A GENERALIZATION OF ¢3-BAER RINGS
AND APP RINGS
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ABSTRACT. We introduce the concept of ACP-Baer rings, and in-
vestigate its properties. We say a ring R is right ACP-Baer if the
right annihilator of every cyclic projective right R-module in R is
pure as a right ideal. This class of rings generalizes the class of right
APP-rings (Z. Liu and R. Zhao, A generalization of PP-rings and
p.q.-Baer rings, Glasg. Math. J., 48(2) (2006)), and right ¢}3-Baer
rings (G. F. Birkenmeier and B. J. Heider, Annihilators and ex-
tensions of idempotent generated ideals, Commun. Algebra, 47(3)
(2019)), and is closed under direct products and forming upper tri-
angular matrix rings. It is shown that the ACP-Baer property is
inherited by the polynomial and power series ring extensions. Con-
nections to related classes of rings are also considered as well as
relevant examples are included to illustrate and delimit the theory.

1. INTRODUCTION AND MOTIVATION

Throughout this paper, all rings are assumed to be associative with
unity and all modules are assumed to be unital right R-modules unless
explicitly stated otherwise. A ring R is said to be reduced if it does not
have a non-zero nilpotent element. A ring R is called abelian if every
idempotent in R is central (e.g., commutative rings, rings with no non-
trivial idempotents and reduced rings). Let S be a non-empty subset of

R. We denote

rr(S)={a€R | sa=0,Vs e S},
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and it is referred to as the right annihilator of S in R. Likewise,
lr(S)={a€R | as=0,Vs € S}

denotes the left annihilator of S in R.

Recall from [15] and [138] that R is a Baer (resp., right Rickart or
also called right p.p.) ring if the right annihilator of every non-empty
(resp., singleton) subset of R is generated by an idempotent. In [17]
Kaplansky introduced Baer rings in order to view various properties
of AW*-algebras and von Neumann algebras. Note that the class of
Baer rings includes the von Neumann algebras. In [12] Clark gave a
generalization of the notion of a Baer ring — in fact, Clark defined the
concept of a quasi-Baer ring as the ring in which the right annihilator
of an ideal is generated by an idempotent as a right ideal.

In the same vein, Birkenmeier, Kim and Park introduced in [3] a right
principally quasi-Baer ring (or simply right p.q.-Baer ring) as the ring
in which the right annihilator of a principal right ideal is generated by
an idempotent as a right ideal. Equivalently, R is right p.q.-Baer if R
modulo the right annihilator of any principal right ideal is projective.
Moreover, some examples were given in [3] to show that the class of left
p-q.-Baer rings is not contained in the class of right p.p.-rings and the
class of right p.p.-rings is not contained in the class of left p.q.-Baer
rings.

On the other hand, following Tominaga [27], a right ideal I of a ring R
is said to be left s-unital if, for each a € I, there exists an element = € [
such that za = a. According to Liu and Zhao [17], a ring R is called right
APP if the right annihilator rr(aR) is left s-unital as an ideal of R for
any element a € R. As a common generalization of left and right p.q.-
Baer rings, the authors in [19] introduced the concept of weakly p.q.-Baer
rings thus: a ring R is weakly p.q.-Baer if, for each a € R, there exists
a non-empty subset F of left semi-central idempotents of R such that
rr(aR) = U.cpeR, where rg(—) denotes the right annihilator of (—)
in R. This implies that R modulo the right annihilator of any principal
right ideal is flat. The class of weakly p.q.-Baer rings is a natural subclass
of the class of APP rings and includes both left p.q.-Baer rings and
right p.q.-Baer rings. Besides, Birkenmeier and LeBlanc [(] call a right
R-module M s.Baer (resp., s.Rickart) if the right annihilator in R of a
non-empty (resp., singleton) subset of M is generated by an idempotent
of R.



A GENERALIZATION OF ¢B-BAER RINGS AND APP RINGS 3

These rings have a rich structure theory, because of the abundance of
their idempotents. Moreover, these rings appear naturally not only in
Ring Theory (e.g., right Noetherian right semi-hereditary rings are Baer
rings), but too in other areas of Mathematics such as Operator Theory
(e.g., von Neumann algebras are Baer rings and local multiplier algebras
are quasi-Baer rings).

In [1], as a generalization of right p.q.-Baer rings, Birkenmeier and
Heider define right ¢J3-Baer rings as those rings in which every right
annihilator of a cyclic projective right R-module is generated by an
idempotent as a right ideal and show that every semi-prime ring has
a ¢B-Baer hull. Among other important results, they also investigate
the behavior of right ¢B-Baer rings with respect to the polynomial and
formal power series ring extensions as well as to the generalized upper
triangular matrix ring extensions.

In the present article, we introduce and study the notion of ACP-Baer
rings. In fact, we say that a ring R is right ACP-Baer if, for each cyclic
projective right R-module P, the right annihilator rr(P) is left s-unital.
We know that, if P is a cyclic projective right R-module, then P = eR,
where e = e? € R. Hence,

rr(P) =rg(eR) = rr(ReR) = rgr(tr(P)),

where tr(—) designates the trace of (=) in R. Therefore, R is a right
ACP-Baer ring if, for each e = €? € R, rg(eR) is left s-unital. Thus, the
class of ACP-Baer rings (properly) includes right APP rings, ¢B3-Baer
rings and weakly p.q.-Baer rings, and hence Abelian rings, semi-simple
Artinian rings, local rings, bi-regular rings, prime rings, and both right
p.q.-Baer rings and left p.q.-Baer rings.

The remainder of the paper is organized as follows: In Section 2, we
explore right ACP-Baer rings and provide several basic results for them.
In Section 3, we examine the transfer of the right ACP-Baer property
between the ring R, the polynomial ring R[z] and the power series ring
R][x]]. Next, in Section 4, we study matrix extensions. Concretely, a
complete characterization of when a 2-by-2 generalized upper triangular
matrix ring is right ACP-Baer is given. Using this result, it is established
that the n-by-n upper triangular matrix ring over R is right ACP-Baer
if, and only if, R is right ACP-Baer.
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For more detailed information and examples of Baer and quasi-Baer
rings we refer the interested reader to the valuable sources [3], [5], [7],

91, 1101, {141, [200, 22, [21], [23] and [24], respectively.

2. BAsic RESULTS AND EXAMPLES

An idempotent e € R is called left (resp., right) semi-central if re =
ere (resp., er = ere), for all r € R. The set of all left (right) semi-
central idempotents of R are denoted by Si(R) (resp., S;(R)). Define
B(R) = S;(R) N S, (R) as the set of all central idempotents and if R is
a semi-prime ring, then S;(R) = B(R) = S,(R).

Our key instrument for the successful presentation is the following.

Definition 2.1. We say that an ideal I of R is left s-unital if, for every
a € I, xa = a holds for some x € I. The right mode is defined similarly.

It follows from [27, Theorem 1] that I is left s-unital if, and only if, for
any finite set of elements a1, ao,...,a, € I, there exists an element z €
such that a; = za;, i =1,2,...,n. A submodule N of a right R-module
M is called a pure submodule if Lp®@ N — Lr® M is a monomorphism
for every right R-module L. By virtue of [26, Proposition 11.3.13], an
ideal I is left s-unital if, and only if, R/I is flat as a right R-module if,
and only if, I is pure as a right ideal of R.

For completeness of the exposition, we recall once again the following.

Definition 2.2. A ring R is called a right ACP-Baer ring (resp., a left
ACP-Baer ring) if, for any cyclic projective right (resp., left) R-module
P, the right annihilator rz(P) (resp., the left annihilator £g(P)) is left
(resp., right) s-unital. Accordingly, the ring R is called ACP-Baer if R
is both right and left ACP-Baer.

The next technicalities are worthwhile.

Lemma 2.3. If I1,...,1, are left s-unital for some positive integer n,
then so is [ =N Iy.

Proof. Let a € I = (';In. Thus, a € I; for each 1 < i < n. By
hypothesis, there exists x; € I; such that x;a = a. Setting x := x1 - - - Ty,
then z € ", I, and za = a. O

Proposition 2.4. The following conditions are equivalent:
(i) R is a right ACP-Baer ring;
(ii) 7r(eR) is left s-unital for each e = €* € R;
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(iii) For any finitely many idempotent elements eq,...,e, € R,
rr(Y i, eiR) is left s-unital.

Proof. (i) = (ii). Assume that R is right ACP-Baer and e = €2 € R. As
eR is a cyclic projective right R-module, then rr(eR) is left s-unital.
(ii) = (iii). As e; is an idempotent element of R for 1 <1i < n, then, by
part (ii), rr(e;R) is left s-unital. We know that

re()_ eiR) = N{_irr(eiR)

i=1

so rr(>o1 e;R) is left s-unital, as per Lemma 2.3.
(iii) = (i). Letting P be a cyclic projective right R-module, then there
exists e = €2 € R such that P = eR. Therefore, by (iii), rg(P) is left
s-unital, as required. O

Proposition 2.5. For any ring, we have the following implications:

(i) right APP = right ACP-Baer.
(ii) weakly p.q.-Baer = right ACP-Baer.
(iii) right ¢B-Baer = right ACP-Baer.

Proof. 1t follows immediately from the corresponding definitions. O

Examples of rings that are of the type “right ACP-Baer rings include
right ¢J3-Baer rings”, whence abelian rings, semi-simple Artinian rings,
local rings, bi-regular rings and prime rings, will be constructed in the
sequel. Indeed, it is clear that each right APP ring, and so weakly p.q.-
Baer ring, is also a right (resp., left) ACP-Baer. As a result, the class of
right (resp., left) ACP-Baer rings includes both left p.q.-Baer and right
p-q.-Baer rings as shown in the diagram below.

However, the following two examples unambiguously show that all of
the converses in Proposition 2.5 do not hold in general.

Example 2.6. We use the Dorroh extension [16, Example 1(1)]. To
that goal, let Sy = Zo, the ring of integers modulo 2, S| = Zg * Zy,So =
S1*Zs,...,S, = Sn_1%* Zs,..., where the operations on S,, are as the
following: for (a,b), (c,d) € S, with a,c € S,_1, put

(a,b) + (¢,d) = (a + ¢,b+d) and (a,b)(c,d) = (ac + be + da, bd),

where n = 1,2,.... Then, each 5, is apparently a commutative ring
of characteristic 2. Even more, each S,, is a Boolean ring, and so is
commutative von Neumann regular.

In view of the ring-monomorphism f : S,_; — S, defined by f(z) =
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//

Right ¢$-Baer

Weakly p. q-Baer /

FIGURE 1. Venn diagram of subclasses of right ACP-
Baer rings

(x,0), we can consider any S,_1 as a subring of S,,. We, thereby, can
obtain a direct product S = [[>2, S, with S} C Sy C S3 C .... Now,

we consider the ring
oo
R= <@ S 1s> :
n=1

as a Zg-subalgebra of S, generated by ;- S, and 1g, where

ls = ((07 i)? ((07 6)7 1)7 (((07 6)7 6)7 i), .- )

Notice, by a simple inspection that, (a, b) € S1,(a,b) = ((a,b),0) €
827 (CL, b) = (((CL, b)v O)? 0)
€ Ss, etc., and R is a Boolean ring (hence it is commutative, reduced,
abelian and a ¢PB-Baer ring). Set T' = R[[z]]. Thus, owing to [1], T is
¢3-Baer and so it is a ACP-Baer ring.

Suppose now in a way of contradiction that 7" is an APP-ring. Assume
also that

f@)=fo+ fix+ fozx® +--- €T,

Wlthfo = (15170707"')7f1 = (151707 153707' . ')af2 = (15170a 153707 155707
...),.... Letting

g(az):go+glx+ggx2+---€T,

where go = (0, 1s,,0,0,...),91 = (0, 1s,,0, 1g,,0,...),
g2 = (0,1s,,0,1g,,0,1s,,0,...),..., we thus derive g(x) € rp(f(z)T)
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and so there exists
h(z) = ho + bz + hoa® + -+ € rp(f(2)T)

such that g(z) = h(z)g(x). Taking into account that f(z)h(z) = 0
and with [I, p. 2269] at hand, we infer that f;h; = 0 for all in-
dices i and [. Hence, there exists m; € N such that h; has the form
(a11,0,a13,0, . .., @)(2m,4+1),0,0,...), where a;;, € S, and [ =1,2,. ...

On the other hand, (17 — h(z))g(x) = 0 ensures that (17 — hg)g; =0
and h;g; = 0 for all indexes j and [ > 1. So, there exists n; € N such that
h; has the form (0, 2,0, 14,0, ..., a;2n,),0,0,...), where aj; € Sy and

l=1,2,.... Thus, hy = hy = ..., and so h(xz) = hy. This contradicts
g9; = hogj, 3 = 0,1,.... Consequently, T is not APP, concluding the
claim.

Example 2.7. (1) [5, Example 2.3]. For a given field F, let

o0
R= {(an)flo:l € H F, | ay is eventually constant},

n=1

which is obviously a subring of [[°7 F;,, where F := F, for
n € N. Thus, R is a commutative von Neumann regular ring
(whence reduced). Hence, R is a ¢}3-Baer ring. However, by [/,
Theorem 4.6], R[[z]] is a ¢P-Baer ring, which shows that it is
right ACP-Baer ring. Also, invoking [17, Example 2.4, R[[z]] is
not a weakly p.q.-Baer ring, as required.

(2) [8, Example 3.13]. For an integer k& > 1, let W be the kth Weyl
algebra over a field of characteristic zero. Then, W is simple, but
neither right nor left hereditary. From [8], there exists a positive
integer m such that the full m x m matrix ring M,, (W) over W
is neither right nor left PP. Assume now that

o
S = {(an);’f:l € H M,,(W) | a,, is eventually constant}.
m=1

Then, S is bi-regular (hence p.q.-Baer) and so it is weakly p.q.-
Baer. Now, if we consider R as in point (1), then in accordance
with Proposition 2.13 the direct sum R@p S is a ACP-Baer ring,
but it is not weakly p.q.-Baer bearing in mind [19, Theorem
2.22], as required.

This completes the example.
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Proposition 2.8. Suppose that R is a regqular ring. Then, the following
conditions are equivalent:

(1) R is a right ACP-Baer ring.

(2) R is a right APP ring.

(3) R is a weakly p.q.-Baer ring.

Proof. These equivalencies follow immediately from [13, Theorem 1.1]
combined with the corresponding definitions. O

Example 2.9. [3, Example 1.6]. For a field F, let us set

R— [ Fn &l Fa
Ool1Fn  (BnL1Fn, 1))

where F,, := F for n = 1,2,... and (§2°,F,, 1) is the subalgebra of
[1,2, F, generated by @22 F,, and 1 € [[2 | F,,. Thus, it follows from
[8] that R is a regular ring (hence, p.p.) and so it is a ACP-Baer ring
but manifestly not ¢3-Baer utilizing [1]. This concludes the example.

We continue our further work with a series of useful technicalities.

Proposition 2.10. Suppose that R satisfies the ACC property on prin-
cipal right ideals. Then R is right ACP-Baer if and only if R is right
¢P-Baer.

Proof. Assume that R is a right ACP-Baer ring and e = €2 € R. We
will prove that rgr(eR) = cR for some ¢ = ¢ € R. To this target,
let aR be the maximal principal right ideals contained in rr(eR). As
a € rr(eR), we haveca = a for some ¢ € rr(eR). Thus, a € cR and
so aR C ¢R C rr(eR). Therefore, the maximality of aR implies that
aR = cR. Hence, ¢ € aR and thus there exists r € R such that ¢ = ar.
We now deduce ara = ca = a and, therefore, ¢ = arar = ar = c.
Evidently,
rr(eR) = crr(eR) + (1 — ¢)rr(eR).
We claim that (1 — ¢)rg(eR) = {0}. Indeed, if x € (1 — ¢)rg(eR), then
cRC (c+x—cx)R Crr(eR).

That is why, cR = (¢ + = — cx)R in virtue of the maximality of cR.

On the other hand, cRN(z—cx)R = {0} so that x —cx = 0. However,
(cw)? = 0 forcing 22 = 0. But, for every u € (1 — ¢)rg(eR), we write
u = lu for some [ € rr(eR). Thus, u = (1 —c)lu. Set w := (1—c¢)l which
allows us to deduce that w € (1 — ¢)rr(eR) and w? = 0. Now, we have,
u = wu = w?u = 0so that (1—c)rr(eR) = {0}. Consequently, 7g(eR) =
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cR and we finally conclude that R is right ¢J3-Baer, as asserted. The
converse implication is clear. ]

Proposition 2.11. If R is a right ACP-Baer ring, then eRe is a right
ACP-Baer ring for every idempotent e € R.

Proof. Let e = e?> € R be a non-zero element. Also, let € eRe be an
arbitrary idempotent. We shall prove that reg.(x(eRe)) is left s-unital.
To that purpose, as R is a right ACP-Baer ring, we know by definition
that rr(zR) is left s-unital. Assume now that a € r.g.(z(eRe)) is an
arbitrary element. Since a = eae, © = exe and x(eRe)a = 0, one sees
that xRa = 0. So, by hypothesis, a = fa for some f € rgr(xR). Set
f' = efe € eRe Clearly, a = f’a. Hence, it is enough to show that
" € rere(xz(eRe)). Letting ere € eRe be an arbitrary element, we
derive
x(eRe)f = x(eRe)fe = xRfe =0,

which insures that eRe is a right ACP-Baer ring, as claimed. O

Proposition 2.12. Let I be an index set, and R; a ring for each i € I.
Then, the ring R = [[,c; Ri is right ACP-Baer ring if, and only if, R;
is right ACP-Baer ring for every i € I.

Proof. (=). Assume that R = [[,.; R; is right ACP-Baer ring and
e; = €2 € R; for some i € I. We will prove that rg, (e;R;) is left s-unital.
To that aim, suppose ¢; € rg,(e;R;). Set e := ¢;(e;). By our hypothesis,
rr(eR) is left s-unital. Put ¢ := ¢;(¢;) and so, for an arbitrary element
r, we have

cre = i(¢;)rii(e;) = 0.
Thus, by definition, there exists f € rr(eR) such that fc = ¢. Obviously,
fici = ¢i. Letting r; € R; be an arbitrary element, if we set r := ¢;(r;),
then

0=ref =u;(r;)i(e;)f.
Therefore, r;e; f; = 0 which guarantees that f; € rg,(e;R;).

(«). Let R; be a right ACP-Baer ring for any i € I and e = €? € R.
Thus, e; = m;(e) remains an idempotent for every i € I. Since R; is
a right ACP-Baer ring, rg,(e;R;) is left s-unital for all ¢ € I. Choose
¢ € rr(eR) to be an arbitrary element. Hence, ¢; = m(c) € R; and
¢i € Tr,(eiR;) for each i € I. By definition, there exists f; € rg,(e;R;)
such that fic; = ¢; for every ¢ € I. Setting f := (fi)ier, it is easy to
verify that fc = c and f € rr(eR), as desired. 0
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Proposition 2.13. Let R = @;c1R; (we emphasize that, when I is an
infinite index set, R is a ring without identity), where R; is a ring for
each i € I. Then, R is a right ACP-Baer ring if, and only if, R; is a
right ACP-Baer ring for each i € I.

Proof. A proof similar to that of Proposition 2.12 can successfully be
applied to get the statement. O

Let A be a ring, let B < A be a unitary subring (so it contains the
same unity 14 of A), let {A4;}3°, be a countable set of copies of A,
let D be the direct product of all rings A;, and let R := R(A, B) be
the subring of D generated by the ideal @;°; A; and by the subring
{(b,b,...) | b € B} (see, for instance, [25]).

We now arrive at the following assertion.

Proposition 2.14. If A is an Abelian ring, then the ring R(A, B) is a
right ACP-Baer ring if, and only if, both A and B are right ACP-Baer

7INgs.

Proof. Choosing R := R(A, B) as a right ACP-Baer ring, then it is
readily checked that A and B are both right ACP-Baer rings.

For the converse, assume that (e;)7°; € R is an idempotent and
(a;)52, € Tr((€3)52,R). So, €; is an idempotent in A for each i. Also, by
definition, there exists a positive integer n such that e, = ep41 =... € B
and ap, = apt1 = ... € B. As A is Abelian, we have that e;Aa; = {0}
for all 1 <4 < n. Since A is a right ACP-Baer ring, there is b; € r4(e; A)
such that a; = b;a; for any 1 < i < n — 1. Moreover, since B is a right
ACP-Baer ring, there is b, € rg(e,B) such that a,, = bya,. But as A is
Abelian and B C A is a unitary subring, we obtain that b, € ra(e,A).
Hence,

(bl, b2y s bp—1,bpn, by, .. ) € TR((ei)zQilR)

and, consequently,
()21 = (b1,bay vy bp—1,bp, by ) (€5)524.
Therefore, R(A, B) is a right ACP-Baer ring, as expected. O
As a consequence, we yield:

Corollary 2.15. Let A be a right ACP-Baer ring. If rg(eA) = 0 for
every 0 # e = €2 € B, then R(A, B) is a right ACP-Baer ring.

Proof. In the proof of Proposition 2.14, the following two cases occur:
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(1) f0=e, =e€pty1 = ... € B, then rp(e,B) = B. Take b, =1 €
B.
(2) If 0 # e, = ep41 = ... € B, then rg(e, A) = 0 by assumption.

Thus, a, = 0. Take b, =0 € B.
In both cases, we have a,, = b,a, and e, Ab, = 0. So,
(i)2) = (b1,b2y ..oy bp—1,bp, by, .. ) (€5)72
and
()21 R(b1,ba, ..., bp—1,bp,bp,...) =0.
Hence, R is a right ACP-Baer ring, as promised. O

3. PoLyNOMIAL EXTENSIONS OF ACP-BAER RINGS

In this section, we will examine the polynomial and power series rings
in relation to the right ACP-Baer condition. We start with the following
plain but useful claim.

Lemma 3.1. [2, Lemma 4.1] Let R be a ring. If e(z) = > 1" ez’ €
R[z] (resp., e(z) = > 52, e;x’ € R[[x]]) is an idempotent, then e; € RegR
for any i > 0.

We are now in a position to establish the next two chief results.

Theorem 3.2. For an arbitrary ring R, the following two conditions
are equivalent:

(i) R is a right ACP-Baer ring.

(ii) R[z] is a right ACP-Baer ring.

Proof. (i) = (ii). Let R be a right ACP-Baer ring and e(x) € R[z]

an arbitrary idempotent such that e(z) = > 1" e;2’. Consulting with

Lemma 3.1, eg = ej € R. We will demonstrate that 7 g (e(x) R[x]) is left

s-unital. To that aim, assume that f(z) =37, ajr’ € 1Ry (e(x)R[z])

is an arbitrary element. Thus, e(z)R[x]f(z) = 0. First, we shall prove

that egRa; = 0 for each 0 < j < n. We work by induction on j. In fact,
since e(x)Rf(z) = 0, we have

m n

0=ce(x)rf(z) = Z( eira;)xti

i=0 j=0

for any r € R. If j = 0, then 0 = eprag. Hence, ayg € rr(epR). Now,

assume that the result is true for all 1 <t < j. So, egRa; = 0 for each
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1 <t < j. We write
0 =-egra; +ejra;_1+---+ejraop.
Multiplying by eg from the left-hand side of the above equality, we obtain
0 =egra; + ege1raj_1 + -+ - + epejrag.

Next, with the aid of the induction hypothesis, we must have egRa; = 0.
Therefore, a; € rr(egR) for any 0 < j < n. By hypothesis, rr(egR) is
left s-unital, and so there exists ¢ € rr(egR) such that ca; = a; for all
7. That is why,

n
cf(z) = anjq:] = f(x).
j=0
On the other hand, Lemma 3.1 tells us that e; € RegR for all 0 <
i < m, so we derive ¢;Re = 0. Letting g(z) = Y._,biz! € R[z] is an
arbitrary element, we may write

m r m+r
6($)g(l‘)c = (Z eil'i)(z bZCUl)C = Z( Z eiblc)mk =0.
i=0 1=0 k=0 i+l=k

Consequently, ¢ € rgj,)(e(z)R[z]), as needed.

(i) = (i). Assume that R[z] is a right ACP-Baer ring and ¢ = ¢* € R.
Let a € rgr(cR). Thus, a € rgy(cR[z]), so there is g(z) = 377 bjal €
7R[z) (cR[z]) such that g(z)a = a. Then, bpa = a. As cRg(r) = 0, it
must be that cRbyg = 0. So, by € rr(cR) and, therefore, rr(cR) is left
s-unital leading to R is a right ACP-Baer ring, as required. O

Theorem 3.3. Let R be a ring satisfying descending chain condition
on left annihilators. Then, R is a right ACP-Baer ring if, and only if,
R[[z]] is a right ACP-Baer ring.

Proof. (=). Let R be right ACP-Baer. Assume that e(z) = Y 20 ez’ €
R][x]] is an idempotent and

F@) =" a2’ € rppye(z)R[[2])).
=0

The utilization of Lemma 3.1 gives that eg = e € R. Moreover,

e(r)R[[z]]f(z) = 0 whence e(z)rf(x) = 0 for every r € R. Hence,
Z?io(zjo'io ez‘?"aj)x’ﬂ =0 and we get

eorap =0 (1)



A GENERALIZATION OF ¢B-BAER RINGS AND APP RINGS 13

eora; +eirag =0 (2)

€T am + e1ram—1+ -+ emrag =0 (3)

Furthermore, since egrag = 0, one has that ag € rr(egR). Multiplying
the equation (2) on the left side by ey, we infer epra; + epeirag = 0
and using (1) we get egra; = 0. So, a1 € rr(epR). If, however, we
multiply equation (3) on the left side by eq, then by the same argument
we conclude that a,, € rr(epR). This process can be continued to
extract that a; € rgr(egR) for all j > 0.

On the other hand, we consider the descending chain of left annihila-
tors as follows:

lr(ao) 2 lr(ao,a1) 2 lr(ap,a1,a2) D ---

So, there exists n such that

KR(ao,al, “ooy an) = KR(ao,al, vy Qpy, an+1) =
Since ag,ay,...,a, € rr(epR), by our assumption there is ¢ € rr(egR)
such that a; = ca; for 0 < j < n. Therefore, 1 — c € ¢r(ag,a1,...,an)
and so 1 —c € lr(ap,ai,...,an,...,a;) for any I > n. Hence, a; = ca; for

any | > n. Moreover, it is routinely inspected that ¢ € r gy (e(z) R[[z]])
and f(z) = cf(x). Finally, R[[X]] is a right ACP-Baer ring, as stated.

(<). Arguing as in the implication (ii) = (i) of Theorem 3.2, we are
done. O

4. CHARACTERIZATIONS OF RIGHT ACP-BAER RINGS OF
GENERALIZED TRIANGULAR MATRIX RINGS

We begin here with the following well-known technicality.

S M
0 R
triangular matrix ring, where S,R are rings, and M is an (S, R)-bi-

module and a unitary S-module. If (é ][\f> is an ideal of T', then

(5 )= (8 i)

As a consequence, we yield:

Lemma 4.1. [I1, Lemma 3.1] Let T' = < > be the formal upper
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Corollary 4.2. Ife= (601 f) € T is an arbitrary idempotent, then
2
_ (rs(e1S) ry(ers)
rr(eT) = < 0 rr(eaR)Nrr(etM + kR) )"

Proof. 1t follows immediately from Lemma 4.1. O

We are now prepared to prove the following major result.

Theorem 4.3. Let T = (5 ]g), where S and R are rings, and M is
an (S, R)-bi-module. Then, T is right ACP-Baer ring if, and only if, all

of the following conditions are fulfilled:
(1) S and R are right ACP-Baer rings;
(2) For each e = €2 € S, we have:
(2.1) If s € rg(eS) and m € rp(eS), then there exists an element
c € rg(eS) such that cs = s and cm = m;
(2.2) The annihilator rr(eM) is left s-unital.
).

Proof. (=). Assume T is a right ACP-Baer ring. One sees that
~ (1ls O 1, 0 ~ (0 0 0 0
(1)S_<0 O>T<O 0) andR_<O 1R>T<O 1R),Where
1s 0 0 0 .
both and are idempotents of T'. So, employ-
0 0 0 1p

ing Proposition 2.11, R and S are both right ACP-Baer rings.
(21) Let e = €2 € S, s € rg(eS) and m € ry(eS). Thus € =

e 0O . . v (€S eM e
(0 O) € T is an idempotent. As €T = < 0 0 ), rr(e'T) =
rs(es) ra(eS) , by Lemma 4.1. Since, (5 ") € rr(e'T)
0 0 0 0
we have,
c n\ (s m\ _ (s m
0 0J\o 0/ \0 O
for some <(C) 3) € rp(e'T). Therefore, cs = s, cm = m.
(2.2) Let e = €2 € S. Thus, (8 8) € T is an idempotent and
so rp( 8 8 T) is left s-unital. We also can easily verify that

rr(eM) is left s-unital.
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(<). Suppose that both (1) and (2) are true. Let e = (66 f) €
2

T be an arbitrary idempotent. So, e; = e € S, e = €3 € R and
k = e1k + kea. One observes that it suffices to show that rr(eT") is left

erS etM + kR
0 esR ) by Lemma 4.1 we have,

rs(e1S) ry(ers)
rr(el’) = ( ’ 0 rr(e2R) m]\47“1~2(1€1MJr kR)> .

s-unital. Now since €T = (

In fact, let
(a1 n
a= <O a2> € rp(el).
Thus,
as € TR(egR) N TR(elM + k‘R)
and so

az € rr(e2R) Nrr(e1M).
Applying subsequently parts (1) and (2.2), one deduces that both rr(ea R)
and rr(e;M) are left s-unital. Hence, rr(eaR) N rr(eiM) is left s-
unital by referring to Lemma 2.3. Therefore, coas = ag for some cy €
(rr(eaR) Nrr(e1M)). Since a1 € rg(e1S) and n € ry(e1S), there is
c1 € rg(e1S) such that cja; = a1, c;n = n in view of property (2.1).

Put ¢ := <01 0>. Since
0 (&)

kRco = e1kRco + keaReo = e1kRey = 0,

one concludes that

eTe — 61561 (elM + ]i'R)CQ —0.
0 €2RCQ

Consequently, f € rp(eT). Now, because ¢yn = n, we obtain ca = a,
finishing the arguments. O

An important assertion which can be deduced is the next one.

Corollary 4.4. Let T, (R) be the n x n upper triangular matriz ring
over a ring R, where n > 1 is a positive integer. Then, the following
items are equivalent:

(1) R is right ACP-Baer ring.

(2) T, (R) is right ACP-Baer ring for every positive integer n.
(3) Tx(R) is right ACP-Baer ring for some k > 1.

(4) T2(R) is right ACP-Baer ring.
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Proof. (1) = (2). Let R be aright ACP-Baer ring. We prove the required
condition using induction on n. Indeed, it is obvious that T7(R) is a
right ACP-Baer ring. Since T»(R) satisfies the requested conditions of
Theorem 4.3, it is necessarily a right ACP-Baer ring. Assume that the
result holds for all 1 <1 < n. We will establish now that T,,11(R) is a
right ACP-Baer ring, as required. In fact, we know that

T = (4 13 )

where M = (R, ..., R) (n-tuple). To apply Theorem 4.3, let ¢ = €2 € R,
acrp(eR) and (a1 a2 ... ayn) € ry(eR). Thus,

0=¢eR (a1 as ... an) = (eRa1 eRas ... eRan)

and so a; € rr(eR) for all 1 <1i <mn. Since rr(eR) is left s-unital, there
is ¢ € rr(eR) such that ca = a and ca; = a; for all 1 <i < n.

Further, let e = € € R. We will show that rq, (g)(eM) is left s-
unital. In this aspect, assume that A € 77, (R (eM) such that A =

ail a2 ... Qip
0 azz ... Qa2p .
. Letting (T1 ro ... Tn) € M, we thereby ex-
0 0 ... apn
tract that
aj] a2 ... Qipn
0 agy ... Qa2
e(ri ro ... rp)A=(ery ery ... ery) "
0 0 ... apn
2(67“1&11 eriais + ersass ... Z?:leriam)
=0 0 ... 0).

Now, take 71 # 0 and r; = 0 for all ¢ # 1. Then, a1; € rgr(eR) for all
1 <4 < n. Similarly, for ry # 0 and r; = 0 for all i # 2, we receive that
ag; € rr(eR) for 2 < i < n. However, by the induction argument, we
have a;; € rr(eR) for all 1 <4,j < n. As rr(eR) is left s-unital, there
exists f € rr(eR) such that fa;; = a;; for all 1 < 4,5 < n. Put F :=
fIn € Tp(R). Tt is now elementary that FA = A and F' € rp, (g)(eM),
as required.

(2) = (3). This implication is easy, so we omit its details.

(3) = (4). Let Ti(R) be a right ACP-Baer ring for some k& > 1 and let
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eij € T(R) be the matrix with 1 in the (4, j)-position and 0 elsewhere.
Set f := e11 +ega. Then, f = f* € Ty(R) and T2(R) = fT(R)f.
Therefore, in virtue of Proposition 2.11, T9(R) is a right ACP-Baer
ring.

(4) = (1). This implication is analogous to (iii) = (iv). O

The following statement is an automatic consequence of Theorem 4.3
and provides a rich source of rings which are right ACP-Baer rings.
Specifically, the following is valid:

Corollary 4.5. Let S be a right ACP-Baer ring and R a unitary subring
of S such that rg(eR) = 0 for any 0 # e = €2 € R. Then, the ring

T= (g }S{) is a right ACP-Baer ring.

The next valuable consequence is the following one.
S S

0 S)’

and S = S/P for a prime ideal P such that rg(eS) ¢ P, provided

e=e%¢e€ P. Then, T is right ACP-Baer.

Corollary 4.6. Let T = where S is a right ACP-Baer ring

Proof. Since S is a prime ring, [, Lemma 1.2] informs us that S is a
p.q.-Baer ring and so it is right ACP-Baer. Thus, point (1) of Theorem
4.3 is true. Let & = €2 € S such that € = e + P. Consider now the
following two different cases:

(1) If e € P, then € = P and so rg(eS) = S that is left s-unital.
Thus, issue (2.1) of Theorem 4.3 holds. Besides, rg(eS) =
rg(PS) = S is left s-unital, too.

(2) If e ¢ P, then rg(eS) = P that is left s-unital. So, issue (2.1)
of Theorem 4.3 holds. Besides, rg(eS) = rg(PS) = P is left
s-unital as well.

This substantiates our assertion. O
Example 4.7. (1) Assume that D is a domain, R = Ma(D) and
S = {(g 2) | a € D}. Since D is a domain, R is ACP-Baer.

Also, rr(eS) = 0 for any 0 # e = e? € S. Then, T = (‘g }Z)

is a ACP-Baer ring just consulting with Corollary 4.5.
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(2) Let F be a field and F), := F forn =1,2,.... Set

o0
S = {(an)flo:l € H F, | ay is eventually constant},
n=1

and
P= {(an)flozl €S| a,=0 eventually}.

S/P S/P

Thus, the ring T' = < 0 g

Corollary 4.6.

> is right ACP-Baer exploiting

This finishes the example.
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