;ﬂ andw(s) = =, p,o > 0, in Definition 5, the operators Ja+ g (T, ),

Jaﬁdﬂg’wF(x,y) Iy chng(a:,y) and be i (T,y) reduce to Katugampola interval-

valued fractional integrals p"’]IZ‘fHF(m,y), P ”]Ig‘fd_F( y), P° ]IQ_BCJFF( y) and

PV"HgfdfF(a:,y), respectively.

Now we recall the concept of interval-valued co-ordinated convex functions that is given by Zhao et
al. in [45] as follows:

Definition 6. A function F : A = [a,b] X [c,d] — R¥ is said to be interval-valued co-ordinated convex
function, if the following inequality holds:

F(tz 4+ (1 —t)y,su+ (1 — s)w)
DtsF(z,u) +t(1 —s)F(z,w) +s(1 —t)F(y,u) + (1 —s)(1 = t)F(y,w),
for all (z,u), (y,w) € A and s,t € [0, 1].
[

Lemma 1. A function F : A = [a,b] x[c,d] — R} is interval-valued convex on co-ordinates if and only
if there exists two functions Fy : [c,d] — RY, Fy(w) = F(z,w) and Fy : [a,b] = RE, F,(u) = F(u,y)
are interval-valued convez.

Definition 7. [40] The interval-valued function F : I — R¥ is said to be LR-convex interval-valued
function on convex set I if for all a,b € I and t € [0,1] we have

(3.1) Fta+(1—1)b) <, tF(a)+(1—t)F (),

if inequality (3.1) is reversed, then F is said to be LR-concave on I. F is affine if and only if, it is
both LR-conver and LR-concave.

Theorem 9. [/0] Let I be an convez set and F : I — RE be an interval-valued function such that
F(t)=[E®).F(t)], Vtel

Then F is LR-convex interval-valued function on I, if and only if, F (t) and F (t) both are convex
functions.

Definition 8. [19] A function F : A = [a,b] x [¢,d] — RF is said to be interval-valued co-ordinated
LR-convex function, if the following inequality holds:

F(ta+ (1 —t)b, sc+ (1 — s)d)
<ptsF(a,c) +t(1 —s)F(a,d) +s(1—t)F(b,c)+ (1 —s)(1 —t)F(b,d),
for all (a,b), (c,d) € A and s,t € [0,1].

4. HERMITE-HADAMARD INEQUALITIES FOR LR-CONVEX INTERVAL-VALUED FUNCTION

In this section, we obtain some new Hermite-Hadamard-type inequalities for interval-valued L R-
convex functions.
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Theorem 10. Let F : [a,b] — R be a LR-convex interval-valued function on [a,b] and given by
F(z)=[F(z), F ()] for allz € [a,b]. If F € L([a,b], R¥), then

a+b 1 a o F(a) + F (b)
F( 2 )szx[w(b)w(a)}[aw () + 35, (@) <5 ——5—

where ¥ (z) =F (z)+ F(a+b—x).

Proof. Since F is a LR-convex interval-valued function and Theorem 5, then F and F are convex we

have,
(1) T = Pl 0+ 3 (] < EOTED
and
(4.2) m [Joy WP (0) + I3, (a)] < Fla );F(b)~

From the (4.1) and (4.2) inequalities we get the following expression,

T oy P 0+ 2 (@), (050 0) + 35T (@)
F(a)+F(b) F(a)+F(b)
{ 2 2

From here we get,

1 . Fl+F@)

(4.3) o) —w@)] [J0r ¥ (0) + 35,9 (a)] <, 5

On the other hand, since F' is a LR-convex interval-valued function and using Theorem 5, we have

(1.0 F("5) <ty el 0+ 52 @)
and

(4.5) F (“ i b) < (b)l_ e B )+ 3, (@)
From the (4.4) and (4.5) inequalities we get the following expression,

123 7 ()

=p 4w (b) — w (a)] (I T (0) + T3 ¥ (a)), (Jgy ¥ (b)+ 5 ¥ (a))].

From here we get,

a+b 1
4.6 Fl— <, —————— [J9, V(b AN .
o (%57) = oy —way Bie¥ O 2w 0]
The required result is obtained from the 4.3 and 4.6 inequalities. The proof is completed. 0

Remark 4. If we choose w(t) =t in Theorem 10, then we have the following inequalities for Riemann—
Liouville interval-valued fractional integrals

F(a—;b> SP 4([)1704) [ afi,wll/(b)—’—jbaf,wa (a)] SP w

which is given by Khan et al. in [21].

Corollary 1. If we choose w(t) = Int in Theorem 10, then we have the following inequalities for
Hadamard interval-valued fractional integrals

a+b 1 R
F( ; )Sp 1 ?] (354 W () + 35,V (a)] <, #
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Corollary 2. If we choose w(t) = %, p > 0 in Theorem 10, then we have the following inequalities
for Katugampola interval-valued fractional integrals
a+b p pra pra F (a) + F (b)
F( 2 > Sp 4[bp7ap} [ ]Ia+,w\IJ (b) + Hbf,w\I] (CL)] SP f

5. HERMITE-HADAMARD INEQUALITIES FOR CO-ORDINATED LR-CONVEX INTERVAL-VALUED
FuncrionN

In this section, we establish some new Hermite-Hadamard-type inequalities for interval-valued co-
ordinated LR-convex functions.
Let F' € IR ([a,b)x[c,d))- Firstly, we define the following functions which will be used frequently:

Fi(z,y) = Fla+b—a,y),
Fy(a,y) = Fla,c+d—y),
Fy(z,y) = Fla+b—mz,c+d—y),
Gle.y) = Fla,y)+Fa(ey)
(5.1)
H(z,y) = Fz,y)+ Fi(z,y)
K@y) = Fi(z,y)+ Fs(@,y)
L(z,y) = Fla,y)+ B,y
Flay) = Filx,y)+ Fale,y) + Fs(z,y) + Flz,y)

G(z,y) + H(x,y) + K(z,y) + L(2,y)
2

for (x,y) € [a,b] X [e,d]. Throughout this section, let us note that g : [a,b] — R is an increasing
and positive monotone function on (a, ] and this function also have a continuous derivative ¢’(x) on
(a,b). Furthermore, w : [¢,d] — R is an increasing and positive monotone function on (¢, d], having a
continuous derivative w’(y) on (¢, d).

Theorem 11. Let A = [a,b] x [c,d], if F € L (A, RY) be a interval-valued co-ordinated LR-convex
function, then for a, B > 0 the following Hermite-Hadamard type inequality holds:

(5.2) F(a—2|—b7c—|2—d)
MNa+1DI'(B+1)
16 [g(b) — g(a)]* [w(d) — w(c))’

< (188 g PO )+ T 0y . 0) T Fad) + 357 Flas0)

—p

F(a,c) + F(a,d) + F(b,c) + F(b,d)
>~p 4 5
where the function F is defined as in (5.1).
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10 HASAN KARA, MUHAMMAD AAMIR ALI, AND HUSEYIN BUDAK

Proof. Since F' is an interval-valued co-ordinated LR-convex mapping on A, we have

F<u+v p+q) F(u,p) + F(u,q) + F(v,p) + F(v,q)
9 9 )P 4

(5.3)

for (u, p), (v,q) € A. Now, for t,s € [0,1], let u =ta+ (1 —¢t)b, v = (1 —t)a+1tb, p = cs+ (1 —s)d and
q = (1 — s)c+ sd. Then we have

a+b c+d
(5.4) F (2, 2)
<, %F(ta + (L= tbyes + (1— s)d) + %F(ta + (1= )b, (1 — s)e+ sd)

—I&F((l — Ha+tb,es + (1 — s)d) + iF((l — attb, (1 s)e+ sd).

Multiplying both sides of (5.4) by

(b—a)(d—rc) g (1 —t)a+1tb) w' (1 —s)c+ sd)
C(@)T(B)  [g(b) — g (1 — t)a+tb)]' ™ [w(d) — w (1 — s)e + sd)]*?

and integrating the resulting inequality with respect to t, s over [0,1] x [0,1], we get

(b—a)(d—rc) a+b c+d Il g ( 1—ta+tb)
I'(a)T(B) F( ) IR) O/O/[ (1 —t)a +tb)]'~
w' ((1 = s)c+ sd)
[w(d) = w ((1 = s)e+ sd)]'

(b—a)(d-c) Iy g ( 1fta+tb)
> “Irar@) R)O/ 0/ l T
w ((1—s)c+ sd)

[w(d) —w ((1 - s)c+ sd)]*°

IR //[ - 11_fta++ti)z>)]1a

X

] dsdt

X

F(ta+ (1 —t)b,es + (1 — s)d)] dsdt

w' ((1— s)c+ sd) . B ]
" [w(d) —w((1 —s)c+ Sd)]lfﬁ F(ta+ (1 —1)b, (1 Je+ sd) | dsdt
b —2) g (1 —t)a+1b)
IR //[ (1 —t)a+tb)]' ™
X w ((1—s)c+ sd) F(1-t)a+tbyes+ (1 — s)d)] dsdt

[w(d) = w (1= s)e+sd)]' ™"

g ( 1—ta+tb)
IR //[ (1 —t)a + th)]"
w' ((1 = s)c+ sd)

[w(d) —w (1 = 8)c + sd)]"° dsdt.

X F((1-t)a+tb, (1 —s)c+ sd)
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ON HERMITE-HADAMARD TYPE INEQUALITIES... 11

By a simple calculations, we have

//1 g' (L —t)a+tb) w' ((1—s)c+ sd) dsdt — 1900) = 9(a)]” [w(d) — w(c))”
J (1 = t)a+th)]"™* [w(d) — w ((1 — s)c + sd)]'° apf(b—a)(d—c) '

Using the change of variables 7 = (1 — t)a + tb and n = (1 — s)c¢ + sd, we obtain

b d
b g (r) w' (1) b g
Spﬂwmrm%””//megvnkamuyﬂmmﬂ”F(+b oA

b d
I 7 W
A | | G g @

b d
v g (1) w' (n) . B :
RCNE (IR)// [g(b) — g w )]H;F( ,¢+d —n)dnd

F(r,n)dndr

1 a T~ a, T~ a, T~ a,
= 1 el s o) 4 T5L g W FL 0, ) + 33 g Fo (0, ) + 3L, F (b,

= I s g F0.d).
That is, we have
G LAl p0rb ot d) L g
Similarly, multiplying both sides of (5.4) by
(b—a)(d—c) g (1 —t)a+ tb) w' (1= s)c+ sd)
D(@T(B)  [g(b) =g (1 = t)a+tb)]' ™ [w ((1 = s)c + sd) — w(c)]'”
and integrating the obtained inequality with respect to ¢, s over [0,1] x [0, 1], we obtain
(5.6) lo® _F(‘(’OE‘T;[&(B‘Z_I;U(C)]B F (“ L d) S L0y F(BrC).
Moreover, multiplying both sides of (5.4) by
(b—a)(d—c) g (1= t)a + tb) w' (1= s)c+ sd)
C(@)T(B)  [g((1—t)a+tb) — g(a)]' ™ [w(d) — w (1 — s)c + sd)]**

and
(b—a)(d—c) g (1 —t)a+tb) w' (1 —s)c+ sd)
(@) [g((1—t)a+ 1) —g(a)]° [w((L—s)e + sd) —w(c)] ?
then integrating the established inequalities with respect to ¢, s over [0, 1] x [0, 1], we have the following
inequalities

[9(b) — g(a)]* [w(d) —w(c)]”  (a+b c+d .
(5.7) T(a+ 1B+ 1) F( 5 9 )Sp 1% L g (@, d)
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12 HASAN KARA, MUHAMMAD AAMIR ALI, AND HUSEYIN BUDAK

and

lg(b) — g(a)]* [w(d) —w(c))’  (a+b c+d o
(58) T(a + DI(3 + 1) F( R >§p 20w (a0),
respectively.

Summing the inequalities (5.5)-(5.8), we get
a+b c+d
()
Fla+1DI(B+1)
7 1619(0) — 9(@))” [w(d) — w(e))”

$ [Tl g F O ) + 3oL oy FO,0) + Ty Flasd) + T W Fla,0)]

This completes the proof of first inequality in (5.2).
For the proof of the second inequality in (5.2), since F' is a co-ordinated LR-convex, we have

(5.9) F(ta+ (1 —1t)b,cs+ (1 — s)d) + F(ta+ (1 — )b, (1 — s)c + sd)
+F((1 —t)a+tbcs+ (1 —s)d) + F((1 —t)a+tb, (1 — s)c+ sd)

<p F(a,c)+ F(a,d)+ F(b,c) + F(b,d).
Multiplying both sides of (5.9) by
(b—a)(d—rc) g ((1—t)a+tb) w' ((1 —s)c+ sd)
C(@)T(B)  [g(b) — g (1 = t)a+tb)]' ™ [w(d) — w (1 — s)e + sd)]*
and integrating the resulting inequality with respect to ¢, s over [0,1] x [0,1], we get

(b—a g (1 —t)a+tb)
IR //[ (1 —t)a+ b))~
w' ((1 —s)c+ sd) u — b.es s <
x[w(d)_w<(1_$)c+sd)]1_ﬁF(t +(1—t)bes+ (1 )d)}ddt

1 1
(b—a)(d—c) g (1 —t)a +tb)
+ L(a)T(B) (IR)O/O/ [[g(b) —g((1=t)a+th)' ™™
w' ((1 = s)c+ sd)
[w(d) —w ((1 = s)e+sd))' ™7

( Iy g’ ((L —t)a+ tb)
IR o/o/l —g((1=t)a+th)]"~

w’ (1 —s)c+ sd)
@ —w (st s

1 1
“rrcr | | (i
w (1 - s)e + sd)

s [w(d) —w((1 = s)e+sd)] F((1—=t)a+1tb, (1 - s)c+sd)

dsdt

F(ta+ (1 —t)b, (1 —s)c+ sd)

F((1-t)a+tbes+ (1 — s)d)} dsdt

g ( 1—ta+tb)
(1 —t)a + th)]

dsdt
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ON HERMITE-HADAMARD TYPE INEQUALITIES... 13

<, ! - (Z))g 72 (Pl0.0) + Fa.d) + F(b.0) + F(5. )
11
«(IR) g’ 1—t)a+th) w' ((1—s)c+ sd) dsdt.
O/O/ (1= t)a+ b))~ [w(d) — w (1 — s)c + sd)]*

Then, we get

I3L etiguwF(bsd) 4+ T g F1 (0, d) + 36 g o Fa (b, d) + 302 g F (b, )

lg(b) — g(a)]* [w(d) — w(c))”

<, [F(a,¢) + F(a,d) + F(b,c) + F(b,d)] T(a+ DG 1) ,
that is,
(5.10) Pla+ HIB+1) @B F(bod) <, Fla.¢) + Fa,d) + F(b,¢) + F(b, d).

l9(b) = g(@)” [w(d) — w(e))”" T

Similarly, multiplying both sides of (5.9) by

(b—a)(d—rc) g (1 —t)a+tb) w’ ((1—s)c+ sd)
@) [gb) —g((1L— ta+ )] [w((1— s)e+ sd) —w(@] 7

(b—a)(d—rc) g (1 —t)a+tb) w' ((1—s)c+ sd)
D(@T(B)  [g((1—t)a+tb) — g(a)]'™* [w(d) — w ((1 — s)c + sd)]*

and
(b—a)(d—rc) g (1 —t)a+tb) w ((1—s)c+ sd)
C(@T(B)  [g((1—t)a+tb) — g(a)]'™* [w ((1 = s)c + sd) — w(c)]'?

integrating the resulting inequalities with respect to ¢, s over [0,1] x [0,1], we establish the following

inequalities

G s F(;;]?[zj(é )“L(C)] TP F(5,0) <y Flay) + Fla,d) + F(b,c) + F(b,d),
(5.12) oo f;cz C;:]}X);}(Z )—i_—lzu(c)]ﬁ o0 owFla,d) <, Fla,e) + F(a,d) + F(b,¢) + F(b,d),
and

(5.13) 0 f(ga ;] i)[Fw((f; )+_1)w(c)}5 g Flasc) <p Fla,c)+ Fa,d) + F(b,c) + F(b,d),
respectively.

By adding the inequalities (5.10)-(5.13), we have the inequality
Mla+1)T(B+1)
[9(b) — g()] [w(d) — w(c)]”

$ T g O ) 4 T 4y W F,0) + T3 W Fad) + 350, Fas)

(5.14)

<, 4[F(a,c)+ F(a,d)+ F(b,c) + F(b,d)].

If we divide the both sides of inequality (5.14) by 16, then we have the second inequality in (5.2).
This completes the proof. O
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14 HASAN KARA, MUHAMMAD AAMIR ALI, AND HUSEYIN BUDAK

Corollary 3. If we choose g(t) =t and w(s) = s in Theorem 11, then we have the following inequalities
for Riemann—Liouwville interval-valued fractional integrals

F(a—i—b’c—kd)
2 2

—p

Pla+DI(B+1) [ as o .8 .8
bewawfdﬁL%+HFwd%hL _F(b,c) + T Fla,d) + Ty Fla,)|

F(a,c) + F(a,d) + F(b,c) + F(b,d)
p 4 :
Corollary 4. Under assumption of Theorem 11 with g(t) = Int and w(s) = Ins, then we have the
following inequalities for Hadamard interval-valued fractional integrals

F(a+b’c+d)
2 2

Fla+1DT(B+1) r.a . . N
- b1% 1y, 417 [‘J“fv“r]:(b’ d) +‘Ja+ﬁd—}-(b c) + bchr]:(aa d) +3, ﬁd Fl(a,c)
16 [In 2]" [In 4]

F(a,c)+ F(a,d) + F(b,c) + F(b,d)
>p 4 .

Corollary 5. Under assumption of Theorem 11 with g(t) =
the following inequalities for interval-valued Katugampola fractional integrals

7 (a + b’ c+ d)
2 2
L(a+ 1)I(B + 1)p*a?
" 16[be — a?)® [d — co]°
F(a,c) + F(a,d) 4+ F(b,c) + F(b,d)
—p 4 .
Theorem 12. Let A = [a,b] x [c,d], if F: A — RE be an interval-valued co-ordinated LR-convex on
A, then for a, 8 > 0 the following Hermite-Hadamard type inequality holds:

a+b c+d
1 F
s (50

a+b B a+b

st a0 (500) +38 (S5)|
( +DI(B+1)

16 [g(b) — g(a)]* [w(d) — w(c))”

) TP g F o) + T2 JF ) + 352 W Fland) + TP, gwf(a,c)}

<

t* _ s
= and w(s) = >, p,o > 0, then we have

P F o) + I Fb 0+ T Fla.d)+ 2T, Flac)

—p

I'a+1)
=1 1679(b) — g(@)]”

L(B+1)
16 w(d) — w(c)]

F(a,c) + F(a,d) + F(b,c) + F(b,d)
>p 4

[ a+; gH (b C) + Ja+ Nl (b7 d) + Jbaf;gH (a7 C) + J(blf:,gH (a> d)}

[Jch wg (CL d) + Jc+ wg (b7 d) + JS_;wg ((l, C) + Jg—;wg (bv C):|
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ON HERMITE-HADAMARD TYPE INEQUALITIES... 15

where the function H,F and G are defined as in (5.1).

Proof. Since F is an interval valued co-ordinated LR-convex on A, if we define the mapping hl :
[c,d] — R, hl(y) = F(x,y), then hl(y) is convex for all x € [a,b] and HL(y) = hl(y) + hl(y) =
F(z,y) + Fa(z,y) = G(z,y). If we apply the inequalities (2.4) for the convex function hl(y), then we

have
fetd) o T(BEY B () + 1 (d)
hm( 2 )<p 4[w(d)—w(c)] [Jchw ac( )+°]]d wH () < 5 ,
that is,
c+d
F(”Cz)
(5.16)
d d
i w(y) w'(y)
<p———— |UR —G(x,y)d IR —_G(a,y)d
4w(d) — w(c)]’ ( )C/[w(d)_w(y] —5G(z, y)dy + ( )c/“’y T (z,y)dy
<, F(z,c)J;F(;c’d).

Multiplying the inequalities (5.16) by

and

[9(0) = 9(a)]" [g(x) — g(a)] "
then by integrating the obtained results with respect to x from a to b, we get

" 4fg) F(Ziﬁf[if; ”WW DR X R e 0]
Sp M (1%, F (b,¢) + IS4, F (b,d)]

and

(5.18) m% . ( c—;—d)
< T (o (@) P e 1 500)
Sp M (3§, F (a,¢) + I, F (a,d)]

respectively.

On the other hand, since F' is a co-ordinated LR-convex on A, if we define the mapplng h? :
[e,d] = R, h2(y) = Fi(x,y), then h2(y) is convex for all z € [a,b] and H2(y) = h2(y )+h2( ) =
Fi(z,y) + F3(z,y) = K(z,y). If we apply the inequalities (2.4) for the convex function h2(y), then we

have
crd) o, TBHD s ey g ) <, EOERE@
hz < 2 ) - 4w(d) —w(C)]B [JCJ““’Hw(d) +Jd*;le( )| <» 2 )

A=)
2
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16 HASAN KARA, MUHAMMAD AAMIR ALI, AND HUSEYIN BUDAK

d d
w' (y) w’
R)/[w(d)—ugj _,@ICI y)dy + (IR) / y 1 BIC(:c,y)dy

Fi(z,¢) + Fy (z,d)
ip 2 .
Similarly, multiplying the inequalities (5.19) by

and

l9(b) — g(a)]” [g(z) — g(a)]" ™™

then by integrating the obtained results with respect to « from a to b, we get

_Tlat+l) g0 5, ctd
(5.20) )t <b, : )
Fla+1)I(B+1) of
Sp P Jy c ;g,w/C b,d Ja gwlC b, c
4[g(b) — g(a)]* w(d) — w(c)])” [ et (0,d) +Ja1a- ( )}
S S0 g oot () 150 B (00
and
M « T~ a ﬂ
(5.21) 70 = oo F ( = )
Pa+1)0(B+1)
<p o J . gw/Cad J™ gw’CChC
4[g(b) — g(a)]* [w(d) — w(c)]’ {b +; (a,d) +J,2 d (a,c)
M a a.c o = a
—-r 2 [g(b) — g(a)]a |:°Hb*§gF1 ( ) ) +Jb7;gF1 ( ,d):| s
respectively.

Moreover, if we define the mapping hy, : [a,b] = R, h,(x) = F(z,y), then h,(z) is convex for all
y € [¢,d] and H(z) = hy(zx) + hl(x) = F(z,y) + E(z,y) = H(x,y). Applying the inequalities (2.4)
for the convex function hj (x), then we have

(57) = ap—ar B HORIHU)
5 (*57) S0 1 = g BenatO) @) < PO

that is,

(5.22) F (a;b,y>

a

Sp TN a

—" 4[g(b) - g(a)]
Fla,y) + F (b, y)

—=p 2 .

Multiplying the inequalities (5.22) by

b
R [ — 9 e de s (IR
( )a/ o) — gl IR

Q\O_
(Q\
—~
S
~
X
8
<
~—
QU
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ON HERMITE-HADAMARD TYPE INEQUALITIES... 17

and
B w'(y)
[w(d) —w(e))” [w(y) - w(e)]™”
then integrating the established results with respect to y from c to d, we obtain the following inequalities

(5.23) MJ&WF <“ ; b,d)
@ 0 o) e KD+ T M)
< [wféf :izc)] 5 [0 (a,d) + 32, F (0, d)]

and

(5.24) MJQWF (a ; b,c)
" 150 o) P o MO0 B M0
< [wfg} _:izc)] 5 [0 P @0+ T F b0,

respectively. s
Furthermore, if we define the mapping h? : [a,b] = R, h2(x) = Fy(x,y), then hZ2(x) is convex for all
y € [c,d] and HZ(x) = h2(z) + h2(z) = ﬁ;(x, y) + E(x, y) = L(x,y). Applying the inequalities (2.4)
for the convex function h2(x), then we have
h2 (a) + hZ (b)

, (a+b Ia+1) 2 Ty \ &) Ty A9
h( 2 )Sp 1) —gla)® Jara?a®) + Bty (@)] <y 2 ’

i.e.

(5.25) Fy (a;rbhu)

b b
« g’(x) g/(x)
T —aane |UR L(z,y)dz + (IR L(z.y)d
= 1 —s(@l” || )a/ g e+ R [ et e
E(a’v y) + ﬁ; (b; y)
>p B) .
Similarly, multiplying the inequalities (5.25) by
g w'(y)

and

B w'(y)
[w(d) — w(e)]” [w(y) —w(c)]' ™"

then integrating the obtained results with respect to y from ¢ to d, we obtain the following inequalities

ERACES VR ath
(5.26) [w(d) — w(c)]ﬁj” WP ( 2 ’d>
Sp F(a + I)F(B T 1) {Jgﬁc+;g7wﬁ(b d) + Jb ,ct+39g, wﬁ(a” d)

41g(b) — g(a))* [w(d) — w(c)]’
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18 HASAN KARA, MUHAMMAD AAMIR ALI, AND HUSEYIN BUDAK

ERCES I )
=p 2 [w(d) _ w(C)] |:Jc+ wF2 ( d) +JC+ wF2 (b7 d)
and
M B8 o L—M .
(5.27) [w(d)—wc)]ﬁjd;wFQ( ) )
Do+ DI(8+ 1) y
>p o Ja 7.g,w£ b, c —|—J gw‘c a,c
4[g(b) — g(a)] [w(d),w(c)]ﬁ [ +,d—; (b, c) P d ( )]
gp 2[w(d) 'LU(C)] |:Jd sw ( )+Jd w (b ) ,
respectively.

Summing the inequalities (5.17), (5.18), (5.20), (5.21), (5.23), (5.24), (5.26) and (5.27), we have the
following inequalities

g gt oo (2 57) +30r (057)
+12, , Fy (b +d> + I B (a, C;d)]

o e 2 ()
+3°, . B <a;b >+J (a;b, )]

P(a+ DI(B +1)
" 4g(b) — g(a)]” fw(d) — w(e))”

X |:JZ[,+B,C4>;g,wg(b d) +Ja+ d— gwg(b C) +Jb c+gwg(a d) +Jb ,d— gwg(a7c)

+Ja+c+gwlC(b d)+Ja+d g0 C)+Jb_ ergkla, d)+J]b g wk(a,c)
+Ja+ c+ng(b d) J’_u]] C+ng(a d) +Ja+d ng(b C) +Jb d— ng<a7C)

+Ja+ ctrgwl(b,d) + Ty L(a,d) + Ja+ d—gL(byc) + Iy L(a,c)

c+gw d 39w

TN(a+1) [
~" 2[g(b) - g(a)]"

+I%, FL (b o)+ 10 Fy (b,d) + T3y By (a,0) + J5, P (a, d)]

Jai g (b,c) +I54  F (b,d) + Ip_ , F (a,¢) + Jy_ , F (a,d)

N L(B+1)
[w(d) — w(c)]”

024 P 0, d) + T2 Fo (b, ) + T P (a,) + 37, F (b, )] -

|:°Hc+ w ((l d) + J(‘+ w (bv d) + Jg—;wF (a’ C) + Jg—;wF (b7 C)

That is, we have

sy e (057 ()
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e ﬂ+1 ﬁ{ﬁw CHW >+ﬁnﬂ(“;50}

I‘(a+ JT(B+1)
2[g(b) — g(a)]* [w(d) — w(c))”

X [Jgﬁch;g,wF(b d)+Ja+d gw‘F(b C)+Jb c+gw‘7:(a d)+"]]b ,d— gwf(a7c):|

I'a+1)
= 2[g(b) — g(a)]”

L(B+1)
5@@512X5F[“1mg(“d*+%+wg“¢”+35ﬂ#”a0>+ﬂdléﬂhcﬂ

which completes the proof of the second and third inequalities in (5.15).
On the other hand, from the first inequality in (2.4), we have

(5.28) F <a;b>

[ a+; gH (b C) + Ja+ g (b7 d) + J?,;QH (CL, C) + Jl?:;gH (a, d)]

b

_ 9@ p 0t b ) de
+ | G g F@ + Pt ”d]'

Since F' is interval-valued co-ordinated convex on A, by using the inequality (5.28), we obtain

(529) F <a+b c+d>

a

2 72

b /
< g | | i () +F (o 5

+(IR)/bM {F(az,cgd> +F<a+b—x,cgd>]dx]

a

- (5 5 1)

and similarly we have

a+b c+d
(5.30) F< 5 ' g >

8
" 4fw(d) — w(e)’

UR)Z[w(d;UL@g(y)P P () e (5 e a4
)”

*”R)C/d i | (5) + (5

e () (23]

Combining the inequalities (5.29) and (5.30), we obtain the first inequality in (5.15).
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From the second inequality in (2.4), we have
b
(5.31) me /‘ _[F(x) + Fa+b— )] da
b

+(IR) / [g(a:)g—(xg)(a)]a [F(z)+ F(a+b— )] dx]

< F(a) —Qi— F(b)
By using the inequality (5.31), we obtain the following inequalities

'« F(a,c)+ F(b,c
(5.32) Mﬂéjggw[a+ﬁﬂbd+ﬂ Hia0) <, DI EI0O
(5.33) T Bt ) + 3 ()] <, DD TR,

T(B+1) u 3 e F(a,c)+ F(a,d)
(5.34) Z@}@ij;aﬁf{LﬁwG(,d)+J@ﬂwQ(,)}ép 5
and

T(B+1) F(b,c) + F(b,d)
(5.35) Tt — @ Pernd G+, 0 (0] <, —==5—=m

Combining the inequalities (5.32)-(5.35), we obtain the last inequality in (5.

This completes the proof completely.

15).
O

Corollary 6. If we choose g(t) =t and w(s) = s in Theorem 12, then we have the following inequalities

for Reimann-Liouville interval-valued fractional integrals

F<a+b7c+d>
2 2

(5 ()

(
“amar [ (50 ) w2 ()
Ha+D(5+U[

PAb—a)*(d-o)®
Fa+1)

Teen P o, d) + T F(b,0) + T Fla,d) + T35 _Fla,o)|

< f[ w F (byc) + T F (byd) + T F (a,¢) + Ty F (a,d)]

>p 8 a)a

(b
L(B+1)

8(d—c)’
F(a,c) + F(a,d) + F(b,c) + F(b,d)
—p 4 .
Corollary 7. Under assumption of Theorem 12 with g(t) = Int and w(s)
following inequalities for Hadamard interval-valued fractional integrals

a+b c+d
F
Gy
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1) d d
S [ o) rann (5|
ln 2
BJrl <a+b > Nﬁg<a+b )]

(og—i—l)Fﬁ—!—l) gouh b,d) + b, c @B a,d) + O’B a,c
< 5 ] (]’ 5 00 F O ) + 3L F 0,0 + 35 Fla,d) + 357 Flas)
m (o, H (b,c) + 35, H (b, d) + J5_H (a,¢) + J5_H (a,d)]
+16(€+d?5 [:féig (a,d) +3°,.G (b,d) +35_G (a,¢) + 35 G (b, c)}
F(a,c) + F(a,d) + F(b,c) + F(b,d)
>p 4 .

Corollary 8. Under assumption of Theorem 11 with g(t) = % and w(s) = <, then we have the
following inequalities for interval-valued Katugampola fractional integrals

F(a—kb’c—ﬁ—d)
2 2

Hat Dot {pﬂiﬂi (b, C;d> + I (a, o d)}

—P 8 [b — ar] 2
LB+ 1) { <a+b d) orf (a+b )}
Tel@r e | oY AT

L(a+1I(B + 1)p*0”
P16 b0 — ar]* [do — )"

[p"’]lgchr]-‘(b, d)+ 712 F(be)+ P10 Fla,d) + 1P, Fla,c)

I'(a+1)p%c”

>p W [pﬂgﬂ'l(b,C) + PIG,H (b,d) + PIy_H(a,c) + pHg“_H(a,d)]

I'(B+ 1)05 - , i i
16[d” — co]? 1 G (a,d)+ TG () + 7T} G(a,0)+ 713G (b,0)]
F(a,c) + F(a,d) + F(b,c) + F(b,d)
—p 4 .

6. CONCLUDING REMARKS

In this research, authors established Hermite-Hadamard type inequalities for interval-valued L R-
convex functions and co-ordinated interval-valued LR-convex functions. The results in this paper are
the extension of several previously obtained results. Interested author can find more new integral
inequalities another type co-ordinated interval-valued convexity.
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