EXISTENCE OF POSITIVE PERIODIC SOLUTIONS FOR A
NONLINEAR IMPULSIVE DISTRIBUTED DELAY
LOTKA-VOLTERRA DYNAMIC SYSTEM ON TIME SCALES

IBTISSEM DAIRA, ABDELOUAHEB ARDJOUNI

ABSTRACT. In this manuscript, we study the positivity and periodicity of solutions
for a nonlinear impulsive distributed delay Lotka-Volterra dynamic system on time
scales. We provide sufficient conditions for the existence of positive periodic solutions
by using Krasnoselskii’s fixed point theorem. The findings from this study extend
the findings of Benhadri and Caraballo [§].

1. INTRODUCTION

The idea of time scale analysis, which unites the conventional fields of continuous and
discrete analysis into one theory, was first suggested in 1988 by German mathematician
Stefan Hilger in his doctoral thesis [16]. Following the release of two textbooks in
this subject matter by Bohner and Peterson [I0] and [I1], an increasing number of
researchers began to work in this rapidly expanding area of mathematics.

The conventional fields of differential and difference equations are combined in the
study of dynamic equations. It enables one to manage these two study fields concur-
rently, illuminating the causes of their apparent discrepancies. In fact, by analyzing
the more general time scale example, see [I[-]7], [9]-[17] and the references therein,

numerous novel results for the continuous and discrete situations have been achieved.
Benhadri and Caraballo [8] investigated the positivity and periodicity of solutions

for the impulsive distributed delay Lotka-Volterra differential system

’(/JZ (1) = ¢ (7) [Uk Zakz Z bri (1) fi (s (T =13 (7))

N

Ckz / Dkz gl (Q;Z)'L( )) y T 7é Tl |l € N* = {1’27'“}7
1
(

1=

e (1) = (777) = Iu (7,9 (1)), 7 = 7y, | € N™. (1.1)

By applying Krasnoselskii’s fixed point theorem, the authors demonstrated the posi-
tivity and periodicity of solutions and improved the findings in [19].

Let S be a periodic time scale such that 0 € S. In this manuscript, we extend the
findings in [§] by proving the positivity and periodicity of solutions for the nonlinear
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2 I. DAIRA, A. ARDJOUNI

impulsive distributed delay Lotka-Volterra dynamic system

v (7) =Py (7 [ Zam me ) fi (1 (7 = 7i (1))

—chm/T Dii (7,6) g (3 () As| . 7 # 71, L € N, 7 € 8,
i=1 —o°

v ) v () = - it

fork=1,...,N,wheret; € S, h;, fi,g; € C (R+,R+), Dy € Crg (S X S,R+), iy Opiy Cri €
Crqg (S,Ry), 1 € Crg (S,S) and v, € RT (S,Ry) for k,i = 1,..., N. Moreover, the ex-
pression 1, (Tl ) Uy, (Tl ) denotes the impulse at moment 77, ¥, (7‘[) and Y, (TZJF)
stand for the the left-hand and right-hand limits of 1, (7) at the impulsive moment 7,
respectively, and Iy € Cyq (S x Ry, Ry ), I € N*. We suppose that there exists ¢ € N*
such that

=7, 1 € N". (1.2)

Ti4g+r1 = T1 + @, Ik(l+q+1) (Tl+q+17 z/Jk: (Tl+q+1)) =In (Tlv wk (Tl)) , Le N*,
where 0 < 71 < 72 < ... < 74 < w. Since we are looking for the existence of periodic
solutions to (|1.2)), it makes sense to suppose that
agi (T+@) = agi (1), ri(T+@) =71 (1), Dpi (T + @, 0+ @) = Dy (7,1),
bii (T+ @) = bgi(7), cri(T+@) =k (1), vp(T+@) =vi (1), ki=12,...,N,

with 7 —r; () €Sand (1) >rf >0forallT7€8S,i=1,...,N.

To demonstrate the positivity and periodicity of solutions for , we transform
(1.2) into an equivalent integral system and then use Krasnoselskii’s fixed point theo-
rem. Finally, to demonstrate the reliability of our findings, we provide an example.

2. PRELIMINARIES

Definition 1 ([I0]). A time scale S is an arbitrary nonempty closed subset of R.

Definition 2 ([I0]). Let S be a time scale. The forward and backward jump mappings
o,p:S — S and the graininess mapping i : S — Ry are defined, respectively, by
o(r)=inf{teS:v>7}, p(r)=sup{reS:v<7}, p(r)=0(1)—7.

A point T € S is called left-dense if T > inf S and p (1) = 7, left-scattered if p (1) < T,
right-dense if T < supS and o (1) = 7, and right-scattered if o () > 7. If S has a
left-scattered mazimum M, then S* = S\{M}. Otherwise, we define S* =S. If S has
a right scattered minimum m, we define S, = S\ {m}. Otherwise, we define S, = S.

The next two definitions are borrowed from [7] and [17].

Definition 3 ([I7]). A time scale S is w-periodic (w > 0) if T+ w € S for all T € S.
For S # R, the smallest positive w is the period of S.

Remark 1 ([I7]). The w-periodic time scale S is unbounded below and above.

Definition 4 ([I7]). Let S # R be an w-periodic time scale. The function ¢ : S — R is
w-periodic (w > 0) if there is a smallest Ng € N* such that w = Now, ¢ (T £ w) = (1)
for all T €8S.
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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 3

Remark 2 ([17]). If S is an w-periodic time scale, then o (T + Now) = o (1) £ Now
and p (T + Now) = (7).

Definition 5 ([10]). The function i : S — R is rd-continuous if it is continuous
at every right-dense point T € S and its left-sided limits exist, and is finite at every
left-dense point T € S. The set of rd-continuous functions ¢ : S — R is denoted by

Crd = Crd (S) = Crd (Sv R) .

Definition 6 ([10]). Let ¢ : S — R and 7 € S*. We define > (1) (if it exists) with
the property that for every € > 0 there is a neighborhood U of T such that

‘1/)(0(7’)) — (1) —z/JA (1) (o (1) —L)‘ <elo(r)—1t| forall.eU.

We call Y,ZJA(T) the A-derivative of 1 at 7. We say that v is A-differentiable in S' if
1/1A(7') exists for all T € S*. The function ™ : S — R is said to be the A-derivative of
¥ in S*.

Now, we state some properties of the A-derivative of ¢. Note 97 (7) = ¢ (o (1)).
Theorem 1 ([I0]). Assume 1, :S — R are A-differentiable at 7 € S® and let o be a

scalar.
(1) (@ +9) (1) =92 (7) + ¢ (7).
(2) (Oﬂﬁ)f(ﬂ = ap™ (7).

(3) The product rules
W) (1) = ¢
We)® (1) = ¢
(4) If ¢ (1) 7 (1) # 0 then

<w>A (= V2o - v (D (1)
e (M

2

Definition 7 ([10]). A function v : S — R is said to be regressive provided 1 +
w(T)v(T) # 0 for all T € S*. The set of all regressive rd-continuous function v : S — R
1s denoted by

R=R(S)=R(S,R).
The set of all positively regressive functions R, is given by
RT=RY(S,R)={veR:1+u(r)v(r) >0 for all T € S}.
Definition 8 ([10]). Let v € R. The exponential function on S is defined by

ey (T,1) = exp (/T Eus) (0 () As) foruv, T €S,

where &, (z) is a cylinder transformation introduced in [10, Definition 2.21].

Remark 3 ([10]). Ifv € RY, thene, (1,¢) > 0 for allT € S. Also, the exponential func-
tion ¥ (1) = e, (1,1) is the solution to the initial value problem ™ (1) = v (1) (1),

Y () =1.

We give the exponential function properties in the next theorem.
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4 I. DAIRA, A. ARDJOUNI

Theorem 2 ([10]). Let v € R. Then
(1) ey (1,0) =1 and e, (1,7) =1,
) 0(1).0) = (14 (o) eu ().
(3) eo(m20) = €on ST, L) where ©v (T = —W,
(4) €y ( 7L) = eu(tr) Couv (Lv T) )
(5) ey (T,0) €y (Ly8) = ey (T, 8),
(6) €2 (.,1) = vey (-,0) and( L )A—— v(r)
v o\ - AN ev(.,7) - eg(.m)”

Theorem 3 ([9]). Let S be an w-periodic time scale. If v € Crq(S) is an w-periodic
function (w = Now), then

b+w b
/ U(S)As:/v(s)As, ey (b+w,a+w) =ey,(bya) ifveR,
at+w a

and ey, (T + @, 7) is independent of T € S whenever v € R.

Lemma 1 ([1]). If v e R™, the

0 < ey (r,0) <exp </ U(S)As), VT € S.

Corollary 1 ([1]). Ifv € R" and v(r) <0 for all T €S, then for all L € S with + < T
we have

~
0 <ey(r,t) <exp </ v(s)As) < 1.
L
Next, we give the cone definition and Krasnoselskii’s fixed point theorem.

Definition 9 ([18]). Let Q be a closed nonempty subset of a Banach space B. We call
that Q is a cone if

(1) ap + By € Q for all Y, € Q and all o, f > 0,

(2) ¥, —1 € Q imply ¢ = 0.

Theorem 4 ([I8]). Let E be a Banach space, and let Q C E be a cone in E. Assume
that Q1 and Qo are open subsets of B with 0 € Qq, Q1 C Qg and let

d:0N (ﬁg\Ql) — Q,
be a completely continuous mapping such that either
(29[| < [l for € XN OQ and [y = ||| for i € 2N Oy,

or
(@[ = [[9f| for o € QN IR and || @[ < [[¢f| for i € QN IQ,.
Then ® has a fixed point in N (ﬁg\ﬂl).

3. EXISTENCE OF POSITIVE PERIODIC SOLUTIONS
Let w > 0 with @w € S and if S # R, w = Ngw for Ny € N*. We denote

[a,b) ={T€S:a <7 <b},

unless otherwise specified. The intervals [a,b), (a,b] and (a,b) are defined similarly.
The next lemma is fundamental to our findings.
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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 5

Lemma 2. The function ¢ is an w-periodic solution of if and only if ¢ is an
w-periodic solution of the following system

T+w
Yy (1) :/ (To0) ¥ (0 [Z ai ( )+ Zbkz ) fi (i (= 7i (1))

+Z% / Dyi (1,5) 9i (¢, (s ))A<] A

+ Z Gk; (TaTZ)Ile (Tlawk (Tl))v k = 1a"'7Na (31)
T<7<T+wW
where
Gr(ry) = Lou @) 1N (3.2)
’ 1 —ecy, (w70) T ’ ’ ’
such that

1 # eqy,, (w,0), k=1,...,N.

Proof. Let 1 be an w-periodic solution of (1.2). For any 7 € S, there exists | € N*
such that 7; is the first impulsive point after 7. Multiplying both sides of (1.2)) by
eew, (0 (7),0) and then integrating from 7 to u € [, 7], we get

[ 0 e, G012 A
U N

-/ e@“k<U<L>’°WW>{—Z%<L> me ) i (i (=i (1))
T 1=1

N L
0 / Dyi (4,5) 9i (¥; (<)) Ac} A,
i=1 —o0

u N
Uy, (u) =1y, (T) Couy, (Ta u) + / Couy (U (L) 7“) Uy, ([’) [_ Z Aki (L) hi (% (l’))
T i=1
N L
- Z bus (1) 3 (0 =7 ) = > s (0) [ D02 5 (01 (6)) A A
hence
Vi (T1) = ¥y (1) eouy (7, 71) + /Tl ecvy, (0 () s T1) ¥y (1 [ Zalm (1))

N L
—Zb;ﬂ V=) =Y eu @) [ D69 (650 Ac| A

(3.3)
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6 I. DAIRA, A. ARDJOUNI

fork=1,..., N. Similarly, for u € (7, 7;11], we obtain

u N
Ui (w) = Py (1]7) eouy, (T1,1) +/ oy, (0 (1), u) ¥y (v) [— > ani (1) hi (¥ (1))
T =1
N L
—Z% V=) =Y @) [ Dilus)ai (s () ac| A
) =1 N
=y (7]) e, (T1,1) +/ oy, (0 (1), u) ¥y (v) [ Zaki (¢) hi (¢ (1))
Tl i=1

N L
_Zbkl fz % L_Tz )) _ch’i (L)/ Dk"L (ng) gi (% (§)) Agl A
i=1 -

It (11, Yy (17))
14 (1) vk (1)

= W (Tl) €ouy, (Tl7 u) + / Couvy, \O ( [ Z akl z

— Couy, (Tlﬂ u)

N

_Zbkz fz ¢7, T chz / Dkz 2 g)gl (%( )) Ag

=1
Iy (71,0, (7))
14 () v (1)’

A

— eou, (T1, 1) k=1,...,N.

By replacing (3.3)) in the above equality, we have

Ui (w) = Py (7) eoy, (T, ) + / ' eou (0 ( [ Z agi (¢) hi (v

—Z% AT @»—Z%m/ Dy (1,6) s (4 (<)) ds | A
i=1 %

T (71,05, (11))
L+ p (1) vg (11)’

— eou,, (T, 1) k=1,...,N.

By repeating the above process for u € [7, 7 + @], we get

Yy (u) = ¢y (7) €ouy (T,u) + /u Cou, \O (o (1) [ Z agi ¥; (1))

—me ) fi (i (0 =i ( ))_chi (L)/ Dy (1,6) gi (¥ (<)) Ac| A
i=1 -

_ - T (11, Y (11)) _
Z eouy, ( l7u>1+,u«(7'l)vk(7'l)7 E=1,..., N.

7T <TH+w™
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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 7

Let w = 7 + @ in the above equality, then we have

Vi (T + @) =y, () ey, (T + @, 7)

T+
+/ eov (0 (¢), T+ @) Py (¢ [ Zakz ¥; (1))

—Zbkz ) ) = S e () / Dy (115) s (1 (<)) Ac | A
i=1 -

— E eow, (T1, T+ ™) Tt (71, 93 (70)) k=1 N
Svp \ 11 1+/,L(Tl)'l}k(7'l)’ A
T<T<T+w™

By noticing that ¢, (7 + w) = ¢, (1) and egy,, (T + @, T) = e, (w,0), we get
(1 — ey, (@,0)) Py (1)

T+w
:/ v (0 (1), 7T+ @) Yy (¢ [ Zakl ¥ (1))

N 2
*me IACACEES )))Z%‘(b)/_ Dki(ba€)9i(¢i(€))A<] A

Y e () 2T T) ey (3.4)
T <TH+w™ * ’ L+p (Tl) Uk (Tl) ’ 7 ’

Thus

_ [T ecu (0(1), T+ ) Y
Yy (1) = /T 91 ey, (=,0) Y (1) [— ;aki (¢) hi (45 (1))

N L
_Zbkz ) i (i (=715 (1)) = > e (L)/ Dy (¢,6) gi (¢ (C))ACI Au
i=1 o

eouvy, (T1, T+ @) Iy (_Tlﬂ/fk (71))
Z 1— ey, (@,0) 1+ p(m) v (1)

T<T<T+w™

:/”"” (7,0) g (0 lzam +Zb,ﬂ ) i (i (0 =73 (1))

N L

+chi (L)/ Dy (¢,6) gi (; (€)) Ag| Ae
i—1 -0

T Z G (1, 71) It (71,95 (70))

T<T<T+wW

for k=1,...,N. Since the functions vy, ax;, bg;, cri, ri are w-periodic with respect to
T, Dy; (T + @, + w) = Dy; (7,1) and

G (T+w,.+w) =Gy (7,¢) forall (r,:) € [0,w] x [0,0], k=1,...,N,
then, 1 is an w-periodic solution of ([3.1)).

Next, we prove the converse. It is easy to prove that for all (7,:) € [0, ] X [0, @],
we obtain

Gp(o(r),7+w)—Gg(o(r),7)=—-1, k=1,...,N,
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8 I. DAIRA, A. ARDJOUNI

and
(G (1, )2 (1) =0 (1) G (1,1), k=1,...,N.

Let ¢ = (11, ¥g,...,¥x)" be an w-periodic solution of 1’ Then, if 7 # 74, | € N*,

we get

N

Vi (1) = Gi (0 (1), 7 + @) ¥y, (7 + @) Zaki(7+w)hi(¢i(7+w))
N =1
+Y i (T4 @) fi (U (T @ =i (T + @)
i=1
N T+w™
+> ok (T+w)/ Dy (T + @,<) i (¥ (5)) Ag
i=1 >

S [Z“’“ +me ) (s (7 — s ()
N
+ch’i(7)/ Dki(TaC)gi(Tl}i(C))Agl
i=1 -
Zalm z

N

me EICTEARIES WO / Dii (1) s (4 (5)) Ag | A

T+
+/ v (1) G (1, 0) ¥y, (0

= (G (o (1), 7T+w) — G (o ( [Zam 7))

N
+me ) i (i (T =i (1)) + Y e (T)/ Dy (7,<) 9i (¢ (€))A€]
i=1 -

=y (T ( Z ag; ( Z b (7) f5 (W (7 — 73 (7))
- Z ci (7) / Dii (t55) 9i (¥ (s)) Ac) .
i—1 —oo

If =1, 1 € N* we get

1

G (T 71 +20) = G (7670) = =Ty o )
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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 9

Py, (TZJF) — Y (Tf)
= Y Grrm) (i (m)) = Y. Gr(rmi) I (1,4 (1)
i <ri<r +w T STi<T +®@
= Gy (11, 71+ @) I (70, Yy (11)) — G (70, 71) Tt (70,90 (1))
T (11,9, (1))

=— , k=1,...,N.
L4 (m0) v (1)
So, v is an w-periodic solution of ([1.2)). This completes the proof. O

Along this manuscript, we suppose the next assumption. o
(A1) There exist positive constants T;, T, F;, Fy, R;, R;, E;, Fy; such that for all
¥ € Ry and all 7 € S, we have

Tip < hi (W) < T, k=1,...,N, (3.5)
Fip < fi () < F, k=1,..., N, (3.6)
R <g; () <R, k=1,...,N, (3.7)
and .
B < / Dyi (1,0) At < Eji, k=1,...,N. (3.8)

Now, we introduce the next notations

U = — v (L) A >0, ag; = — aki (1) Av >0,
w Jo w Jo

~ F, (7 . iEri [
i = o [ @acz0 8= [Taimaczo,
w Jo w 0

for k,i =1,...,N, where T;, F;, R;, Ey; are given in (3.5)-(3.8].
To use Theorem [4, we define

PC(S,RY) = {4:S >RV : ¢l 1\ 1) € Cra (71, 7131) . RY),
) (Tl_) and 1) (7'?_) exist, ¥y, (Tl_) =, (11), L € N*} .
So, we let (E, ||.||) = (Cw, ||-||) where
Co = {¥ = (1,9, ¥n)" € PC(S,RY) 1y (r+m) = v (r), vr €S}, (39)

with the norm

N
ol =D_Wilos el = max [y (], k=1,...,N, W€ Co (310)
k=1 "

Then, (Cw,|.||) is a Banach space.
Definition 10. A vector ¢ = (11,19, ...,1/1N)T is positive if ; > 0,1l =1,...,N.
Define a cone 2 in C by

Q:{Z/}:(¢17¢2a"'7¢N)TGCW:¢k(T>Za‘wkIO? VTER? kzlv"'aN}7

where
d =min{egy, (@,0), k=1,...,N}.
Use (3.1) to define the operator ® : C, — Cy by

(@) (1) = (P19) (1), (Do) (7) 5. .., (@) (7)),
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10 I. DAIRA, A. ARDJOUNI

where
T+w
(@xy) (7) —/ (7,0) ¥y, (¢ [Za’“ +me ) fi (0 (b =73 (1))
+Zcm / Dyi (1,6) gi (W, (s ))Agl AL
+ Z G (7,71) It (71, ¥ (1)) - (3.11)
7T <T+w

By (3.1)), it is simple to demonstrate that 1) € Cy is an w-periodic solution of (|1.2]) as
long as 1 is a fixed point of ®.

Lemma 3. Suppose that the assumption (A1) holds. Then ® : Q — Q defined by
is well defined, namely, ®Q C Q.

Proof. According to (3.11)) it is easy to demonstrate that ®1) is rd-continuous in (74, 7141),

(@) (7]) and (®) (1;7) exist, (Py) (1;7) = (P) () for I € N*. Furthermore, for
Y e,

(Pr2) (7 + @)

T+2w
[ e mon lza,ﬂ +me ) i (o= 71 (4)

+w
N L
+chi (L)/ Dy (1,6) gi (¥, () Ac| Ae
=1 —00

+ Z G (T + @, 71) I (1,95 (12))

THw T <T4+2w

N
> awi (@) hi (; (¢ + @)

T+
:/ G (7 + @, 0+ ) ¥y (1 + )
T i=1

N
+Zbki(b+w)fi(¢i(b+W)—r,-(L+w))

i=1

N +w
+> ki (L+W)/ Dyi (v 4+ @,6) gi (¢; () As | A
i=1 -

+ Z G (7, 71) I (11,94, (71))

T<1<T+wW

T+w N
- [ Tamon [Z +me 0 55 (s (0= 7 (0))

N L
#3 ) [ Dialus)gi (i (0) ds
i=1 -

= (PxY) (1), k=1,...,N.

Avt > Gr(r,m) T (71,9 (71))

T<T1<T+wW
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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 11

Then, (®x) (T +w) = (Pxy) (1), T € R, k= 1,...,N. So, ®1p) € C. According to
(3-2), it is easy to show that for ¢ € [7, T + @], we get

eevk (TD, 0) 1
_fen \W W @ <t
1= ecu, (w,0) = F (T.0) < 1 o, (@,0)

From and , we have for ¢ € (Q,
- N
|[Prply < Bk/o P (1) [Zam (¢) i +me ) fi (Wi (e =75 (1))

Ay = =By, k=1,...,N.  (3.12)

N
#3a) [ Do) g () As
=1

AL+BkZIkl (71, %% (1))
=1

and
- N
(Prtp) (1) = Ak/o ¥ (1) [Zam (¢) hi +me ) fi (i (e =73 (1))
i=1
N 2
+ Z Cri () / Dyi (4,6) 9i (¥; () Ac| Av+ Ag Z Ty (715905 (1))
i=1 > =1
Ay
k
Consequently, & C 2. The proof is completed. O

We introduce the next notation before establishing the main findings

oM = nﬁx}{lw( |},

where the function ¢ is w-periodic rd-continuous.

3.1. The case of subquadratic impulses.

Lemma 4. Suppose that the assumption (Al) holds and
(A2) There exist positive functions \gi, Aki € Cra (S,Ry) such that for all ¢ € Ry,
T €S, we have

Mt (T) 2 < Iy (1,9) < Ay (7)) 0%, 1 e N*, k=1,...,N.
Then ® : Q — Q defined by is completely continuous.
Proof. Set

Ly (7,9 (1) [Zalm +Zbk2 ) fi (P (1 = 1i (7))

+Z% / Dyi (7,6) gi (¥ (<)) Ac |, T €R. (3.13)

We first demonstrate that ® is continuous. Since h;, f;, g, and I are continuous in 1,
it follows that, for any Ly > 0 and € > 0, there exists p, > 0 such that for ||¢|| < Lo,
lyll < Lo and || — y|| < p,, we get

Tk (6,9 (1) = Tk (1,9 (0)] < ,LERy, E=1,...,N, (3.14)

_c
2N Bw
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12 I. DAIRA, A. ARDJOUNI

where B = 1I<I}€a<xN By,. For any Lo > 0 and € > 0, there exists py > 0 such that for

[0 < Lo, llyll < Lo and [|¢) = y|| < p1g, we have

[kt (71, ¥k (11)) — T (70,9 (T2))] <

g
N* k=1,...,N. 3.15
508" q € N*, e (3.15)

Therefore, if ¢,y € Cx with ||¢|| < Lo, |ly|| < Lo and |[¢ —y|| < p, where p =
min (“17”2) then, from (]3.11[), (]3.12[), (]3.14[) and 1) we obtain

‘¢k¢’_’@kyb

q
<B/ IT% (6,00 (1) = Tk (19 (D) A+ BY |k (70,9 (70)) = Tt (7,95 (72)]

=1

<B B —1....N.
= 2NBw+ qQBN N k=1,

This yields
N
[ — Dyl = > [@rp — Dpyly <,
k=1

which implies that ® is continuous on €.
We let

A= {v= Wt ) € Cos 0] < L,

where L > 0. By using (3.11]) and (3.12), for any ¢ € A, we have

T+w
(®xt) (7) = / b (1,00 0 [Zam +Zbk1 ) i (0 (=7 (1))

—l—Zcm / Dm L g)gz (qu( ))Agl AL
=1
t Z G (7, 70) Ty (70,93 (720)

7T <T+w™

w
< BkLQ/
0

+ Bl ) Au(m)

T<T<T+wW
=B, k=1,...,N.

A

N N N
> Tiaki (1) + Y Fibri (1) + Y RiBicks (1)
i=1 i=1

i=1

Consequently,

N N
1@yl = |®ly < D Bi, Vi € A,

k=1 k=1

Hence, ® (A) is uniformly bounded.
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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 13

To demonstrate that ® (A) is equicontinuous, let 1) € A, we calculate (q)kw)A and
prove that it is uniformly bounded. Indeed, by applying derivative in (3.11)) we get

(@)™ (7)) <

v (1) (Prt)) (7 [Z ak;i (7) hi (¢; (7))

+Zbkz FACICA0) +Zcm~ O [ D (6 91 (01 (6)) s

< v Bk+L2Z Tiap + Fibyt + EgiRicyi), k=1,...,N,
=1
and

N N
H(%)AH <3 |oMBL+ LS (Tial! + Fbl + EyaRiclt)

i=1 i=1
Hence, ®S C C is uniformly bounded and equicontinuous. By using the Ascoli-
Arzela theorem, the mapping ® is compact. Therefore, the mapping ® is completely
continuous. The proof is completed. O

Along the following steps, we set § = min (01, 02, 03,04), where

) (TN, (E
= min e = min pp—
! 1§z’1§N T, )’ 2 191§N E )’

B . (Ew\ Ri . (A (1)
oo = o L () ) o= [, (RCH)) - 0

Now, we state and demonstrate our main findings in this manuscript.

Theorem 5. Suppose that the assumptions (Al) and (A2) hold, and
(A3) The linear system

N

> (@i bei + @) i+ Bty = B LEN', k=1, N, (3.17)
=1
where

q
Buu= 2 2w, () £0)

admits a unique positive solution. Then, the system admits a positive w-periodic
solution.

Proof. Let
v = (5,95, U8
with ¢}, > 0, k=1,..., N, be a solution of (3.17). Set

= A M, i VBl .
mo 13;1“1 {UrAr}, My = g,lflgnN{vk i}

Then 0 < mg < My < +oo. Choose a constant M > M, such that Miw < 1. Let
a1 = #w and
= {1/} = (wla@va""wN)T €Cx: ij‘o < allﬁly k= 1,,N} .
If ¢ € QN Oy, then
0 [Vplo < Up (1) < Wplo = atpy, k=1,...,N.
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14 I. DAIRA, A. ARDJOUNI

and

o N
(@) (1) < By /0 Wy (1) [Zam (¢) P +me ) fi (i (0= 7i (1))
=1

Ay

N L
+ Z cki (1) / Dii (t55) 9i (i (s)) Ag
i=1 -

+ By, Z Tt (71,04 (1))

0<7‘l <w

SBk/D mroZT% rwzrkoBk/O woZFbm ) [hilo A

+Bk/ W}k:|OZREkz ) [ilo de + By [Vl Z Me (T0) 19kl
0

<1 <w

N
< a1 Brw [y Zakﬂﬁ + a1 By [Yglo > bith}

i=1 =1

N N
+ a1 Brew [y lo Y Cith] + on B |Wglo D Byt

N

= . Byw Y], [Z (@a + bg; + Em) Ui + ﬁkiwl‘]
=1

= (BiUk) a1@ [¢ilg < arMow |y lg < [Yply, E=1,..., N.

Hence for any ¢ € QN 0$4,

N N
1wl = [Proilo < D [vklo = lI¥]l -
k=1 k=1

Also, choose 0 < m < mg such that —> 1. Let ag = and

__1
8%°mbw

Qo ={Y € Cq: |[Yylg <aty, k=1,...,N}.
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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 15

If ¢ € QN 08y, then 6 [1y]y < Yy (T) < |[Wplg = ¥y, k=1,..., N, and consequently

- N
(®re) (1) > Ay / W (1) [Zaki (1) b +me ) fi (@ (1= i (1))

+chn / D]m L, §)gz (%( ))A§

=1

T;
>6Ak‘|77[)k‘02/ aki ( [1<z<N< >]W) |0AL
7,
+ 624, WMOZ/ Lr<n1<nN (F ﬂ bri (1) 1510 At
Ew\] Ri
+6 Ak|¢k\02/ Eyi () R; LE}QN <E:>} chkz( L) [¥ilg Av

+62Ak|¢k|oz)\kz (1) [ min <)\kl< )>] [y (7))o

p= 1<k<N \ A (17)

AL+ Ay Z Iy (71,9, (7))

0<7<w

N N
> 016° g [ty lg Y Grith} + 026> Agaaem 1y |y > britd

=1 =1
N
0562 A Critht 1 046%A Bt
+ 030" Apoaw [ lg Y Critdi + 0407 Ao Y| Bt
=1

N N
> 06 Agoaw vy lg > Ak} + 00% Ao |Wglg D bty

i=1 =1

N
+ 06 Apaw [Pylo > Chith] + 0 x 6% Apaaw |y | Bty

i=1

N
= aAwd’ay [YUilo (Z (6ki —i—gm' + Ekz) Vi + Bm"@)

=1
= (A01,) 0w ag [ily > aalmowd? [¥ily > [Vely, £=1,...,N.

and thus

N N
120] = 1(@rp)lo = D> [Wklo = ¢, Vo € 2109y,
k=1

Clearly, ©; and Q are bounded open subsets of C, with 0 € Q1 € Q1 C Qs. So,
the mapping & : Q2N (ﬁg\ﬂl) — ) is completely continuous and satisfies the first
condition in Theorem By applying Krasnoselskii’s theorem, there exists a fixed
point ¢ € 2N (ﬁg\Ql) such that ¢ = ®1. Hence, the system admits a positive

O

w-periodic solution.

3.2. The case of sublinear impulse functions. In this case, we demonstrate similar
findings for (1.2]).

Theorem 6. Suppose that the assumption (Al) holds and
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16 I. DAIRA, A. ARDJOUNI

(A4) There exist positive functions Cpy,Cyy € Cra (S,Ry) such that for all ¢ € R,
T €S, we have

Cu (M) < Iy (1,9) < Cu (1) ¥, k=1,...,N, leN".
(A5) The linear system
(aszr?)\ijL/C\kZ) 1/1@-2@1@, k=1,...,N, l € N*, (318)
i=1

admits a unique positive solution. Then, the system admits a positive w-periodic
solution.

Proof. By a similar proof of Lemma [4 we can easily demonstrate that the mapping
® : () — Q is completely continuous. We only need to demonstrate the first condition
in Theorem @l Let

1/}* = (’(ﬁT,@D;,...,@bT\])T,

with 1% > 0, k = 1,..., N, be a solution of (3.18). We set 6§ = min (81, 02, 3, 0,4) where

0s — 0, — min [ in (Ckz (Tz))] ,

1<i<q [1<k<N \ (py (17)

and 61, 0, 03 are given in (3.16). We also set

1Y
Vel = ;ZCM (71) (Cur (T2) #0),
=1
and

mo mln{lglclglN{Uk k}’lg}clgnN{ lﬂkl}},

My = mi in {0,B in {Bp7} -
0 mm{lg’l{lgnN{Uk k}’1£41§nN{ k’Ykl}}

Choose a positive constant M > Mg such that 0 < % < 1 where 0 < Mw < 1. Let

_ 1:{]\7w

= "5 and

Q1 = {0 = (1, V9 ¥3)T € Co : [Wlo <m¥f, k=1,...,N}.
If ¢ € QN 904, then

SN gly < g (1) < gl = My, k=1,...,N.
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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 17

and

o N
(®49) (7) < By /0 [wmzamu)m )+ (o me ) £ (s (=7 (1)

A+ By, Z Tt (71,9 (17))

<t <w

e (v Zcm / Dy (1,6) gi (¥ (5)) Ag

=1

SBk/ |wk|OZTam |¢Z|0AL+B;€/ woZFbm ) [l A

+Bk/0 Wk’oZRiEkiCki(b) Wilode+ Br > Ce () [yl
=1

0<7<w

N N
< mBrw [y > arit} + mBrw [ly Y brit

N
+m By [y D @it} + @ (Biw) [Vl
=1

N
= an Brw | !Z (aki + bg; + 51m> Vi
i—1
= @ (BkUr) Mm@ [Yily + @ (BeVi) [kl

< mMow [¢ily + Mow [ily < [¥ily, =1,...,N.

+ @ (BrVr) [Vklo

Hence for any ¢ € Q2N 8@1,

N N
120 =D 1 ®ktbily < D [elo = N1l
k=1 i=1

Choose a positive constant m < myq such that 1(;2%? > 1 where 0 < dmfw < 1. Let
1-mbw

N2 = g and

QQZ{wGCw:‘wk’O<n2¢I:7 k:177N}
Ifweﬁﬂﬁﬁg,then

O gly < g (1) < gly = 20k, k=1,...,N.
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18 I. DAIRA, A. ARDJOUNI

and consequently

@ N
(®rt)) (7) ZAk/O [%‘ () D ki () i (; (1) + 5 (¢ me ) fi (i (0 — 73 (1))
1=1

N

0 e [ D99 (i (0) A

i=1

Y Gr(r,m) L (11,4 (1)

0<m<w

Ay

N o T
> 2 abidy 3 [Ton 7| min ()] iy
=1
N o F
+62Ak|¢kloZ/ E; LglgN (F ﬂ bri (1) [¥ilo Av
Eri\| R
v Akm\oz/ B () 1 | i, (5] s 0wy A

+62Ak|¢k|oz>\kz (11) [ min (izi (Tl)ﬂ [V (1) o

1<i<N (1)

N N
> 016° Apnow [Plo Y Grith} + 026° Apno [Plo Y brith}

=1 =1

N
+ 0302 Ay KA Zamwf + 046% Ay [Vilo Vi
=1

N N
> 06 Ao [y lo Y | @rith} + 06> Ao 1y ly > britd

=1 =1

N
+ 0 x 62 Apnaw |l Z@W? + 0 X 5 AN [P1lo Vi
=1

N

= 0 A6, [Vlo Z (61%‘ + bri + Em> Vi + 00 Ao [P0V
=1

= (AxDr) 080z [y | + (ATig) Oz [001] O

> 0006 [1hylg + Omowd [kl > [Ugle, k=1,...,N.

and therefore

|@u = Z| Bty > Z [elo = W11, Y € 2N 0.
Hence, the mapping ® : QN (ﬁg\§1> — ) is completely continuous and satisfies the
first condition in Theorem {4} By applying Krasnoselskii’s theorem, there exists a fixed
point ¥ € QN (ﬁg\§1> such that ¢ = ®1. Therefore, the system 1' admits a

positive w-periodic solution. The proof is completed. O
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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 19

4. AN EXAMPLE

In this section, we provide an example to demonstrate the reliability of our findings.

Example 1. LetS = %Z be a %—periodic time scale. We consider the following dynamic
system

Ui (1) = ¢ (7 [Uk me ) fi (¢ (1 =i (7)))

_chi (T)/ Dy; (Ta§)9i(¢i(§))A§ y T 7& T = 2l7 NS N*a T € Sa
i=1 —°

T (11,95 (1))
L4 () v (1)’

for k =1,2,3. This system corresponds to when N =3 and w = 8. Let

Uy, (Tl+) — Yy, (Tl_) = — =7, | € N, (4.1)

4 4 4
Uy (T) = ga U, (T) = 57 Vs (T) = ?7

and the arbitrary positive functions r; € Crq (S,S) satisfy ri (1 +w) =r; (1), k= 1,2,3.

Then, we get
_ 4 4 4
V1 = g (%) g, V3 = ?
It is easy to check that Ay < Gy (1,1) < By, for k =1,2,3 where
(%)4(T—L—%) (g)4(7’—b—%) (%)4(7’—1,—%)
G ? = .32 G 9y = 2. 32 G 9 = T o392
R SO S U
and
4\32 4\32 4132
4 — ) Ay (5) Ay (7) -
1-(3) 1= (3) 1= (3)
1 1 1
O T
Let
L) = wleos(®) 127, g1 (¥) = (i) +2) 5,
fa(¥) = vlcos(¥) +3[, g2 () =exp(sin2y),
fo () = o (sin () +3)], ga (¥) = /0 (34 sin (20))),
L(r,¢) = (sin (%T) + 2) (‘cos (%1&)‘ + 2) V2,

I(r,y) = 31/;2( ‘sm(z >(+3>,

L) = o <3 sin (ZT)’-FQ).
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20 I. DAIRA, A. ARDJOUNI

Since |siny| <1 and |cost| < 1, then for ¢ € R, we obtain

N(D)Y? < L(r,0) S N (1) Y?, fork=1,2,3
Eki S Dkz (T,L) AL S Ekia fOT k,Z = 1,2,3.
where
— — _ — 1
Ti = 1, 11 =9 To=2 Th=4, T3 =2, Tz =2, Rlzi,
3 _
R = 2 Ry =exp(—1), Ro=exp(l), R3=exp(—1), Rs=exp(l),
and
— T T
AL(T) = 2 (sm (ZT) + 2) , Mi(1)=3 (sm <1T> + 2) ,
A (1) = 9, (1) =32]|7|+3), A3(1) =2, A\3(7) =3|7]| +2
Let
cos (ET) +3 ‘Sln (77') + 3! !sm (ET) + 1!
bii(r) = 4 , bia (7) = 4 , bis (7 4
11( ) %Tl ( ) iTQ 13( ) T3
9 (cos (ET) +2) 2sin (ET) + 2 1
bo1 (1) = 4 L b (1) = ——=2 2= bos (1) = —,
21 (7) i 2 (r) = = () =
‘(cos (ET) +3)| 3
b = 4 b =0, b =,
31 (7) 7 32 (T) 33 (7) T
and
(1) = 1—|—Sin(%7‘) ()_4 ()_4+_< )
C11 \T = R1 , C12\T) = R2, C13(T) = Sin T
4+ cos (%7‘) LT 2
co1(1) = 7%}21 , e (T) =14 (2—|—sm (ZT)>, co3 (1) = o
1+ cos(Zr 4
c31 (1) = 0, c32(7) :#7 033(7):}7-
1 3
Then
by = 12, b, =12, b, =1,
boy = T2, b,, =8, by, =4,
by, = 12, b, =0, by, = 12,
and
¢, = 3,7¢,=48, ¢, =8,
G, 40, ¢,, =8, ©,, = 24,
G, = 0, ¢, =48, ¢,; =112
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Let
Dutrg) = e (s=rt ) (18 =) (in (57) +2)).
Dig(1,1) = —exp(de—47+1) ((46_1 - 4) (cos (%T) -+ 2)) ,

Dys(1,0) = —exp(&—87’+2)<(4e —4
Doy (1,1) = —exp<L—T+

Doy (1,1) = —exp

@
|
\1
_|_
\_/\_/\_/

(
Do3 (1,1) = —exp (L—T—|—
(

1
D3y (1,1) = —exp 2L—27’—|—2 (46 o exp ( sin <E7'>—|—2>,
T
4

Dy (r,)) = —2exp (2L—27’+ 2> <<4e %—4> el (2sin(
( (s )

1 _1
D33 (1,1) = —exp<2b—27+2><4e 2—4>

then, we obtain

/T Dyy (7,0) A = sin (%T) + 2, /T D1y (1,1) Av = cos (%T) + 2,

/T Dyg(r,0)Av=e"" (‘cos (%T) —|—1 : /T Doy (1,1) AL = cos (%T) —i—g,

1
/ Doy (1,0) Av = nln(cos +3 / Dos (

/ DngL)AL_esm( +2/ D3y (1,0) Av=4e™

/ D33 (1,1) Av =5 |sin (%T)‘ +2,

T, 1) AL =

o= Jsin (5 )‘+2
(Sm(4 r)+2).

hence
Ey = 1, By =3, Eiua=1, Bi=3, Eig=¢ ', Ej3=2¢",
_ 1 5 — In(2)e! I
E:fE:sziE: FEo3 =2, Foz = 3,
21 ok 21 y 1422 ln(4) , fvoog =€ -, Li23 , 1923
Egl = €, E31 = 6 E32 46_1, E32 == 126_1, Egg == 2, E33 =1.

21

For g = 3, we have Tiyq11 = 71 + @, Daigr1) (Tirgr, Vi (Tig+1)) = Tn (71,95 (11))

k=1,2,3. Then, for 71 =2, 79 =4 and 73 = 6, we get

99

o~
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22 I. DAIRA, A. ARDJOUNI

Furthermore, it is easy to prove that the associated system of

3. ~
> (bu + /C\u) Y, + B, =1,
2§1 R R R
> (b2i + CQi) i + 8,09 = U2,
i=1
3 -
> <b3i + /C\Si) Y, + B, s = Us,
\ iz

: . s . _ _ (511292 40024 8219
admits a unique positive solution 1 = (11, 9q,193) = (51808275, 725312 17269425). Hence,

the assumptions of Theorem@ are satisfied. So, the system admits a positive 8-
periodic solution.
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