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GRADED PRUFER DOMAINS HAVING NOETHERIAN HOMOGENEOUS SPECTRUM

DONG KYU KIM

ABSTRACT. In this paper, we investigate some equivalent conditions for a graded Priifer domain to have

[e|e[~[ofo]a]e]m

Noetherian homogeneous spectrum. More precisely, when R is a graded Priifer domain, we show that

—_
o

R has Noetherian homogeneous spectrum if and only if R satisfies graded property (##) and R satisfies

—_
—_

the ascending chain condition on homogeneous prime ideals, if and only if each finitely generated

—_
N

homogeneous ideal of R has only finitely many minimal homogeneous prime ideals and R satisfies the

—_
w

ascending chain condition on homogeneous prime ideals, if and only if R is a graded RTP domain and R

—
»

satisfies the ascending chain condition on homogeneous prime ideals.

-
(é)]

16 1. Introduction

17
18 1.1. Graded rings. In this paper, we always assume that all monoids are torsion-free cancellative

19 commutative monoid written additively. Hence I" admits a total order compatible with its monoid
20 operation [5, Corollary 3.4]. Let R be a commutative ring with identity and let I be a torsion-free
21 cancellative monoid. Then R is said to be a I'-graded ring if there exists a family {Rq | € T'} of
22 additive abelian groups such that R = @ yer Ro and Ry - Rg C Ry p forall a, B €T,

23 Let R =@ crRq be aI-graded ring. We define |, R as the set of homogeneous elements of R
24 and we denote by H the set of nonzero homogeneous elements of R. Then H is a multiplicative subset
25 of Rif R is an integral domain. In this case, the quotient ring Ry is called the homogeneous quotient
26 field of R.

27 LetR= @yer Ro be a -graded ring and let / be an ideal of R. We say that I is a homogeneous ideal
8 of Rif I = @4er(INRg) (or equivalently, I has a set of homogeneous generators). It is well known
?° that an arbitrary sum, an arbitrary intersection and a finite product of homogeneous ideals of R are also
z% homogeneous. We say that I is a homogeneous prime ideal of R if it is both homogeneous and prime;
- and [ is a maximal homogeneous ideal of R if it is maximal among proper homogeneous ideals of R.
5 We denote by h-Spec(R) the set of homogeneous prime ideals of R and h-Max(R) the set of maximal
5, homogeneous ideals of R. It is well known that h-Max(R) is a nonempty subset of h-Spec(R).

.5 LetI' be a torsion-free cancellative monoid with quotient group (I') and let R = @y Ra be a

35 2raded integral domain. Let H be the set of nonzero homogeneous elements of R and let Ry be the
37 homogeneous quotient field of R. Then Ry = D ye ) (Ri ) o Where (R )o = {g !f €Rgand g €Ry

% with B—v= (x} for each a € (I'). Hence Ry is a graded integral domain. Let 7 be an overring of

39
40 2020 Mathematics Subject Classification. 13A02, 13A15, 13E99, 13F05.
41 Key words and phrases. Graded Priifer domain, Noetherian homogeneous spectrum, ascending chain condition on

42 homogeneous prime ideal, graded property (##).
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i R contained in Ry. Then T is said to be a homogeneous overring of Rif T = @ qery (T N (R)a) [1,
2 page 198]. A fractional ideal I of R is said to be a homogeneous fractional ideal of R if there exists an
'3 element i € H such that il is a homogeneous ideal of R [1, page 198]. We denote by HF(R) the set of
Z nonzero homogeneous fractional ideals of R. Then R = Ry if and only if HF(R) = {R}. To avoid this
5 case, we assume that R # Ry unless otherwise mentioned in this paper. In this case, R has a nonzero
6 nonunit homogeneous element.

7
o 1.2. Star-operations. Let R be an integral domain with quotient field K and let F(R) be the set of
~5_nhonzero fractional ideals of R. A star-operation on R is a mapping I + I, of F(R) into F(R) satisfying
1o the following three conditions for all 0 # x € K and I,J € F(R):

11 (1) ()« = (x) and (xI), = xI..

12 (2) ICL;andifI CJ, then I, C J..

3 3 (L) =L

'“ The map v: F(R) — F(R) given by I + I, := (I"')~!, where "' = (R:I) = {x € K|xI CR}, is a
1> star-operation on R and we call it the v-operation on R.

" LetR= PacrRa be a I'-graded integral domain. Let H be the set of nonzero homogeneous
" elements of R and let Ry be the homogeneous quotient field of R. Then for each I,/ € HF(R),
% (I:g, J) = (I:J) € HF(R) [1, Proposition 2.5]. Hence I~!,1, € HF(R) for all € HF(R).

20 1.3. Main results. In [18], the authors studied the rings having Noetherian spectrum. Let R be a
21 commutative ring with identity and let Spec(R) be the set of prime ideals of R. We say that R has
22 Noetherian spectrum (or Spec(R) is Noetherian) if Spec(R) with the Zariski topology satisfies the
23 descending chain condition on closed subsets (or equivalently, R satisfies the ascending chain condition
24 on radical ideals). Hence each Noetherian ring has Noetherian spectrum. (Recall that R is said to be
25 a Noetherian ring if it satisfies the ascending chain condition on ideals.) It is well known that R has
6 Noetherian spectrum if and only if for each ideal I of R, there exists a finitely generated ideal J of R
27 such that I CVICVI [18, Proposition 2.1], if and only if every (prime) ideal of R is the radical of a
8 finitely generated ideal [18, Corollary 2.4], if and only if R satisfies the ascending chain condition on
:23% prime ideals and each ideal of R has only finitely many minimal prime ideals [11, Theorem 88 and
o Exercise 25, page 65].

> In [9], the authors defined the concept of Noetherian homogeneous spectrum, which is the con-
4 Cept corresponding to graded rings of that of Noetherian spectrum, and studied whether Noetherian
5, homogeneous spectrum in graded rings has Noetherian spectrum. Let R = P yerRa be a I'-graded
55 ting. We say that R has Noetherian homogeneous spectrum (or h-Spec(R) is Noetherian) if h-Spec(R)
s With the Zariski topology satisfies the descending chain condition on closed subsets. Then R has
37 Noetherian homogeneous spectrum if and only if for each homogeneous ideal / of R, there exists a
sg finitely generated (homogeneous) ideal J of R such that I C VI CWVI [9, page 1575]. Hence each
39 graded Noetherian ring has Noetherian homogeneous spectrum. (Recall that R is called a graded
40 Noetherian ring if each homogeneous ideal of R is finitely generated.)

41 Anintegral domain R is said to be a Priifer domain if every nonzero finitely generated ideal of R

ﬁg is invertible. In [8], the authors defined the concept of the radical trace property and studied some
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1 properties of Priifer domains having Noetherian spectrum. Recall that R is said to satisfy the radical
2 trace property (RTP domain) if for each nonzero ideal I of R, II~! is a radical ideal of R. More
3 precisely, when R is a Priifer domain having Noetherian spectrum and 7 is an ideal of R such that /! i
4 aring, I"! = (I:1) if and only if 7 = v/, if and only if 7 is contained in only maximal ideals of (7 : I )
i [8, Theorem 2.5]. Also, when R is a Priifer domain satisfying the ascending chain condition on prime
6 ideals, R is an RTP domain if and only if R has Noetherian spectrum, if and only if R satisfies property
7 (##) [8, Theorem 2.7]. (Recall from [7] that R satisfies property (#) if for any two distinct subsets A
and A, of Max(R), where Max(R) is the set of maximal ideals of R, Myca, Rvr # Nayrea, Rus and R
satisfies property (##) if each overring of R satisfies property (#).)

Let R = @ycrRo be a I'-graded integral domain. Let H be the set of nonzero homogeneous
— elements of R and let Ry be the set of nonzero homogeneous elements of R. We say that R is a graded
i valuation domain if for any nonzero homogeneous element x € Ry, x € Ror x~' € R; and R is a graded
— meer domain if every nonzero finitely generated homogeneous ideal of R is invertible. In [2, Theorem
- 2.2], the authors investigated some equivalent conditions for a graded integral domain to be a graded
. valuation domain. More precisely, R is a graded valuation domain if and only if the set of (principal)
;> homogeneous ideals of R is linearly ordered under the inclusion. In [3], the authors studied some
1 Pproperties of graded Priifer domains. In detail, R is a graded Priifer domain if and only if Rp\p is a
19 graded valuation domain for all P € h-Spec(R), if and only if Rpp\ i 18 a graded valuation domain for
oo all M € h-Max(R) [3, Theorem 3.1]. In [3, Theorem 3.5], the authors also examined some properties
>y of homogeneous overrings of graded Priifer domains. These results are useful in this paper. We will
22 continue to use [2, Theorem 2.2] and [3, Theorem 3.1] in this paper without mentioning from now on.
23 In this paper, we examine some equivalent conditions for a graded Priifer domain to have Noetherian
24 homogeneous spectrum. To do this, we apply the results in [8] and [18], including the results mentioned
2E above, to graded rings.

26 This paper consists of three sections including the introduction. In Section 2, we investigate when
27 the equality 7~! = (I : I) holds if R is a graded Priifer domain and I is a nonzero proper homogeneous
28 ideal of R. To do this, we investigate some equivalent conditions for a graded ring to have Noetherian
2% homogeneous spectrum. More precisely, we show that R has Noetherian homogeneous spectrum if and
%0 only if every homogeneous prime ideal of R is the radical of a finitely generated homogeneous ideal, if
* and only if every homogeneous ideal of R is the radical of a finitely generated homogeneous ideal, if
*® and only if R satisfies the ascending chain condition on homogeneous radical ideals, if and only if R
2% satisfies the ascending chain condition on homogeneous prime ideals and each homogeneous ideal of
— R has only finitely many minimal homogeneous prime ideals (Theorem 2.5). As the main result of
% this section, when R is a graded Priifer domain having Noetherian homogeneous spectrum and [ is a

\@\m

1

_A_.
=3

5; honzero proper homogeneous ideal of R such that /! is a ring, we show that 1! = (I : I) if and only
5 1= V1, if and only if I is contained in only maximal homogeneous ideals of (I : I) (Theorem 2.9).
2o In Section 3, we investigate some equivalent conditions for a graded Priifer domain to have Noetherian
1o homogeneous spectrum. As the main result of this paper, when R is a graded Priifer domain, we
41 show that R has Noetherian homogeneous spectrum if and only if R satisfies graded property (##) and

42 R satisfies the ascending chain condition on homogeneous prime ideals, if and only if each finitely

29 Oct 2024 22:17:09 PDT
240724-KimDongkyu Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

GRADED PRUFER DOMAINS HAVING NOETHERIAN HOMOGENEOUS SPECTRUM 4

1 generated homogeneous ideal of R has only finitely many minimal homogeneous prime ideals and R
‘2 satisfies the ascending chain condition on homogeneous prime ideals, if and only if R is a graded RTP
domain and R satisfies the ascending chain condition on homogeneous prime ideals (Theorem 3.5).

2. When the equality /~! = (7 : I) holds?

o|o|a]e]

— From now on, we always assume that R = @, Ry is a I'-graded ring, H is the set of nonzero
homogeneous elements of R and Ry is the homogeneous quotient field of R.

In this section, we investigate when the equality 7~! = (I : I) holds if R is a graded Priifer domain
;o and I is a nonzero proper homogeneous ideal of R such that / ~!is a ring. We first show that this
11 equality does not hold in general but this is true in some cases. To do this, we require the following
1o concept.
13 In [12], the author generalized the concept of primary ideals to graded rings and studied some
14 properties on it. Let R be a graded ring and let I be a proper homogeneous ideal of R. We say that
15 I is a graded primary ideal of R if for any a,b € H withab € I, a € I or b € \/T; and I is a graded
16 P-primary ideal of R if I is a graded primary ideal of R such that Dacr (\ﬁ ﬁRa) = P. Note that
E 1 is the intersection of the set of minimal prime ideals of /. Then /1 is the intersection of the set
18 of minimal homogeneous prime ideals of R. Hence /I is a homogeneous ideal of R. Note that each
19 graded primary ideal of R is primary [17, page 125, Lemma 14].

[o |~

2% Remark 2.1. (1) In [8, Example 2.6], the authors constructed a Priifer domain D and an ideal I of
5, D such that 1 ~lisaring but I # (I : I). Let G be a torsion-free abelian group and let R = D[G]
5 be the group ring of G over D. Then R is a graded Priifer domain [16, Example 2.16]. Note that
22 JIG)7! =J71G] and (J[G] : J[G]) = (J : J)[G] for each nonzero ideal J of D [4, Lemma 2.3]. Thus
o5 1[G] is a homogeneous ideal of R such that I[G]~! is a ring but I[G]~! # (I[G] : I|G]).

26 (2) Let R be a graded Priifer domain and let Q be a graded primary ideal of R. Then Q! is a ring if
27 and only if Q~! = (Q: Q) [14, Lemma 3.4].

?® " We first show that the equality holds if 7 = v/I. To do this, we review the concept of minimal

2 homogeneous prime ideals.

o Let R be a graded ring. Let I be a proper homogeneous ideal of R and let P be a homogeneous prime
— ideal of R containing /. If there does not exist a homogeneous prime ideal of R properly between I and
i then P is called a minimal homogeneous prime ideal of 1. It is well known that if Q is a minimal
5, brime ideal of /, then Q is a homogeneous (prime) ideal of R. Hence Q is a minimal prime ideal of / if
and only if Q is a minimal homogeneous prime ideal of /.

35

3E Lemma 2.2. Let R be a graded Priifer domain and let I be a homogeneous radical ideal of R. Then

87 the following assertions are equivalent.
2% () I'=(:1).
o (2) I"Vis aring.

‘E Proof- We may assume that / is a nonzero proper homogeneous ideal of R.
42 (1) = (2) This is obvious.

29 Oct 2024 22:17:09 PDT
240724-KimDongkyu Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

GRADED PRUFER DOMAINS HAVING NOETHERIAN HOMOGENEOUS SPECTRUM 5

(2) = (1) Suppose that I~! is a ring. Let {P5|8 € A} be the set of minimal homogeneous prime
ideals of I and let {Mpg | B € %} be the set of maximal homogeneous ideals of R not containing /. Then

I =scpPsand I"! = (QSEARH\PS) N (ﬂﬁeﬂRH\Mﬁ> [14, Theorem 3.2]. Letx€ I~ and y € I.
Then xy € PsRy\p;, VR = Ps forall § € A. Hence xy € [ and x € (I : I). Thus I'=(:1). O

The following example shows that there exists a homogeneous radical ideal I of R such that I~ is
not a ring.

@|~|ofofsfe|r]~

5 Example 2.3. Let R be a graded Dedekind domain and let M € h-Max(R). (Recall that R is said to be
10 a graded Dedekind domain if each nonzero homogeneous ideal of R is invertible.) Then R is a graded
11 Priifer domain and M is invertible. Hence M~! # (M : M). Thus by Remark 2.1(2), M~ is not a ring.

? The goal of this section is to show that I~! = (I : I) if and only if I = /I when R has Noetherian

3 . . . .

e homogenous spectrum and / is a nonzero homogeneous ideal of R such that /! is a ring. We first
- investigate some equivalent conditions for a graded ring to have Noetherian homogeneous spectrum.
. To do this, we require the following lemma.

7 Lemma 2.4. Let R be a graded ring. Let I, C I C --- be an ascending chain of homogeneous radical
'8 ideals of R and let {Py,...,P;} be a finite subset of h-Spec(R) such that I} = (*_, B. If the chain
Y JI[ ¥P C\L+P C--- is stationary for all i € {1,... k}, then the chain I, C I, C --- is stationary.
20

21 Proof. LetI} C I, C --- be an ascending chain of homogeneous radical ideals of R and let {Py,..., P}
22 be a finite subset of h-Spec(R) such that I} = ﬂf:l P.. By the hypothesis, there exists an integer n > 1
23 such that /I, + P, = \/I,, + P forallm > nand i € {1,...,k}. Let m > n be an integer and let x € I,,.
zz Then x € /I, + P, for all i € {1,...,k}. Hence there exists an integer £ > 1 such that x' eI, + P, for
25 allie{l,...,k}. Foreachi € {1,...,k}, there exist a; € I, and b; € P; such that x! = a; + b;. Then we
26 have

27

o Mo, (f —ai) =TT b €N P =1 C 1.

2E Since a; € I, foralli=1,...,k,x € \/I, = I,. Hence I,, = I,, for all m > n. Thus the chainI; C I, C ---
30

31
32 Theorem 2.5. Let R be a graded ring. Then the following statements are equivalent.

is stationary. 0

33 (1) R has Noetherian homogeneous spectrum.
34 (2) Every homogeneous prime ideal of R is the radical of a finitely generated homogeneous ideal.
35 (3) Every homogeneous ideal of R is the radical of a finitely generated homogeneous ideal.

36

87 (5) R satisfies the ascending chain condition on homogeneous prime ideals and each homogeneous

%8 ideal of R has only finitely many minimal homogeneous prime ideals.

39
‘E Proof. (1) = (2) It follows from that /P = P for all P € h-Spec(R).

41 (2) = (3) Suppose to the contrary that there exists a homogeneous ideal of R which is not the radical

(4) R satisfies the ascending chain condition on homogeneous radical ideals.

ﬁg of a finitely generated homogeneous ideal. Let <7 be the set of homogeneous ideals of R which are
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1 not the radical of a finitely generated homogeneous ideal. Then 7 is a nonempty set. Hence .2/ has a
"2 maximal element P and P € h-Spec(R) [18, Proposition 2.3]. This contradicts the hypothesis. Thus
'3 every homogeneous ideal of R is the radical of a finitely generated homogeneous ideal.

4 (3)= (1) This is obvious.

(3) = (4) LetI; C I, C --- be an ascending chain of homogeneous radical ideals of R and let
= U, I,- By the hypothesis, there exists a finitely generated homogeneous ideal J of R such that
= +/J. Then there exists an integer m > 1 such that J C [,,. Since I, is a radical ideal of R, I = I,,.
Hence [ = I,, for all k > m. Thus the chain I C I, C --- is stationary.

(4) = (2) Suppose to the contrary that there exists a homogeneous prime ideal P of R which is
. — not the radical of a finitely generated homogeneous ideal. Then \ﬁ C Pforallae PNH. For

— n > 2, assume that there exist ay,...,a,—1 € PNH such that \/(a;) C +/(ap,...,an—1) C P.
— Since \/(al, Ay 1) is a homogeneous ideal of R, there exists an element a, € PﬂH such that

—ay, & \/(ai,...,ap—1). Then \/(a -+ C+/(ay,...,a,) C P is a chain of homogeneous radical

15 1deals of R. By the induction, there exists a chain { (ai,...,ay)|n€ N} of homogeneous radical

4
5
i
7]
8
9
10

16 ideals of R. This contradicts the hypothesis. Thus every homogeneous prime ideal of R is the radical of
17 a finitely generated homogeneous ideal.

E (4) = (5) This direction comes from [19, Corollary 1.2].

19 (5)= @) Letl) €I, C--- be an ascending chain of homogeneous radical ideals of R. Then by the
20 hypothesis, there exist Py, ..., P € h-Spec(R) such that I; = (\*_, P.. Hence by Lemma 2.4, it suffices
21 to show that the chain P, = /I, + P, C /L + P, C - -- is stationary for all i € {1,...,k}. Suppose to the
22 contrary that there exists an integer i € {1,...,k} such that the chain P, = /[ + B, C L+ P, C ---
23_is not stationary. By choosing an infinite subsequence, we may assume that /I, + P, C /I, .1 + P,
? foralln € N. Let M; = P.. For n > 1, assume that there exist M;,...,M, € h-Spec(R) such that
Z% M C---CM, CI-1+M, < ---. By the hypothesis, I,,.1 + M, has only finitely many minimal
— homogeneous prime ideals. Then by Lemma 2.4, there exists an element M, | € h-Spec(R) with
2? M, C M1 such that the chain My, | = v/I,+1 + My+1 C \/I,42 +M,+1 C --- is not stationary. By the
oo induction, there exists a chain {M,, |n € N} of homogeneous prime ideals of R. This contradicts the
0 hypothesis. Thus the chain P, = \/I} + P, C /L, + P, C - - is stationary for all i € {1,...,k}. O

31 Lemma 2.6. Let R be a graded Priifer domain. Let I be a nonzero proper homogeneous ideal of R
5 and let P be a minimal homogeneous prime ideal of 1. If there exists a finitely generated homogeneous

*° ideal J of R such that I C J C P, then I~ is not a ring.
34

35 Proof. Suppose to the contrary that /=" is a ring. Then I-! C Ry p [14, Theorem 3.2]. Since R is a
36 graded Priifer domain, J is invertible. Hence 1 € JJ “lcprtc PRH\p, which is absurd. Thus 7! is

87 not a ring. O
38
39 Let R be a graded ring and let / be a homogeneous ideal of R. Then R/I = @ ycr(R/I)q, Where

‘E (R/Iq = {ra+1|ro € Ry} for each a € T'. Hence R/I can be regarded as a I'-graded ring. Let
41 Z(R/I) be the set of zero-divisors of R/I and let {Ps/I|J € A} be the set of homogeneous prime ideals
42 of R/I not meeting (R/I)\ Z(R/I). Then (R/I)\ Z(R/I) is a saturated multiplicative subset of R/I.
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1 Hence Ugca Ps/I C Z(R/I). Suppose that R is a graded valuation domain and let P = (Jgcp Ps. Then
2 P €h-Spec(R) such that x+1 ¢ Z(R/I) for all x € H \ P.

3
e Lemma 2.7. Let R be a graded valuation domain and let I be a nonzero proper homogeneous ideal of

& R. Let {P5/I|5 € A} be the set of homogeneous prime ideals of R/I not meeting (R/I)\ Z(R/I) and

? let P = U5€AP5. Then (I . I) :RH\P

" Proof Letxe (I : I) be nonzero homogeneous. Since R is a graded valuation domain, we may assume
® thatx~! € R. Then I = x"'I. Suppose to the contrary that x_! € P. Since P/I C Z(R/I), there exists an
2 element y € R\ I such that x~'y € I =x7'I, which is absurd. Then x~! € H \Pandx € Ry p- Hence
o (I:1)C R\ p. Conversely, let a € Ry p be nonzero homogeneous. Since R C (I:1), we may assume
-, that a ' € H\P. Then P C (a'). Hence there exists a homogeneous ideal J of R such that I = a~!J.
5 Since a ' € H\ P, a' +1Iis not a zero-divisor of R/I. Then I =J and I = a~'I. Hence a € (I : I).
., Thus (I:1)=Rp\p. 0
> Let R be a graded integral domain and let / be a homogeneous ideal of R. Then I =) Men-Max(R) [RH\M
3, Corollary 2.5]. Since this result is often used in this paper, we will use this fact without mentioning

'”_ from now on. The following lemma plays an important role in proving the main result of this section.
18

E Lemma 2.8. Let R be a graded Priifer domain having Noetherian homogeneous spectrum and let I be
20 a homogeneous ideal of R such that I ~Uisaring. If I C /1, then there exist homogeneous prime ideals

21 Pand Q of Rsuchthat1 CP C Q, I"' € Rypg and (I :1) C Ryp\o. Hence I (I :1),
22
o3 Proof. Suppose that I C +/I. Then there exists an element M € h-Max(R) such that IRy 1s nOt 2

o4 radical ideal of Rpp\m- Since Ry 1s a graded valuation domain, there exists an element P € h-Spec(R)
25 such that \/m = PRy\y- Hence P is a minimal homogeneous prime ideal of /.

26 Suppose to the contrary that IRy\p & PRp\p. Since Ry p is a graded valuation domain, there
27 exists an element p € PN H such that IRg\p C (p)Ry\p C PRy\p. By Theorem 2.5, there exists
28 a finitely generated homogeneous ideal A of R such that P = v/A. Let J = A+ (p) and take an
29 element N € h-Max(R). Then JRy\y = Rp\y if P £ N. Assume that P C N. Since IRy p & (P)Rp\ps
% Ip~! C PRy p = PRy [2, Theorem 2.3(6)]. Then IRy € (p)Ripy C JRipy and I € J C P. This
%1 contradicts Lemma 2.6. Hence IRp\p = PRy p-

2 Let {OsRm\m/IRm\um | 6 € A} be the set of homogeneous prime ideals of Ry\ v /IRy not meeting

% (Rep\m/IRg\m1) \ Z(Rep\ a1/ IR\ pr)- Since Ry y is a graded valuation domain, there exists an element

2? Q € h-Spec(R) such that Uscp QsRipr = ORiyg- Then PRy = /TRy QR Let x €
% PR\ y be homogeneous such that x ¢ IRy and let H (RH\M) be the set of nonzero homogeneous
- elements of Ry p. Then we have

A

Z% PRy = PR p = IR\ p = (IRE\M) H (Ryp )\ PRy o1
40 where the first equality follows from [2, Theorem 2.3(6)]. Hence there exists an element y € H(R ) \
s PRy such that xy € IRy y. Since y +IRp y 1s a zero-divisor of RH\M/IRH\M, Y € ORp\ - Then

42 PRy & ORp\ - Hence P C Q. By Theorem 2.5, there exists a finitely generated homogeneous ideal
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1 B of R such that Q = v/B. Then P C B. Since B is invertible, | € BB~! C QI"!. Hence ! z Ry o-
E By Lemma 2.7, we have

(I:1) S (IRg\p = IR\ ) = (RE\M)H(Ryp o)\ OBy o = R\ 0-

Thus there exist homogeneous prime ideals P and Q of R suchthat [ CPC Q, I"! ¢ Rp\ o and

o|lo|[N]o|a|s]|w

We are now ready to prove the main result of this section.

9 Theorem 2.9. Let R be a graded Priifer domain having Noetherian homogeneous spectrum and let I
"' be a nonzero proper homogeneous ideal of R such that I~ is a ring. Then the following conditions are

12 .
Z_ equivalent.
13

o () Irt=:.
s @ I=VI
16 (3) 1 is contained in only maximal homogeneous ideals of (I : I).

? Proof. (1) = (3) Suppose that I~! = (I : I). Let M be a homogeneous prime ideal of I~! containing /.
o Then M NR is a homogeneous prime ideal of R containing 7 such that M = (M NR)I~! [3, Theorem
o 3.5(4)]. Let P be a minimal homogeneous prime ideal of / contained in M NR. If PI ! is not
», @ maximal homogeneous ideal of / ~!, then there exists a homogeneous prime ideal Q of R with
> P € Q such that PI"' C QI!' € h-Spec(I™!) [3, Theorem 3.5(5)]. By Theorem 2.5, there exists a
-5 finitely generated homogeneous ideal A of R such that Q = V/A. Then P C A. Since A is invertible,
on 1 E AA~! C ol —1 which is absurd. Hence PI"! is a maximal homogeneous ideal of ~1 Since
s PIT'CM, M=PI ' ¢ h-Max(/ _1). Thus / is contained in only maximal homogeneous ideals of 7.
26 (3) = (2) Suppose to the contrary that I C v/I. Then by Lemma 2.8, there exist homogeneous prime
22 ideals P and Q of Rsuchthat /C P C Qand (I:1) C Ry - Hence PRy o N (1 :1) is a homogeneous
28 prime ideal of (7 : I) containing / and properly contained in ORmoN (I:1). This contradicts the
29 hypothesis. Thus I = /1.

80 (2) = (1) It follows immediately from Lemma 2.2. O
31

3> Remark 2.10. (1) Let R be a graded valuation domain. Then I~! is a ring if and only if I is a
33 noninvertible homogeneous prime ideal of R [14, Lemma 3.5]. Hence by Theorem 2.9, I~ ! is a ring if
s+ and only if I"' = (I :I).

BE (2) Let R be a graded Priifer domain and let Q be a graded P-primary ideal of R. Then by Remark
36 2.1(2), 0 isaring if and only if Q~! = (Q : Q). Hence by Theorem 2.9, Q! is a ring if and only if
37 @ = P when R has Noetherian homogeneous spectrum.

3 (3) Let R be a graded Priifer domain and let P be a homogeneous prime ideal of R such that P~! =R

% and P # P?. Then P~2 = R = (P?: P?) and P? # VP2,
40

‘E The following example shows that the condition that R has Noetherian homogeneous spectrum in
42 Theorem 2.9 is essential.
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1 Example 2.11. Let D be the ring of entire function. Then D is a Bézout domain and there exists
‘2 a maximal ideal M of D such that P = (°_;M" C M and P~! = D [10, Example 3.12]. Hence
3 M~' =D and M # M?. Let G be a torsion-free abelian group and let R = D[G] be the group ring
Z of G over D. Then R is a graded Priifer domain [16, Example 2.16]. Let Q = M[G]. Then Q is
5 a maximal homogeneous ideal of R such that 0~' = M~![G] = R and Q # Q*. Hence by Remark
6 2.103),02=R= (Q2 : Qz) and Q% # \/@ Thus the condition that R has Noetherian homogeneous
7 spectrum in Theorem 2.9 is essential.

©

9 3. Graded Priifer domains having Noetherian homogeneous spectrum
10
11 Inthis section, we investigate some equivalent conditions for a graded Priifer domain to have Noetherian

1> homogeneous spectrum. To do this, we require several lemmas.

'S Lemma 3.1. Let R be a graded Priifer domain and let A be a finitely generated homogeneous ideal
. of R. If A has only finitely many minimal homogeneous prime ideals P, ..., P, then there exists an

> element x; € P.NH such that P; is the radical of A+ (x;) for eachi € {1,...,k}.
16

17 Proof. Take anindex i € {1,...,k}. Without loss of generality, we may assume that i = 1. Since R is a
18 graded Priifer domain, P, + P; = R for all j € {2,...,k}. Then P +]]}_, P; = R. Hence there exist
19 homogeneous x; € P and y; € H’}Zsz such that x; +y; = 1. Since Pj+ (x;) =R forall j € {2,... k},
20 Py is the minimal homogeneous prime ideal of A + (x;). Thus P; = /A + (x1). O

21
o, Lemma 3.2. Let R be a graded Priifer domain and let P be a nonzero homogeneous prime ideal of R.
o3 Suppose that P is both the radical of a finitely generated homogeneous ideal and contained in only
o, Jfinitely many maximal homogeneous ideals. Then there exists an element p € PN H such that P is a
o5 minimal homogeneous prime ideal of (p). In this case, there exists an element x € PN H such that
o6 1 —x belongs to each maximal homogeneous ideal of R containing (p) and not containing P.

27 Proof. LetA = (ay,...,ay) be a finitely generated homogeneous ideal of R such that P = VA. Then
?® there exists an index i € {1,...,n} such that P is a minimal homogeneous prime ideal of (a;) [7,
% Lemma 4]. Without loss of generality, we may assume that i = 1. Let {M,...,M;} be the set of
z% maximal homogeneous ideals of R containing P. Take an index i € {1,...,k} and let H(Rp\ ;) be the
.~ set of nonzero homogeneous elements of Ry p;,- Then Ry py, is a graded valuation domain such that
. (Re\m;) H(Ryp\pr,)\PRig\, = R\ p. Suppose to the contrary that there exists an index j € {2,...,n} such
54 thatd divides aj in Ry p, for all m € N. Then (V. (a})Ryy\p € h-Spec(Rp\ p) such that (a1)Rpp C

J
35 (et (a;?)RH\ p G PRy p [14, Lemma 2.1(1)]. This contradicts that P is a minimal homogeneous prime

36 ideal of (a;). Note that P = /(ay,d¥,...,a?) for all m € N. Hence we may assume that ¢; divides
57 a;in Ry\y, foralli € {2,...,n} and j € {1,...,k}. Since A is invertible, there exists a homogeneous

38 ideal B of R such that (a;) = AB. For each i € {I,...,k}, we have

39
o (a1)Ri\m; = AR\ m;BRi\p1; = (a1) R\ g, BRip\ ;-
‘E Then BRy\y; = Ryp\; foralli=1,... k. Hence BZ M; foralli=1,... k. Since {M,...,M;} is the

42 set of maximal homogeneous ideals of R containing P, A+ B = R. Then there exist homogeneous

29 Oct 2024 22:17:09 PDT
240724-KimDongkyu Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

GRADED PRUFER DOMAINS HAVING NOETHERIAN HOMOGENEOUS SPECTRUM 10

1 x€Aandy € Bsuch that x+y = 1. Let M be a maximal homogeneous ideal of R containing (a;) and
"2 not containing P. Then A Z M and AB = (a;) C M. Hence BC M. Thus 1 —x=y € BC M. O

Although we obtain the following result in a similar way to [6, Lemma 8], we insert the proof for

&[]

o the sake of completeness.

E Lemma 3.3. Let R be a graded ring and let {Ms |5 € A} be the set of maximal homogeneous ideals
7 of R. If there exists an element ms € Mg N H such that 1 —mg € Mas M), for each 0 €A, then
8 {Mg|6 € A} is a finite set.

9

10 Proof. Suppose to the contrary that {Mg |0 € A} is an infinite set. Then there exists a well-ordering <
11 of A such that A has no largest element. Let I = (.5 M, for each § € A and let I = |Jsca Is. Then
12 {I5|8 € A} is a chain of proper homogeneous ideals of R. Hence / is a proper homogeneous ideal of R.
E By the hypothesis, 1 —mg € I5 \ Mg for each § € A. Then I Mg for all 6 € A. Hence I = R, which is
14 absurd. Thus {Mgs|d € A} is a finite set. O

% In [14], the author generalized the concepts property (#) and property (##) to graded integral
;7 domains and studied some properties of graded Priifer domains. Let R be a graded integral domain.
15 We say that R satisfies graded property (#) if for any two distinct subsets A; and Ay of h-Max(R),
19 Mvea, Renmt # Nurea, R and R satisfies graded property (##) if each homogeneous overring of R
oo satisfies graded property (#).

21 When R is a graded Priifer domain, the author showed that R satisfies graded property (#) if and
22 only if R is uniquely expressed as an intersection of a set {Vg|B € %} of graded valuation overrings
23 of R such that there are no containment among the VB’s [14, Theorem 4.6]; and R satisfies graded
24 property (##) if and only if for each homogeneous prime ideal P of R, there exists a finitely generated
25 homogeneous ideal A of R such that A C P and each maximal homogeneous ideal of R containing A

26 contains P [14, Theorem 5.2].
27
-5 Lemma 3.4. Let R be a graded Priifer domain satisfying graded property (##). Then each finitely

o9 generated homogeneous ideal of R has only finitely many minimal homogeneous prime ideals.

%0 Proof. 1t suffices to show that each principal homogeneous ideal of R has only finitely many minimal
% homogeneous prime ideals [7, Lemma 4]. Let x € H and let {P5|0 € A} be the set of minimal
o homogeneous prime ideals of (x). Then {Rp\p, |6 € A} is a set of pairwise order-incomparable graded
o valuation overrings of R. Let T = (\sca R\ pg- Then T is a graded Priifer domain [3, Theorem 3.5(2)].
o5 Since R satisfies graded property (##), T satisfies graded property (##). Hence T’ = [\5ep R\ p; 1s the
35 unique representation of 7' as an intersection of graded valuation overrings [14, Theorem 4.6]. Let
57 1Mg|B € £} be the set of maximal homogeneous ideals of 7' and let H(T) be the set of nonzero
35 homogeneous elements of 7. Then {Ry\p; |6 €A} = {TH(T)\Mﬁ |B € #}. Note that Ty 7\ ps7 = R\ py
39 foreach § € A [3, Theorem 3.5(1)]. Hence {PsT | 0 € A} is the set of maximal homogeneous ideals of
40 T [3, Theorem 3.5(5)]. Take an index & € A. Then P57 is a minimal homogeneous prime ideal of xT
41 [3, Theorem 3.5]. Since T satisfies graded property (##), there exists a finitely generated homogeneous
ﬁg ideal A of T such that P57 is the unique maximal homogeneous ideal of 7' containing A [14, Theorem

29 Oct 2024 22:17:09 PDT
240724-KimDongkyu Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

GRADED PRUFER DOMAINS HAVING NOETHERIAN HOMOGENEOUS SPECTRUM 11

1 5.2]. Since PsT is a minimal homogeneous prime ideal of xT', /A +xT = P5T. Then by Lemma 3.2,
‘2 there exists an element ys € PsT NH(T) such that 1 —ys € P, for all A # §. Hence by Lemma 3.3,
3 {PsT |0 € A} is a finite set. Thus each finitely generated homogeneous ideal of R has only finitely

4 many minimal homogeneous prime ideals. O
5

s In[15], the author defined a graded integral domain R to satisfy the graded radical trace property

" (graded RTP domain) if for each nonzero homogeneous ideal 7 of R, 11! = VII!.

g Recall from [14] that P € h-Spec(R) is said to be homogeneous branched if there exists a graded
9 P-primary ideal Q of R with Q # P. We are now ready to prove the main result of this paper.

10
. Theorem 3.5. Let R be a graded Priifer domain. Then the following statements are equivalent.

12 (1) R has Noetherian homogeneous spectrum.

13 (2) R satisfies both graded property (##) and the ascending chain condition on homogeneous
14 prime ideals.

15 (3) Each finitely generated homogeneous ideal of R has only finitely many minimal homogeneous
E prime ideals and R satisfies the ascending chain condition on homogeneous prime ideals.

7 (4) R is a graded RTP domain and R satisfies the ascending chain condition on homogeneous
8 prime ideals.

19

o0 Proof. (1) = (2) This direction comes from Theorem 2.5 and [14, Theorem 5.2].

o1 (2) = (3) It follows immediately from Lemma 3.4.

22 (3) = (1) Suppose that R satisfies the ascending chain condition on homogeneous prime ideals and
23 let P be a nonzero homogeneous prime ideal of R. Then there exists a homogeneous prime ideal Q
zz of R properly contained in P such that there are no homogeneous prime ideals of R properly between
25 Q and P. Hence there exists an element p € (PNH)\ Q. Since Ry\p is a graded valuation domain,
%6 ORmp\p ()R p- Then P is a minimal homogeneous prime ideal of (p). By the hypothesis, (p) has
27_only finitely many minimal homogeneous prime ideals. Hence by Lemma 3.1, P is the radical of a
28 finitely generated homogeneous ideal of R. Thus by Theorem 2.5, R has Noetherian homogeneous
29 spectrum.

Vo=@ Suppose that R has Noetherian homogeneous spectrum. Then by Theorem 2.5, R satisfies
' the ascending chain condition on homogeneous prime ideals. Let / be a nonzero homogeneous ideal of
% R. Then (II"")~" = (11~ : 117") [13, Corollary 2.4). Hence by Theorem 2.9, II~' = /II-1. Thus R
> is a graded RTP domain.

5 (4) = (2) Suppose to the contrary that R does not satisfy graded property (##). Then there exists
— a homogeneous prime ideal P of R such that for each finitely generated homogeneous ideal A of R

36

- such that A C P, there exists a maximal homogeneous ideal of R containing A not containing P [14,

55 Theorem 5.2]. Hence gy Ripmg € Ry p, where {Mpg|B € £} is the set of maximal homogeneous
39 ideals of R not containing P [14, Lemma 4.4]. Since P is not invertible, Plisa ring [14, Theorem
‘E 3.6]. Then P~! = ﬂﬁE@RH\Mﬁ NRpp = ﬂ[;e%RH\Mﬁ [14, Theorem 3.2]. Since R satisfies the
41 ascending chain condition on homogeneous prime ideals, there exists a homogeneous prime ideal
g M of R with M C P such that there are no homogeneous prime ideals of R properly between M and
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1 P. Then P is homogeneous branched [14, Theorem 2.7]. Hence there exists a graded P-primary
2 ideal Q of R with Q # P. Let T(Q) be the ideal transform of Q and let Py = (\;;_; Q". Then T(Q) =

5 Ry\py N <ﬂﬁe% RH\Mﬁ> [14, Corollary 3.7(2)]. Hence we obtain

m RH\Mﬁ — [)_l
pe#

= RH\PO< N RH\MB)

Be#r

Rp\p, N ( N RH\M;;)

pe#

jefe|~|o]o]s]

_,_._.
SRS
N

= T(Q)

< N R\
Bex

—_
w

—
»

-
(é)]

g Since Q"' C T(Q) =P~ ', P! =T(Q) = Q~'. Then by Remark 2.1(2), Q0! = Q. Since R is a
o graded RTP domain, Q = +/Q = P, which is absurd. Thus R satisfies graded property (##). O

9 Remark 3.6. Suppose that R is a graded Priifer domain satisfying the ascending condition on homoge-
20 neous prime ideals and not satisfying graded property (##). By the proof of (4) = (2) in Theorem 3.5,
1 there exists a homogeneous ideal Q of R such that 0~ = (Q: Q) but Q C +/Q. Thus the condition
?2_that R has Noetherian homogeneous spectrum in Theorem 2.9 is not replaced by that R satisfies the

23 . . .
— ascending condition on homogeneous prime ideals.
24

25 In Remark 2.1(1), we constructed a graded Priifer domain R and a homogeneous ideal I of R such
26 that I~ is a ring but I~! # (I : I). We examine in which cases this does not happen. To do this, we

27 _require the following lemma.
28

29 Lemma 3.7. Let R be a graded Priifer domain. Let P be a homogeneous prime ideal of R such that
:g PRp\p is not principal and let I be a homogeneous ideal of R such that VI=P and IRp\p = PRy \p.
31 Then I =P.

32
53 Proof. Take an element M € h-Max(R). Then I £ M if P £ M. Hence IRy s = Rp\pr- Assume that

34 P C M and take an element x € PN H. Since PRy p is not principal, (x)Rg\ p & PRy p = IRy p. Then
35 there exists an element y € INH such that (x)Rgp S () Ry p- Note that PRy p = PRy [2, Theorem

37
s Theorem 3.8. Let R be a graded Priifer domain having Noetherian homogeneous spectrum. Suppose
- that R satisfies the descending chain condition on homogeneous prime ideals. Then the following

20 conditions are equivalent.

‘E (1) For any homogeneous ideal I of R such that I"" is a ring, I"' = (I : I).
42 (2) For any homogeneous ideal I of R such that I is a ring, I = \/I.
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(3) For each nonzero homogeneous prime ideal P of R which is not maximal homogeneous such
that PRy p is principal, there exists a homogeneous prime ideal Q of R such that P C Q and
each maximal homogeneous ideal of R containing Q also contains P.

Proof. (1) < (2) The equivalence comes from Theorem 2.9.

(1) = (3) Suppose to the contrary that there exists a nonzero homogeneous prime ideal P of R which
is not maximal homogeneous such that PRy p is principal and for each homogeneous prime ideal Q of
s Rwith P C Q, there exists a maximal homogeneous ideal of R containing P and not containing Q. Since
5 R satisfies the descending chain condition on homogeneous prime ideals, there exist homogeneous

S| fa|afe]m]-

10 prime ideals QO and Q; of R properly containing P such that there are no homogeneous prime ideals
11 of R properly between P and Q; for i = 1,2. Let p € PN H be such that PRy p = (p)RH\p and let
12 A= PRy o, N ( p)RH\Q2 N R. By Theorem 2.5, there exists a finitely generated homogeneous ideal B
13 of R such that P = V/B.

14 Letl=A-+B. We claim that [~ ring such that I=! # (I:1). Since I C P, PlCr ' Let

E {Mpg | B € %} be the set of maximal homogeneous ideals of R not containing P. Since P ¢ h-Max(R),

g P~'is aring [14, Theorem 3.6]. Then P~! = Ry p N (mﬁe %RH\MB> [14, Theorem 3.2]. Leta € I

1s_and take an index B € #. Since VI=P, 1 ¢ Mg. Then there exists an element bg € (INH) \ Mg.
19 Since abg €R,a € RH\MB. Hence I-! C RH\MB. Letx € I~!. Then we have

20 x(PRy\ g, N (p)Ri\o, "R+ B) =xI CR.

21

2? Since RH\Ql Z RH\QZ’ RH\QZ g (RH\QZ)H\QI g RH\P Then (RH\Qz)H\Ql = RH\P [2, Theorem 23(4)]
>3 Hence we get

24

o x(PRi\o, N (P)Rp\p N R0, +BRi\g,) € R\, -

QE Note that (p)Ry\p = PRy\p = PRy\ g, [2, Theorem 2.3(6)]. Then xPRy\ o, € Ry\p,- Hence x €

27 (PR, )~!. Note that (PR, )~lis aring [14, Theorem 3.6]. Then (PR, )y l= (R o, )H(RH\QL)\PRH\QI =
28 Ry p, where H (RH\QI) is the set of nonzero homogeneous elements of Ry o, [14, Theorem 3.2]. Hence

2 rlc Rp\pN (ﬂBE%RH\MB>- Thus /~! = P~! and I~! is aring.

30

o By Theorem 3.5, R satisfies graded property (##). Then there exists a finitely generated homo-

5, geneous ideal J of R such that P C J C Q, [14, Lemma 5.6]. Hence Q-P~! = P! [14, Lemma
,3; 55] Since 171 = Pil, 171 g RH\QZ Since RH\Qz Z RH\Ql’ RH\Q] _,C,_ (RH\Ql)H\QZ - RH\P Then
J (RH\QI )H\QZ = RH\P [2, Theorem 23(4)] Note that (P)RH\P = PRH\P = PRH\Ql [2, Theorem 23(6)]
a5 Hence ARy o, = (P)Rp\ g, Since R is a graded Priifer domain, (p) + B is invertible. Then we obtain
® (I:1) € (IRp\g, : IRi\g,) = (((P) + B)Rpp\0, : ((P) +B)Rpp\0,) = Ren\ 0,

37
s Hence ! is a ring such that I~! # (I : I). This contradicts the hypothesis. Thus this implication holds.

35 (3) = (2) Let I be a homogeneous ideal of R such that /~! is a ring. Suppose to the contrary
40 that I C +/I. Then there exists an element M € h-Max(R) such that IR\ p s not a radical ideal of
s Ry p- Since Rpyy is a graded valuation domain, there exists an element P € h-Spec(R) such that
42 /IRg\p = PRyp\pr- By the proof of Lemma 2.8, IRy\p = PR\ p. Hence P C M. Let H(Ry\y) be
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the set of nonzero homogeneous elements of Ry . Then (RH\M) H( = Rp\p. Hence by

1 Repm)\PRm\
2 Lemma 3.7, PRy p is principal.

3 By the hypothesis, there exists a homogeneous prime ideal Q of R such that P C Q and each maximal
Z homogeneous ideal of R containing Q also contains P. Suppose to the contrary that IRy g = PRy o-
5 Letx € PNH. Note that PRy ¢ is not principal [14, Lemma 2.2(1)]. Then (x)Rg\ o C PR\ o = IRy -
6 Hence there exists an element y € 1N H such that (x)Ry\ g S (V)Rpg- Since P C M, Q C M. Then
7 ORy\o = ORp\y [2, Theorem 2.3(6)]. Since );‘ € ORy\g» X € (V)Rp\m € IRy\y- Then IRy =
8 PRp\y, which is impossible. Hence IRy g & PRy -

9 Since Rp\ o 1s a graded valuation domain, there exists an element p € PN H such that IRy o &
% ( p)RH\Q. By Theorem 2.5, there exists a finitely generated homogeneous ideal A of R such that P = /A.
o Let J = A+ (p) and take an element N € h-Max(R). Then J N if P £ N. Hence JRy\y = R\ n-
5 Assume that P C N. Then Q C N. Hence p‘ll C ORp\o = ORp\y [2, Theorem 2.3(6)]. It follows
e that IRH\N C (p)RH\N C JRH\N. Then I CJ C P. Hence by Lemma 2.6, I Visnota ring, which is

15 absurd. Thus I = \ﬁ 0

' Remark 3.9. Let R be a graded integral domain and let / be a nonzero homogeneous ideal of R. Then
7 7Visaringif and only if I~ = (I, : I,,), if and only if 7' = (11" : II~") [10, Proposition 2.2]. Hence

'® we obtain additional equivalent conditions in Theorem 3.8 as follows:

19

5 (4) For any nonzero homogeneous ideal / of R such that / “lisaring, (I:1)= (I, : ).

- . . T S — (771 - 771
o1 (5) For any nonzero homogeneous ideal I of R such that /™" isaring, (I:1) = (II"" : II").
22

— References

23

24 [1] D.D. Anderson and D.F. Anderson, Divisibility properties of graded domains, Canadian J. Math. 34 (1982) 196-215.

25 [2] D.D. Anderson, D.F. Anderson, and G.W. Chang, Graded-valuation domains, Comm. Algebra 45 (2017) 4018-4029.

o6 [3] D.F. Anderson, G.W. Chang, and M. Zafrullah, Graded Priifer domains, Comm. Algebra 46 (2018) 792-809.

27 [4] S. El Baghdadi, L. Izelgue, and S. Kabbaj, On the class group of a graded domain, J. Pure Appl. Algebra 171 (2002)
o 171-184.

28

oo [5] R. Gilmer, Commutative semigroup rings, The University of Chicago, Chicago, 1984.
— [6] R.W. Gilmer Jr, Overrings of Priifer domains, J. Algebra 4 (1966) 331-340.

30

- [71 R.W. Gilmer Jr and W.J. Heinzer, Overrings of Priifer domains 11, J. Algebra 7 (1967) 281-302.
31 [8] W.J. Heinzer and 1.J. Papick, The radical trace property, J. Algebra 112 (1988) 110-121.

32 [9] W.J. Heinzer and M. Roitman, The homogeneous spectrum of a graded commutative ring, Proc. Amer. Math. Soc.

33 130 (2002) 1573-1580.
34 [10] J.A. Huckaba and L.J. Papick, When the dual of an ideal is a ring, Manuscripta Math. 37 (1982) 67-85.

35  [11] L Kaplansky, Commutative Rings, Polygonal Publishing House, Washington, New Jersey, revised version 1994.

36 [12] H.A. Khashan, Graded rings in which every graded ideal is a product of gr-primary ideals, Int. J. Algebra 2 (2008)
- 779-788.

37

8 [13] D.K. Kim, Graded integral domains satisfying the graded trace property, submitted.
— [14] D.K. Kim, Graded Priifer domains satisfying the graded trace property, submitted.
89 [15] D.K. Kim, Graded radical trace properties and graded primary ideals, submitted.
40

™ [16] D.K. Kim and J.W. Lim, Two ways to specify graded Priifer domains, submitted.
41 [17] D.G. Northcott, Lessons on Rings, Modules and Multiplicities, Cambridge University Press, London, 1968.

42 [18] J. Ohm and R. Pendleton, Rings with Noetherian spectrum, Duke Math. J. 35 (1968) 631-640.

29 Oct 2024 22:17:09 PDT
240724-KimDongkyu Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

GRADED PRUFER DOMAINS HAVING NOETHERIAN HOMOGENEOUS SPECTRUM 15
[19] M.H. Park, Integral closure of graded integral domains, Comm. Algebra 35 (2007) 3965-3978.
(KiM) DEPARTMENT OF MATHEMATICS, COLLEGE OF NATURAL SCIENCES, KYUNGPOOK NATIONAL UNIVERSITY,

DAEGU 41566, REPUBLIC OF KOREA
E-mail address: dongkyu0397@gmail.com

I
|2[@[s][=]3]e]e]~]o]a]s]e]|r]|-~

—_
o

-
(o]

29 Oct 2024 22:17:09 PDT
240724-KimDongkyu Version 2 - Submitted to Rocky Mountain J. Math.



	1. Introduction
	1.1. Graded rings
	1.2. Star-operations
	1.3. Main results

	2. When the equality I-1 = (I:I) holds?
	3. Graded Prüfer domains having Noetherian homogeneous spectrum
	References

