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Abstract

In this paper, we consider two variant types of fractional Sturm-Liouville problems (FSLP). For a
regular FSLP, we represent some elementary properties of eigenvalues and eigenfunctions. We also use
a fixed point theorem to give a sufficient condition on eigenvalues for the existence and uniqueness of
the associated eigenfunctions. Next, we consider a non-self-adjoint two-term FSLP. Employing a recent
and significant result related to the analysis of Mittag-Leffler functions, we investigate the existence and

asymptotic behaviour of the real eigenvalues for this problem.

1 Introduction

Fractional calculus is the emerging mathematical field devoted to study convoluting-type pseudo-differential
operators, specifically integrals and derivatives of any arbitrary real or complex order. The major difference
between fractional and ordinary derivatives lies in the global nature of the former and to the local nature of
the latter. Thus to get information on the fractional derivative of a function at a given point one needs to
have a knowledge of the original function on a semi-interval. The ordinary circular trigonometric functions
that occur in the classical theory are replaced by Mittag-Leffler functions. In most of the fractional Sturm-
Liouville formulations presented recently, the ordinary derivatives are replaced with fractional derivatives,
and the resulting problems are solved by using some numerical schemes [1, 2, 3]. Indeed, the basic case with

zero potential function has been dealt rarely. Of note here is the work of Klimek et al. [9, 10]. The authors
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considered the self-adjoint fractional Sturm-Liouville eigenvalue problems. They showed the existence of real
eigenvalues and the orthogonal property of eigenfunctions as in the classical case. They also derived many
general properties by using the variational principle. More recently, Mingarelli et al. [6, 7] provided exis-
tence and uniqueness results for the initial value problems associated with mixed Riemann-Liouville/Caputo
differential equations in the real domain. The authors also investigated the spectral and oscillation theory
for a class of fractional differential equations subject to specific boundary conditions.

Next, the following results are more relevant to our work. Dehghan and Mingarelli [4] considered two-
term fractional Sturm-Liouville eigenvalue problems (FSLP). The authors investigated the operator is a
composition of a left Riemann-Liouville fractional derivative with a left Caputo fractional derivative coupled
with a Dirichlet-type boundary conditions. For the fractional order 1/2 < «a < 1, the authors showed
that there is a finite number of real eigenvalues, an infinite number of non-real eigenvalues, and that the
number of such real eigenvalues grows without bound as @ — 17. By an analysis of the generalized Mittag-
Leffer function Eaq2(—A), the authors also derived the existence and asymptotic distribution of the real
eigenvalues. In 2022, the authors [5] continued the study of similar issues on a non-self-adjoint fractional
three-term Sturm-Loiuville boundary value problem. Next, we also mention a work of Klimek, Odzijewicz
and Malinowska [10]. The authors considered a different form of fractional differential equations (cf. (1.1)
below). The authors presented an interesting application of fractional variational calculus, namely, using the
fact that the fractional Sturm—Liouville eigenvalue problem can be remodeled as a fractional isoperimetric
variational problem. They showed that an increasing sequence of eigenvalues and a corresponding sequence
of eigenfunctions exist, for which the fractional Sturm—Liouville equation is satisfied. Motivated by the
above results, we plan to deal with two variant types of fractional Sturm-Liouville operators as in [4, 5, 10].

Specifically, we first consider the following regular fractional Sturm-Loiuville equation
[Dy 2Dt + q(@)ly(z) = Aw(z)y(z)  on (a,b), (1.1)
subject to the Dirichlet-Neumann type boundary conditions

y(a) = D37 y(@)|s=b = 0, (1.2)

where the right and left Caputo fractional derivatives are denoted by D;"® and D', respectively. Here we
also assume ¢, w € C[a,b] with w > 0. Observe that in the case & = 1 we have Dgiy =19 and Dg_ly =—y,
hence (1.1) is consistent with the classical Sturm-Liouville equation. Here we mention a work as in [11]. The
author considered a so-called g-fractional Sturm— Liouville problem and applied a fixed point theory to give

a sufficient condition on the parameter A to guarantee the existence and uniqueness of solutions. For the

FSLP (1.1)-(1.2), we plan to deduce the exact form of solutions (cf. Lemma 4.1) and employ a fixed point
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theory to develop the similar result as in [11] (cf. Theorem 4.3). Also, a fractional version of Wronskian
associated with this problem is defined (cf. Theorem 4.4). This part about the Wronskian also parallels the

results in [11, Section 4]. Next, we turn to consider the following non-self-adjoint FSLP
—Dg, Dgty(x) = Ay(x), 1/2<a<l, O0<z<l, (1.3)
with boundary conditions
y(0) =0 and I3 **y(z)|s=1 =0, (1.4)

where the left Riemann-Liouville fractional derivative and the left Riemann-Liouville fractional integral are
denoted by Dg, and Ig;m, respectively. Employing a recent result in [4, 5], we have the following result

related to the existence and asymptotic behaviour of the real eigenvalues.
Theorem 1.1. The following distribution of real eigenvalues of the FSLP (1.3)-(1.4) is valid.
(i) For fixred 1/2 < a < 1, there exists N* € N such that for each n =0,1,2,3,--- , N* — 1 the interval
M+ 1+ L)m\ Y S @n+E 4 L)\
In(a) = £4444i4247rgéz)13 7 §4444i42477492215 7 (1.5)
sin(55) sin(5%)
contains two real eigenvalues.
(ii) Furthermore, if the first of two real eigenvalues in I,(a) is denoted by A\,(a), (1.5) also gives the

a-priori estimate
2c

(W)h < Anfa) < (W) : (1.6)

Our plan of this paper is as follows. In Section 2, we recall some definitions and known properties of
fractional calculus and deduce the general solutions of several two-term fractional differential equations.
Then, the proof of Theorem 1.1 will be given in Section 3. Next, the issues related to the FSLP (1.1)-(1.2)

will be discussed in Section 4. Finally, we give a short section to conclude the result of this paper.

2 Preliminary and general solutions of fractional differential equa-
tions

We start with some definitions and preliminary properties of fractional calculus and refer the reader to

some known results [4, 8, 13] for the details.

Definition 2.1. Let0 < a < 1.
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(i) The left and right Riemann-Liouville fractional integrals I, and It*  of order a are defined by

1 r t)dt
I, f(z) = o) /a (xji t))la, x € (a,b],

and

b
@) = e | s o€l

respectively. Here I'(a)) = foo 2 Ye ®dx denotes Euler’s gamma function.

0

(ii) The left and right Riemann-Liouville fractional derivatives D§, and Dy are defined by
DY, f(z) == DI *f(z), = >a,

and

Dy f(x):=—DI,=*f(z), x<b,

respectively, where D = % and [ is sufficiently differentiable.

(iii) The left and right Caputo fractional derivatives Dy} and D™ are defined by

Dgif(2) = Dg,[f(2) = f(a)] = L7*Df(z), z>a,

and

Dy f(z) = Di_[f(z) = f(b)] = ~L,=°Df(x), = <b,

respectively, where f is sufficiently differentiable.
Property 2.2. Let 0 < a < 1.

(i) If f € LP(a,b), then

Dai Iy f(x) = f(a),

Dy Iy f(z) = f(z)

for almost all x € [a,b].
(ii) If f € L*(a,b) and I,7*f, I,~“f € AC[a,b]. Then,
15, (D%, (@) = f(z) -

Ig (D (@) = flo) — L=
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(iii) If f € Cla,b], then

DR Ig f(z) = f(2),
DRI f(x) = f(2).

(i) If f € ACla,b], then

I3 (DR f(2) = f(2) = f(a),
I (D2 f (@) = f(x) = f(b).

Property 2.3. Let 0 < a < 1. The following identities hold:

« _ (x — a)a
W = e
I L
I (b—2)*! = b _Fa(z)a_ (B(Z : Z;a, a) — B(1;a, a)) ,

where C is a constant and B(z;a, B) is the “incomplete Beta function” defined by
z
B(z;a,8) = / u® (1 — u)?~du.
0

Property 2.4. (Integration by parts) The operators I¢,, Iy, D¢, Dy, D, and D% satisfy the
following:

b

b
f(x)[éﬂrg(x)dac :/ g(x) Iy f(x)dx,
b
/ 1D g(e)ds = [ o@D fa)dn + J@)1 gl
b
/ f(x)DE‘_g(l‘)df:/ 9(x) Dy f(z)da — f(x)1,~"g(x)|3.

Now, we recall the definition and some known properties for the Mittag-Leffler function. For more details,

we refer the reader to [4, 8, 13]. The function Es(z) defined by

;;0”“ . (z€C, RO)>0), (2.1)
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was introduced by Mittag-Leffler [12]. And the generalized Mittag-Leffler function Ejs¢(z) is defined by

Es9(z) == Ii 1_‘(5;:_9), (2,0 € C, () > 0). (2.2)
In particular, when 6 = 1 and § = 2, one has
Ei(z) =€*, Ey(z) = cosh(v/z).
Two other particular cases of (2.2) are as follows:
e —1 sinh(\/E).

ELQ(Z) = > , E272(2’) = \/E

Next, we quote two results related to the Laplace transform.
Property 2.5. ([4]) For R(q) > —1, then

1

(¢+1)
1T (q)

r
L£{t1} = poms] and £7'{s?} =

Property 2.6. ([4, 13]) For $2(6) > 0 and 0 € C, then

§0—0
FLINEDY

2_1{ } = te_lEg)g(—)\té).

The following two results are related to the analysis of the generalized Mittag-Leffer function. They are
crucial to the proof of Theorem 1.1.
Proposition 2.7. For 8, v > 0, the following formula for the generalized Mittag-Leffler function is valid,

1
I'(v)

/ (2 — )" B s (MW dt = 2P0V By 510 (A2®).
0

Note that the above can be obtained by the fractional-order term-by-term integration of (2.2) (the
definition of E, g(z)) and also be found in [13, p.25].

Theorem 2.8. ([{]) The distribution of real zeros of Eoq 2(—A) has the following. Let 1/2 < a < 1 be fized.
There exists N* € N such that for each n =0,1,2,3,--- | N* — 1 the interval

Inla) = <<(2”:Liézfz)ﬂ) 7((2”2;§;E;E)W)2a>7 23)

contains two real zeros of Eaq 2(—A).

2«
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Before to solve the fractional differential equations, we mention a recent result. In 2020, Dehghan
and Mingarelli [4] applied the properties of fractional calculus and Laplace transform to derive the general

solutions to three two-term fractional differential equations:
Dyt D y(x) =0, Dy Dgiy(x) =0, DgiDg y(z)+ Ay(z) =0.

The authors also analyzed the Mittag-Leffler function to develop some properties related to real eigenvalues
of the above third problem coupled with the Dirichlet type boundary conditions. Motivated by the above, we
consider several features of differently defined fractional Sturm-Liouville operators, and deduce the general

solutions.

Type 2.1 Consider the following Riemann-Liouville fractional differential equation:
Dy D2 y(a) = 0. (2.4)

Applying the right and left fractional integrals on (2.4) and employing Property 2.2-2.3, one can obtain

the general solution of (2.4) as follows:

(I;;ay(x)) lz=a

e L
(I~ Dl?gr(g;()w)) |z=b (b — z)2 <B(Z_z;o"°‘) _ B(l;a,a)> ) (2.5)

Type 2.2 Associated to (2.4) is another different composition,
Dy, Dyty(x) = 0. (2.6)

Applying the similar procedure as the above, one can obtain

L7 (Dgfy(w))

o) =yl + e e (o gy
= )+ wFéZi” = (2.7)

Type 2.3 Consider the following fractional Sturm-Liouville equation:

v p(x)Dgyy(z) =0, (2.8)

where p is a positive and C! function. Applying the right Riemann-Liouville fractional integral on
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(2.8), one can obtain

p(x) D y(x) — p(b) (Deyy(2)|a=s) = 15 (0).
D2, y(x) = [p(b)(Dm(xm:b)]ﬁ.

By Property 2.2, one can obtain

Type 2.4 Consider

DcaDa+y( ) 0

By the similar manipulation as in the above, one can obtain

y(z) =

3 Proof of Theorem 1.1

y(a) + (Dgy(@)|a=s) I3y (1)

= yla)+ (Dgfy(x”r:b)

(z = a)°

I'la+1)

(2.9)

(2.10)

(2.11)

From the known properties and some preparation in the previous section, we are ready to give the proof

of Theorem 1.1. First applying the left fractional integral on (1.3) and employing Property 2.2, one can

obtain

xa—l

DSfy((E) - F(Oé)

7(IO+QD0+ Y(2))|z=0 = _m

A ‘ a—1
)/0 (x — 8)* y(s)ds.

Again, taking the left fractional integral on (3.1) and employing Property 2.3, one can get

(IO+aD0+y )) |a= 0, 2a-1

va) = yl0)+ mzwlnx—ﬂ”4<éa—sW4M@%>ﬁ
= y(0) (fox Dli)?;;() 7)) la=o a?ot — FQ?O[) /(:c y(s) (/t(x — )7t — s)“—ldt) ds
_ )+ ok DIE)(*ZZ() 2) le=b 201 _ o [ vlo)e — 90 B )i
= y(0) (o D19(+2ya() 2)) le=o a?o — F(;\a) (y(z) x 2?7 1)
_ a?e ! A 20—1
= 0t TG0 T Taa) U@ )
8
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where co = y(0), ¢1 = (Ig7*D§y(2)) |a=o, the beta function B(-,-) and ” *” denotes the convolution of the
two functions supported on [0, 00). Next, taking the Laplace transform and applying Property 2.5 on (3.2),

one can obtain

(@) = 2L+ 5 - @l

Then,
COSQa— 1 c1

s20 )\ +52‘1+X

Ly(a)} =

Applying Property 2.6, one can obtain the general solution of (1.3) as follows:
y(l") = COEQa,l(_)‘xZQ) + clxzailEQ(x,Qa(_/\xQQ)a (33)

where ¢y = y(0), c1 = (I)7°Dg7y(x)) |o=o. By imposing the boundary conditions (1.4) on (3.3) with

(Ié;o‘Dgfy(a:)) |z=0 # 0, one can obtain
B y(@)ams = B2 (5 By (- A?) Loy = 0. 54

Now employing Proposition 2.7, one can obtain

1 xr
Ig;Qa (an_1E2a72a(—)\l‘2a)) _ T 7a) /0 (2 — t)(2—2@)—1t2a—1E2a72a(_)\tza)dt

= ﬁngaQ(—)\l'%x). (35)

Hence, the right endpoint boundary condition in (1.4) implies

E2a,2(7>‘) =0, (36)

which defines the characteristic equation for the eigenvalues of (1.3)-(1.4). Therefore, Theorem 1.1 is valid

by Theorem 2.8.

4 The FSLP (1.1)-(1.2)

In this section we will develop some elementary properties for the FSLP (1.1)-(1.2). We first present
the general solution for this problem. By a solution of (1.1) is meant a function y € AC]a,b] such that

Dty € ACa,b). Set Yy(z) := (¢ — Aw)y(x). Then, one can rewrite (1.1) as

Do DER () + 194 Iy )(2) = 0.
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From (2.11), one can obtain

y(o) + I Yy () = yla) + [ I Y (a)
+D (y() + I 15 Y, ) (b)
= yla) + g Yy ](a)

H(DESY()ms) + (1 Yima)

(x —a)®
INa+1)

I(a+1)
— ) + (D)) oy
y(@) = y(a) + (DE2y(@)loms) E— Y _ o 1 v, (2). (4.1)

MNa+1)

Note that Dy1* (if(;j_)s) =land Dy 'y(z) = DY y(x)|s=p — If Yy (x) by (4.1). Now we have the following.

Lemma 4.1. Let Y, (z) := (¢ — \w)y(x). Then the regular fractional Sturm-Liouville problem (1.1)-(1.2) is

equivalent to

y(x) = =I5 I Yy (). (4.2)
By the direct computation, one can obtain the following lemma.

Lemma 4.2. For the Riemann-Loiuville fractional integrals on [a,b], the following estimates are valid:

b—a)® b b*(b — a)®

( « (o3 «
Tatl) I (1) < Tatl) 19 I (1) <

I3, (1) < *Plt)

Later, we have the result related to the existence and uniqueness of solutions.

Theorem 4.3. Let || - || denote the supremum norm on the space Cla,b]. Then, a unique continuous

eigenfunction yy for (1.1)-(1.2) corresponding to each eigenvalue obeying

I(a+1)

lg = Awl| < L (4.3)

erists and such an eigenvalue is simple.

Proof. Set Cpyla,b] = {f € Cla,b] : f(a) = D f(x)|s=p = 0}. Let us note that a solution of (1.1)-(1.2)

can be interpreted as a fixed point of the mapping T : Cpy|a,b] — Cpnla,b] defined by
Tf(x) = -1 I Yy().

10
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For a pair of arbitrary f, g € Cpnla,b], we calculate the distance between images T'f and Tg. First the
inequality

1Yy = Ygll < llg = Awl| - [If = gll
holds obviously. Also, one can get

b (b — a)®

223 Y)e) = U I (@) < 197 =Yl (120 (1) < fgislla =Xl IF =gl (44
Hence,
b*(b—a)”
175 = 7ol < (i = Al ) 1f = gl < 11 =g

by the assumption. Thus, a unique fixed point denoted as y € Cla,b] exists that solves (1.1) and satisfies

the boundary conditions (1.2), provided (4.3) is fulfilled. Therefore such an eigenvalue is simple. O

Remark. Let 1/2 < a < 1. Consider (1.1)-(1.2) where the coefficients are defined by ¢ =0, w = 1, and
[a,b] = [0,1]. For A = 0, the only solution is the trivial solution by (2.11). For 0 < A < T'?(a+1) < 1, the
integral form of solutions shall be y(x) = N§ I _y(x). For this case, the continuous eigenfunction yy exists

and such an eigenvalue is simple by the above result.

Next, let us define a fractional version of the Wronskian. For y; y2 € AC]a, b], the associated Wronskian

is defined by
Walyr, y2)(@) = g (@)1, =% (DGye) () — ya(2) [~ (Dgfyn) (x)- (4.5)
For this, we have the following results.

Theorem 4.4. Assume y1 and y2 are two solutions of (1.1)-(1.2). Then, the Wronskian defined as in (4.5)
satisfies

Wa(y1,y2)(a) = Wal(y1, y2)(x)
for all x € [a,].

Proof. By assumption, one can obtain

Yo Dy Dty + quiye = Awyiy,

1Dy Dyt e + quiyz = dwyiya.
Then, it implies that
1Dy Detys — ya Dy Dty = 0. (4.6)

11
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Also,

Wa(y1,y2) = Dy1 ;= (Dgfy2) — 1Dy (Dgty) — Dyaly—® (Dgyr) + y2Di (Dgy)

= Dy I~ Cys) — Dy (DYys — Doty (b)) — Dy Iy~ (Dedyn) + y2 Dy (Dfyn — Doy (b))

)=
“(
= Dy I~ (Deya) — 1 Dy (Dity2) — Dy Iy~ (D) + y2 Dy (Dt un)
= Dy I~ (

a+y2) Dyzfz)lja( nyl)

by Definition 2.1 and (4.6). Then, for z € [a, b]

| oWatnawie = [ Dyttt (D) de - [ Dtz (D52) d
_ / (DE%y) T2 (Dyy ) dt — / (DS T2 (Dys) dt
= [ 0igw) (Digwyde- [ (D) (D) a
= 0
by Property 2.4 and Definition 2.1. Therefore, this completes the proof. O

5 Conclusions

In this article, we first consider a regular fractional Sturm-Loiuville equation (1.1) subject to the Dirichlet-
Neumann type boundary conditions (1.2). We show that the continuous eigenfunction y, exists and such
an eigenvalue is simple if some certain condition (4.3) holds. Next, we investigate a non-self-adjoint FSLP
(1.3)-(1.4). We derive the existence and asymptotic behaviour of the real eigenvalues by using a known result

related to an analysis of Mittag-Leffler functions.
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