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9
10 ABSTRACT. A certain interesting family of functional equations (FEs) arose recently from many inter-
" esting engineering models like e.g. Networks and fog computing. We investigate the solutions of such
o family of equations given by
3 Su(m,m)I(Mi,m2) = & (M, m2)II(171,0) + &3(M1, m2)TI(0, m2)
14 + Ga(1M1,m)T1(0,0) + &5 (N1, m2),
15 for some known functions (generally polynomials) ;(1;,12),i=1,...,5 of two complex variables 1;
16 and 1,. We use an example to illustrate our findings. Moreover, we give remark on the stability of this
7 interesting family of FEs. In this way, we generalize recent interesting results.
18
19 .
o 1. Introduction

21 Functional equations (FEs) are almost everywhere in applications. They currently constitute a modern
22 branch of mathematics with interesting applications in many fields. They continue to grow rapidly over
23 the last few decades and have been proven to be a powerful tool in many disciplines see e.g. [9, 5, 13].
24 They have numerous applications; for instance, in communication and network models see [16, 20, 10],
25 in information theory [17, 2], in decision theory [1, 23], and in digital filtering [22].

26 We use the current article to investigate the solution of the family of FEs (see e.g. [9]). As far as we
27 know there is no general solution available for such interesting family of equations. Therefore, this
2E article can be considered as a step forward towards a general solution theory.

29 The problem of interest can be stated as follows: Find a general solution of the family of FEs given
30 by

31

» G (m,m)I(m,m2) = G(m,m2)I(m,0) + C3(mi, m2)I1(0,12)
s (1) + &a(m, m)I1(0,0) + &5 (11, 1m2),

Z% where the functions §;(n;,1m2),i = 1,...,5 are some given functions of two complex variables 1, 15.
o The unknowns of (1) are defined as follows

37 - men

- O(m,m) =}, pmai'ms, M| <1, Ml <1
—_ m,n=0

Iﬁ

40
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I1(ny,0) := Z pm,Onin :D—C

m=0

1(0,1m2) == Y poans : D —C
n=0

o
=
o

I1(0,0) = I1(n1,0)|n, =0 = I1(0,1m2)[n,=0 = Po,0-

8 Ttis easy to see that the unknown IT(0,0) is just some probability value (pg ). The problem of
9 interest is originally the problem of extracting the sequence p,, , which represents many interesting
10 applications see e.g. [19].

" The family of FEs (1) has been investigated by the authors in [9]. A solution of a special case of (1)
2 isintroduced in [20]. In [10] a special case of (1) has been studied. A solution in terms of a conformal
S mapping has been introduced for a special case of (1) in [3].

4 Equation (1) is interesting because of the following:

5 e A special case of (1) arose from a network model (see [25]) where

16

@|~[ofo]s]e]n]-

17 Ci(n1,m2) = mima — (Mr +F) (ar +F) (1 +m2) pp +mma(p* + 5%)),
= Ga(n1,m2) = p(mir+F)(Mar +7) (01 (02 = 1) = p(2mi12 =1 = 12)),
20 G, M) = p(mr+F)(Mmr+F)(Mm(m —1) — p2mmn —m —m)),
21 and

22

2 Ca(Mi,m2) = pP(Mmir +F) (ar +F) 2mma — 1 — m2).

23
or for some parameters p,r, 7, p.

- e A special case of (1) arose from a model of database systems (see [24]) where

% Gi(m) = (1+ a+B)mm — an — By —ning,

27

s G(m,m)=Bm(mn—1),

29 and

30 G(m,m) = am(m—1),

i and 4(n1,1m2) =0.

%2 e A special case of (1) arose from a model of Asymmetric clocked buffered switch (see [26])
33 where

34

35 (i, m2) =mm2 —[1 —ar +ai(run +riom2)][1 — a2 +aa (1M1 +ram2)],

z% SH(Mi,m2) = (m— D[ —ar+ai(rumi +riom)|[1 —ax +ax(raim +ram)],

38 &G(ni,m2) = (m — D[l —ar+ai(rumi +riom)|[1 —ax +ax(raim +ram)],

39 and

40

o G(m,m) = (m—1)(m— D[l —ar+ai(rinm +ri2m)|[1 —az+az2(ram +r2n2)l,

12 for some parameters a;,r;j,i,j = 1,2.
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e A special case of (1) arose from a model of Non-work conserving generalized processor sharing
queue (see [27]) where

Si(ni,m) = —Amim —Aming 4+ (M + A+ 01 + Gat2) MM — 1 M2 — Galiamy,

&(M1,m2) = dopomi (M2 — 1) — (1= ¢1)ma(m — 1),
&G(Mm,m2) = grma(m — 1) — (1 — g2) e (2 — 1),

and

jele|~]o]a]s]e]m]~

Ga(m,m2) = (1= ¢)mim2(m — 1)+ (1 = ¢2)tami (02 — 1).

for some system parameters A;, ¢;, Ui, i =, 2.

—_ = =
SRS

The article is organized as follows. In Section 2 we introduce some preliminaries, in Section 3 we
— present the main results, in Section 4 we investigate the stability of the family of equations, and in
14 )

— Section 5 we conclude our work.

— 2. Preliminaries

E Throughout the article, we use N to denote the set of positive integers, C the set of complex numbers,
19D the unit disk in the complex plane, D denotes the closure of D, Ny to denote NU{0}, and deg, H to
20 denote the degree of the polynomial H with respect to 1;. In [19] the authors end up with a particular
21 case of (1). Since till the moment of writing this article and according to the best of our knowledge
22 such interesting equations don’t have a general solution theory then it worth investigation.

23 It should be remarked that the authors investigated in [9] the solution of (1) as follows. They used

zz the following sets
25

26 H = {(m,m) €D*: & (m, M) =0},

27 Hy={meD:(m,00ex}, H#':={meD:(0,m)ex},

28

o and used the following two hypotheses.

30 (&) §(M1,0) =& (M1,0), &(m,0) = —84a(m1,0), &5(M1,0) =0 for my € D\ o,
st (B) §(0,m) = 5(0,m2), £(0,1m2) = —84(0,m2), §5(0,m2) =0 for mo € D\ 7,

32 to introduce the theorem.
33

34 Theorem 1. Given a function P : D> — C satisfies equation (1) for aa M,M, € D, then functions
35 & h:D — C exist with h(0) = g(0),

z% ) G(m,m)h(m)+G(m,n2)g(n2) + Ca(n1,1m2)8(0) + &5 (n1,1m2) =0, (M, m2) €7,

?E and

i% 3) I(n1,m2) = (M, m)h(m) + G (M1, m2)g(M2) + Ca(n1,1m2)8(0) + & (N1, m2) |
; Cl<n17n2>

42 (n1,m) €D*\ A
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In addition, if (<7) and (%) hold and H#q and H° are at most countable, then every continuous
function f: D* — C, given by (3), with some continuous functions g,h : D — C with h(0) = g(0) and
(2) is valid, satisfies equation (1) for all n1,M, € D; in particular,
4

) H(nlao) = h(nl)v H(Oﬂh) :g(nl)7 me D.

The proof is introduced in [9]. Also in [9] they assumed a somewhat different case, where

(€) &a(m,m2) =0 for ny,m; €D,
and used the following hypothesis.

(-@> C4(07n2) = CS(O,nz) = 0, C?)(OanZ) = Cl (O’Th) for nz c 5\%0
. to introduce the theorem.

E Theorem 2. Assume that (€) is valid. Let f : D* — C satisfies (1) for all (n1,Mm2) € D. Then a
13 function g : D — C exists with

% ) G(1M1,m2)g(1M2) + Ca(M1,m2)g(0) + &5 (M, m2) =0, (m,m) € X,

_.
Sle|e|~v]o|a]s]e]m]~

&G(m,m2)g(m2) + C4(n1,1m2)g(0) + &5 (N1, m2)
Ei(n,m2)

Moreover, if (2) holds and % 0 is at most countable, then every continuous function P : D% - C,
20 given by (6) with some continuous function g : D — C fulfilling (5), satisfies equation (1) for all
2\ my,m € D; in particular,

22 o
2 (D g(m)=11(0,m), M e€D.

24 Ttis easy to see that by plugging 1; = 0 and/or 1 = 0 in the main equation (1) we could get some
25 expressions for the unknowns I1(7;,0) and I1(0, 1,) based on some conditions as follows.

26 If 1, =01in (1) then

27

- C1(m,0)I1(11,0) = &(m1,0)T1(11,0) + &3(11,0)I1(0,0)

28
ZE ) +C4(n1=0)n(070)+55(n170)7

30 from (8) if &;(n1,0) # &(n1,0) for some 7Ny then in this case it is possible to get an expression for
31 TII(n,0) as follows

. (m,m)eD?\.%.

)  HOn,m) =

32
= (83(11,0) 4 &4(n1,0))I1(0,0) + C5(n1,0)

9 I1(n;,0) = .
2O (m-0) G(m1.0) - Ln1.0)
25 Similarly, when plugging 11y = 0 in (1) to get
3 £1(0,m2)T1(0,m2) = &2(0,m2)TI(0,0) + &3(0,n2)T1(0, 12)
z% (10) + 84(0,1m2)T1(0,0) + £5(0,1m2),

2 from (10) if ;(0,m2) # §3(0,m2) for some 7, then in this case it is possible to get an expression for
20 I1(0,1m2) as follows

<C2(07 772) + C4(07 nZ))H(()? 0) + CS (Oa 772)
€1(0,1m2) — &3(0,m2)

41
42 (1) I1(0,m2) =
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In the following, we will validate the obtained expressions (11) and (9) as follows: plugging (9) and

; (11) in (1) to get

o o & (M, 0)T(0,0) + La(11, 0)TI(0,0) + &s(11,0)
- M(msm) = gy (Glmm) & (11.0)— G(m.0)

? CZ(Ov nZ)H(O‘)O) + C4(07 nZ)H(Ovo) + CS <07 712)

7 + Gl me) &0.m)— 50.m)

% (12) + Ca(m1,m2)11(0,0) + Cs(Th,le))-

o In order to say that (12) represents a potential solution of (1) we should get (9) when plugging 1, =
o in (12). So plugging 11, = 0in (12) to get

s (&3(1n1,0) 4 &4 (m1,0))I1(0,0) 4 &5 (1, 0)
- 0.0) = g7 (G0 & (1.0)~ G(n10)

. (£2(0,0) + &4(0,0))I1(0,0) + £5(0,0)

i + 6(m,0) 5(0,0)- 5:(0,0)

© (13) + &(m,0)T1(0,0) + &5(m,0)).

19

20 Now its time to check whether (13) is equivalent to (9) or not so
21

22 (&3(n1,0) + C4(n1,0))I1(0,0) + C5(1m1,0)

23 €1(11,0) — &(m1,0)

24 <C( )(53(771,0)+C4(771,0))H(0>0)+Cs(m,O)
= C(n 0) \> &i(m,0)— &(m1,0)

— (£2(0,0) + &4(0,0))11(0,0) + £5(0,0)

. Fealm0) 50,0~ 5(0.0)

2 + Ca(m, 0)T1(0,0) + &5(m1,0)).

?Z which is satisfied if and only if

22 (€1(0, 0)—53(0’0)){(53(771, 0) + &a(m;,0))I1(0,0) + &s(11,0)}

o7 (1.0)(0.0) = GO0 (E(m1.0)-+ L1, 0)TI0.0) + (. 0)
. e OE0.0)+ GOOO0)+ 0.0} ) (.0

09 (G OT0.0) &m0 (E 0.0) ~G(0.0) (G0~ &(m.0)

40 Since (14) is somehow a complicated expression. For simplicity, we assume that
41

2 (15) €1(0,0) — ¢3(0,0) = By, £(0,0) + &4(0,0) = Bo,
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1+ where By, k = 1,2 are some nonzero constants. Using this assumption to rewrite (14) in the form
% B1{(&3(11,0)+ Ca(1m1,0))I1(0,0) + s(1m1,0)

: = 2 (0BG .0)+ Ein1.0)TI0.0)+ &s(n1.0)}
B + G3(m1,0){B-11(0,0) 4 5(0,0)} (&1 (m1,0) — £2(m1,0))

7ae) o+ {& (1, 0)TI(0,0) + &s(n1,0)}B1 (&1 (m1,0) — Ga(m1,0)) ).

E Since (16) is still complicated then for simplicity, we can consider some particular cases as follows.
10 (1) TI(0,0) = 0. In this case (16) is

B1s(1.0) = o (£ 0)B1s(m1.0)+ G5 (m.0)65(0.0) (6 (1.0)

" = m1.0)+ &5(11,0081 (61 (1,0) = &1, 0)) ).

% (2) &5(0,0) = 0. In this case (16) is

v Bi{(&(m.0)+ &(m1,0))T1(0,0) + &5(m1,0)}

= 27 (G 0BG .0)+ En1.0)0.0)+ (01,0}

o + 83(m,0)B2I1(0,0) (C1.(11,0) — &2(m,0))

22 + {5, 0)11(0,0) + &5(1m1, 0)}B1 (£1(m1,0) = &2(m, 0))).

Z% (3) &s(N1,m2) = 0. In this case (16) is

Bi{(G(m,0)+ G(m,0))T1(0,0)}

= 27 (L 0BG .0)+ Ei(n1.0)(0.0)

29 + £3(M1,0)B211(0,0) (81 (m,0) — &2(m,0))

+ Ca(m,0)T1(0,0)B1 (61 (11,0) — &2(m1,0)))

22 (4 G(m,m2) =0.In this case (16) is

Z% Bi{(&3(m1,0)) I1(0,0) + {s(m1,0) }

= 2 (M 0B (E(m . 0)II0.0) + E5(m.0))

38 + 63(m,0){B2I1(0,0) + ¢5(0,0) }(S1(M1,0) — &2(M1,0))

2 + 5508 (G (m1,0) = &(m,0))-

‘E It should be remarked that from the above four cases that, most of them depend on the unknown
42 TI(0,0). This means that plugging arbitrary values of IT(0,0) will give us more insights.
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1 3. Main Results

% In this section, we investigate the solution of the family of FEs introduced in section (2). This
— approach is based on assuming some particular cases of the polynomial coefficients of (1) namely, if

% Ca(M1,m2) = Cs(N1,m2) = 0in (1) we get

s (17) Ci(Me, m2)I(N1,m2) = &(N1, M2)IL(N1,0) 4 &3(11, 12)T1(0,m2).

7 From (17) it is easy to see that (by plugging n; =1, =0)

8

9 (gl (070) - CZ(()’O) - C3 (070>)H(0?0) =0,

10 which is fulfilled if the following cases holds:

11 Case 1

2 Cl (O’O) = CZ(Ovo) + C3 (0’0)7

8 in this case I1(0,0) is just arbitrary.

" Case 2

= £1(0,0) # £(0,0) + £3(0,0),

- in this case we must have

5 I1(0,0) = 0.

19 Now, if we plug 72 =0 in (17) we get

20 (18) & (m,0)I1(n1,0) = & (N1, 0)IT(11,0) + £3(n1, 0)I1(0,0),
% which is equivalent to

23 (51(77170) - Cz(nl’o))n(nbo) = 53(771’0)11(070)’

24 from which we could have two cases namely:
25

2ECase A &1(n1,0) = &(1m1,0) (for all 1p) in this case
27

28 &3(n1,0)I1(0,0) = 0, for all 1.

29
50 Case B {1(n1,0) # £>(m1,0) (for all 1y except finitely many) in this case
53(77170)11(0,0)

o I(n,0) =

2 ~ 61(M1,0) = &(11,0)°

% Similarly, when plugging 1; = 0 in (17) we get

34

5 €1(0,m2)I1(0, m2) = 2(0,m2)T1(0,0) + &3(0,12)I1(0, m2),
3E which is equivalent to

Z% (81(0,m2) = &3(0,m2))T1(0,m2) = £2(0,1m2)T1(0,0)

s irom which we could have two cases namely:

40
4 Case a §(0,m2) = £3(0,m2) (for all m) in this case

42 £(0,1m2)11(0,0) =0, for all n,.
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1 Case B &1(0,1m2) # &3(0,7m2) (for all m, except finitely many) in this case

B 4’2(07172)1—[(0,0)
I1(0,m2) = £1(0,m) — G3(0,m2)”

So in general we have a combination of different cases namely:

1A, 1AB, 1Ba, 1BB,2A 0, 2AB,2Ba, 2B

[ [~folo|a]e]m]

9 with the assumption that the functions & (11, 12), & (N1, 1M2), &3(N1, N2) are nonzero polynomials with
10 degrees

11 deg, Gi,deg, & <keN,i=1,2,3.

12
5 We can consider some special cases as follows. In the case 2Ba we have

E Lemma 3. IfT1(0,0) = 0, then the main unknown function is given by
15

6 3(1N1, m2)II(0, 12

. A= ST
EPmof. If

- 11(0,0)=0,  (0,0) # £(0,0)
217and

2 €1(0,1m2) = &3(0,m2),  &i(n1,0) # &a(mi,0)

23

s in this case we have

G3(m1,0)11(0,0)

25

ZE I1(n;,0) = 2 (11.0) — &(m1.0) =0, for all n; by continuity,
% therefore

20 & (M, m)I(M1,m2) = G (M, m2)T1(0, m2),

80 giving

o ,m2)TI(0,

. TI(ny.ny) = G3(1M1, )10, 1m2)

32 Ci(m,m2)

33
52 forany I1(0,m2) for which C3(n1,12)I1(0,m2) is divisible by £;(n1,12).

35 O

z% In the case 2Bf3 we have the following:

?E Lemma 4. If

%9 I1(0,0) =0, TII(1;,0) = 0 (except finitely many points),
40

41 then

42 H(T]l,nz) =0.
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1 Proof. If

2 I1(0,0) =0, TI(7m,0) = 0 (except finitely many points),
3

A I1(0,m2) = 0 (except finitely many points),

% then by continuity

- 1(n1,0) =0, II1(0,m2) =0.
g therefore

9 (N, m)I(n1,m2) =0,

10 giving

m I1(n;,m2) = 0.
— O

14 Now, we use a different perspective to solve the family of FEs. We will assume some special
15 values of the polynomial coefficients in (1). In fact its like the previous section but using a different
16 perspective. For {4(n1,Mm2) = {5(N1,M2) = 0 we have (1) in the form

17

— C1(m, )Ty, m2) = &2(1n1, m2)T1(N1,0) + &3(n1,m2)I1(0, m2),

18

19 if

2E Cl(nlao) = Cl(nlao)v Cl (Oanz) = §3(07772)7 and H(()?O) =0
21 then

22 _ S, m2)1(m1,0) + 63(M1, M2)TI(0, m2)

23 Hm, ) = Ci(1n1,m2) '

24 Let

25 & (m,0) =& (m,0) = P(m),

?° then in this case the functions ¢ (N1,1M2), &2(N1,M2) can be of the form
27

7 .
= Gi(n1,m) = P(n) + Y- ndq;(m).
- j=1

0. jk

- G(n1,m) = P(n)+ Y mir(m).
il j=1

% Similarly, we can assume that

= §1(0,1m2) = §3(0,12) = S(ma),
46 then in this case the functions & (n1,12), &2(M1,M2) can be of the form

37 ko

38 Ci(1,m) = S(m2) + Y nitj(ma),

39 j=1

40 and

40 0

% G(1,1m2) = S(m2) + Y niuj(ma).
j=1
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Example 5. Let’s assume that the functions &;(11,12), &(N1,M2), &3(N1,m2) are of degree one:

1

= i, m2) = a+ B+ yme,
. &(M1,m) = a+ B +6ny,
5

6 &G(Mi,m) = a+en+yna.
7 Soitis clear that

% a+pm = &i(n,0) = &(m,0),
1o and

r a+ym=E6(0,m) = &(0,1m).

'2 In this case the functional equation can be rewritten as
13

1 My — (FEPMH0m)INm,0)+ (o -+ en +yno)INO, m2)
15 ’ a+ B +ym ’
(19 _ (o4 8m+ Bni)I(n1,0) + (a + yn2 + €n1)II(0, 1m2)
7 0+ ¥+ B '
'® The denominator of (19) is zero if and only if

19

oo o+

20 (20) (M) =5

217

22 and the numerator of (19) should be zero at the value of 17; given by (20) . So that

23

= o o o+

2 0 = (@+dm+BEEEMETIR 0) 4 (ot ym o+ e“TIEMI0.m)
25

— o+ o+

2 = (-ymI(EEEE 0+ (0t +e SN0, m),

o -B -B

28 which is equivalent to

29 (6—7)m a+ym

= I1(0,1,) = I ,0).

:2 ( 772) (X—f-'}’nQ—f—g% ( _B )

31

5> Now II(11,0) can be arbitrary chosen (as a continuous function), I1(0,0) = 0, and
33 (=) a+ym _a
31 a+7ﬂ2+87a+_};n2 H( -B ’O)’ for 12 # Y
Si H(O,T]Q) =

36 5y

® _ B N

?i hmnzﬁf%{a+;n2+y£gztyﬂz H( 0‘_7[;712,0)}7 for m = _%
38

3E then

o (ot B+ EM)TI(101,0) + (0 + £+ 7102) 2L TI(“E1, 0)
. (m,m) = £

2 a+yn+Bm
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4. Remarks on the Stability of (1)

Stability issue of FEs is nowadays a hot topic with many recent interesting applications see e.g.
[28, 29, 30, 31, 28] and hundreds of mathematicians are interested in such issue. It has applications in
optimization theory see e.g. [32], see also [33, 34, 30] for more applications.

There are numerous tools illustrated in the literature see e.g. [31] to investigate stability (the
~ direct, invariant means, weighted space, the fixed point, shadowing) method, and the method based
5 on the sandwich theorems. The concept of stability of FEs arises when one replace the FE by the
5 corresponding functional inequality. The stability issue now is:

G How do the solutions of the functional inequality differ from those of the given FE?
— In this section, we give remarks on the stability of the family (1). It should be noted that the general
E solution of equation (1) is a function defined as follows

m\m\k\@\m\d

13 (21) I(-,-):DcC* = C

1— where D is the unit disk. Equation (1) is called stable in the sense of Ulam-Hyers if there is a r > 0:
1— for any € > 0,

- n:DcC*—=C

18 with

19

o d(C1(n1, m)I(N1,m2) 5 G(m,M2)I(N1,0) + C3(N1, m2)T1(0,12)
o + &N, m)I(0,0) + Es(n1,m2)) < €

22 there exists a function IT* with

23 d(ILIT") < re.

2i

2 5. Conclusion

26

27 In this paper, we investigate the solution of a family of FEs. Potential future work could be to
2s introduce particular exact-form solutions for some particular cases. Moreover, one can investigate the
29 hyperstability of such interesting FEs.

30
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