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Abstract. In this note we prove a new L1 criterion for the existence and completeness of
the wave operators corresponding to the Laplace-Beltrami operators corresponding to two Rie-
mannian metrics on a fixed noncompact manifold. Our result relies on recent estimates on the
heat semigroup and its derivative, that are valid if the negative part of the Ricci curvature is
in the Kato class - so called Kato-Ricci manifolds.

Let M be a connected noncompact manifold of dimension m ě 2. Given a Riemannian metric
g on M let µg denote its volume measure, given locally in terms of gjk :“ gpBj, Bkq by dµgpxq “
a

detpgqdx. The shorthand µgpx, rq denotes the measure of the open ball with respect to
the geodesic distance dg centered in x of radius r. The Laplace-Beltrami operator ´∆g is a
symmetric nonnegative operator in the complex Hilbert space L2pM, gq :“ L2pM,µgq, defined
initially on C8

c pMq. Thus ´∆g has a canonically given self-adjoint extension - the Friedrichs
realization - which will be denoted with the same symbol again. Then Pt :“ et∆g , the right
hand side being given via spectral calculus, is the minimal heat semigroup in L2pM, gq, and
Pgpt, x, yq ě 0 will denote its integral kernel, so that

P g
t fpxq “

ż

M

fpyqPgpt, x, yqdµgpyq for all t ą 0, f P L2
pM, gq, x P M.

With the gradient operator∇g, we will also be interested in the bounded operator from L2pM, gq

to the Hilbert space of L2-vector fields on pM, gq, given by P̂ g
t :“ ∇gP

g
t . Its smooth integral

kernel will be denoted with P̂ g
t px, yq P TxM , so that

P̂ g
t fpxq “

ż

M

fpyqP̂gpt, x, yqdµgpyq for all t ą 0, f P L2
pM, gq, x P M.

Definition 1. With

σg :M ÝÑ R, σgpxq :“ smallest eigenvalue of Ricgpxq,

σ´
g :M ÝÑ r0,8q, σ´

g pxq :“ ´minpσgpxq, 0q,

we say that pM, gq is a Kato-Ricci manifold, if

lim
tÑ0`

sup
xPM

ż t

0

ż

M

Pgpt, x, yqσ´
g pyq dµgpyqdt “ 0.(1)

Note that the Ricci curvature of pM, gq is bounded from below by a constant, if and only if σ´
g

is bounded, which in view of
ż

M

Pgpt, x, yqdµpyq ď 1 for all x P M , t ą 0,(2)

implies the Kato-Ricci property. In this sense, Kato-Ricci manifolds generalize manifolds with
Ricci curvature bounded from below by a constant. On the other hand, Kato-Ricci manifolds
appear quite naturally: for example, one can take a conformal perturbation of the Euclidean
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metric such that the Laplacian of the conformal factor has higher and higher oscillations on
smaller and smaller regions (cf. Example XIV.27 in [4]).

This note is a contribution at the level of scattering theory to the recent agenda which aims at
showing that many results that hold for manifolds with Ricci curvature bounded from below by
a constant also hold for Kato-Ricci manifolds. Most importantly, this is confirmed that by the
recent breakthrough from [2], which states that every complete Kato-Ricci manifold is quasi-
isometric in the sense of weighted Riemannian manifolds to a weighted complete Riemannian
manifold which, for some (large) N ą 1, has a weighted N -dimensional Ricci curvature bounded
from below. Other important results of this agenda are:

‚ on Kato-Ricci manifolds one has the heat kernel characterzation of the Riemannian
total variation [5],

‚ Kato-Ricci manifolds are stochastically complete [1], that is, one has equality in (2),
‚ renormalized pointed and measured Gromov-Hausdorff limits of m-dimensional Kato-
Ricci manifolds with a uniform control on (1) are k-rectifiable for some k ď m, and
have almost everywhere uniquely determined metric measure tangent cones given by
the k-dimensional Euclidean space [2].

In addition, applications of Kato-Ricci bounds to topology are suggested in [10] and the study
of abstract spaces that satisfy the Kato-Ricci assumptions has been initiated in [3].

In order to formulate our main result, assume we are given two complete Riemannian metrics
g, h on M and a bounded operator

J : L2
pM, gq ÝÑ L2

pM,hq.

Then the wave operators with respect to the identification operator J are defined as the strong
limits

W˘p´∆h,´∆g; Jq :“ st-lim
tÑ˘8

expp´it∆hqJ exppit∆gqπac
g ,

in case these limits exists. Note that, unlike classical scattering problems (that is, scattering
by potentials), this scattering problem takes place in two Hilbert spaces. Here for l “ g, h the
operator πac

l denotes the projection onto the closed subspace L2
acpM, lq Ă L2pM, lq given by

all f P L2pM, lq such that, with El the projection valued spectral measure of ´∆l, the Borel
measure

ż

M

|ElpAqfpxq|
2 dµlpxq, A Ă R,

is absolutely continuous with respect to the Lebesgue measure. Given their existence, one says
that the wave operators W˘p´∆h,´∆g; Jq are complete, if

Ker
`

W˘p´∆h,´∆g; Jqq
K

“ L2
acpM, gq, Ran

`

W˘p´∆h,´∆g; Jqq “ L2
acpM,hq.

The completeness of the wave operators implies [9] the equality of the two underlying absolutely
continuous spectra,

specacp´∆hq “ specacp´∆gq,(3)

where by definition the absolutely continuous spectrum of ´∆l is the spectrum of its restriction
to L2

acpM, lq. The physical importance of the absolutely continuous spectrum stems from the
fact that absolutely continuous states are scattering states in the physical sense, meaning that
if ψ P L2

acpM, lq, then

lim
tÑ8

ż

K

| exppit∆lqψpxq|
2dµpxq “ 0 for all compact K Ă M.
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The latter means that the underlying quantum particle eventually leaves every compact. As
for a general Riemannian metric standard spectral techniques such as the Fourier transform
are not available, results such as (3) are very important, as they often allow to determine the
absolutely continuous spectrum nevertheless: namely, one can often compare the given metric
to one that actually admits Fourier analysis techniques.

In order to formulate our criterion for the existence/completeness of the wave operators, given
the locally defined symmetric matrix-valued functions

gjk “ gpBj, Bkq, hjk “ hpBj, Bkq,

let Ag,h be the globally defined smooth p1, 1q tensor field on M which is locally defined by the
positive definite matrix-valued function gh´1. The fiberwise given endomorphism

Ag,hpxq : TxM ÝÑ TxM

induces the Borel measurable function

δg,h :M ÝÑ r0,8q, δg,hpxq :“ 2 sinh
´

pm{4q max
λPspecpAg,hpxqq

| logpλq|

¯

,

which measures the deviation of the metrics from each other in a multiplicative and zeroth
order way. We write dµh “ ρg,h dµg, where the smooth density function ρg,h : M Ñ p0,8q is
defined via

ρg,h :“
a

detphq{
a

detpgq.

If g is quasi-isometric to h, that is, there exists a constant C ě 1 such that

p1{Cqh ď g ď Ch, then one obtains 0 ă inf ρg,h ď sup ρg,h ă 8,

so there is the trivial bounded identification operator

Ig,h : L2
pM, gq ÝÑ L2

pM,hq, Ig,hf :“ f.

Note that, however, the adjoint of this operator is nontrivial multiplication operators.

The following result is the main result of this note, and it generalizes Corollary A from [8] from
manifolds with Ricci curvature bounded from below by a constant to Kato-Ricci manifolds:

Theorem 1. Assume that g, h are complete and quasi-isometric Riemannian metrics on M
such that pM, gq and pM,hq are Kato-Ricci with

ż

X

µlpx, 1q
´1δg,hpxq dµlpxq ă 8 for some/both l “ g, h.(4)

Then the wave operators W˘p´∆h,´∆g; Ig,hq exist and are complete.

Proof. Clearly, by quasi-isometry one has (4) for some metric, if and only if this holds for both
metrics. By the proof of Theorem A in [8], it suffices to show that the operators

δg,hP
g
t , δg,hP̂

g
t , δg,hP

h
t , δg,hP̂

h
t(5)

are Hilbert-Schmidt for some t ą 0. To this end, it suffices to show that for every Kato-Ricci
manifold M (omitting the depencence of the metric in the notation) one has the following
estimates: for all 0 ă t ă 1, f P L2pMq, x P M ,

|Ptfpxq| À µpx, tq´1{2

ˆ
ż

M

|fpyq|
2dµpyq

˙1{2

,(6)

|P̂tfpxq| À t´1{2µpx, tq´1{2

ˆ
ż

M

|fpyq|
2dµpyq

˙1{2

.(7)
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Indeed, then Riesz-Fischer’s duality theorem implies that the integral kernel rδg,hP
g
t spx, yq of

δg,hP
g
t satisfies

ż

M

|rδg,hP
g
t spx, yq|

2dµgpyq À δg,hpxqµgpx, tq´1 for all 0 ă t ă 1, x P M ,

and so
ż

M

|rδg,hP
g
t spx, yq|

2
px, yqdµgpyqdµgpyq |t“1ă 8

by (4), and similiarly for the other three operators in (5).

To prove (6), we record that (cf. Theorem 3.3 in [7]) as a consequence of the Kato-Ricci
assumption, there exist constants α, β, γ ą 0 such that for all t ą 0 and x, y P M ,

P pt, x, yq ď αµpx,
?
tq´1e´

βdpx,yq2

t eγt.(8)

Thus for 0 ă t ă 1, using Cauchy-Schwarz and (2),

|Ptfpxq| ď

ż

M

P pt, x, yq|fpyq|dµpyq

ď

ˆ
ż

M

P pt, x, yq
2dµpyq

˙1{2 ˆ
ż

M

|fpyq|
2dµpyq

˙1{2

À µpx, tq´1{2

ˆ
ż

M

P pt, x, yqdµpyq

˙1{2 ˆ
ż

M

|fpyq|
2dµpyq

˙1{2

ď µpx, tq´1{2

ˆ
ż

M

|fpyq|
2dµpyq

˙1{2

.

To prove (7), we use that by Theorem 1.5 in [1], for every t ą 0, f P L2pMq, x P M , ξ P TxM ,
we have the Bismut-Elworthy-Li formula

pP̂tfpxq, ξq “
1

t
E

„

fpXspxqq

ż t

0

`

Qspxqξ, dWspxq
˘

ȷ

,

where

‚ Xpxq is a Brownian motion1 in M starting from x
‚ with //xs : TxM Ñ TXspxqM , s ě 0, the stochastic parallel transport w.r.t. the Levi-
Civita connection along the paths ofXpxq, the EndpTxMq-valued processQpxq is defined
as the unique solution to the pathwise ordinary differential equation

dQx
s “ ´Qx

sp//xsq
´1RicpXspxqq //xs ds, Qx

0 “ idTxM ;(9)

here RicpXspxqq is interpreted as an endomorphism of TXspxqM
‚ W pxq is a Brownian motion on the Euclidean space TxM
‚

ş‚

0

`

Qspxqξ, dWspxq
˘

denotes the Itô integral.

By Cauchy-Schwarz,

|pP̂tfpxq, ξq| ď
1

t
E

“

|fpXspxqq|
2
‰1{2 E

«

ˇ

ˇ

ˇ

ˇ

ż t

0

xQx
sξ, dW

x
r y

ˇ

ˇ

ˇ

ˇ

2
ff1{2

,

1We understand Brownian motion as a ∆ diffusion, rather than a ∆{2 diffusion.
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so the first term can be estimated using that the transition density of Brownian motion is given
by the heat kernel and (8),

E
“

|fpXspxqq
2
‰

“

ż

M

|fpyq|
2ppt, x, yq dµpyq À µpx,

?
tq´1

ż

M

|fpyq|
2 dµpyq.

For the second term, we use the Itô isometry and

|Qx
sζ| ď e

şs
0 σ

´
g pXspxqq ds for all |ξ| ď 1, s ě 0,

a consequence of (9) and Gronwall’s lemma, to deduce for all 0 ă t ă 1,

E

«

ˇ

ˇ

ˇ

ˇ

ż t

0

xQx
sξ, dW

x
s y

ˇ

ˇ

ˇ

ˇ

2
ff

“ 2E
„

ż t

0

|Qx
sζ|

2 ds

ȷ

À tE
”

e2
ş1
0 σ´

g pXspxqq ds
ı

,

which is finite uniformly in x by the Kato-Ricci assumption and Khas’minskiii’s lemma (Lemma
VI.8 in [4]). This completes the proof of (7).

□

In the context of geometric scattering theory, there is also another natural identification oper-
ator other than the above Ig,h, which is well-defined even if the metrics are not quasi-isometric,
namely, the unitary operator

Jg,h : L2
pX,µgq ÝÑ L2

pX,µhq, Jg,hψ :“ ψ{
?
ρg,h,

which induces the wave operators W˘p´∆h,´∆g; Jg,hq. A criterion which makes sure that
these two choices of wave operators are equal has been given in [6]. In fact, the following result
follows immediately from (6) and the proof of Theorem 4.1 in [6]:

Theorem 2. Under the assumptions of Theorem 1, one has

W˘p´∆h,´∆g; Jg,hq “ W˘p´∆h,´∆g; Ig,hq.
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[6] Batu Güneysu. Asymptotic equivalence of identification operators in geometric scattering theory, 2024; to
appear in Documenta Mathematica.
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